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On the Numerical Solution o f Integral-Equations. 

B y  E . T. W h it t a k e r , F .R .S .

(Received D ecem ber 27, 1917.)

§ 1. Introductory.

T he p re s e n t c o m m u n ic a tio n  is  c o n c e rn e d  w ith  in te g ra l-e q u a t io n s  of A b e l’s

ty p e

a n d  of P o isson ’s ty p e

<f) (  s) k  ( x — s) d s  — f  (,>;),

<f) ( s)tc (x  — ds =  f(x),

( 1 )

( 2 )

w here  k  (x ) is a  g iv en  fu n c tio n  c a lled  th e  nucleus, is a lso  a  g iv e n  fu n c tio n , 

an d  (j> (x) is th e  u n k n o w n  fu n c tio n  w h ich  is to  be d e te rm in e d . T h e  o b je c t of 

th e  w ork  is to  o b ta in  so lu tio n s  of th e se  e q u a tio n s  in  fo rm s w h ic h  c an  be 

m ad e  th e  basis of n u m e ric a l c a lc u la tio n .

T h e o re tic a l so lu tio n s  of b o th  th e se  e q u a tio n s , in  th e  fo rm  of in f in ite  se rie s , 

a re  w ell k n o w n , a n d  have  b een  fu lly  d iscu ssed  b y  V o lte r r a *  a n d  o th e rs . 

B u t in  th e se  so lu tio n s  th e  ?ith te rm  of th e  se r ie s  is  a  m u lt ip le  in te g ra l  

in v o lv in g  (71 — 1) in te g ra tio n s  w ith  v a r ia b le  l im i t s :  a n d  a lth o u g h  su ch  se rie s  

are  v a lu ab le  fo r th e  l ig h t  th e y  th ro w  on  th e  g e n e ra l  p ro p e r tie s  of th e  

so lu tio n , it  is obv io us th a t  th e y  c an n o t, e x c e p t in  v e ry  sp ec ia l cases, be  u sed  

in  o rd er to  co m pu te  v a lu es  of th e  so lu tio n  n u m e ric a lly . T h e  o n ly  case, so 

fa r as I  am  aw are , in  w h ich  a so lu tio n  of a n  e q u a tio n  of one  of th e  ab o v e  

ty p e s  has been  o b ta in e d  in  a fo rm  a d a p te d  fo r p ra c tic a l  e n d s  is A b e l’s 

o rig in a l specia l fo rm  of e q u a tio n  (1),

for w hich he g a v e f  th e  so lu tio n

1 

7T
sin  p ir  j 

Jo

f ( 8 ) d s

(x —$y~p'

*  ‘ T o r in o  A t t i , ’ v o l .  3 1 , p p . 3 1 1 , 4 0 0 ,  5 5 7 , 6 9 3  ( 1 8 9 6 ) .  F o r  f u l l e r  r e f e r e n c e s  cf. 

H . B a t e m a n , “  R e p o r t  o n  t h e  T h e o r y  o f  I n t e g r a l  E q u a t i o n s ,” B r i t .  A s s o c .  R e p o r t , ’ 1 9 1 0 .

t  ‘ ( E u v r e s , ’ (e d .  1 8 8 1 ) , p. 11 ( 1 8 2 3 )  a n d  p. 9 7  ( 1 8 2 6 ) .  T h e  f u n d a m e n t a l  m e a n in g  o f  

A b e l  s  r e s u l t  i s  m o s t  c le a r ly  s e e n  i f  t h e  i n t e g r a l s  w h ic h  o c c u r  in  i t  a r e  in t e r p r e t e d  a s  in  

t h e  t h e o r y  o f  g e n e r a l i s e d  d i f f e r e n t ia t io n  i f  \fs (:v) is  w r i t t e n  f o r  r ( l  (a-), A b e l ’s

fo r m u la  r e d u c e s  t o  t h e  s im p le  s t a t e m e n t  t h a t  i f

i i T ' + w - n * ) ,

2 GVOL. XC1V.— A.
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3 6 8 M r. E . T . W h i t t a k e r .

W hen f{ x )  is g iven, th e  v a lu es of f \ s )  an d  of th

be ob ta in ed  w ith o u t d ifficu lty  by  th e  o rd in a ry  processes of in te rp o la tio n  and 

n u m erica l in teg ra tio n .*

R ecen tly , tw o fr iends, one a seism ologist an d  th e  o th e r  a n  ac tu ary , have 

enqu ired  of m e w h e th e r  th e  in te g ra l-e q u a tio n s  (1 ) and  (2), w hich had. 

occurred in  th e ir  researches, could be so lved  in  such  a w ay as to  obtain 

nu m erica l re su lts  w hen  th e  fu n c tio n s  k  ( ) an d  / ( « )  a re  k n o w n  (tabu la ted) 

functions . I t  w as u n d e r  th e  s tim u lu s  of th e se  en q u irie s  th a t  th e  m ethods of 

so lu tion  w hich  occupy th e  follow ing  pages w ere  devised. I t  w ill be seen 

th a t  I  have  d ep arted  a lto g e th e r  from  th e  cu sto m ary  m eth ods of solution by 

in fin ite  series w hose te rm s  are  m u ltip le  in teg ra ls , an d  on th is  accoun t the 

new  solutions , w hich  are  fo rm u la ted  in  Theorem s 1 -5  below, an d  by which 

th e  u n know n  fu n c tio n  m ay  be d e te rm in e d  n u m erica lly , m ay  perh aps be 

found  to  be n o t w ith o u t in te re s t from  th e  s tan d p o in t of p u re  theory .

§ 2. Solution of Integral-Equations of Abel’s Type.

C onsidering  firs t th e  gen era lised  A b e l’s in teg ra l-eq u a tio n ,

X

4> (  s) K ( x  —  (  ) ,
0

we need on ly  consid er th e  case w h en  th e  nu c leu s  k  becom es in fin ite  at 

x  =  0, fo r in  th e  s im p le r case w hen  th e  nu c leu s  is fin ite  a t  =  0, the 

eq uation  (1 ) m ay  be red u ced  im m ed ia te ly , as w e sh a ll see la te r, to  the 

ty p e  (2), an d  so m ay be d ea lt w ith  by th e  m eth ods w hich  a re  g iven  subse

q u e n tly  in  th e  paper.

W e shall, th en , suppose rc(x)to  be such  th a t  xPk {x ) is fi

a t  x  =  0, w here  p  lies betw een  0 an d  1.

Now if th e  nuc leu s  k (x ), w h ich  is supposed  to  be g iv en  by a  num erical 

Table, has th is  ch arac te r, so th a t  i t  becom es in fin ite  lik e  x~p a t  =  0, bu t is 

fin ite  for o th e r va lu es of x  w ith in  th e  ran g e  of in te g ra tio n , we can in  general 

(by  use of N e w to n ’s or som e o th e r  in te rp o la tio n -fo rm u la ) rep resen t the 

fu n c tio n  x pk (x ) over th e  range in  questio n  by  a po ly nom ia l in  x \  th e  degree 

of th is  po ly nom ia l w ill depend  on th e  n a tu re  of k  ( ) an d  th e  order of 

accuracy  to  w hich  th e  w ork is to  be carried . W e m ay, th en , assum e for the 

nucleus k  ( x )an  an a ly tica l expressio n  of th e  form

k  (x) = x ~ p  («o +  aix +  a2x2 + . . .  +  anxn), (0 <  <  1). (3)

*  I t  is  p o s s ib le  t h a t  t h e  e l e g a n t  s o lu t io n  in  p o w e r - s e r ie s  w h ic h  w a s  g iv e n  b y  Sonine,

‘ A c t a  M a t h ., ’ v o l .  4 , p  171  (1 8 8 4 ) ,  f o r  h is  g e n e r a l i s e d  f o r m  o f  A b e l ’s  in te g r a l-e q u a t io n ,  

m a y  a lso  b e  u t i l i s e d  fo r  n u m e r ic a l  c a lc u la t io n .
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Now assum e* a so lu tion  of th e  form

<f> (?) =  j  /  (s)K(x—s) ds, 

w here K  (a?) is called th e  solving function. W e have on e lim in a tin g  </> (x) 

betw een th is  equation  and  (1)

f{ x )  — |  k {x —s )| f  ( £ ) K ( s —

or, in vertin g  th e  order of in teg ra tio n ,

| ' f  (t)dt — |  f  (t) |  k  s)K

Since f  (t) is an a rb itra ry  fu nction, th is  gives

j" k (x— s)K  (sr— t)ds  =  1.

W ritin g  s =  t + u, th is  becomes

rx —t

I k  (x—t —u )K (u )d u  — 1,

or |  /c (a —w )K  (u)du — 1,

w here a is a rb itra ry . F rom  th is  equation  th e  solving fu nc tion  K  (x) is to  be 

determ ined.

By (3) th is  m ay he w ritten

\ ( a —u)~p{cto + ai(a— u) + a2(a — u)2+ ... + an(a—u )n}K — 1. (5 )

is ow le t j^ K  (u) da be denoted by l e t j  be denoted  by

K 2(w), and so on. Then in teg ra tin g  by p a rts  we have

^ { a -u f-P K (u )d u  =  f ( a —

K  «  (du) =  (2 -  K j (« ) du, 

— ( 2 — i ? ) ( l— j \ a  —

and so on. Ih u s  equation  (5) m ay be w ritten

j Q( a -u)~P{a0K (u) +  (1 -p)(w) +  (1 - p )(2 - p )  a2

+ ( l —p)(2—p)...(n (6 )

*  T h e  le g it im a c y  o f  th is  m a y  b e  in fe r r e d  a t  o n c e  fr o m  V o l t e r r a ’s  th e o r y .
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3 7 0 M r. E . T . W h i t t a k e r .

Now  if P ( a — u)~Pli(u)du  =  1 , w here  a is a rb itra ry  and  li{u) does not
o

invo lve  a, we have  by w ritin g  =

o

and, since a is a rb itra ry , th is  shows th a t  h (u) =  Cu*~\ w here C is independent 

of u.

Sub s titu tin g  in  th e  la s t equa tion , we have  •

This is a lin ea r d iffe ren tia l e qu a tio n  in  and  K n (u) is th a t  solution of it 

which van ishes, to g e th e r w ith  i ts  firs t 1) d ifferen tia l coefficients, when 

u  vanishes.

Now  le t th e  po ly nom ia l

ctoxn +  (1 —p) aixn~x +  (1 —p)  (2 —pi) a+  ... +  (1 —

be deno ted  by F  ( x ): an d  le t  its  n ro o ts  (supposed  for th e  p rese

d is tin c t)  be a, /3, T hen i t  is know n from  th e  genera l theory of

lin ea r d ifferen tia l eq u atio n s  th a t  th e  so lu tio n  of (7 ) w hich van ishes, together 

w ith  its  first (n — 1) differential coefficients, w hen  u van ishes is

a n d  th e re fo re

A pp ly in g  th is  re su lt  to  eq u a tio n  (6), we have

oq  K  (u ) +  ( 1  —  p)ai K i  (u)-f  ( 1  —p )  ( 2  —p )  a% K 2 (u )  +  . . .

+ ( l —p ) ( 2 —p )...(n —p )a nK n(u) — Sin /)7f . p \
IT

or, w ritin g  y  (w) for K„ (u)

+ ( l —p )(2 —p )...(n —p )a ny . u p"1. (7)
7r

K n(u) =  [V— P—  . i . ( 8)

where
Jl (x) F '  (a )  +  F ' (/3 )'+  " ' +  F ' (p)

( 9 )

I
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On the Numerical Solution o f Integral-Equations. 3 7 1

F rom  (8 ) we have by successive d ifferen tia tion  

Km_i (w) =  f fp-^h' (u—t)d t ,since A (0 ) =  0,
7T Jo

K „ - 2(w) =  ■"  I tv~xh" (' u —since (0 ) =  0,
7T Jo

K j (u) =  f atP- i h (n-i) dsi nce £<»-»> ( 0 )  =  
TT JO

K < « ) =  +  since ^ {n_1)(0) =

Substitu ting  for h(x) from  (9) we have K  =  (I/77-) siny»7r L w h e r e

L(a:) =  ^ 7 + F
j V ,

V ?1 rx

m ei r
~1e~vtdt.+

rxrax

Now \tP~le~atdt = ot~p\
Jo Jo

n  ex|  sP~1e~s

(w hich is well know n u n d er th e  nam e of th e  Incomplete Gamma-Function) 

be denoted by <yp (sc), we have

t  / \ XP~^ OLn~P R n~~P

L{X) =  ~ a f +  F ~ (a) lp(aa?) +  f f j 3 )7p (^ } +  • " +  F ( 7 )

C om bining our resu lts, we have

Theo r em 1.— The solution of the integral-equation

( <f> (s) K (x — s) ds =  f i x )
J 0

where the nucleus k  (x ) is supposed to be given numerically and to have been 

expressed by the ordinary methods of interpolation in the form

k (x) =  x ~ p  (a0 +  alx  + a&? + ...+  a„xn), (0 <  <

is

where

4>(z) = a-~-f / ( « ) L ( » - * ) * ,
“  JO

( 1 0 )

L ( & )
X P ~ l ctn~P . -  R n - P

+  F 'f « )  rtp(*x)+ , -yp( @ x ) y p(vx),  (11)«o F ' (a) V’W ) V'(v)

*  F o r  h(n i) (0 ) =  su m  o f  r e s id u e s  o f  e * - » /F  a t  it s  s in g u la r it ie s  a, f t  v 

=  - ( r e s i d u e  o f  t h i s  fu n c t io n  a t  oo ) =  l/a^.
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3 7 2 M r .  E . T . W h i t t a k e r .

and where, a, {3, . . . ,  v, are  the, roots of the algebraic equation

F  (x) =  oox” +  (1 -p) axxn~l +  (1 —p) (2  —p) + . . .

( 12)

and <yp(f) denotes the incomplete Gamma-function

yp{x) =  exj"

This m ay be reg a rd ed  as a d ire c t ex ten s io n  of A bel's  o rig inal formula, 

w hich m ay  be deriv ed  from  i t  by  ta k in g  =  0. I t  exp resses th e  solution 

of th e  in te g ra l-e q u a tio n  in a finite form  in  te r

F -fu nction . The in co m p le te  F -fu n c tio n s  w hich  occur in  th e  so lu tion  all 

have  th e  sam e p a ra m e te r  p, an d  are, th ere fo re , re a lly  a ll th e  sam e function, 

w ith  differen t va lu es of th e  a r g u m e n t ; i ts  va lu es  m ay  be ta b u la te d  from  any 

of th e  expansions w hich  w ere  g iven  for i t  by  L egendre ,*  such  as the 

a b so lu te ly  co n v erg en t expansio n

, v _  xp, x p+1 x p+2

7p{x) ~  p  p ( p + i )  

o r (fo r la rg e po sitiv e  values of x) th e  a sy m p to tic  expans

yp(x) == F  (p)e*- x P - 1 1 1 -f ^  ~  +»»•

W h en  th is  function  has been  ta b u la ted , an d  th e  a lg eb raic  eq uation  (12) 

so lv ed ,f th e  fu n c tio n  L  (x) m ay read ily  be ta b u la te d  from  equ

th e n  th e  re q u ire d  fu n c tio n  <p (x)is g iven  a t  once b

eq u a tio n  (10). I n  th is  w ay  Theorem  1 y ie ld s  a  num erica l so lu tion  of the 

generalised  A b e l’s equation .

I t  is obvious th a t  w hen  th e  po ly nom ia l F  (x) has a p a ir of equal roots 

c e r ta in  m odifica tions m u s t be m ade in  th e  above solu tion, b u t i t  does not 

seem  necessary to  se t th ese  fo r th  in  d e ta il here .

I t  m ay be rem ark ed  th a t  by  m ak in g  th e  degree n of th e  po lynom ial in  (3) 

increase  in definite ly , we ob ta in  in  th e  l im it th e  so lv in g-function  of the 

in teg ra l equation, w ith  an  a rb itra ry  fu n c tio n  as nucleus, in th e  form  of an 

in fin ite  series of in co m p le te  T -func tions  of th e  sam e param ete r. In  con

nection  w ith  such  a so lu tion  i t  w ould  be necessa ry  to  discuss convergence, 

etc., an d  i t  is n o t proposed  to  u n d e rta k e  th is  in  th e  p re sen t p a p e r ; bu t the 

m a tte r  seem s w o rth y  to  be m en tio n ed  in  passing, as series of incomplete 

T '-functions have n o t (so fa r as I  kn o w ) p resen ted  them selv es h itherto  in

*  ‘ E x e r c . d e  C a lc . I n t . , ’ v o l .  1, p p . 3 3 8 - 3 4 3  (1 8 1 1 ) .

t  F o r  t h i s  N e w t o n ’s  m e t h o d  w i l l  p r o b a b ly  b e  fo u n d  in  m o s t  c a s e s  t h e  m o s t  co n v e n ie n t , 

i f  n > 3  ; o r  i f  s o m e  o f  t h e  r o o ts  a r e  c o m p le x , t h e  L o b a c h e v sk y -G r a e flfe  m e th o d .
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analysis. They m ay ev id en tly  be regard ed  as an  ex ten sio n  of 

series, i.e.,series of th e  ty pe

F  (x) = ae~Xx +  be +  + . .  

w hich have received m uch  a tte n tio n  in  re cen t years.
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§ 3. Solut ion of Equations of Poisson’s Type.

W hen  th e  nucleus k  (x ) of equation  (1), in s tead  of be ing  in fin ite  a t  0 as 

we have supposed h ith e rto , possesses a finite  d ifferen tia l coefficient over th e  

range of in teg ra tio n , we have  by d ifferen tia tin g  eq uation  (1 )

<}>(x) k (0) +  \ 4>(s)tc' ( x - s )d s  = f ' ( x)

w hich is an  in teg ra l equation  inc lu ded  in  Poisson’s ty p e  (2).* W e shall, 

therefore, now pass on to consider in teg ra l-eq u a tio n s  of P oisson’s type , w hich 

we shall tak e  in  th e  form
CX

<fi (x) +  (f) (s) k (x—s) ds =  f ix ) .
Jo

( 2 )

Since th e  nucleus k (x ) is supposed to  be specified by a tab le  of fin ite  

num erical values over th e  range  of v a lu es of x  considered , w e m ay  ap p ly  

P ro n y ’s m ethod of in te rp o la tio n  by expon en tia ls  in  o rd er to  re p re se n t i t  

analy tica lly  in  th e  form  of a sum  of y  exponen tia ls

=  TeP* +  QeQ* + Rerx +  . . . ,+  Yev*, (13)

where (P , Q, R, . . . ,  Y, p, q, r, . . . ,  v) are  constan ts  w hich  a re  chosen so as 

to  give the  closest possible rep resen ta tion  of th e  given num erica l values.

A lt h o u g h  P r o n y ’s  m e t h o d  is  m o r e  t h a n  a  c e n t u r y  o ld , i t  d o e s  n o t  a p p e a r  to  h e  w id e ly  

k n o w n  or to  h a v e  fo u n d  i t s  w a y  in t o  a n y  t e x t - b o o k  ; a n d , a s  h i s  o r ig in a l p a p e r  is  p e r h a p s  

n o t  a c c e s s ib le  to  m a n y  r e a d e rs , I  m a y  b e  j u s t i f ie d  in  g iv in g  h e r e  a  b r ie f  n o t ic e  o f  it .

S u p p o se  th a t  k (x ) is  g iv e n  n u m e r ic a lly  fo r  a  c e r t a in  r a n g e  o f  v a lu e s  o f  x. T a k e  a n y

s e t  o f  v a lu e s  o f x e q u a lly  sp a c e d  w it h in  th is  r a n g e , s a y  x  =  0 , 2a, 3a, 4oo, . . . ,  a n d  l e t

th e  c o r r e s p o n d in g  v a lu e s  o f  < c(.r)b e /Cj, k2, k3, .... N o w  i f  k (x ) c o u ld  b e  r e p r e s e n t e d  

exactly in  th e  fo rm  o f a  su m  o f  fi e x p o n e n t ia ls ,  s a y ,

P  c»* +  Qui*+ Berx evx,

t h e n  k (x ) w o u ld  s a t is f y  a  l in e a r  d if fe r e n c e - e q u a t io n  o f  th e  fo r m

A K n+ji-p BlCri-t-in— l +  CKn+*i—2 + ... .. .. -f-M *n =  0,

w h e r e  th e  r o o ts  o f  th e  a lg e b r a ic  e q u a t io n

i +  2 + ....... +  M  =  0

w o u ld  be

eP*», , e™........

* I t  n e e d  s c a r c e ly  b e  s a id  t h a t  i f  k ( 0 ) v a n is h e s  w e  d i f f e r e n t ia te  a g a in .
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3 7 4 M r .  E .  T . W h i t t a k e r .

P r o n y ’s  m e t h o d ,  w h ic h  is  b a s e d  o n  t h i s  f a c t ,  is  t o  w r i t e  d o w n  a  s e t  o f  l in e a r  e q u a t io n s , 

A (t(1 + B * fl- i  +  C ^ - 2+ .......+  Mk0 =  0

A k /j  + 1 +  BfCp. d-C fyi — 1 d".d" MfC| =  0

AKji+2d"BKju,+l +  C<Cj£ "I"...... +  ̂ £*2 ~  0
AKrM+3 +  BKM+2 +  C xM+ i +  . . .  +  Mk3 =  0

where the quantities k0, ku k2, kJ} ..., are known, since k (x ) is a known tabulated 
function, and by the ordinary method of Least Squares to find the values of 
A , B , C, . . . ,  M , which most nearly satisfy the equations; then with these values of 

A, B , C , . . . ,  M , to form the algebraic equation

A x*  d - B ^ - 1 +  C ^ - 2 + . . . +  M  =  0 ,

and find its roots ; these roots will be eP®, e3“, e™, ... eVa>, and thus p, r, ..., v, are 
determined. Knowing p, q, r,..., v, we have a set of linear equ

the coefficients P, Q, R, ..., Y, and these also are to be solved by the method of Least 

Squares.

T akin g  th e n  th is  fo rm  (1 3 ) for th e  nu c leu s  k  we sh a ll show th a t  the 

in teg ra l-eq u a tio n  (2) m ay be satisfied  by a  so lu tion  of th e  form

4>(z)= f  0 ) -  ~ s) f  (14)

w here  th e  solving fu n c tio n  K  (x) is also a sum  of exponen tia ls , say

K  ( x) = Ae** + Be?x +  Cey* + . . .  +  

To prove  th is , we rem ark  first th a t  th e  ex isten ce-th eo rem s estab lished  by 

V o lte rra  ju s tify  us in  a ssum in g  for th e  so lu tio n  th e  form  (14), w here  K  is 

now th e  fu n c tio n  to  be dete rm in ed .

In  (14) p u t k  (x) f o r / ( a ? ) : th u s

<t>{x) — k {x )— ( K (a?—
Jo

w hich gives th e  v a lu e  of (f>(x) co rrespond ing  to  th is  va lu e  of / ( # ) .

P u ttin g  (x—s) for s in  th e  in teg ra l, we have

<f) (x) = K (x) — | K  (s) K ds.
JO

C om paring th is  w ith  th e  in teg ra l-eq u a tio n  (2), a f te r  rep lac in g  f ( x )  by 

in  th e  la tte r , we have

<j> (x) =  K  (a), 

and th ere fo re  th e  p a ir  of functions

(p ( x) =  K  ( 

satisfy  th e  in te g ra l-e q u a tio n : th a t  is  to  say,

K(£c)+  f K  (s) k (x —(16)

i
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%

taka

i»u
^<3

In  th is  equ ation  su b s titu te  th e  v a lu e  (1 3 ) for * (* )  an d  th e  v a lu e  (15 ) fo r 

K  (a;). Thus we have

A er  +  Be** +  Cey* + . . .  +  N e "

+  f* { A « "+ B « *  +  O s +  ... +  N c"}  +  . . .  +
Jo

— p  ev* +  Q eqx +  R e"  + . . .  +  V«w .

E q u a tin g  coefficients of e"z on th e  tw o sides of th is  equation , we have

On the Numerical Solution o f  3 7 5

P  , Q V
• + . . .H ------- +  1 — 0.

ct—p  ct — q

Sim ilarly  by equating  coefficients of e?x

P  + . Q
+  . . .  +  rr------- 1*1 —  0 ,

/3— p' , 8 — q

and  so o n : th ese  equations show th a t  a, (3, . . . ,  are  th e  roo ts  of th e

algebraic equ ation  in  x

P  , +  _ Q _  + J L + . . . + _ X _ + 1 =  0.
x —vx —p x —q x —

(1 7 )

This enables us to de te rm in e  a, /3, 7, ... .

N ex t equating coefficients of cvx on th e  tw o sides of th e  equation , we h a re

) ¥ '

A . +  B  +  C
+  1 =  0

u—p (3—p  7  —p v—p

and sim ilarly  —: ^ — 1- -  +  .. .  H— —  +  1 =  0
x - q  /3 -q7 v—q

B  , +  _ C L  +  . . .  +  J L  +  l
■V /3 — V v —V

(1 8)

Since (a, (3, 7, . . . ,  v) and (p, q, r,.

enable us to  de term ine A, B, C, . . . ,  N, and  we see th a t  if th e  co n stan ts  

( “ , ft, 7, . . . ,  v) and (A, B, C, .. . ,  N ) are  de te rm in ed  by equations (17)

and (18), the  equation (16) is satisfied by th e  value  (15) of K (« ).

The value of K (ic) m ay be obtained  in  a m ore exp lic it form  in  th e
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3 7 6 M r. E .  T . W h i t t a k e r .

following m anner. I f  we e lim in a te  A, B, C, 1ST, d e te rm in a n tly  from 

th e  equations (1 5 ) an d  (18), we have

K (x) 1 1 1  * ——eaX i J _ 1 —ePx
1 1 1

a —p /3—p ' v —p p - p " v —p OL—p v—p

1  1 1 1 1 1
1 1 1

a - q v — q fi — q v — q a - q v —q

1 1 1 1 1 1 1 1 1

R 1 <3 1 V — V P - v " V — V OL — V V —v

K ( a )

The d e te rm in a n ts  w hich  occur in  th is  eq u a tio n  a re  of th e  k in d  know n as 

alternants, an d  m ay  be fac to rised  b y  k n o w n  m ethods.*  P erfo rm in g  the 

fac to risation , we have

-  ( « - j > ( « - g ) ( a - r ) . . . ( a - A )

( a  f t )  ( a  — 7 ) . . . ( «  — r )

_ ( f f  — JP) ( f i  -  g )  ( f t — r ) . . .  ( f t — fl) epx__

(ft a) (ft 7 ) “ *(ft v1

( v - r ) . , -  2?) •

/* )

C om bin ing our re su lts  we have

Th e o r e m 2.— The solution of the integra

(f) (x) +  f (f) (s) k  (x—s) ds =  /( .«
J o

where the nucleus k (x ) is supposed to he given and to have been

expressed by Prong’s method, of interpolation in the form

k  (x) = PeP* + Qe<?x -f- Iierx + . . .  +  Yevx,

is , <f> (x) =  f { x ) — j

where

X  (x) =  -  ( f t—j?) ( f t—y ) . . .( f t  —p) px_
( a  — f t ) ( «  — 7 ) . . . ( «  — v )  ( f t  —  a )  ( f t  —  7 ) . . . ( f t  —  y )

( i / - j ? )  ( y - g ) - . ' . ( y — t?) „ *  q 9)

and where a, ft, 7 , . . . ,  are the roots of the algebraic equation x

P  . Q R  . . Y
+  1

x —p x —q x —r

* T h e  e v a lu a t io n  o f  a l t e r n a n t s  o f  t h i s  t y p e  is  d u e  t o  C a u c h y , ‘ E x e r c ic e s  d ’A n . , ’ v o l. 2, 

p .  151  (1 8 4 1 ) .
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I t  is obvious from  th e  la s t equa tion  th a t  if p, . . . ,  v, a re  a rran g ed  in  

ascending  o rd er of m agnitude , and , if P, Q, R , . . . ,  V , a re  a ll pos itive , th e n  th e  

low est roo t « is less th a n  p, th e  n e x t roo t ft is b e tw een  p  an d  q, 

I f  th e  n u m b er of ex p o n en tia l te rm s in  (13) is supposed to  inc rease  

inde fin itely , th e  rep re sen ta tio n  of th e  nucleus k  (x ) becom es a D ir ic h le t’s 

series, and  by (19) the  so lving  fu n c tio n  K  ( ) is th e n  also  a D ir ic h le t’s 

series, form ed w ith  exponen tia ls  e e px, &x, . . . ,  w ho

a re  th e  roots of eq u a tio n  (17), w hich now becomes a tra n sc e n d e n ta l equation . 

A  rigorous exam ina tion  of convergence, etc., in  th is  lim it-process  w ould  be 

necessary to e stab lish  th e  th eo rem  w hich  appears  to  be ind ica ted , nam ely , th a t  

in the solution of a Poisson’s integral-equation whose nucleus is expressible as a 

Dirichlet’s series, the solving-function is also expressible as a Dirichlet’s series, hit 

with a different set of exponents fo r  the exponentials.

. An Alternative Solution of Integral-Equations Poisson’s Type.

Theorem  2 above supp lies w h a t I  th in k  w ill be found  to  be in  g eneral th e  

m ost conven ien t m ethod  of solving in teg ra l-eq u a tio n s  of P o isson ’s type 

num e rically . B u t in  certa in  cases th e  nucleus k {x ) m ay be given  as a 

polynom ial, or i t  m ay happen, w hen k  (x ) is given in  th e  form  of a n u m er ic a l 

table, th a t  i t  is pre fe rred  for som e reason to ap p ly  o rd in a ry  in te rp o la tio n  

and express k (x ) ap p ro x im ate ly  as a po lynom ia l, ra th e r  th a n  to ap p ly  

P ro n y ’s m ethod  of in te rp o la tio n  and  express k  (x ) as a sum  of exponen tia ls .*  

W e shall therefore  now consider th e  problem  of in te g ra t in g  an in teg ra l- 

equation of Poisson’s ty p e

(f> (x)-f j* <jb(s) /c(x

w hen th e  nucleus k (x ) is expressed as a polynom ial.

The solution of th is  problem  m ay be deduced  as a lim itin g  case from  th a t  

solved in  § 3. For, in  equation  (13), suppose th a t  p, q, r, (being n in  

num ber), each tends to  zero, w hile P , Q„ R, . . . ,  V, increase in d efin ite ly  in  such 

a way th a t

P  +  Q +  R + .. .  +  V =  /co j

Rp +  Qfi +  R r-f - . . .  +  V |
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ...........  ( 2 0 )

I

¥pn~l + Qqn~1 + llrn- 14 -...+ Y vn- 1 = Kn- 1 .

*  O n e  g r e a t  a d v a n ta g e  o f  P r o n y ’s  m e th o d  is  t h a t  e a c h  e x p o n e n t ia l  te r m  in v o lv e s  two 

d isp o s a b le  c o n s ta n t s  (\ e ,g th e  te r m  in v o lv e s  P  a n d  jp), w h e r e a s  a  t e r m  o f  a  p o ly 

n o m ia l in v o lv e s  o n ly  one d is p o s a b le  c o n s ta n t  (e . g p x 3 in v o lv e s  o n ly  p ), a n d  t h e r e fo r e  

i t  is  in  g e n e r a l p o s s ib le  to  o b ta in  a s  h ig h  a  d e g r e e  o f  a c c u r a c y  in  a p p r o x im a t in g  w i t h  n 

e x p o n e n t ia l  te r m s  a s  w i t h  a  p o ly n o m ia l  o f  2n  t er m s .

On the Numerical Solution o f Integral-Equations. 3 7 7
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3 7 8 M r .  E .  T . W h i t t a k e r .

w here  kq, tch /c2, . . . ,  tcn-i,are  finite. T hen  from  eq u a tio n  

« (« )  =  P ( l + * * + ^ + . . . )  +  Q ( l  +  * + ^ + . . . ) + . . .  ■
q2x2

2 !

+ v ( l  + ro+^ + . . .

th e  te rm s in  h ig h e r pow ers of x  van ish ing.

M oreover, th e  eq uation  (17), w hose ro o ts  are  a, /3, . . . ,  m ay  be w ritten

■ p  ( - + 4 + ^ 1 + +  i = o ,
V ™ rrf rp6 / \X XA X6 J \X X6\X X* X° J \X X6 X

w hich by (20) becom es

*0 . I ^2 , , Kn— 1 | 1
rp /v*2 * * ’ ' 'iKJ tv  tAy tMj

0,

th e  te rm s in  h ig h er pow ers of (1 /x)van ish ing , so th a t  

th e  roo ts  of th e  a lg eb raic  eq u a tio n

X n K$Xn~ l + K\Xn~2 + . . .  + K n - \  0.

The equation  (19) for th e  d e te rm in a tio n  of th e  solving fu n c tio n  K (» )  now 

becomes

*“ .a x  PnK (x)
( « —& ) ( * — y f . . ( a  — v)  ( £  —  « ) ( / 3 —

i,n

ê x—...

(v — ct)(v-/3)...(v—g)

and  th us, co llectin g  our re su lts , we h ave

Th e o r em 3.— The solution of the -integral-equation

cf) (x) + | (f) (s) k  (x—s) ds =  f ix ) ,
Jo

where the nucleus k  (x ) is supposed to be given numerically, and to have been 

expressed by the ordinary methods of interpolation in the form

fC (X) =  K<> +  K\X+ ' -  4
tC2)f Kp? /Cj2— 1X — 1

is

where

K(as) =  -

2 !  3 !  1 )

P
<f> (sc) =  f(sc) -  | K  (x—s ) f  (s) ds,

/3n

( 21 )

(2 2 )

(a /3 )(a  y).. .(a  z/) ( #  — a) ( £  — 7 ) .. .(0 — v)

Vn

( v - a .) { v - f i ) . . . ( v - y )

-  c&x— . ..

^ x, (23)
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On the Numerical Solution o f Integral-Equations. 3 7 9

and where a ,  f t ,  7 , . . . ,  v, are the roots of the algebraic equation in

X n +  KoXn~ l +  K \X n ~ 2 +  . +  Kn- i  =  0 . (24)

I f  th is  equ ation  (2 4 ) has a p a ir  of equal roots, te rm s of th e  ty p e  x&* w ill 

occur in  K  (#), th us, if

tc(x) — — 2p +p2x,

we find K (# )  =  — p (

A n in te restin g  expansion  is obta in ed  by m ak in g  n  inc rease  in defin ite ly  in  

th is  theorem . W e th e n  have th e  so lving problem  K (x)  of th e  g en era l 

Poisson’s in teg ra l-eq u atio n  expressed in  th e  form  of a D i r ic h le t’s series, or, 

a t  any ra te , a series of exponen tia ls  w ith  rea l or com plex a rgum en ts . Th is  

appears to ind ica te  a new  field of analys is, in  w hich D ir ic h le t’s series p re sen t 

them selves n a tu ra lly . B u t a th o ro u g h  in v estig a tio n  of convergence w ould 

be necessary for th e  rigorous e s tab lish m en t of th is  re su lt, and , indeed, we 

can .show by simple exam ples th a t  th e  expression  ob ta in ed  by m ak in g  n ten d  

to in fin ity  w ill n o t necessa rily be a D ir ic h le t’s series, even  th ough , for a ll 

finite values of n ,it is a sum  of exponen tia ls . F o r  in stance , if

/  , 9 . psx2 , , pnxn 1
k  (x) = p-f p~x +   -b - -- b ...  +  —------ ,

W  1 F2 ! 3 !

so th a t P, K2 — Kn— 1 Pn,

we see from (23) and (24) th a t  K  (x) is eq u al to th e  sum  of th e  residues of

1 —p n+1/ tn+l

a t its  n poles, w hich are th e  (? i+  l ) t h  roots of u n ity  o th e r th a n  u n ity  itself. 

This sum  of residues is ev id en tly  a sum  of expon en tia ls  in  x, one co rre 

sponding to each pole, so long as n is finite, b u t, w hen n increases in defin ite ly , 

we have

K (« )  =  coefficient of 1/t in  —q l  = p,

so th a t when th e  nucleus is k (x) =  pepx, th e  solving fu n c tio n  is K  (x) — p, 

which is no t a series of exponentia ls .

§ 5. A Further Alternative Solution of Integral-Equations Poisson’s Type.

H ith e rto  we have supposed th e  nucleus of the  in teg ra l-equatio n  to be g iven 

by a num erical table, and to be represented , by use of th e  m ethods of th e  

interpola tion theory , as a sum  of exponentials , or as a po lynom ial. If, 

.however, in an equation  of Poisson’s type

4> ix) +  {x—s)(p (s) — f{x)
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3 8 0 M r .  E .  T . W h i t t a k e r .

th e  expans ion  of th e  nucleus k ( x ) as a T ay lo r’s se ries is k

k (x)  =  /co + a;i#+  ^ y  +  ^ y  +  . . . ,  

th e n  we sh all show  th a t  th e  so lv in g -fu n c tio n  K (F) m ay  be w ritte n  down at 

once as a  T ay lo r’s series. F o r, th e  so lu tion  of th e  in te g ra l-e q u a tio n  in  terms 

of th e  so lv in g -func tion  bein g

<£ (x) =  f(x) -  |  k  (x—s ) f  (s) 

we have  a lread y  in  eq u a tio n  (16) show n th a t

K ( « ) - f  f K (s ) /e (£  — s) =
Jo

P u tt in g  x  = 0 in  th is , we have

Ko —  kq , (26)

w here K 0, K i, K 2, . . . ,  a re  used  in  o rd er to  d en o te  th e  va lu es of K (« ) and its 

successive d iffe ren tia l coefficients a t  x  =  0.

D iffe ren tia tin g  (16), we have
rx

K ' (# ) +  *0 K  (x)+ \ K  ( (x —s) ds =  k(27)

P u tt in g  x — 0 in  (27)

. K1 +  /C0K0 =  k \. (28)
D ifferen tia tin g  (27)

K"(x) +  k0K ' ( x )  + /c iK  (x) +  J 'k  k " 

P u tt in g  x  = 0 in  (29),

K 2 +  *o E i  +  K\ K o =  «2. (3 0 )

If  now  th e  lin ea r eq u a tio n s  (26), (28), (30), . . . ,  be solved for K 0,K i, K 2, ...,
*

we ob ta in

K 0 =  Ko

Ki =  — | Ko 1 |

| 1 Ko I

Ko 1  0

K\ Ko 1

K-2 Kj Ko , etc.

L e t us now consider th e  convergence of th e  series

K o  +  K i ® + 5 f a »  +  ^ « i » + . . . .
Z\  o  I

This series w ill ev id en tly  be ab so lu te ly  co n v erg en t fo r a ll fin ite values of 

prov ided  th e  series

Ko + K xx + K 2,x2 + K$b® + ...

1
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On the Numerical Solution o f Integral-Equations. 3 8 1

converges w ith in  a circ le  of non-zero rad ius . B u t th e  eq u a tio n s  (26), (2 8) , 

(3 0 ) ,..., m ay be com prehended in  th e  single  form al equa tion

k \ X K tf? + . . . ) ( 1  -f/co*-}-/^*2 +  >C2®34 - . . . )  EE K 0-f K i*  +  K 2 ^  +  . . .  

or

K . +  X * + K r f /  +  K * > + . . .  =  l

and  th e  expression on th e  r ig h t-h an d  side of th is  eq u a tio n  rep re sen ts  a 

holom orphic func tion w ith in  a circle of non -zero rad iu s  h av in g  th e  o rig in  as 

cen tre, provided  th e  pow er-series

1 +  k{)x  +  /ci*2 +  /caa;3 +  .. .

converges w ith in  a circle of non-zero  rad iu s  and  so rep re sen ts  a fu n c tio n  

whose s in gu la ritie s  and  zeroes are  a ll a t  a fin ite d is tance  from  th e  origin. 

Subject to  th is  la s t  condition , th e n  (w hich  is, as a  m a tte r  of fact, unnecessarily  

s tr in gen t) , th e  series

K„ +  K 1z  +  K ! | j + K < , |  +  . . .

converges absolutely  for a ll finite va lu es of *. W e  sh a ll assum e th a t  i t  

converges, since th e  com pu te r w ill n o t m ake  use of th is  m e th od  un le ss  th e  

convergence of th is  series is so rap id  as to  be obvious. Then , com bin in g  o u r  

results, we have

Theo r em 4.— The solution of the integral-equation

4> (* )  +  ( <j)(s)fc(x—s) f ( x )
Jo

where the nucleus k  (x ) is supposed to be expansible a Taylor series

k (* )  =  /c0 +  /ci* +  4- . . .

u  <t> (x) =  f(x) — ( k  (*—s ) f  (s) ds,

where

K ( * ) =  /co —
| /Co 1 I x + /co 1 0 * 2 «o  1  0  0

1 «1 /Co 1 /Cl /Co 1 2!“ /Cl /c0 1 0
K‘2 /Cl /Co K2 /Cl /Co 1

/C.3 «2 /Cl /Co

oft
$ + ■ ■ ■  0 1 )

F o r  th e  b e n e f it  o f  th o s e  w h o  m a y  f in d  i t  c o n v e n ie n t  to  u se  t h i s  s o lu t io n ,  i t  m a y  b e  

w e ll  to  a d d  so m e  r e m a r k s  o n  t h e  c o m p u t a t io n  o f  t h e  d e t e r m in a n t a l c o e f f ic ie n ts  w h ic h  

o ccu r  in  it .  A  n u m e r ic a l  d e t e r m in a n t  s h o u ld  n e v e r , o r  s c a r c e ly  e v e r , b e  e v a lu a t e d  b y  

e x p a n d in g  i t  ; i t  s h o u ld  b e  e v a lu a t e d  b y  r e d u c in g  i t  s u c c e s s iv e ly  t o  d e t e r m in a n t s  o f  

lo w e i o ld e r , w i t h o u t  e x p a n d in g . T o  d o  th is , w e  f ir s t  n o t ic e  w h e t h e r  a n y  o f  th e  

e le m e n t s  in  th e  d e te r m in a n t  is  u n it y  ; i f  n o t , w e  r e d u c e  o n e  o f  t h e  e le m e n t s  to  u n it y
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b y  d iv id in g  t h e  r o w  o r  c o lu m n  w h ic h  c o n t a in s  i t  b y  t h a t  e le m e n t . H a v in g  d o n e  th is, 

t o  e v a lu a t e , e.g., th e  f if th -o r d e r  d e t e r m in a n t

1 a2 a 4 a5

by b2 h h h

Cy c2 c?> c4

dy d2 d3 d4 dr0

*2 % *4 %

t h e  rule, is  : S t r ik e  o u t  t h e  r o w  a n d  c o lu m n  w h ic h  c o n t a in  t h e  u n i t  e le m e n t , and 

s u b t r a c t  fr o m  e a c h  o f  t h e  o t h e r  e le m e n t s  t h e  p r o d u c t  o f  t h e  e le m e n t s  w h ic h  are 

s it u a t e d  a t  t h e  f e e t  o f  t h e  p e r p e n d ic u la r s  fr o m  t h i s  e le m e n t  o n  t h e  d e le t e d  r o w  and 

c o lu m n . T h u s  t h e  a b o v e  d e t e r m in a n t  b e c o m e s

b.2 — a2bl b3- a 3bl bi - a ibl

c2 ~~ d-2Cl C3 — a3cl ~  a 4Cl Co ~ aoC

d2 — ct2dj 
e2- a 2e1 es -  a3e1 e4 -  e5 -

a n d  in  t h e  s a m e  w a y  w e  m a y  r e d u c e  t h i s  f o u r t h - o r d e r  d e t e r m in a n t  t o  a  th ir d -or d e r  

d e t e r m in a n t , a n d  so  o n .

I f  t h e  u n i t  e le m e n t  is  n o t  t h e  l e a d in g  e le m e n t ,  w e  m u s t  m u l t ip l y  t h e  w h o le  d e ter 

m in a n t  b y  + 1 , a c c o r d in g  a s  t h e  s u m  o f  t h e  r o w - n u m b e r  o f  t h e  d e le t e d  r o w  a n d  the 

c o lu m n - n u m b e r  o f t h e  d e le t e d  c o lu m n  is  e v e n  o r  o d d .

§ 6. A  Combination of the Solution of § 4  with that 5.

A  form  of so lu tion  w hich in  som e cases proves useful is ob ta in ed  by com

b in in g  th e  so lu tion  of § 4 w ith  th a t  of § 5. Th is  happens w hen th e  g raph  of 

th e  nucleus k {x ) in  th e  p a r t  of i t  over w h ich th e  in teg ra tio n  takes plac

n o t very  d ifferen t from  th a t  of a polynom ia l of low degree, so th a t  the first 

few of th e  coefficients /co, k \ , k2, . . . ,  are  of p rep o n d e ran

p ared  w ith  those th a t  succeed th em . I n  th is  case i t  is advantageous to take 

ou t of th e  series (3 1 ) th e  te rm s  w hich  d ep en d  solely on these  im portant 

coefficients, and, by sum m in g  th em , to  ob ta in  a new  form  for K (« ) w hich can 

be m ore read ily  c o m p u te d ; th is , as we shall now show , m ay be done, the 

ex trac ted  p a r t  of K(a?) be ing  in  th e  ex p o n en tia l form  w hich was obtained 

in  § 4 .

Suppose, for in stance , th a t  /c0 an d  ki  a re  im p o rtan t, bu t th e  succeeding 

coefficients K2 , k%, . . .  a re  com para tively  sm all. The te rm s in  (31) which 

depend only  on /c0 and  k \ a re  ev id en tly

I *o 1 x-f *o 1 0 X2 «o 1  0  0
£  +

] /Cl /Co K\K(\ 1

0  Ky /Co

2 ! /ci /c0 1  0  

0  /ci /c0 1 

0  0  /ci /co

3!
(32)
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Now if un deno te  th e  d e te rm in a n t

( _ ) » - ! *«  1 0  0  0 . . .

K\ /Co 1 0 0. . .

0 Ki /Co 1 0. ..

0 0 K\ /Co 1. . .

..................................  row s)

we have by expand in g  in  te rm s of th e  e lem en ts  of th e  first row

U„ =  — K§Un—\  —  K \U n ~2- 

The so lution of th is  d ifference-equation  is

un =  A a » + B £ »

w here a and  (3 are  th e  roots of th e  q u a d ra tic  x? + -h /ci =  0, an d  A an d  B 

are in dep en d en t of n.  M oreover, since

%

and 2

we see th a t

and therefore

«o =  — ( *  +  /S )  =  - - - f ,
tx—(3

—/Co2+/Ci =  — (a 2 +  a/3 +  $ 2) =

A

=

a 3 - # 3

The expression (32 ) m ay th u s  be w ritte n  

q2- / 3 2 a 8- # 3 .,

a —/? a — #  a — /3 2! a  — 3!

o r  a V *  — /3 V *

tx — f i
Thus, we have

Th eo r em 6.— In Theorem 4  the formula  (3 1 ) may be by

K ( » )
ct?eax

-P  0 -
+  /C2 Tj-; +  (*3 — 2/co/ca) — 4- . 

a  A ! o  I

0 .where a and (3 are the roots of the quadratic x2 +  /co#-f k,\ 0. This form  of

K(.r) is preferable for purposes of com pu ta tion  w hen /c0 and  k \ are  of p re 

ponderan t im portance as com pared w ith  K2 , /C3, .. . .

W e m ay in th is  way replace th e  te rm s of (31 ) to  any  e x te n t by exponen

tials, and i t  is eviden t th a t w hen th e  te rm s th u s  rep laced  are those w hich 

involve /c0, k \, ... /cn_i w ith o u t in vo lv ing  k„, /c„+1, . . . ,  th e  ex ponen tia l te rm s 

w hich are obtained are  precisely those w hich w ould be ob ta ined  as th e  value 

of R(a?) in Theorem  3, if  k (x )  w ere th e  polynom ial

Wi—1rjfn

/Co 4" K\ X K ‘2 . . .  -f /Cn-1 7----- 77-;.
2 ! 1)1
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