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Abstract

We consider the Fisher-KPP equation with a non-local interaction term. We establish
a condition on the interaction that allows for existence of non-constant periodic solutions,
and prove uniform upper bounds for the solutions of the Cauchy problem, as well as upper
and lower bounds on the spreading rate of the solutions with compactly supported initial
data.

1 Introduction and main results
Reaction-diffusions equations of the form
Up = Upe +pu(l—dxu), t>0, xR (1.1)

model the non-local interaction and competition between species. Here, u(t,x) is a population
density, and the independent variable x may be either a spatial location, a trait, or a mutation of
the species. This equation is a generalization of the classical (local) Fisher-KPP (for Kolmogorov-
Petrovsky-Piskunov) [10, 15] equation

Up = Ugy + pu(l —u). (1.2)

The parameter p > 0 in both cases denotes the strength of the competition. The nonnegative
convolution kernel ¢ € L'(R) in (1.1) models the species interaction. We assume that it satisfies
the following properties:

¢(x) >0 for all z € R, essinf ¢ > 0 for some o >0, and / o =1. (1.3)
R
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This equation arises, in particular, in ecology, and adaptive dynamics [11, 12, 13], but also in
essentially any area where the local Fisher-KPP equation (1.2) appears, as interactions are rarely
fully local, and often occur on scales that are comparable to the diffusion scale, making the
non-local equation a more realistic model.
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Qualitative behavior of traveling waves and numerical solutions

While the behavior of the solutions of the local equation (1.2) has been very extensively studied,
much less is known about solutions of (1.1). Numerical simulations [6, 12, 13] indicate the following
behavior of solutions: first, for small p solutions of the non-local equation behave “exactly like
solutions of the local equation”. More precisely, numerics shows that when p is small, the only
non-negative bounded steady states for (1.1) are v = 0 and u = 1, and this equation admits
monotonic traveling waves of the form

u(t,z) =U(x —ct), U(—o0)=1, U(4+o00) =0, U is decreasing,

that are asymptotically stable for the solutions of the Cauchy problem with front-like initial data.
On the other hand, when g is sufficiently large, the qualitative behavior of numerical solutions
for (1.1) and (1.2) is very different: first, non-constant bounded steady solutions of (1.1) may
exist. As far as traveling waves are concerned, when p is large, numerical computations show that
non-monotonic traveling waves connecting 1 to 0 may exist, as well as non-monotonic pulsating
waves

u(t,z) =U(x — ct,x), U(—o0,z) >0, U(+oo,z) =0, U is periodic in z,

connecting non-constant steady states to u = 0. Moreover, the long time limit of the solutions of
the Cauchy problem may be either non-monotonic traveling waves, pulsating waves or wave-trains

u(t,z) = U(x — ct), U is periodic,

and not the monotonic traveling waves (see [6, 12, 13|, and also [2] for a related model). To the
best of our knowledge, so far, these numerical observations have not been proved rigorously.

When p is sufficiently large or when ¢ is sufficiently far from a Dirac mass at 0, the steady solu-
tion u = 1 becomes unstable with respect to some spatially periodic perturbations, provided that
the Fourier transform ¢(&) is not non-negative everywhere. This, heuristically, leads to existence
of the non-constant periodic steady states or wave trains that were observed numerically [12, 13]
(see also [8, 14] for a bifurcation analysis and numerics on a related equation). Quite surprisingly,
it was shown numerically in [16] that even when the state u = 1 is unstable, there exist traveling
wave solutions (which are themselves not stable) that connect u = 1 to u = 0. It has been proved
in [6] that when qg(f) > 0 for all £ € R, so that u =1 is stable, and p is sufficiently large, mono-
tonic traveling waves connecting v = 0 and v = 1 do not exist, but there exists a non-monotonic
traveling wave connecting these two states. We also point out that explicit examples of various
wave-trains have been recently constructed in [17].

As far as monotone traveling waves for (1.1) are concerned, Fang and Zhao [9] have proved
that for all ¢ > 2, there exists p. > 0, so that (1.1) admits a monotonic traveling wave if and
only if € (0, i) — see also [13, 18]. It has been also shown in [1] that traveling waves with large
speeds necessarily converge to 1 as © — ¢t — —00.

Essentially nothing is known about the long time behavior of solutions of the Cauchy prob-
lem for (1.1), in particular, whether the aforementioned traveling waves are stable. The main
mathematical difficulty in studying this question is that unlike for (1.2), solutions of (1.1) do not
obey the maximum principle or the comparison principle, making the use of many technical tools
impossible.



Non-trivial steady states

We study here existence of nonnegative steady bounded solutions v = u(x) of (1.1):
u'(z) +pu(z) (1—(p*xu)(z)) =0, z€R. (1.4)

Solutions are understood in the classical sense C*(R). Notice that, for any such solution u, (1.4)
can be written as
u”" 4+ cu=01in R,

where ¢ = (1 — ¢ % u) is continuous and bounded in R. Hence, for any nonnegative bounded
solution u of (1.4), either v = 0 in R or v > 0 in R, from the strong maximum principle.
The constant functions © = 0 and u = 1 solve (1.4) and they are the only constant functions
solving (1.4), for every u > 0. The following theorem gives a sufficient condition for other non-
trivial periodic steady states to exist when p is sufficiently large. We denote by g/g the Fourier
transform of the function ¢:

qg(f) = /Rgb(x)e_%”gzdx for all £ € R.

Theorem 1.1 Assume that ¢ is even and that there are L € (0,400) and kg € N such that

5(%) <0 and gg(%) >0 for all k € N\{ko}. (1.5)

Then there is p* > 0 such that, for every p > u*, the problem (1.4) has a non-constant positive
L-periodic solution wu.

A sufficient condition for (1.5) is that there exists £&* > 0 such that g/g >0 on [£*, +00) and gg <0
in a left neighborhood of £*. In that case, we can take L > 0 such that 1/L < £* < 2/L and
¢(1/L) < 0, that is (1.5) holds with kg = 1. For instance, consider 5 > 1 large enough so that

cg:=1—1/\/B+1/8>0,

and define )

¢g(l’) = Cﬁﬁ(e

—2? eiﬁﬁz . 67’82332).

The function ¢g is positive in R and its L'(R) norm is equal to 1. Furthermore, the function qAﬁg
is such that

R L e B 2
d)ﬁ(\/B) = é(e—ﬁﬂ _ 6\/3 + GT) ~ _eﬁ <0 as 3 — o0,

while 55(6) ~ (cgB)te ™ /P > 0 as € — +oo for every fixed § > 1 such that cg > 0. As a
consequence, the function ¢g satisfies the assumptions of Theorem 1.1 for 8 > 1 large enough.



Bounds for the solutions of the Cauchy problem

We also consider solutions of the Cauchy problem

0 (1.6)

{ Up = Upy + pu(l —pxu), t>0, xeR,
with a non-negative initial condition ug € L*(R), ug > 0. Solutions of the corresponding Cauchy
problem for the local Fisher-KPP equation (1.2) satisfy a trivial upper bound

u(t, z) < max(1, [|ugl|g<)-

However, as the maximum principle does not hold for (1.6), such bound needs not hold for the
non-local problem. We prove here the following result.

Theorem 1.2 For every pn > 0 and for every nonnegative initial condition ug € L>®(R), the
solution u of (1.6) exists and is globally bounded in time, that is there exists M > 0 such that

0<u(t,z) <M forallt>0 and x € R.

In Theorem 1.2, the condition that ¢ > 0 belongs to L!(R) with unit mass could likely be replaced
by the assumption that ¢ is a nonnegative Radon probability measure. On the other hand, the
condition

essinf(_, 5 ¢ > 0

for some o > 0 plays a crucial role in Theorem 1.2. Without it, the conclusion fails in general.
Let us illustrate this with the following example. Let p and L be two positive real numbers such
that 4 > 7?/L? and consider (1.6) with

¢ = (5—L + 5L>7

N | —

where 01 denote the Dirac masses at the points L. Assume that the initial data ug is 2L-
periodic. By uniqueness, the function wu(t,-) is 2L-periodic for every ¢t > 0 and it obeys

u(t,x — L) —|—u(t,:1c—|—L))

u(t, ) = uge(t, ) + pu(t,x) (1 — 5

= Uge(t, ) + pu(t,z) (1 —u(t,z + L)),
for every (t,z) € (0,4+00) x R. Set v(t,z) = u(t,x + L) and w(t,z) = u(t,xz) — v(t,x). The
functions u, v and w satisfy
Up = Uge + pu (1 —v),
VUt = VUgy +MU(1 - u>7
Wy = Wy + W,
n (0,+00) x R. Therefore, if for instance one chooses

up(z) =1+ p cos (%)
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for some 0 < p < 1, then w(0,x) = 2 p cos(rz/L) and

w(t,x) = 2p cos <7T—;) e/ 120
for every ¢ > 0 and x € R. Since pu > 72/L? one gets

lw(t, )| Leem) — +00 as t — +o0.
However, we have

[t )l zoe @y = N10(E; )| oo @),

and
lw(t, M oem) < lult, o) + [v(E L@ = 2/ult, )| L),

for every ¢t > 0. Finally, one concludes that ||u(t,-)||Le®) — +00 as t — +o0.

Spreading rate for compactly supported initial conditions

Finally, we establish the following result for the spreading rate for solutions of the Cauchy problem
with compactly supported initial data.

Theorem 1.3 Let u be the solution of the Cauchy problem (1.6) with a nonnegative initial con-
dition ug € L>®(R) such that ug # 0. Then

lim inf ( min u(t, x)) >0 forall0 <c < 2/p. (1.7)

t—+00 lz|<ct

Furthermore, if ug is compactly supported, then

lim <maX u(t, 93)) =0 forallc>2\/p. (1.8)

t—+o00 \ |z|>ct

Similar bounds for the spreading rate for the solutions of the local Fisher-KPP equation (1.2) are
well known [3]. And, indeed, the upper bound (1.8) on the spreading rate follows immediately
from the comparison of the solutions of (1.6) and the solutions of the linear problem

Vy = VUgp + 0. (1.9)

On the other hand, the lack of the maximum principle for (1.6) makes the proof of the lower
bound (1.7) very different from that for the local equation (1.2). The idea is, roughly, as follows.
If u(t,x) is small behind the location x(tf) = 2,/ut then it should be small on a sufficiently
large region to make also the convolution ¢ % u small. In that case, however, u(t,x) behaves,
approximately, as a solution of the linearized equation (1.9). These solutions, however, propagate
with the speed ¢, = 2,/u, leading to a contradiction.

The paper is organized as follows. Section 2 contains the proof of Theorem 1.1, while Theo-
rems 1.2 and 1.3 are proved in Sections 3 and 4, respectively.
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2 Existence of non-constant periodic steady states

This section contains the proof of Theorem 1.1. The general strategy is to apply a topological
degree argument. We first prove that, if 4 > 0 is small enough, the constant solution v = 1 is
linearly stable and is the only bounded positive solution of (1.4). Next, we show that, under the
assumptions of the theorem, if > 0 is large enough, the constant u = 1 is an isolated (in the
L*>-sense) unstable steady solution with one unstable direction in the class of L-periodic even
functions. Together with some a priori uniform estimates, this will allow us conclude that u =1
is not the only positive solution of (1.4) for large values of the parameter . Throughout this
section, we assume that the convolution kernel ¢ is a nonnegative L' (R) function satisfying (1.3).
The additional assumption (1.5) and the evenness of ¢ will be used only in some steps of the
proof.

Uniform bounds for solutions

We first establish uniform pointwise upper and lower bounds for all positive bounded solutions
of (1.4), when the parameter p ranges between two fixed positive constants.

Lemma 2.1 For every 0 < a < b < 400, there is a positive constant m which depends on ¢, a
and b and there is a positive constant M which depends on ¢ and b, such that, for every p € [a, b]
and every positive bounded solution u of (1.4), there holds

0<m<u(z) <M forall xzeR. (2.1)

Proof. Similar lower and upper bounds were proved for a fixed value of ¢ > 0 in Lemma 2.1
and Proposition 2.3 of [6], under the additional assumption that the convolution kernel ¢ is of
class C'!' and has a bounded second moment. Lemma 2.1 of the present paper can be viewed as
an extension of the aforementioned results. Furthermore, the proof of the upper bound is slightly
different from that of Proposition 2.3 of [6].

We begin with the proof of the upper bound, that is the existence of a constant M in (2.1),
independently of u € [a,b] and of u > 0 solving (1.4). Let o > 0 be as in (1.3), and 6 be any
fixed real number such that

T
0<6<min(—,0). 2.2
2vb (22)
Finally, let n > 0 be such that
¢(x) >n >0 for almost every x € (=9, 9). (2.3)



From the choice of §, we know that the lowest eigenvalue of the operator

= —¢" —bp (2.4)

n (—6,8) with the Dirichlet boundary condition at 44, which is equal to 72/(44?) — b, is positive.
Therefore, the weak maximum principle for this operator holds in the interval (—d,0) (see [7]) and
in any subinterval, and there is a unique C?([—4, d]) solution u of the boundary value problem

1

w +bu=0in [-6,0] and u(+d) = e

(2.5)

Furthermore, since the constant 1/(dn) is a subsolution for the above equation, the weak maximum
principle yields

7> % in [0, 0], (2.6)

Notice that ¢ depends only on ¢ and b, that n depends only on ¢ and ¢ and that w depends only
on b, 6 and 7, that is u depends only on ¢ and b.
Let now p be any real number in [a, b], u be any positive bounded solution of (1.4) and set

pu =supu > 0.
R

Since (1.4) implies that v” is bounded, we know that u’ is also bounded. By differentiating (1.4),
we see that the kth-order derivative u®) of u exists and is bounded, for every k € N. Furthermore,
there is a sequence (z,)nen of real numbers such that

u(z,) — py as n — +oo.

Consider the translates
up(x) = u(r +z,) forn e Nand z € R.

Up to extraction of a subsequence, the functions u, converge in (at least) C? (R) to a C*(R)

solution wus of (1.4) such that 0 < uy < p, in R and u,(0) = p, > 0. Therefore, we have
ul (0) < 0, whence

/<z> oo (—1) dy = (6 100) (0) < 1.

Since both ¢ and u., are nonnegative, one gets that

/(b Uso(— dy<1and/d> Uso(—Yy) dy < 1.

Here, 0 is defined in (2.2). On the other hand, ¢ > n > 0 almost everywhere in (—d,0), due
0 (2.3). One infers the existence of some real numbers y, such that

—0<y_ <0<y; <J and ux(ys) < (2.7)

on’

On the other hand, the nonnegative function u., satisfies

0=ul 4+ pus (1 —¢*us) <ul, + s < uly +buy in R.
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That is, us is a sub-solution to the equation (2.5) satisfied by the function @w. Therefore, the
lower bound (2.6) on @, and the upper bound (2.7) for uy, at y = y4, together with the maximum
principle for the operator (2.4), imply that

Uoo S U in [yfaer]a
whence p, = u(0) < @(0). Since u(0) depends only on ¢ and b and does not depend on g nor
on u, the upper bound in Lemma 2.1 is thereby proved.

We now turn to the proof of the lower bound in Lemma 2.1, that is, the existence of a positive
constant m, independent of u € [a,b] so that any bounded solution u > 0 of (1.4) is bounded
from below by m. Assume that there is no such constant m > 0. Then, there exist a sequence
(tn)nen of real numbers in the interval [a,b], a sequence (uy,),en of positive bounded solutions
of (1.4) with p = u,, and a sequence (x,,),en of real numbers such that

Up(x,) — 0 as n — +o0.
Each function u,, is positive, and, from the already proved part of the present lemma, there is a

constant M > 0 such that u,, < M in R for all n € N. As a consequence, the sequence (u!),cy is
bounded in L>*°(R), as are (u],),en and (ug‘:))neN for every k € N by immediate induction. Again,
we consider the shifts

V() = up(x + 24).
Up to extraction of a subsequence, one can assume that u, — p € [a,b] as n — 400 and that
the sequence (v, )nen converges as n — —+oo in (at least) C?_(R) to a C*°(R) solution v, of (1.4)
such that 0 < vy, < M in R and v, (0) = 0. The function v, satisfies

Ve 4 Vs = 0 in R,
where
c=pu(l—¢x*xvy)
is a bounded continuous function. The strong maximum principle implies that v,, = 0 in R, that

is v, — 0 as n — 400 (at least) locally uniformly in R. Since ¢ is a nonnegative L'(R) function,
and all functions v, satisfy 0 < v,, < M in R, it follows that

¢ * v, — 0 as n — 400 locally uniformly in R.

In particular, for every R > 0, there is N € N such that ¢ xv, < 1/2 in [—-R, R] for every n > N,

whence
HUnUn

0=0"+ ppv, (1 —@*uv,) >0 + 20Z+a2& in [-R, R

for every n > N. In other words, all functions v, (for n > N) are supersolutions of the elliptic
operator

p——¢"—(a/2)p in[-R R]
Since the functions v,, are all positive in [—R, R], it follows from [7] that the lowest eigenvalue of

this operator with Dirichlet boundary condition at the points =R is positive, that is

71'2 a

%oy
iR 27

Since this holds for every R > 0, one gets a contradiction as R — +o0o. Hence, the sequences
(tn)nen, (Un)nen and (2, )nen as above can not exist. That yields the existence of m in (2.1) and
completes the proof of Lemma 2.1. O



Non-existence of non-trivial solutions for small u

We proceed with the proof of Theorem 1.1. Let now L > 0 and kg € N be as in the assump-
tion (1.5) of Theorem 1.1. We also assume from now on that the convolution kernel ¢ is even.
Let a be any fixed real number in the interval (0,1), and let X be the Banach space of even
L-periodic functions of class C%*(R), equipped with the norm

ulxr) —u
el = flallimqey + sup 14T = 4wl
etyeR | T — Y|

For every p > 0, let T, : X — X be an operator defined as follows: for every v € X,
v:=T,(u) € X is the unique classical solution of

—v"+v=u+pu(l—¢*u)inR.

From the Lax-Milgram theorem and the standard interior elliptic estimates, 7),(u) is well defined
and belongs to X N C%**(R) for every u € X. The operator T}, is continuous, and compact in the
sense that it maps bounded subsets of X into subsets of X with compact closure. Furthermore,
again from the elliptic estimates, the map p +— T}, is continuous locally uniformly in X, in the
sense that, for every p > 0, every sequence (fi,)nen converging to p and every bounded subset B
of X, one has

supuep | T, (u) — Ty(uw)||x — 0 as n — +oo.

Notice also that the constant function 1 € X is a fixed point of 7),, that is, 7,,(1) = 1, for
every i > 0. In order to get the conclusion of Theorem 1.1, our goal is to show that, when p > 0 is
large enough, there are non-constant positive fixed points of 7}, in X, that is, positive non-constant
solutions u € X of

u—"T,(u) =0.

We will do so by evaluating the Leray-Schauder topological degree of the map I — 7}, at the
point 0 in some suitable open subsets of X and by using a homotopy argument from small values
of the parameter p to large values of u. Here, I denotes the identity map.

The first step is to show that the constant function u = 1 is the only positive fixed point of T},
in X when g > 0 is small enough.

Lemma 2.2 There is u > 0 such that, for every p € (0, ), the constant function u = 1 is the
only positive fized point of T, in X, that is the only positive solution of (1.4) in X.

Proof. In Theorem 1.1 of [6], the stronger conclusion that the constant function 1 is the only
positive bounded solution of (1.4) for small ¢ > 0 was proved, under some slightly stronger
smoothness assumptions on ¢. In the present Lemma 2.2, uniqueness holds with slightly different
assumptions on ¢, but is shown here only in the space X, so the proof is shorter. It is presented
for the sake of completeness.

Assume that the conclusion is not true. Then there is a sequence (p,)nen of positive real
numbers such that p, — 0 as n — 400, and a sequence (uy)nen in X of solutions of (1.4) with
[t = [in, such that 0 < u, in R and w, # 1. From Lemma 2.1, there is a constant M such that

0<u, <Min R,
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for every n € N. If maxg u, < 1, then ¢ xu,, <1 and v/ <0 in R, implying that u,, is a positive
constant, which would then have to be equal to 1 by (1.4). Therefore,

Max uy, > 1 for every n € N. (2.8)

As done in the proof of Lemma 2.1, it follows from (1.4) that the L-periodic functions u, are
bounded in C*(R) for every k € N, and therefore converge, as n — +o00, up to extraction of a
subsequence, to a C*°(R) solution uy, of

2
Uy, = 0,

such that 0 < u, < M in R. As a consequence, the function u., is constant and this constant is
such that 1 < uy < M due to (2.8). If us, > 1, then, as all u, are L-periodic, we have u, > 1
in R for n large enough, whence ¢*u,, > 1 and u! > 0 in R for n large enough, which is impossible
since all u,, are bounded. We conclude that

1.

Uco

Next, write u, = 1 4 v, and wy, = v,/||vn||zo@®). Since maxgu, > 1, one has maxg v, > 0 and
w,, is well defined, for every n € N. Furthermore, v, — 0 as n — +oo in C*(R) for every k € N.
The functions w, are L-periodic, with maxg w, > 0 and ||w,||z®) = 1. They obey

w! — pin Uy (¢ % w,) =0 in R.

From the standard elliptic estimates, we know that the functions w, converge as n — +oco, up to
extraction of a subsequence, in C*(R) for every k € N, to a C*(R) solution w., of

"o
wy, = 0,

such that maxg we > 0 and ||Weo||peer) = 1. It follows that ws = 1. For n large enough, one
gets that w, > 0 in R, once again since w,, are L-periodic, whence

Uy = 1+ ||vp]| Le@ywn > 1in R.

Finally, it follows that ¢ * w, > 1 and « > 0 in R for n large enough, which is impossible since
U, is bounded. Omne has then reached a contradiction and the proof of Lemma 2.2 is thereby
complete. ([l

Stability of the fixed points

Let us now study the stability of the fixed point 1 of 7}, when p > 0 is small or large. It follows
from elementary calculations and standard elliptic estimates that 7}, is Fréchet-differentiable
everywhere in X and that the Fréchet-derivative DT),(1) at the point 1 is given as follows: for
every u € X, w = DT,(1)(u) is the unique solution of

—w' +w=u—pud*uin R.

Notice that the linear operator DT, (1) : X — X is compact.
The next two lemmas are concerned with the stability of the fixed point 1 of 7}, when p > 0
is small and when p > 0 is large.
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Lemma 2.3 (Small i) There is jp > 0 such that, for every p € (0, 1), all eigenvalues X of DT, (1)
satisfy |A| < 1. B a

Proof. Let u be given by
- NS
p=min(755)
and let us check that the conclusion holds with this value . To this end, let p € (0, 1) and let u

be an eigenvector of DT),(1) with the eigenvalue A\. The function u € X solves
—(A\u)"+ X du=u—ppxuinR. (2.9)

Let (ag)ken be the Fourier coefficients of u, defined by

2 [* 2
ar = Z/o u(x) cos ( fo> dx, keN. (2.10)

The Fourier coefficients by, of ¢ x u are given by

by, = 2/(]L(¢>l<u)(3v) cos <2ka> dr = $<E> ap, k€N,

L L L

since ¢ is even and real-valued.
Since u is even, L-periodic and does not vanish identically, there is my € N such that a,,, # 0.
If A were equal to 0, then, in particular, the mg-th Fourier coefficient of the right-hand side of (2.9)
would vanish, that is
Umg — M¢<T> Uy = 0,

whence R

as an,, # 0. Thus, we would have
L= po(mo/L) < pllpllrm = p <1/2,

which is impossible. As a consequence, A # 0. It follows then from (2.9) that the function w is
actually of class C*°(R) and that

472 k?
(7
In particular, since a,,, # 0, one gets that
Am?m? ~/ Mo
A( 0 1) —1- (—)
z A
If mo = 0, then A =1 — 1, whence A € (1 —p,1) C (1/2,1). If mg > 1, then

+ 1>/\ak = ay, —u@(%)ak for all kK € N.

Am2m? ~/myg A7
M (T2 +1) = L-no(F)| < 1vu<1+ 73

whence |A\| < 1. The proof of Lemma 2.3 is thereby complete. O
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Lemma 2.4 (Large p1) There is p* > 0 such that, for every p > p*, the operator DT,,(1) has
an eigenvalue X\, > 1, with dimker(DT,(1) — A\, 1)" = 1 for all n > 1. Moreover, all other
eigenvalues A of DT, (1) satisfy X < 1.

Proof. Recall that we assume that there exists kg € N such that a(ko/L) < 0 and g(k/L) >0
for all k € N\{ko}. As ¢(0) =1, we have kg > 1. Let pu, > 0 be defined by

An?kg o]
L2 ~ ko
(7))

and let us show that the conclusion of Lemma 2.4 holds with this choice of p*. Let p be any real
number such that g > p*, and set

*

Ju

>0 (2.11)

~ kK
A - /“b(fo) 1 2.12
Y S =5 (2.12)
Iz +1
by (2.11). The function u, € X given by
2mkox

u,(z) = cos (

) for every = € R,
solves "
— Aty + Ay, = (1 — ,u<b(f0)>u# =wu, — po*u, in R.

In other words, DT, (1)(u,) = Auu,, that is wu, is an eigenvector of DT),(1) with the eigen-
value A\, > 1.
Moreover, if u € X satisfies DT),(1)(u) = A\ u, that is

A"+ N u=u—ppxuin R, (2.13)

then, since A, # 0, the function w is actually of class C*°(R) and its Fourier coefficients a;, given
by (2.10) satisfy

(47;252 +1)hwar = (1- ME(%)) ax (2.14)

for every k € N. For every k € N\{ko}, there holds

42 k? ~ k
(T + )Mz A > 121-06(7)

by the assumption (1.5). Therefore, ay = 0 for every k € N\{ko}. Since u is even, it is then a
multiple of the function w,(x) = cos(2wkox/L).
Next, let © € X be such that

(DT, (1) = D) (u) =0,
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that is v = DT),(1)u — A u is in the eigenspace of DT),(1) with eigenvalue \,. From the previous
paragraph, one knows that v = yu, for some v € R. In other words,

DT, (1)(u) = Apu + yuy.
In particular, the function u is of class C*°(R) and solves
—(Apu+ )"+ (Au+yuy,) = u— po*u.

Therefore, the Fourier coefficients ay of u, given by (2.10), satisfy (2.14) for every k € N\{ko}.
As in the previous paragraph, it follows that a, = 0 for every k € N\{ko}, hence, u is a multiple
of the function wu,,.

As a consequence, dim ker(D7),(1) — A\, I)" = 1 for every n > 1, and the algebraic and
geometric multiplicity of the eigenvalue A, of DT, (1) is equal to 1.

It only remains to show that the other eigenvalues of DT),(1) are all less than 1. To do so, let
be any real number such that A # A\, and A > 1, and let v € X be such that DT},(1)(u) = Au. One
has to prove that u is necessarily equal to 0. The function u is of class C*°(R), it solves (2.13) with
the parameter A and its Fourier coefficients ay given by (2.10) satisfy (2.14) with the parameter A,
that is,

42 k2 ~ k
( 72 —|—1>)\ak: <1—,ugb(z)> aj for every k € N.
Given the definition (2.12) of A\,, and given that A # \,, it follows that ax, = 0. Furthermore,

for k=0, one has A > 1> 1 — y = 1 — u¢p(0), whence ao = 0. Lastly, for every k € N\{0, ko},
there holds

42 k? ~ k
(F 1A= Az 1z 1- (7)),
whence a;, = 0. As a consequence, a; = 0 for every k € N, that is A cannot be an eigenvalue
of DT),(1). That completes the proof of Lemma 2.4. O

Remark 2.5 The fact that X only contains even L-periodic functions forces the operator DT),(1),
for large u, to have only one eigendirection associated to an eigenvalue larger than 1. That will
yield the explicit value, namely —1, of the index of the map I — 7}, at 0 in a small neighborhood
around the point © = 1 and will finally lead to the existence of other (than w = 1) fixed points
of T), in X for large p.

End of the proof of Theorem 1.1

Let p >0 and p > 0 be as in Lemmas 2.2 and 2.3, and set

[bx = Mmin (H’ ﬁ) > 0.

Let p* > 0 be as in Lemma 2.4. From Lemmas 2.3 and 2.4, it follows that p, < p*.
Let now pg and i be any two real numbers such that

0 < po < o < p* < [

13



From Lemma 2.1, there are two positive constants 0 < m < M such that every positive bounded
solution w of (1.4), with parameter p € [uo, 1], satisfies

0<m<u(r) <M for all z € R.

Notice that u = 1 is a solution of (1.4) for every p, whence 0 <m <1< M.
Let 2 be the non-empty open bounded subset of X defined by

Q:{UGX, E<minu§maxu<2]\/[}.
2 R R

It follows from Lemma 2.1 and the choice of m and M that, for every u € [ug,p] and for
every u € 0f2, there holds
u—"T,u#0,

for otherwise u would be a positive solution of (1.4) with the value p, whence m < u < M in R and
u & 0. Therefore, for every u € [po, fi], the Leray-Schauder topological degree deg(I —7),,£2,0)
of the map I — T, in the set Q at the point 0 is well defined. Furthermore, by the continuity of
T, with respect to p in the local uniform sense in X, this degree does not depend on p € [0, f1].
Let us now compute the degree. Lemmas 2.2 and 2.3 imply that deg(/ — T},,,€2,0) is equal to
the index ind(/ — 7),,,1,0) of I —T),, at the point v = 1, namely ind(I — 7,,,1,0) = 1. In other

words, deg(I — T},,,€,0) = 1, whence
deg(l —T3,9,0) = 1. (2.15)

On the other hand, it follows from Lemma 2.4 that the operator I — DT7(1) is one-to-one.
Since I — DTj(1) is a Fredholm operator of index 0, it is invertible and the point v = 1 is an
isolated zero of I — T} in X. Finally, ind(/ —T3,1,0) = —1 since I — DT};(1) has only one direction
associated to a negative eigenvalue. In other words,

deg(l — Ty, B:(1),0) = ind(/ —T3,1,0) = —1 (2.16)
for € > 0 small enough, where B.(1) denotes the open ball of center 1 and radius € in X. But
deg(] - Tﬁa Q, 0) = deg(j - Tfm Ba(l)v O) + deg(] - Tﬁ) Q\Ba(l)v 0)7

for ¢ > 0 small enough. Together with (2.15) and (2.16), one finally concludes that, for ¢ > 0

small enough,
deg(l — T3, Q\B.(1),0) = 2.

For ¢ > 0 small enough, there exists then a solution u of u — Tx(u) = 0 in Q\B.(1), that is a
non-constant positive bounded and L-periodic solution u of (1.4) with the parameter i (remember
that 1 is the only positive constant function solving (1.4)). The proof of Theorem 1.1 is thereby
complete. O
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3 Bounds for the solutions of the Cauchy problem

Here, we prove Theorem 1.2. We consider the Cauchy problem (1.6) with a parameter p > 0
and a nonnegative initial condition uy € L*(R). We point out that we do not assume that w
is periodic. The maximum principle and standard parabolic estimates imply that the solution
exists for all times ¢ € (0, +00), is classical in (0, +00) x R (and is even of class C'*° in this set)
and satisfies

0 < wu(t,z) < e |lug||rew) for everyt>0and z € R. (3.1)

Our task is to improve (3.1) to a uniform in time estimate.
Let o > 0 be as in (1.3) and define the local average on the scale o:

z+0/2
v(t, x) :/ , u(t,y)dy for (t,x) € [0,400) x R.

The function v is of class C*°((0,+00) x R), continuous in [0, +00) x R and satisfies a version of
the upper bound (3.1):

0 <w(t,z) < oe|lugl o) for every (t,z) € [0,+00) x R.

Furthermore, the function v obeys
z+o/2
)~ vaalter) = [ ult) (1= (@ w)(t,0) do

—0/2

for every (t,z) € (0,+00) x R, and, since the right-hand side of the above equation belongs
to L°°((a, b) xR) for every 0 < a < b < 400, the function t — ||v(t, -)|| Lo (r) is actually continuous
00).

on [0, +

Owing to (1.3), let now 1 > 0 be such that
¢p>n>0ae in (—0o,0), (3.2)

and let M be any positive real number such that

1
M > max (0 nto| o (r) 5). (3.3)

We will show that [[v(¢,-)||Le®) < M for all t > 0, by contradiction. Assume that this is false.
Since t — ||v(t, -)|| Lo(r) is continuous on [0, +-00), and

1000, )| oo ) < alluollze@ < M,

there exists ¢y > 0 such that ||v(to, )| L@y = M and |[v(t,-)||Le®) < M for all t € [0,%,). Since
v is nonnegative, there exists then a sequence of real numbers (z,),en such that v(ty, z,) — M
as n — +o00. As usual, we define the translates

Un(t,x) = u(t,x + x,) and v,(t,z) =v(t,x + z,),
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for n € N and (t,z) € (0,+00) x R. From standard parabolic estimates, the sequences (uy)nen

and (v, )nen are bounded in CF ((0, +00) X R) for every k € N and converge in these spaces, up to

extraction of a subsequence, to some nonnegative functions u., and v, of class C*°((0, +00) x R),
such that

x+o/2
Uoo(t, ) = / Uno(t, ) dy,

—0/2

and
z40/2

(Vo0)e(t, ) = (Voo )au(t, ) + u/ / Uoo(t, y) (1 = (¢ % us ) (£, y)) dy,
z—0/2
for every (t,z) € (0,400) x R. The passage to the limit in the integral term is possible due to
the local uniform convergence of u,, to uy in (0, +00) X R and to the local-in-time bounds (3.1).
Furthermore, we have
0 < vso(t,z) < M,

for every 0 <t <ty and x € R, and ve(t9, 0) = M. Therefore, we have
(UOO)t(toa O) > 0 and (Uoo)a:x(to, O) < O,
whence,

o /2
/ /2 too(to, y) (1 = (& * uso)(to, y)) dy = 0.

If
(¢ * Uuso)(to, ) > 1 everywhere in [—0/2,0/2], (3.4)

then the continuous function
U = uoo(to, *) (1 — (¢ * ueo) (to, *))

would be nonpositive on [—0/2,0/2]. Since its integral over [—o/2,0/2] is nonnegative, the
function U would be identically equal to zero on [—0/2,0/2]. Moreover, it would then follow
from (3.4) that ux(tg,-) = 0 on [—0/2,0/2], whence vy (to,0) = 0, contradicting the assumption
that v (to,0) = M > 0. Therefore, there is a real number yo € [—0/2,0/2] such that

(¢ * uoo)(to, o) < 1.

Since both functions ¢ and u., are nonnegative, one gets from (3.2) that

1> (6% o) (for 40) > / 6(y) usoltor o — v) dy
_UU c/2
> n/ Uso(to, Yo — y) dy > n/ Uoo(to, ¥) dy = NVss(to,0) =1 M.
—o —0/2

This contradicts the definition (3.3) of the constant M.
We conclude that ||v(t, )| @) < M for all £ > 0. Since u is nonnegative, this means that

z+0/2
0< / u(t,y)dy < M (3.5)

—0/2
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for every t > 0 and = € R. To get a global bound for w itself, we just fix an arbitrary time s > 1
and infer from the maximum principle that

0 <u(s,z) <w(s,z) for every x € R.
Here, w is the solution of the equation
Wy = Wyg + W

with the initial condition at time s — 1 given by w(s—1,-) = u(s—1,-). It follows then from (3.5)
that, for every = € R,

Foo o—y?/4 2 M e
0 < u(s,z) Se“/ ¢ u(s — 1,z —y)dy < ¢ Ze_k202/4<+oo.

oo V4w VAT eN

Together with the local-in-time bounds (3.1), this implies that w is globally bounded. The proof
of Theorem 1.2 is complete. 0

4 Spreading speed for the Cauchy problem (1.6)

This section is devoted to the proof of Theorem 1.3 on the asymptotic spreading speed for the
solutions of the Cauchy problem (1.6). The proof of the upper bound (1.8) is immediate simply
by comparing the solution u of (1.6) to that of the (local) linear heat equation

Vg = Ugy + JL 0. (4.1)

The proof of the lower bound (1.7) is more involved and, when compared to the proofs given
in [3, 4, 5] for the analogous local problems, it requires additional arguments due to the nonlocality
of (1.1), and the lack of comparison principle for the nonlocal equation (1.1). However, the
maximum principle can be applied when ¢ * u is small and the equation (1.1) will then be
compared in some suitable bounded boxes to a local linear equation close to (4.1).

Proof of the upper bound

We assume here that vy is compactly supported. Hence, there is R > 0 such that ug(z) = 0 for
a.e. |x| > R. Since u(t,xz) > 0 for all t > 0 and = € R, one has

pult,z) (1= (o +u)(t, x)) < pult, )

for all £ > 0 and z € R. Let v denote the solution of (4.1) for ¢ > 0 with initial condition wu
at t = 0. It follows from the maximum principle that 0 < u(t,z) < v(t,x) for all ¢t > 0 and = € R,
whence

e'u‘t R 2/(4
0 <u(t,z) < i /Re_(‘”_y) /84 40 (y) dy. (4.2)

Let c be any arbitrary real number such that ¢ > 2,/u. For all t > R/c and for all |z| > ct, one
has

ut - R
0 < u(t,z) < e [Juol| Lo (r) 6—(ct—R)2/(4t)dy’

VAt _R
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which immediately yields (1.8) (notice that, for every ¢ > 0, the maximum of u(¢,-) on the
set (—oo, —ct] U [ct, +00) is reached since u(t,-) is continuous, nonnegative, and converges to 0
at £oo from (4.2)).

Proof of the lower bound

Assume for the sake of contradiction that the conclusion (1.7) does not hold. Then, since u is
nonnegative, there is ¢ such that

0<c<2/u

and there are two sequences (t,)nen in (0, +00) and (z,)nen in R such that

|z,| < ct, for all n € N, (4.3)
t, — +oo and u(t,,x,) — 0 as n — +oo. '
We set .
Cp = t_n € [—c¢,cl. (4.4)

Up to extraction of a subsequence, one can assume that ¢, — ¢y € [—¢,c] as n — 400.
Furthermore, for every n € N and (¢,z) € (—t,, +00) x R, we define the shifted functions

up(t, ) = u(t + tn, x + x,).

From Theorem 1.2, the sequence (||t ||Lo((—¢,,+00)xR))nen is bounded. Therefore, the standard
parabolic estimates imply that the functions w, converge in CZIO’CQ(R x R), up to extraction of a
subsequence, to a classical bounded solution u., of

such that 1. > 0in RxR and u.(0,0) = 0. By viewing u (1—¢*uy ) as a coefficient in L>*°(RxR),
it follows from the strong parabolic maximum principle and the uniqueness of the solutions of
the Cauchy problem that u.(t,2) = 0 for all (¢,2) € R x R (the limit u,, being unique, one can
then infer that the whole sequence (u, )nen converges to 0 in C,o2(R x R)). As a consequence, the
nonnegative functions v,, defined in (—t,,+oc) x R by

Un(t, ) = up(t,z + cpt) = u(t + tn, o + cp(t + t,))

converge to 0 locally uniformly in R x R, due to the boundedness of the speeds ¢,, defined in (4.4).
Hence the nonnegative functions ¢ * v,, also converge to 0 locally uniformly in R x R, since the
sequence (||vn || Lo ((—tn,+00)xR) Jnen is bounded.

Let us now fix some parameters which are independent of n. First, let 6 > 0 be such that

H(L=0) = T +0. (4.5)
and also let R > 0 be such that )
T

g S0 (4.6)



Since u(1, -) is continuous from parabolic regularity, and is positive in R from the strong parabolic
maximum principle, there is n > 0 such that

u(l,z) >n >0 forall |z| < R+ec. (4.7)

Without loss of generality, one can assume that ¢, > 1 for every n € N. Since ¢ x v, — 0
locally uniformly in R x R as n — +oo, for n sufficiently large (n > N) we may define

t;:inf{te [, +1,0]; (0<)é%uv, <din[t0] x [—R,R]}, n> N,

with § and R as in (4.5) and (4.6), and we may assume that X < 0. Furthermore, for every
n > N, by continuity of ¢ * v, in (—t,, +00) X R, the infimum is a minimum in the definition of
tr and

0<¢xv, <din[t;,0] x [-R, R]. (4.8)
On the other hand, we have

(=t + 1,2) =u(l,z + ¢,) > n for all |z| <R,

from (4.4) and (4.7), for all n € N. Therefore, again by continuity of ¢ * v, in (—t,,+00) x R and
by minimality of ¢}, for each n > N there is the following dichotomy:

either (t;; >—tnt1 and max (¢ v,)(t7, ) = 5)

(4.9)
or (t:‘l:—tn—l—l and mi%]vn(t:, ) > n).
Next, we claim that there exists p > 0 such that
min v,(t,-) > p>0 forall n > N. (4.10)

[_RvR]

Note that this claim would be immediate if the second assertion of (4.9) always holds, but there
is a priori no reason for the first assertion not to hold. Remember that minj_g gjv,(t), ) > 0
for each fixed n > N. So, if (4.10) were not true, then, up to extraction of a subsequence, there
would exist a sequence of points (y,),>n in [—R, R] such that

Ut yn) — 0 and y, — Yoo € [—R, R| as n — +o0.

We will use the translates
wy(t,x) = v, (t + 1, x),

defined for all n > N and (t,z) € (—t, — t}, +00) x R. Since the functions v, solve
(Un)t = (Vn)ae + Cn(Vn)e + v, (L — @ xvy,) in (—t,, +00) X R, (4.11)

the functions w,, solve the same equation, in (—t,, — ¢}, +00) x R. Notice that —¢, — ¢! < —1 for
all n > N, that ¢, — cs as n — 400, that the functions w, are all nonnegative and that the
sequence (||wy]|zos ((—t,—t: +00)xR) Jn>n is bounded. Therefore, from standard parabolic estimates,
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the functions w, converge in C12>((—1, +00) x R), up to extraction of a subsequence, to a classical
bounded solution w, of

(Weo)t = (Woeo)aww F Coo(Woo)w + P Woo (1 — % weo) In (—1,400) X R,

such that
Weo(t, ) > 0 for all (¢,2) € (—1,400) X R and we (0, yoo) = 0.

It follows form the strong maximum principle and the uniqueness of the solutions of the Cauchy
problem that
Weo(t, ) = 0 for all (¢t,z) € (—1,400) x R,

In other words, w,, — 0 as n — 400 (at least) locally uniformly in (—1,+00) X R, whence
¢ xw, — 0 as n — 400,

locally uniformly in (—1,+00) x R by boundedness of the sequence (||wy]|Loe((=1,+00)xR))n>N-
Therefore, we have

vt ) — 0 and (¢ % v,)(th,-) — 0 locally uniformly in R as n — +oc.

This is a contradiction to (4.9), since both § and 7 are positive. Therefore, claim (4.10) is proved.
Now, (4.8), (4.10) and (4.11) imply that we have the following situation: for every n > N,
one has —t,, + 1 <t < 0 and, in the box [t}, 0] x [—R, R], the nonnegative function v,, satisfies

(Vn)e

(Un>:r:p + Cn(”n)m + H U, (1 - (b * Un)

Z (Un)a:x + Cn(vn)x + % (1 - 5) Un n [t:w O] X [_R> R] (4 12)
va(t, £R) > 0 for all t € [t, 0], '
vo(th,x) > p for all z € [-R, R].

On the other hand, for every n > N, the function v, defined in [—R, R| by

1/)71(.7/‘) _ pe—cnr/2—cR/2 coS (%)
satisfies 0 < v, < p in [ R, R] from (4.4), ¥,,(£R) = 0 and
2w
Ut et + i (=) = (n(L=0) = 2 = 15 ), 20 in [-R, )

from our choice of § and R: see (4.4), (4.5) and (4.6). In other words, the time-independent
function ¢, is a subsolution for the problem (4.12) satisfied by v, in [t},0] x [-R, R]. It follows
then from the parabolic maximum principle that

vn(t, ) > ¢p(x) for all (¢, x) € [t;,0] X [-R, R,
and for all n > N. In particular,
U(ty, Tn) = 0,(0,0) > ¢, (0) = pe®/? for all n > N.

However, assumption (4.3) means that u(t,,x,) — 0 as n — +o0, while pe~*¥/2 > 0 from the
positivity of p in (4.10). One has then reached a contradiction.
Therefore, (1.7) holds and the proof of Theorem 1.3 is complete. O
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