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ON THE OPERATOR EQUATION TX - XV = A

CONSTANTIN APOSTOL1

Abstract. A characterization of the operators A for which the equation

TX - XV = A is solvable is given, where T is a fixed right invertible

operator and V is a fixed unilateral shift.

The aim of this note is to give a characterization of the solutions of the

equation

TX - XV = A,

where T, V, A are given operators acting in a Hilbert space, and V is a

unilateral shift. As a by-product we also give a sufficient condition for A to be

expressed in the form

A = VX - XV = V* Y - YV* = V*Z - ZV

with V a unilateral shift.

The problems studied throughout the paper originate from a question of C.

Foia§.

The author expresses his gratitude to Bernard Morrel for pointing out some

errors in the manuscript.

Let H be a complex Hilbert space and denote by L(H) the algebra of all

bounded linear operators acting in H. For any T, S, A G t(H) put

dn(A;T,S) =    2    TjASk,    n > 0.
j+k=n

It is easy to see what we have

Tdn{A;T,S)-dn{A;T,S)S = d„(TA -AS;T,S) = Tn+1A -ASn+l,

dn+l(A; T,S) = Tdn(A; T,S) + AS"+] = d„(A; T,S)S + T"+lA.

1. Proposition. Let B G £(//) and let V be a unilateral shift such that

TB - BV = 0, B(I - VV*) = 0. Then we have 5 = 0.

Proof. By induction we derive BV" = T"B, so BV"(I - VV*) = 0, n

> 0, and this implies 5 = 0.
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2. Lemma. Let T, A G t(H) be given and let V be a unilateral shift. Then the

following conditions are equivalent:

(i) there exists B G £(//) such that TB - BV = A, B(I - VV*) = 0,

(ii) there exists c > 0, such that for any sequence {xk}™=Q C Ker V* and for

any n > 0, we have

2  dk(A;T,V)xk    <c( 2   Kll2)    ,
i=0 \/t=0 /

(iii) ?/ie rer/ey 2a°=0 dk(A> T> V)(I ~ VV*)V*k is strongly convergent.

Proof, (i) => (ii). Let {^}~=0 C Ker V* and take c = ||B||. We have

1 7

^ dk(A;T,V)xk      =     2  dk(TB - BV;T,V)xk
k=0 k=0

n 2 „ 2

=      2   (r* + 1B-BK-* + l);cit      =    -B  2   F* + %
A:=0 A: = 0

< ||b||2   i vk+]xk    =c2 2 Ik||2.
A:=0 A: = 0

(ii) => (iii). For any x G H we have

2   dk(A;T,V)(I-VV*)V*kx     < c2   2   ||(/- KK*)K**x||2

= c2   2   11^(7- KK*)K'*jc||2 = c2||Km+nK*m+nx- j/m+1 K*m+1x||2

and because {F**}"=0 tends strongly to 0, the strong convergence of the series

2f=0 dk(A;T,V)(I - VV*)V*k, follows.

(iii) => (i). If we take B = -(2"=o dk(A', T> V)(J ~ VV*)V'k)V*, we have

TB- BV =   2  dk(A; T, V)(I - VV*)V'k
k=0

oo

- T 2  dk(A;T,V)(I- vV*)V*k + l
k=0

OO 00

= 2 404;F,v)(i- vv*)v*k+A 2 k*+1(/-ff*)^***1
A:=0 k = 0

- 2 rf*+i(^;r, f)(/- vv*)v*k+x
k = 0

oo

= rf0(^;F,F)(/- VV*)+A   2   K* + 1(/~ VV*)V,k + l = A
A:=0

3. Theorem. Ler T, A G £(//) fee g/'w?« a«<5? /e/ V be a unilateral shift. Then

the equations

TB-BV = A,        B(\ - VV*) = 0
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have a simultaneous solution B if and only if there exists c > 0 as in Lemma 2(ii);

the solution B is unique.

Proof. Existence follows from Lemma 2, and uniqueness from Proposition

1.

4. Theorem. Let T, A' G £(//) and let V be a unilateral shift. Suppose that T

is right invertible. Then the equation TB' — B'V = A' has a solution B' if and

only if A' is of the form A' = A + A0, with A fulfilling condition (ii) of Lemma
2andA0(\ - VV*) = A0.

Proof. Suppose that there exists B' G t{H) such that TB' - B'V = A'.

Taking A = TB'VV* - B'V, A0 = TB'(I - VV*), the properties of A and

A0 stated in our theorem can be easily checked (see also Theorem 3).

Conversely, if A' = A + A0 and A, A0 have the properties stated in our

theorem, then taking B0 such that TB0 = A0, B0 V = 0 (this is possible

because T is right invertible) and taking B given by Theorem 3, the operator

B' = B + B0 will be a solution of the equation TB' - B'V = A'. Recall now

that the essential reducing spectrum of A G £(//) is the set of all complex

numbers A for which there exists an orthonormal sequence {en) C H such that

(see [2])

HE \\{A -X)en || =  m\\(4-\)*ej =0.
n-»oo n-»oo

5. Theorem. Let A G t(H) have 0 in its essentially reducing spectrum. Then

there exists a unilateral shift V such that the equations

VX - XV = V* Y - YV* = V*Z- ZV = A

are solvable.

Proof. Let V be a unilateral shift and denote by P„ the orthogonal

projection of H onto V"H. Because 0 belongs to the essential reducing

spectrum of A, we may choose V such that

max{||J»^||,Mi»||}< MH/2".

Let us put Qn = Pn - Pn+X. Then we have 2j+;t=o IIQ/^GaJI < °° and the
existence of X and Y follows from [ 1, Lemmas 1.1 and 1.3]. On the other hand,

we have

\\dn(A\V*tV)\\<    2    \\PjAPk\\<(n+\)\\A\\/2";
j+k=0

thus if {xfc}*=0 C Ker V* is given, we obtain

2  dk(A;V*,V)xk\\ <   2   \\dk(A;V*,V)\\\\xk\\
k=0 II k=0
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Applying Lemma 2, we derive the existence of Z.
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