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Abstract

Let d(m) be the number of divisors of the positive integer m. Here,
we show that if n & {3,5}, then d(n!) is a divisor of n!. We also show
that the only positive integers n such that d(F,,) divides F,,, where F),
is the nth Fibonacci number, are n € {1, 2, 3,6, 24, 48}.



1 Introduction

Let d(m) be the number of divisors of the positive integer m. The number
of divisors of n! was studied in the paper [5]. The equation d(n!) = m!
was studied in [6]. More generally, the fractions d(n!)/m! were studied in [1].
Here, we look at positive integers n such that d(n!) is a divisor of n!. Positive
integers m such that d(m) divides m were studied in [8].

Our first result is the following.

Theorem 1. Ifn > 6, then d(n!) is a divisor of n!.

Let {F,,}n>1 be the Fibonacci sequence given by Fy = Fy = 1 and F, 15 =
F, + F,4, for all n > 1. Our result is the following.

Theorem 2. The only positive integers n such that d(F,) divides F, are
ne€{1,2,3,6,24,48}.

For a positive real number x, we write m(x) for the number of primes
p <.

2 Proof of Theorem 1

We first ran computations with Mathematica and with PARI which verified
that d(n!) | n! for all n < 3400 except for n = 3, 5; this verification takes
only a few minutes of computational time. From now on, we assume that

n > 3400.
We write
nl = H por™),
p<n
It is then well-known that
n — sp(n)
— 1
apln) = "2, 1)

where s,(n) is the sum of the digits of n written in base p. Clearly,

logn
log p

1< sp(n) < (p—1) Q J + 1) for all primes p<n.  (2)



Then
d(n!) = [[(ap(n) + 1). (3)

p<n

The method of proof consists in finding an injection f : {p < n} +— {m < n}
such that f(p) is a multiple of a,(n) + 1 for all primes p < n. Then d(n!) is a
divisor of [, f(p), which is a product of m(n) distinct integers < n; hence,
d(n!) is a divisor of n!.

In order to define f(p), we split the primes p < n in three ranges. Assume
first that n > 3400.

Case 1. p < /n/2.

In this case, we take f(p) = a,(n) + 1. Clearly,
n—1

p—1

ap(n) +1< +1<n forall primes p=>2.

To see that the numbers f(p) are distinct for distinct primes p in this range,
assume that ¢ < p are both primes in [2,/n/2] and that f(p) = f(¢). Then
the equation f(p) = f(q) can be rewritten as

n— 517(”) _n— Sq(n>

Y

p—1 q—1
which yields
- 1 - 1
nos) _p-l g poay |
n—sqn) qg—1 g—1 qg—1

which in turn implies that

1 3(1(”) - 5p<n) Sq(n) —1
1S Tn—sgn) S n-sym)

Thus,

B san) (g = Dlsgn) — 1) = g54(n) — g+ 1 < gsy(n)
logn ¢*log(qn)  3q¢®logn  3¢*logn

< -1 1] < < =
da=1) ({10gQJ * ) log g 2logq log(¢?)

- (4)

In the above chain of inequalities, we used aside from the right inequality
(2) also the fact that ¢ < n'/2, therefore gn < n/?, so log(qn) < (3/2)logn.
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Since 4 < ¢* < n/4, and the function = — z/logz is increasing for = > e,
inequality (4) above yields

n 3q° 3n
< < ,
logn ~ log(q?) ~ 4log(n/4)

leading to log(n/4) < (3/4)logn, or n/4 < n** or n < 4* = 256, which is
not the case we are considering.

Case 2. \/n/2 <p < n/2.

Let p1 < pa < --- be the increasing sequence of all prime numbers. Let
k= m(y/n/2) and assume that pyy1, ..., pris are all the primes in this case,
where k + s = 7(n/2). Observe that for such p, we have p* > n%2/8 > n.
Thus,

and the second integer appearing on the right—hand side above is in {0, 1, 2, 3}.
We pick inductively f(pgs;) for i = 1,...,s to be a positive integer in the
interval Z = [(n + 2)/2, n|, satisfying the following properties

(i) it is distinct from as(n) +1 =n — s2(n) + 1;
(ii) it is distinct from f(pj4;) forall j=1,...,i—1;
(iii) it is a multiple of a,, ,,(n) + 1.

Observe that condition (i) says that f(pryi) # f(2) = as(n)+1=n—sy(n)+
1. To check that f(prs+s) # f(p) for all p € [3,1/n/2], observe that for such
p we have that

n — sp(n) n—1 n—1 n+1

1< 1< 1=
p—1 * p—1+ 2 * 2

f(p) = ap(n)+1 = < f (Pr+a)-
To justify that we can choose f(pg1i) as in (i)—(iii) above, it suffices to show
that the number of multiples of a,,,(n)+ 1 in [(n +2)/2,n] exceeds i, since
then one such multiple can be chosen to avoid the single number n—sy(n)+1
appearing at (i), and the already chosen ¢ — 1 numbers f(pyy;) for j =
1,...,2—1. Now since

n—1 Nt pre— 2

. 1<—+1
e (1) 1 < Pr+i — 1 " Peti — 1
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we find that the number of integers multiples of a,, ,(n) +1in 7 is at least

{n_(n+2)/2J . {(n—2)(pk+z-—1)J‘

RS 201+ Prri — 2)

So, it suffices to show that

(n —2)(pryi — 1)
2(n + pryi — 2)

>+ 2. (5)

The above inequality (5) is equivalent to

(n—2)(2i +5)
n—2(i+3)

Diti =2

We first show that inequality
n—2 < 5
n—2(i+3) 4
<

holds. Inequality (7) is equivalent to i + 2.2 < n/10. But clearly

i+2.2<w(n/2) —7(v/n/2) +22 < w(n/2),

where the last inequality follows because n > 100, so /n/2 > 5,s0 w(y/n/2) >
3. Thus, we need that 7(n/2) < n/10. By Theorem 2 on Page 69 in [7], we

have that
n/2

log(n/2) — 1.5
Thus, inequality (7) holds provided that

w(n)2) <

n/2 o
log(n/2) — 1.5 ~ 10’

which is equivalent to n > 2e%5, which holds for n > 1331. Thus, inequality
(7) holds, so in order for inequality (6) to hold, it is enough that

5(. 5

By inequality (3.12) on Page 69 in [7], we have

Prvi > (k+14)log(k +14) > (2.5 414)logk,
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where the right-most inequality holds because k = m(y/n/2) > 2.5. Thus, in
order for inequality (8) to hold, it suffices that k& > ¢*?, or k > 13. Since
k = m(y/n/2), it suffices that v/n/2 > pi3, or n > 2p?, = 3362. In conclusion,
since n > 3400, the inequality (5) holds for all i = 1,...,7(n/2) — w(y/n/2),
which takes case of the injection f(p) in this case.

Case 3. n/2 < p < n.

In this case, a,(n)+1 = 2 for all such primes p. We assign to each prime p
a distinct even number in the interval [(n+4)/4, n/2], except for the possibly
even number as(n) + 1 = (n — s3(n) + 2)/2. Observe that if p is a prime in
this case, then

logn logn n
l=n+1- >n+l— 1) =n- > =,
az(n) + n sa(n) 2 n+ (10g2 * ) " log2 2
so f(p) is not f(2). Also, f(p) is not f(3) by construction. If ¢ > 5 is in
Case 1, then
n— sq(n) n—1 n—1 ~n+3

1< 1< 1 < .

Finally, if ¢ is in Case 2, then f(q) > (n 4+ 2)/2 > f(p). Thus, in order to
justify that one can define f(p) in the above way for all primes p € (n/2,n|,
it suffices to show that the interval J = [(n + 4)/4,n/2] contains at least
m(n) — m(n/2) + 1 even numbers. The number of even numbers in J is at

least
n/2—(n+4)/4| |n—4 - n—11
2 L8 |7 8
Thus, we need to check that

flg) =ag(n)+1=

—11
n o > wn) —7(n/2) + 1. 9)
By Theorem 2 in [7], we have that both inequalities
n n/2
—_— d 2 1
GORS rven w S G0 Rl rowory ¥ (10)

hold in our range for n > 3400. Hence, in order for (9) to hold it suffices, via
inequalities (10), that the inequality

n—11 n n/2

> - 1
8 logn — 1.5 log(n/2) — 0.5 N

6



holds. This last inequality certainly holds for all n > 3400.
Thus, we have just showed that d(n!) divides n! for all n > 3400, which
completes the proof of this theorem.

3 The Proof of Theorem 2

First, some preliminaries. We let {L,},>1 be the Lucas companion of the
Fibonacci sequence given by Ly =1, Ly = 3 and L, 9 = L, + L, for all
n > 1. There are many identities relating Fibonacci and Lucas numbers,
such as

Fy, = F,L,, L?—5F?=4(—-1)" and Ls, = L,(L2—3(-1)") (11)

valid for all positive integers n. We shall freely use such identities in what
follows. They can be easily shown to hold by using the Binet formulas

are the two roots of

C(1+V5 1456
N 2 72

the characteristic equation 2 — z — 1 = 0 of the sequence of Fibonacci (or
Lucas) numbers.

We also use the well-known fact that F,, is even if and only if n is a
multiple of 3. Furthermore, if n = 3m with m odd, then 2||F,, while if
n = 2%-3m with some a > 1 and m odd, then 2°72||F},.

The main idea for this proof is that if a positive integer m has the property
that the exponent of 2 in the factorization of d(m) is bounded above by
some nonnegative integer K, then m can have at most K distinct primes
appearing at odd exponents in its factorization. In particular, m is a square
when K = 0. Throughout this proof, we use [J for a square of an integer. It
is well-known that the only positive integers n such that F;, is [ or 2] are
n € {1,2,3,6,12}, and the only positive integers n such that L, = O or 200
are n € {1,3,6} (see [3], [4]).

After the above preliminaries, we are ready to proceed with the proof
of Theorem 2. We use a divide and conquer approach. We divide the set
of potential n such that d(F},) | F, according to the exponent of 2 in the
factorization of F,.

valid for all n > 1, where (a, ) :



(1)

(i)

(i)
(iv)

F, is odd. Then d(F},) is a divisor of F},, so it is odd. Hence, F,, = O,
son € {1,2,12}. The only convenient solutions here are n € {1, 2}.

2||F,,. Then n = 3m, where m is odd. Since 2||F,, and d(F,) can be a
multiple of 2 but not of 4, it follows that F,, = 200. Thus, n € {3,6},
of which only the solution n = 3 is convenient.

There is no n such that 4| F),.

8||F. Then d(8) = 4 divides d(F,,), a number which may be divisible
by 8 but not by 16. We then get that F,, = 8J0J, where 0 € {1,p}
and p is some odd prime. Furthermore, n = 6m with m odd. Then
F,, = F3,, L3, by the first of the relations (11), and the greatest common
divisor of F3,, and Ls,, is 2 by the second of the relations (11). More
precisely, 2||F3,, and 4| Ls,,. Now the equation Fy,,Ls,, = 8] implies
that either Fj,, = 200, or Ls,, = [0, both of which giving m € {1, 2}, of
which only m = 1, leading to n = 6 is a convenient solution.

16]|F,. Then n = 12m, where m is odd. Furthermore d(F,) is a
multiple of d(16) = 5, so 5 | F,, therefore 5 | m. Hence, n is a
multiple of 60. Suppose first that n = 2% - 3% . 5¢ with some positive
integers b and c¢. Then Fg | F,, and Fg has five prime factors p > 5
each one of them appearing with exponent one in its factorization,
namely p € {11, 31, 41, 61, 2521}. Since all prime factors of n are
< 5, it follows that each of these five primes appears with exponent
one in the factorization of F,. Hence, 2° | d(F,) | F,, which is a
contradiction. Thus, n must have at least a prime factor exceeding 5,
and, in particular, w(n) > 4, where, as usual, for a positive integer ¢
we write w(t) for the number of distinct prime factors of t. Write

Fn - F12m - F3mL3mL6m~ (12>

The above relation follows by applying the first of relations (11) twice,
once for n = 12m, and once for n/2 = 6m. The greatest common
divisor of any two of the three factors from the right-hand side of
relation (12) above is 2. Lemma 3 in [2], shows that Fj,, has at least
w(3m) > 3 distinct odd prime factors appearing in its factorization
at an odd exponent. If Ls,, = OO0 or 200, we then get m € {1,2}, so
n € {12,24}, and none leads to a convenient solution. So, Ls,, has
(at least) an odd prime factor appearing at an odd exponent in its
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factorization. Similarly, if Lg,, = [ or 200, then m = 1, leading to
n = 12, which is not convenient. Thus, Lg, also has (at least) an
odd prime factor appearing at an odd exponent in its factorization.
But this shows that F), has at least five prime factors appearing at
an odd exponent in its factorization, so 2° | d(F,) | F,, which is a
contradiction.

From now on, we assume that a > 5 is such that 2%||F,,. Then n =
2972 . 3m, where m is odd. To continue, we need the following lemma.

Lemma 3. Let m = 12k, where k is a positive integer. Then L,, has at least
two odd primes appearing with odd exponent in its prime factorization.

Proof. Assume that this is not so. Note that 2||L,,. Then L,, = 2600, where
6 € {1,p} with p a prime. We use the formula Lo, = Ly (L2, — 3), which
is the third of the formulae (11) with n = 4k. The two factors on the right
of the previous equality are coprime, for if ¢ is some common prime factor
of them, then ¢ | Ly and ¢ | L%, — 3, so ¢ | 3, therefore ¢ = 3. Hence,
3 | Lax, which is false because the only numbers of the form L; which are
multiples of 3 are for t = 2 (mod 4). Thus, from Ly (L3, — 2) = 260, we
get that either Ly, = O or 200, or L3, — 3 = 0O, or 200. None of the two
equations of the first possibility can hold by the results from [3] and [4].
As for the pair of equations of the second possibility, observe that the first
one leads to a positive integer solution (z,y) of the equation 2% — 3 = y?,
or (x —y)(z +y) = 3, whose only solution is (z,y) = (2,1), which is not
convenient because L4 > 2, whereas the second one leads to a positive
integer solution (z,y) of the equation 2 — 3 = 2y?, which reduced modulo 3
gives 2 = 2 (mod 3), which is also impossible. This completes the proof of
the lemma. O

We continue the proof of Theorem 2. We assume next that m = 1, so
n = 22 .3 for some a > 5. One can check that both ¢ = 5 and a = 6
for which n = 24 and n = 48, respectively, are convenient solutions to
our problem, but that a = 7 and a = 8 for which n = 96 and n = 192,
respectively, are not convenient solutions. For a > 9, write

Fn = F3LeLiaLoy - - - Loa-s.3, (13)

by repeated applications of the first relation (11). The greatest common
divisor of any two factors appearing in the right-hand side of the above
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relation (13) is 2. The number Loz has at least two odd prime factors
appearing at odd exponents in its factorization; hence in the factorization of
F,, for alli=2,...,a — 3, by Lemma 3. Thus, F), has at least 2(a — 4) =
2a—8 > a odd distinct primes appearing at odd exponents in its factorization.
Hence, d(F},) is divisible with 247! a contradiction.

Next assume that n = 2%72 . 3m, where m > 1 is odd. Now write

Fn = F3mL3mL6mL12m e L2a*3ma (14)

again by repeated applications of the first relation (11). Again any two of
the factors appearing on the right-hand side of the above relation (14) have
greatest common divisor 2. By Lemma 3, the numbers Lsi 3, have each at
least two odd primes appearing at odd exponents in their factorization; hence
in the factorization of F;,. Further, none of F3,,, Ls,,, and Lg,, is of the form
(] or 2] because m > 1 is odd. Hence, each one of these three numbers has
at least one odd prime appearing at an odd exponent in its factorization;
hence in the factorization of F,,. Thus, F, has at least 3+ 2(a —4) =2a —5
odd prime factors appearing at odd exponents in the factorization of F,,. If
a > 5, then 2a — 5 > a, so d(F,) is divisible by 2%, a contradiction. If
a = 5, then 2a — 5 = 5, but in this case also the prime 2 appears with an
odd exponent in the factorization of F), (namely with the exponent 5), so in
fact d(F},) is divisible by 2, again a contradiction.
This finishes the proof of Theorem 2.
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