PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 59, Number 1, August 1976

ON THE OPERATOR EQUATION TX — XV = A4

CONSTANTIN APOSTOL!

ABSTRACT. A characterization of the operators 4 for which the equation
TX — XV = A is solvable is given, where T is a fixed right invertible
operator and V is a fixed unilateral shift.

The aim of this note is to give a characterization of the solutions of the
equation

TX — XV = A,

where T, V, A are given operators acting in a Hilbert space, and V is a
unilateral shift. As a by-product we also give a sufficient condition for 4 to be
expressed in the form

A=VX-XV=V*Y-YV*=V*Z-2ZV

with V a unilateral shift.

The problems studied throughout the paper originate from a question of C.
Foias.

The author expresses his gratitude to Bernard Morrel for pointing out some
errors in the manuscript.

Let H be a complex Hilbert space and denote by L(H) the algebra of all
bounded linear operators acting in H. For any 7, S, A € £(H ) put

d,(A;T,S) = 3 T/AS*, n>0.

Jjtk=n

It is easy to see what we have

Td,(4;T,S) — d,(A;T,S)S = d,(TA — AS;T,S) = T"*'4 — AS"*!,

d,\(A;T,S) = Td,(4; T,S) + AS™! = d,(4;T,S)S + T""' 4.

1. PROPOSITION. Let B € £(H) and let V be a unilateral shift such that
TB — BV = 0, B — VV*) = 0. Then we have B = 0.

ProoF. By induction we derive BV" = T"B, so BV"(I — VV*) = 0, n
2> 0, and this implies B = 0.
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2. LEMMA. Let T, A € R(H ) be given and let V be a unilateral shift. Then the
following conditions are equivalent:

(i) there exists B € C(H ) such that TB — BV = A, B(I — VV*) = 0,

(ii) there exists ¢ > 0, such that for any sequence {x;};—, C Ker V* and for
any n > 0, we have

n 5 1/2
| <o Z Iulf)”
k=0

(iii) the series Do di(4; T, V)(I — VV*)V*K is strongly convergent.

n
d(A4;T,V)x
/Eo i ( )Xk

Proor. (i) = (ii). Let {x; };—, C Ker V'* and take ¢ = | B||. We have

2 2

n n
S 4 (4; T, V)x, kzo d,(TB — BV, T,V)x,
k=0 =

2 n 2
= = H—B S vktix,
k=0

n
kzo (Tk+lB _ BVk+])Xk

= 3 el
K=o

n
2
< |8 “ S vkl
k=0

(i) = (iii). For any x € H we have

m+n 2

m+n
S 44T, V)T - VV*)W¥x|| < kz (7 = v*)Wwkx|?
k=m =m

2 e k *\ 1 vk |12 2 m+n 1 *m+n m+1 g em+1 12
=c* 3 ||VEUI — v*)VX|T = vty x—ymiy x||
k

=m

and because {V"‘}Z°=O tends strongly to 0, the strong convergence of the series
S® o di(A; T, V) — VV*)Vk, follows.

(iii) = (i). If we take B = —(S2 o di(A; T, V)T — VV*)V*¥)V*  we have
[oo]
TB— BV = 3 d(4; T, V)1 - VV*)r*
k=0
0
—T 3 dA;T, V)T — vv*)pk+l
k=0
s el k+1 * *k+1
=3 dA;T,V)I - VvI*)vk+4 kzo vkl — vy
k=0 —

o0
— 3 de (A T V) = vy peks
k=0

00
= dO(A;T, V)(I — VV*)+A > Vk+1(1 _ VV*)V'k+1 — 4
K=o

3. THEOREM. Let T, A € R(H ) be given and let V be a unilateral shift. Then
the equations

B—BV =A, Bl -VV*)=0
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have a simultaneous solution B if and only if there exists ¢ > 0 as in Lemma 2(ii);
the solution B is unique.

Proor. Existence follows from Lemma 2, and uniqueness from Proposition
1.

4. THEOREM. Let T, A’ € £(H ) and let V be a unilateral shift. Suppose that T
is right invertible. Then the equation TB’ — B'V = A’ has a solution B’ if and
only if A" is of the form A" = A + A, with A fulfilling condition (ii) of Lemma
2and Ay(1 — VV*) = A,.

PROOF. Suppose that there exists B° € £(H ) such that TB' — B'V = A'.
Taking A = TB'VV* — B'V, Ay = TB'(I — VV*), the properties of 4 and
A, stated in our theorem can be easily checked (see also Theorem 3).
Conversely, if 4" = A4 + Ay and A, Ay, have the properties stated in our
theorem, then taking B, such that TBy, = A,, ByV = 0 (this is possible
because T is right invertible) and taking B given by Theorem 3, the operator
B" = B + By will be a solution of the equation 7'B’ — B’V = A4’. Recall now
that the essential reducing spectrum of 4 € £(H ) is the set of all complex
numbers A for which there exists an orthonormal sequence {e,} C H such that
(see [2])

lim [[(4 = Ne, | = Tm [[(4 = M)¥e,l = 0.
n—oo n—»o0

5. THEOREM. Let A € R(H) have 0 in its essentially reducing spectrum. Then
there exists a unilateral shift V such that the equations
VX - XV =V*Y-YV*=V*Z-2ZV =4
are solvable.

PrROOF. Let V' be a unilateral shift and denote by P, the orthogonal
projection of H onto V"H. Because 0 belongs to the essential reducing
spectrum of 4, we may choose V such that

max{|| B All, |45} < [l4[l/2".

Let us put Q, = B, — B, ;. Then we have 37, |Q; 40|l < co and the
existence of X and Y follows from [1, Lemmas 1.1 and 1.3]. On the other hand,

we have

n
lay(as VE I < 3 AP < (o + DllA]/27;
ke

thus if {x, }y=, C Ker V'* is given, we obtain

n
< 3 Nl v V)l el

0 k+ 1 2\ 1/2 n 1/2
< ||A||(2 e+ )) (2 baf)
k=0 2 k=0
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Applying Lemma 2, we derive the existence of Z.
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