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ABSTRACT

We study the numerical solution of the nonlinear initial value problem
i‘d%D(ﬂ+Au-(t) = r(t), >0
u{0) = ¢,

where A is a nonlinear operator in a real Hilberﬁ space., The problem is
‘discretized using linear multistep methods, and we assume that their
stability regions have nonempty interiors. We give sharp bounds for the
global error by relating the stability region of the method to the |
monotonicity properties of A. In particular we study the case where Au

is the gradient of a convex functional @(u).
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§ The cla551ca1 error bound for numerloal 1ntegretlon of nonllneer 1n1tlal

';gf.value problems 15 b351oally of- the form

©fu ~ulnn) [<c:e°@@h X ._;_nggehi?.of- IS

L where M denotes the LlpSChltZ“COHStanb of the system and {q } a sequence

' of local” errors. The bound (1 }) holds for llnear multlstep methode Whoee |

-:Stablllty PeglOD eontalns the orlgln. U51ng one~elded Llpeohltz—condltlons sharpe

'”bounds, for Llpschltz contlnuoue eyeteme and some speCLal methods was

:"_obtalned by Uhlmqnn 195? [13] Loelnsk13 1958 [8] and Dahlqulet 1959 [3]

 Recently, in the Works of Dahlqulst and Nevanllnna [h 9,1055, 111 end

L Odeh “and Llnlger E12] there has been progress 1n der1v1ng error bounds

)  Wthh take dlrectly use of the ‘atability reglon of the methods.. In thls

paper we unl‘f’y e.nd extend these results and present the follow1ng error _
 bound ' ' ” '
|u -u(nh | < Ch E en 3 lq ] I L _(1.2).
~O _ ) G R o
. He}e C;Goere independent on n end 9 ie-lees.than (eqnal3to)'or greater .
__tnan one depending'on whether the nonlinear operetor liee,-in-a circle
fcondltlon sense, strictly 1n31de {inside) the etablllty reﬂlon or over—
~laps the .instability reglon The treatment covers all llnear multletep
‘methods- whose steblllty reglon has a nonempty 1nterlor,_and the propertlee
}“requlred cn the nonllnear operator are formulated using one-sided Llpschltz—
.. COnd1t10nS Gradlents of convex functlonals form an Important class of
‘such. (monotone) operetore In that case the solutions of the initial
'-value problem have some speclel non0301llatlon propertles, and we study
those multistep methoae whlch carry theee propertles to the dlfference

equetlon.

'-The:author_epent the year 1975—76-at Institut Mittag-Leffler, The Royal.
' Swedish Academy of Sciences. He is very grateful for that year, especially,

eiﬁoe it made possible an_inepiring collagboratior with professor G. Dahlqnist}



o __polyno'nlals :

:z_ExISTENCETOF"SOLUTIONS 

- .Let H be a real Hllbert space ‘and A a nonl?,near s:.nglevalued Operator o

' D(A) c: H - H We conmder the numerlcal solu‘tlon of the evolutlon '

: equatlon

du(t) .

' u51ng the dlfference analogue

B n._ S N L ¢S
-uj = CJ-E_ | (A) ’ .' | ' x .' o-g_j <1g_._ T L

_Zn (2 2) B denotes the translatlon 0perator Ey -y 1 and p,o -are real

e(e) = J a2’y “ole)= [ e o T (23)

'. _'.wit_‘h:'.no _cdnmlon ‘divisor. .'Fﬁ_rthezj, we assume that o, > 0, pl1 )'?_0; p'{1)=0(1) .

- REMARK 2.1 Wlth some &le‘tlonal notatlon we could con51der cases where

T A vere multlvalued and time dependent and f Llpschl‘tz-contlnuous in U '

DEFINITION 2.1. An Opemtor' B: D(B) H > H 18 called monotone 'Lf

(u v, Bu- Bv> z 0 for all u,v € D(B) ' _ _' ) R (Q.h)_
'It 8 caZZed meximally monotone zf‘ addztwnally R I+B) : __ o L

On monotone operators see [1]

Assu.me that

(I_'l-'ahA')'hl_is Lipschitz—continuous, wi‘bh\_c_dnstsnf't L, . (2.5)

" and

A(I-i-ahA) —al s mammaZZy monotone o : (2.6)

: Wlth some. fixed a,a E IR h € IR

THEOREM 2.1. Let {fﬁ+k} < H, {cj} < D(A) and-assume that (2.5),
_ ' L _ c - ‘ L - ' '

(2.6) hold. If

;Bk*q;sk k_Ocmdahw amhmk>ey:_ .I. I C{2.7)

then theve ewists a unique {w e D{A)_s:uc.h ‘that (2_.2) “holds. - . D



”5 :{(2.8) implies : "

e
EEQQE; .Assuﬁing_that u;'are;giﬁen for mf?ﬂ+k_thSZEQU3tion:(2;2)'can ”
- be.written as S : S -
Sou (hﬁk/qk)_Au = a

-w1th d & g1Ven and u=u

n+k'the:unkﬁowh fébtér; Pﬁﬁ ﬁ3=ahﬁﬂ=5w,.thén

W+ A(Ha;\)*l (4 (I+ah_A) *—'aI)w“ = ( '1..+q}\')—_1':.¢.1 > o

.  With.1.='h(8k/a a):>0 By (2. 6).the;equatioﬁ'(2}9) has:a'uniQue 

”_solutlon (see Prop. 2.2 in [1])'But'then-(2;5)fimp1iés the'ékisteﬂée,:

" of WEH such that (2.8) holds. Since B, #0 we have u€D(A).

_ REMARK 2.2. Draw a circle with resl ceﬁfer passing thrpﬁgh”a_l and
"?ah/(T-aah) Applied to the 0perator Au;=4lu with-léﬁ@ (2 6}“means,

‘thaet Ah lies inside that cirele if 3*-auhj>0 end outside if ]v—aah< Oy

(In complex spaces one con51de“s the. real part of” the 1nner product

~ in (2, h))__FQr 1ater.reference.call_the correspondlng disc D{a,ch}.

(2.)



”_&mMAIN RESULT

_ 'The me:r.n EOOl in derlv:tng our error bound 15 te essoc:.a.te w1th P end o _
e convolat:r.on operator and relate :d; 5 FOurler trans;orm to the etablllty '_
.reglon of the method. Thls 1dee. was developed in [10] end {5},' _end the

. _techn:l.que used in [12] is very smllar. .
_""'I'JwFI'NITION 3.1. The sfabiiity regio:ri S of a method ('p, ) consists of"
.-thoee g € C for which the characteristic. poZynom?,aZ p(x;) - qc(:) satisfies

" the voot condition, i.e. zt 8 roats satzsfy {c l <1 and those of‘ modulus,

| .'one are sw"ple. o =}
 Pix & Iiu.m.ber' a'€ R such that o
a’t € Ints. S S € 8

. Let. {C } c'ienote the roots of c(g) (if By -—O then‘m'ie’"consi&ere& as one

: :_ root} end eet c*-me.x |: | For a=0 (3 1} is understood to meen that

- o¥< 1. When a‘l_ EIn‘tS [o(c) ~ apf z;)_-| is bounded away from zero on |;] -»‘.l.
inf Re—e—;—l—'— ~b. L S S - (3.2)
fC|>? ol )ap(C) - o S S
" S:T_.r:iee'-'_p'(‘l =0 we elweye he.ve b> 0. In the note,tlon of‘ the prevmus che.pter,
- {3.2) meens for _e"l <b that D(a,b) © 8 and’ for a -1 > b that. C\SCD(e b)
 Assume that fun} satisTies ( 2 2) and {v } satlsf‘les

v.=da,€e€n(s), - 0<j<k.
Vs J ( } | <]

b7 p(E)v, + o(Elhv, =g

-'-Here {v } mlght e.g. be vn“u(nh) where u{t) satisfies (2 1) or vn'_=un+1-'.-

E‘Pu._t _fn+k n+ qn+k ‘I’bee we have -

: TEOREM 3.1. Let a b be as in (3. f) (3.2) and assume tkat (2 5) and
: (2;6) hoZd Tkere emets a co:rzetant §>0 such z';kat zf‘

. an-b>=s -;_”_ (3
then we have for {u -v } saﬁzf‘fd—z,ng (3 l; : s :

[un_vn|5 C{eﬂ max {luJ"le + h.!Au .—A«f-J }..4_ h ): E’l”l qu I} | .. - (36}

02 j<k —-L



" He'r’e C, 5 (*re zndppendent on n and

Y
©

o< if oh - b
: 8 = 1 1.f Ocl’_l - b L -

: o Hﬂ e 35_ o L
PROOF. - Define u, vn o for n<:0 and- set qm h (E)( ik v} f_

. n-k
(E)( u k—Av _1;) for m<k Then (3 h) holds for &1l n € z, 'with
qm 0 for m<0 and h|qm| < C'max -[fu -vs |+hIAu —Av |} for 0O<ms< k-1,
_ O<i<kl 9

Let us consider the case ah-b> 0 first. S:ane a“l EIn‘tS (U(C)" ap(c)) -1
is analytlc for ’CI >1 ~-£ w:.th some £ > O Comblnlng this w1th (3 2) we '
' conclude that the'}"e ex1sts B<1 suc:h that - S S '

| Re{[ (ec)-ap(ﬁé }_p(ez)} '—b(e):ffér [c|>_T   ._' R )
and #h"b(BJ_ %(ah 5)50. S C SR .
....]::I)ef.‘.ine [UI(IE) —ab.(IE) usn;D the. power series
[( )—aMz)" {Y0+T1C1+Y2C2+ }}

oo Slnce a 1 E IntS the sequence {Y }is exponentlally decaylng and

'.'_[O(E) —ap(E)] lg = Z '( 3 is well deflned f‘or a_'Ll {E }ER .
J——m' :

For shortness put

Q, = [GCE)-'ap(EJ] 1qn+k=
oI = [6(E) ~ ap(B)] Tp(E)x_, and
.wn = (un+ah.Aun)—(v + ahAv )

- Slnce (2.5) means tha.t ]u v |<L|w | it is sufflelent to show (3 6) -

for |w | The equatlon f3 kY can now be WT:L_tten_as

VI T -~ (3.8).
.Pwni-h(gun Av ) =hQ . ) | (3.8)

If Tw_= } ¢ .w,, then multiplying (3.8) by 8 = w_ and summing

n Zo. n—-Jj - . R oon S -
we get. . o
Y oemn, B Somi)gmi N
3 <a_ v ) ¢ .8 {n=d)g W > + o

=0 " =g "7 - o

- . (3.9)

._..+ hZ <S 2nwl;l’ Au —Av > <8-—2n n_-’ . >
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~ Using Parseval's:_identity.-to the sequence N N
(37) }ri'elc'ls | o N _ o |
. o AT 2 - : o |
. Z <9 v, e 50 (n=j)g .J-'.Wj >_+_'b(9) T 200 (300
J ' - R p=0 . o

. The second term in (3.9) satlsfles, by (2 6),
S LT e S
on -n_ .2 _ :
hZ <6 ", A »A_vn> zon ] Jo v [ (3.1
Yoo n=0 L |
'Hencé we h:—we',- comblnlng (3.9), (3.10) and ._('3.11-)"

o

[ah—wa)}_{ DECREAN B R O RO RTRD S ERTE

0=0 4T T h=o
- where v{8) = ‘sup I[U(C —ap(z)]1] < . But (3.12) yie_ldé
S l;le S ' . o
. o o N..Nhﬁf
lw | < fan-5(8)10y(0)n § 6% 2fq | .
N ~ . ] nt |
: . . _I'l=0- o
' -'Tdc'onsidei" the case ah-bg 0 define & rational fuhc"t_ion_i'_by
r(z) = Ioa(g?) + (1-ab)p (t71)] [o(g ) -ap (z 1.~ (3.13)
By (3.2) we have Re r_(c)' >0 for I;[ < 1. Again r{z) is anaj.ytié_ for
:_[z';; < 1+¢& with some €3> 0. Also Rer(0) % O, Hence,' using the harmonicity

¢f Rer we obtain

 Rer(z) 0. on [gf=1 "~ o R Y C I
s 0 for-|C!~c1. SR :
‘Bince r is rational Re rf;) 0 only for a finite nuroer of' po:i.nts on
) |c[ =1, and we conclude that there exists a nontrivial polynomlaﬂ p
_ such that ' . '
Rev(z) - [p(z)]2 2 0 for |gfst.. o (3.15)
Using Parsevalls identity we now obtain |
g frgaToyy + L 22 [ ot 22 sl 2, (3.6)
_ & n * n i . : :
- n=0 n=—ca : o _ . o
with some 6> O,- where we used the fact that L 0 for n>N. Hence,
- (3.8) implies ' .
|y ]2 + (oh - b ) &1 X v |2 < h 61 E I 'f|Qn| . _ (3.17)

n=4 n—O



'For”ail n'> o' this yield_s--

| |? ah b)"4-+n/2} Z |w ]2 + h2 2n62f Z IQ |21 = (3.18}
Put d -(ah b)rS"1 + n/2 and D = (2n62) 1y2, .{\r.h_ere._ :
vy oy(1) = !Slllp [o( )wap(; [, Then (3. ‘18) impliés :
| '|;wnI2 d z I 12 + th Z lqnlz' ' | . o - B (3"}9)

'1'1—

B _-_'_-Take n s0 small that d<1 and define {w } by wg |Wg|2 and
e =ad Zw +Dh? Zlc 12 for n>0.
oo »
- w0 m=0 . : -

Then (3.19) implies !wnlzsw'n- ar_ld'we obtain the bound

M

L N o 3
(1-a)" |w |2 + Dh2 ) (1- a) (N n)] {2 <
' - n=0 . :

 {0;12 (1Hd)~(m_n)X2jan}2}

gl ¢

LA

) To see that in the case sh—-b = 0 we actua.lly may take 8=1 we proceed
" as in the proof of Theorem 2 in [9]. Fix a positive integer M. If Q =0

.for n<M there is nothlng to show, Otherw& e, estlmate_
3y QU v T g2
s s hméo’%' PO tsaslin b gl | nl? -

. Put §{8+an-b) = 1/K, (oh-b)s =H a.nd'R b 2 [Qm|, so that K € (0, ),
. m=0 :

€ (-1,0]. From (3.17) we get '

N _

) wa 12 (1/2 KRZ + (1/2 Y(1+H)E 2 h { v |2[@ [ (3.20)

n=0. _ _ o n=0 . :

‘w fz + H
fox.'.. 04.N<.M. Define {NN}:I.l.Jy repl&;cing in (3;20) |Wn|2 by mr;t aﬁd.fil..e
' mequdllty by equality. Since o B |

1 + H - (1/2)(1+H) ‘"1h|QNI > 1/2)(1+‘z) >0, -
'mN is well aeflned Assumzna fw 12 < W, for n=90 ‘i,.. SH-1 we have _
: . 'N .

'|WN!2: + H Z |wn[2'< tx + H Z wll'l + (1/2 1+'LI)R‘1h|QN| |w |2
n=0 S n=0



Since H< O this gives =

(z/z)(wﬂ *lhIQNIIwTIZ

"[wi|2 + 'H|w-[2 < 1¢—_“

N

o wh:.ch shows that Iw 12 < m-.. But |_ﬂrOI2 < mo'- and 50 fw ]2 < wN_;or O<N<M.
:Tne conc lu51an follows, 51nce ' ' ' :

_ PR .
R < C{ max__[!u'-v f + h|Au -Av ]] +h X |q |}
0’J<k J o ) J.. ook

- “/9)"32(”}1) I - (1/2)R"1h|Q f]—z P
. J 0 L o o

(e/z)KRz(1+H) .‘] - - ..: .. | .. . .. ._: . _. _. (321 )

A

REMARK 3' t.- In moet appllcatlons one Chooses a.l EIntS s0 that b= O
_ _:If one 1s 1nterested 1n convergence when h—%O the aseumptlons (2 5) and
- (2.6) must hold forlle(O hg] with a fixed constant 2. Slnce the constantc
"'(3 6) generally depena on h we give the bound in an other form,
assumlng b=0: Put 9-—j in (3 12), then for a:»o '
LY 1 P A
- 2 -1 e o 2y
{ }j iu v, | f 5 Lo “{{h X fa_| } T (3.22)

vhere y = IsTpl c)—ap(a.:)l
E— .

' ;For az 0'we gat from (3 2?) that

- ;<(e/2) 2L6"1T( -ioclhé"l) - l/ghhz eI, O<n<T/h (3.23)
. _ : ©on=0 U

.Where Y E |Y [ Here hq denotee'for'n<:k the initial errore in terms
| '-_of IU_JHVJ], h[Au LA o |

| Observe That 1f 6- |f2 the growth factor is of the right“ eize; : _
'exp[Tia!(1-+0( 1} }1. The next example shows that this actually can happen
However,_let us first point out that if we only know the LlpsChltZ“
" constant of A,.say‘M,_then for a<0, (2.5) is satisfied with L = (1-—|dihM)
" and, hence,. (2.6__) holds_._with o = ~M{1-laimg)™ ____.—M_-I-.@(h).. This means
that (3.23) still gives the clessieal vound (1.1) with some Cy,Ca.-



_10f..

BAVPLS 3.1, Consider one step methods (p ,a) = (a 1, (1 B)<§+B) with
- E'IG..-[O}.” CHOOSZLW" 8= “B We have | : o :

| 'Hence ' e e e e S ST

Z!p E W, 12 (7/2)ZIW 2y 1/2 i i2

.-"3_-:1f n-—O for n>N, and we have 6— 1/2 Further, Y= *{- 1. The ch01ce

- a=-8=0 means’ tha,t (2. 5) holds with L—1 ‘?or R> O assune that A is
_ _Llpscgltz-\,ontlnuous w1th constant M, so that (2.5) holds w1th o
L= {1~ BhM)_1 . Clearly, the cholce a=0 15 posalble for a,ll methods Wlth
.:.."B% 1/2 but a8 8%1/2 then 6 1‘r—wo ' T ' L

- RH&ARK 3.2.  An Rz—ﬁersion of Theoren 3. 1 'I(.of.the-f‘ér.m. (3 22)) in the
case oh~b>0 was given in [5]. A sunllar result for A -stable methods
"_'Was :Lndependently found somewhat Ea.l"ller by Odeh. and Llnlger [12]
| -"They also used the exponentlal welghtlng technlque to o‘otaln the corre—
spondlng result for the R. —norm. The case ah b< o} was con51dered 1n [11]._

: Further, in {11] Thedren 3 1 was shown (w1th a=bh= O) for G«—stable

..3_methods, by sllghtly s:.mpllfylng the proofs glven in [9]

' REMARK 3.3. Let A- ol be zﬁaicimally-mdnotone #:’Lth some d>.'0 and aggune

Lha‘c. f{t)->f_as toew, Let u_be the unique solutlon of Au_=f_, then °

the solution u(t) to (2 1) satisfies. u(t)au , see Theorem 3. 9 in {11,
:From Theorem 3.1 we obtain for an A-—stable method with o¥< 1 ‘Lhat also

u U as noe if fn-f;m (.apply {(3.6) with vnsu_m}_..
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. THE CASE A=3@

When A is the subdifferential of a lower semicontinuous convex functional
then the solution of (2.1) has some additional smoothness properties,

see Chapt. III3 in [1]. We shall study those multistep methods which carry
these pfoperties on the difference equations. Since we are considering only
singlevélued operators we assume that Au is the Gateaux gradient of a

proper convex functional @: HoRU {=}. Hence we have
o(g) > @x) + {£-x,Ax) for all £,x€D(A): C(h1)

Put_{Vxn} = {xn-xn_j}, Then multiplying Ax_ by ?xn and summing we get

an inequality using (4.1). For convenience we shall assume that ¢ is
nonhegativé. We shall first have o¥< 1. Hence T = ¢(E)1p(E) and o(E)"L
are well defined for all {x_j} €% .. Put u =uy for n< 0 and u_ =ug for
n>N with ¥ > 0 fixed, Define fn for n<k so that (2.2) holds for all n€Z.

Hence
-1 . - '“_.1
h7 Tu + A a{E) S (14_.2)
Multiply (h.2)_by_Vun, sum up and use (4.1) fo'get
' . § ' N
.-l E : Yy -1 \ L.3
h nzﬂ <Vun,TunI>+tD(uN).£ o{u,) +n£1_<Vun,c(E)_ fn+k/_'_ ! (h.3)
Assume that there exists constants 0< XA, A< such that
21 fm e ] ¢ ) '
A |vu |?< Yu_ ,Tu_Y<A ) |vu |? (4.4)
n=1 Bz n> n=1 ' . '
holds for all N> 0. Then we'cén'state
THEOREM 4.1. Let o*< 1 and (k.4) hold. If (4.1) holds with @20 then
theve exists a constant C, independent on N, such that
[0 ] w2 fru, 1] "
{h Y h2lvu ] +-[Lp( )]_ <
n=1 . n ' uN
7 lota 12+ Tn ¥ je j2]®
< c{n2 max (bl p(E)u | + |o(E)Au ]+.t.p(u) +In £ ]2t } (h.5)
ALt M ASAT BRI
PROOF. Using (4.4) the inequality (%.3) yields
' 1_N- - ' N -
wla § v 2+ olu) s elug) + § v [le(E) L L] (4.6)

n=1 " n=1
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Hence we have

N. N '
(1/2)n7x § [vu |2 + lug) < (1/21) b 7 o(E) |2 + oluy)
n=1 ' n=1 .
and, since o*< 1, @(u) 20 and
|£ | < max [ |p(E)u [ + JU(E Au [l for n<k,
Il .
~k<p<0
the estimate (L.5) follows. _ . : . o

Compare Theorem 4.1 e.g. to Theorem 3.6 in [1].

THEOREM 4.2. The inequalities in (4.4) hold if and only if o*<1 and
[ ~it] [p, -it ity ] o
Re L1-—e LU(e ) - a(1-e )J 2 0 for 1€ [-m,m].

Consider the trapezoidal rule for which we have o*= 1. When ug =0 we

hé.ve-I‘u =u -2u + 2u - ... and hence
n n n-1 - —2

): (‘G’u I‘u> (1/2) E fvu |2+ Z <w*Vu Vun> (1/2} I§ [ﬁunlz
_ : - n=1

where w = {m } = {%,_—_1,_'1,—‘1,...}. Wé conclude that ti"‘< 1 is. éésential
" n=0 - : :

for the existence of A but a positive A may exists even when o*= 1,

In fact, such a result can be proved but since c*< 1 wa.s used in

Theorem 4.1 ‘anyway we shell not go into it (multlply e, by ¥ o< 1 s.nd

- let first s#1 and then r /1), ' '

Proof of Theorem 4,2. By changlng va.rla.bles vn = u " u, we may assume

that ug = 0.

Since g* < 1 there exists ;1 <o such that
Re{? .——'e_lT] %( —lT) < 2hA(1-cosT) .
Using Parseval's id-e_n_tit_y this gives the right hand side of (L.L) exactly
in the same way as (h.'B)._does the left hand side.
- Fix o¥<g<s<1 and M>N and define v € #2 by
uj , for j<M .

J sJuj,fgrj>M.

(L.8)
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Then we have

S <&vﬁ,rvn> -2 7 ]vﬁn]2-=

=0 n=s—ce

= L TRe{[1 —.Ae_it]['g-(e_if) - A1~ e-iT)]} |v(t)|2ar ,
“n : :

which means

N - ' N '
A3 v 12 < T (waTe )+ 0ls) + Dis),
n=1 n=1"'

where C{s)} =Cp+Cy+0Cy
?I n_ n-l M
- (s"-s"y, T e )
IJ_-=M+1 < uN J=0" n=g J
T n._ n=-t: v -
+ 7 <( -3 )uN, ) e ;8 d uN>
n=M+1 =M1 J
[ 1
e U CEET L !uNfz'
-n=MHT
Since
u n
[ z € s u £ Ko
jo0 4 d
we'have

lcy | < K2(1—$')'(1—§U)“1 .

To estimate the second term write

Izl - i n If _j . Ii'[ j .
‘ C__ .8 I < 8 | c. 8 | + ‘ C__ .8 ] <
s=Me1 0T j=0 9 S =0 M9

[A

5" 'E-(.s) + o(1-0/s)1 + K30™ .

- Hence

Ca| < Ku(1-5)[(1-82)‘1§'(5) + (1-s0)7 (1~0/s)t + '(1_—os)f1].
Becausé we aléo.have ” |

lesf < K5(1"532(1—$2)'1
we obtain Ci +Cy +C3-0 as s”1.

Since D(s) only corrects C(s) for the index n = M+1 we also have

D{(s) >0 as s /7 1, and 'the"inequality follows.
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On the contrary, if (5.8) does not hold then we have for some sequence
{ﬁj} with compact support
[+ -] . . (= =]
Anzqm|an[2'> nzﬂm <th’rwn> "
Translating the sequence we m.ay'assume that supp{wn} < {1,2,...,8-1}

with some N <o, Hence (4.4} does not hold either. o

COROLLARY 4.1. Assume that p has no other root on the circle than
g1 =1 and that o*< 1. If (p,0) is A-stable and '

m2(e!) 2 0 for velonl (4.9)
then (L.4) holds. - o

PROQF. Since A-stability gives
Re*z—(ei'T) >0 for 1€ [-m,n]
e gét combining (4,9) aﬁd the.gtrict root condition
p(1) = Re(1-e )2 (e™T) 50 for ts0.
But |

(1/2)(1 - cost )} Ly(t) » g-—E-%-l =

as T=0

and the existence of a positive A follows from the continuity of y. B

Observe that (4.9) does not hold for all 2-step A-stable methods

(1/2)(14e)g2 - cg + (172)(c=1)

L=
—
R
et
fl

<
—
[
—
i}

(1/8) (14e+d)g2 + (1/2)(1-a)g + (1/4)(1-c+d) , & 20, @ > 0

‘but only'when c2>43d. But if e.g. c=1, d2 6 then (4.8) does not hold
either. Further, A-stability is not necessary for (4.8). This is seen

.e.g. by considering the vackward differentiation formulas. These are

' 2
given by olz)=c", %(c) = [1-z71] + %[_1-«:“1_1 + ...+~f;[1—g—1]k.

Hence

o _ . k-1 .
vit) = 201 -—cosrc)Re{1 + ... -'1-%[1-61’[_} }2 2(1 -cds*r)?sk},-

For k=1,2 we have A, =1 and for k=3,4 we can take A3=5/6, r, = 1/3,

k .
but for k=5,6 a positive X does not exist, take t=m/2. Finally,
note that {4.5) implies the root condition on p and Ag-stability [2]

on {p.o).
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REMARK 4.1. Gradient nonlinearities are considered also in [12].
The stability property studied requires the existence of qé a(r) for
A > 0 such that the frequency condition

Re‘{h+.q(1—'e"iT)I%(e_iT)} + >0 for T € [-m,m]

“holds. ' o

We shall give an application of Theorem 3.1 in the gpecial case A= Q..

Assume @3> 0 and K = {vEH|p(v) = 0} * ¢.

COROLLARY L4.2. Assume that {p,o) i8 A-stable with o*<1. If (4.1) holds,

then for vg€K
| N | v 2
h ) w(un).s C{ max [|uj—v0[ + hlAu,{} + h_z Ifjl} B

in partiéular, for the homogenecus equation the method generates a
minimizing sequence. When the method is not A-stable, we have to

assume that 3¢ i1s Lipschitz-continuous:

[_Au—.Av[ < Mlu~v| for u,v€H.

COROLLARY 4.3. Assume that (3.1), (3.2) hold with a<0, b=0. Take h
such that '

0<h< (2lalM)l,

then (4.10) holds for vo € K. | . " a

The gradient method generates a minimizing sequence for 0 < h < 2/M
(with fixed h, see Chapter 4.5 in [6]) although (4.11) requires
0 < h < 1/M on the Euler method.

Proof of Corollary k.3. (proof of Corollary 4.2 is similar).

Take vy € K. Then (2.2) yields

Tt p(B)(u -V

0) + U(E)A‘Lln. = fn+k s N §Z \

ﬁheré_{re assume , £ ig defined for n<k by the choice u =V, for n< 0,
We shall epply Theorem 3.1 to {4,12), therefore we need to check (2.6}

in the form

<u+ahAu—v,Au> >0 for u€H, vex.

(k.10)}

(4.11)

(L.12)

(4.13)
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Since for all u,x in H we have
: 1
0 < @lu+x) = tp(u)'+Jr<A(u+tx},x dt < @(u) +<A_u',X>+ (172)M[x12,
4 _

we get, choosing x = (~1/2M)Au ,
@(u) > (1/2M))aui?2, for u€H. (h.ik)
Combining {4.1) and (h;lh) we get

<u+-ahAu —_v,'Au> z (1-2lalnM)o(u) , - {4.15)

vhich, together with (4.11), implies (4.13). From (4.12) we obtain,
with T = [o(E) - ap(E)]To(E);

L _ ) )
h Igoéhfammn Vo Mun+ammn-v0>+

N o
¥ HZO@n_* ?‘mun'vo’ A“_n>= ' | (4.16)

N ' .
= n£0<%nfkahAun-v0’ [G(E)-ap(E)]f :n+k>'

B8ince b=20 the first sum in’(h.16) is nonnegative. For the second term S5
we get using (4.15) C

' u
8, 2 (1-2lalnM) ] olu ).
' n=0

To estimate the third sum observe that (3.6) (with 6=1) and the
Lipschitz—-continuity of A imply

[u_+ ahiu -vo| g'CI max'[lu.-v0| + |Au.l]'+ ) |f.]} .
n n - O$j<kL J 4 J j=k J
Finally, _
T\ e 4 1
(s oof .
and (4.10) follows. - . _ ' o

Monotonic¢ity properties are preserved under Galerkin processes. The
next exsmple shows that this can also happen when discretizing differen-

tial operators.
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. EXAMPLE b.1. Let = and’ b be pondecre351ng 1oca,lly LlpSChltZ contlnuous
foﬁct_io_ns R-*R ‘\-.flti’l b(O) Q. We shall conslder the dlSCI'F‘ 1zzatlon of

the space variable in the initial value pr_‘oblem :

,_u(v’xl.._ a\ax (t,x}} f b\g(ﬁjx;} = f(t?;’ _t-;?j~ﬂf' "_j(hﬁ1?

put Au :-_[ (u “f1' u“) ~ alu¥ - “fT)j and Bu" =_b(u“}; where {u }e £2

-S:ane a is 1or-a]ly L.LpS(.hl‘bZ contlnuous, A maps ,%2 1n£2 and 1is heml— :

oontlnuous, :L ey A((1~ )X+ty) - Ax ‘as t+0 for' all x,y € 22 By Prop. 2. ]4
1n [?] A 1<* mazlmally monotone 1f’ it 1s monotone. We shall see ‘that it

- even cyclically monotone that is, for a.ll x(}, x1 - .',x w:.th x _23;0

~ one- has .
21 <Xi- "X qgahag) 2 0

.Ta.ke XO,X.I s rue xn #'xb such_.that supp x’_i_ lS compact for all"i_'. _' ;
-Pli't} yrfi""‘—' xlfl_— xrfl_1 then
: ~i i 71
Ly '. m omo g my
S E <XJ. i T’AX > (yl yl ple (yi) T
- 11m=—oo__ . -

=

. _.'m' m";_'m ' m,m
= m_éoi.-_z—‘](yl Yi_i)[a(yl) a(yn)] > 0..

]

since the sum.

1.

(v - ;. e(a)) - eyl

Hew1s .

S
is 'nor'meg'ative for all m(éssurrie that y?q'g y? for i <n and usé the fact
tha‘t a is nondecreas;ng) Henoe' A= 3, where @ is & convex functionsl,

namel:,r
' 1

olu) #.[Qﬁm1%>dt.
0
Similarly one could consider higher order approximations

Auv,= Z a_j(-—1)JVJa(EJVJu“)

where aJ z 0. The treatment of B is obv:Lous. Typlcally, a mlght be of the

form alr)=ir|" r for some a>0, see p 155 in [T}
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