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Compress-and-Forward Relay Schemes

Xiugang Wu, Student Member, IEEE, and Liang-Liang Xie, Senior Member, IEEE

Abstract—In the classical compress-and-forward relay scheme
developed by Cover and El Gamal, the decoding process operates
in a successive way: the destination first decodes the compression
of the relay’s observation and then decodes the original message of
the source. Recently, several modified compress-and-forward relay
schemes were proposed, where the destination jointly decodes the
compression and the message, instead of successively. Such a mod-
ification on the decoding process was motivated by realizing that it
is generally easier to decode the compression jointly with the orig-
inal message, and more importantly, the original message can be
decoded even without completely decoding the compression. Thus,
joint decoding provides more freedom in choosing the compres-
sion at the relay. However, the question remains in these modi-
fied compress-and-forward relay schemes—whether this freedom
of selecting the compression necessarily improves the achievable
rate of the original message. It has been shown by El Gamal and
Kim in 2010 that the answer is negative in the single-relay case.
In this paper, it is further demonstrated that in the case of mul-
tiple relays, there is no improvement on the achievable rate by joint
decoding either. More interestingly, it is discovered that any com-
pressions not supporting successive decoding will actually lead to
strictly lower achievable rates for the original message. Therefore,
to maximize the achievable rate for the original message, the com-
pressions should always be chosen to support successive decoding.
Furthermore, it is shown that any compressions not completely de-
codable even with joint decoding will not provide any contribution
to the decoding of the original message. The above phenomenon
is also shown to exist under the repetitive encoding framework re-
cently proposed by Lim et al., which improved the achievable rate
in the case of multiple relays. Here, another interesting discovery is
that the improvement is not a result of repetitive encoding, but the
benefit of delayed decoding after all the blocks have been finished.
The same rate is shown to be achievable with the simpler classical
encoding process of Cover and ElI Gamal with a block-by-block
backward decoding process.

Index Terms—Backward decoding, compress-and-forward,
compression-message joint decoding, compression-message suc-
cessive decoding, multiple-relay channel.

I. INTRODUCTION

HE relay channel, originally proposed in [1], models a
communication scenario where there is a relay node that
can help the information transmission between the source and
the destination. Two fundamentally different relay strategies
have been developed in [2] for such channels, which, depending
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Fig. 1. Single-relay channel.

on whether the relay decodes the information or not, are gener-
ally known as decode-and-forward and compress-and-forward,
respectively. The compress-and-forward relay strategy is used
when the relay cannot decode the message sent by the source,
but still can help by compressing and forwarding its observa-
tion to the destination. Specifically, consider the relay channel
depicted in Fig. 1. The relay compresses its observation Y7 into
f/l and then forwards f/l to the destination via X;. To reduce
the rate loss caused by the delay, block Markov coding was
used in [2], and more blocks lead to less loss.

In this paper, based on the differences in the detailed en-
coding/decoding processes, the following five different com-
press-and-forward relay schemes will be considered.

1) Cumulative encoding/block-by-block forward decoding/

compression-message successive decoding.

2) Cumulative encoding/block-by-block forward decoding/

compression-message joint decoding.

3) Repetitive encoding/all blocks united decoding/ compres-

sion-message joint decoding.

4) Cumulative encoding/block-by-block backward decoding/

compression-message successive decoding.

5) Cumulative encoding/block-by-block backward decoding/

compression-message joint decoding.

The cumulative encoding/block-by-block forward decoding/
compression-message successive decoding refers to the orig-
inal compress-and-forward scheme developed in [2]. The en-
coding is “cumulative” in the sense that in each new block, a
new piece of information is encoded at the source. This distin-
guishes from a “repetitive” encoding process recently proposed
in [3], where the same information is encoded in each block.
The decoding is named “block-by-block forward” to distinguish
from the other two choices, where the decoding starts only after
all the blocks have been finished, either by decoding with all
the blocks together or by decoding block-by-block backwardly.
The decoding is also called “compression-message successive”
in the sense that the destination first decodes the compression of
the relay’s observation and then decodes the original message.
The compression f’l can be first recovered at the destination, as
long as the following constraint is satisfied:

I(X1;Y) > I(Y1; V1| X1, Y). 1)
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Fig. 2. Multiple-relay channel.

Then, based on Yl and Y, the destination can decode the original
message X if the rate of the original message satisfies

R < I(X;Y1,Y|Xy). 2)

The above two-step compression-message successive de-
coding process requires Y7 to be decoded first. This facilitates
the decoding of X, but is not a requirement of the original
problem. Recognizing this, a joint compression-message
decoding process was proposed in [4], where, instead of suc-
cessively, the destination decodes 1}1 and X togetAher. It turns
out that the decoding of X can be helped even if Y7 cannot be
decoded first. In fact, with joint decoding, constraint (1) is not
necessary, and instead of (2), the achievable rate is expressed as

R < I(X:Y,Y|X;) —max{0, I(Y1; Y1|X1,Y) - I(X1:Y)}.

A (3)
Moreover, although Y; is not even required to be decoded even-
tually, it can be more easily decoded by joint decoding, and in-
stead of (1), we need a less strict constraint:

I(X1;Y) > I(Y; V1| X1, Y, X) 4)

where, it is clear to see the assistance provided by X . Similar
formulas as (3) have been derived with different arguments in
[51-(7].!

Therefore, compared to successive decoding, joint compres-
sion-message decoding provides more freedom in choosing the
compression V1. However, the question remains whether joint
decoding achieves strictly higher rates for the original message
than successive decoding. For the single relay case, it has been
proved in [7] that the answer is negative, and any rate achiev-
able by either of them can always be achieved by the other. In
this paper, we are going to further consider the case of multiple
relays as depicted in Fig. 2, and demonstrate that joint decoding
will not be able to achieve any higher rates either. More interest-
ingly, we will show that any compressions not supporting suc-
cessive decoding will actually result in strictly lower achiev-
able rates for the original message. Therefore, to optimize the
achievable rate, the compressions should always be chosen so
that successive decoding can be carried out.

Recently, a different encoding process was proposed in [3],
where instead of piece by piece, all the information is encoded
in each block, and different blocks use independent codebooks
to transmit the same information. Compared to cumulative
encoding, this repetitive encoding process appears to introduce
collaboration among all the blocks, so that all the blocks can
unitedly contribute to the decoding of the same message. This
repetitive encoding/all blocks united decoding process was
combined with joint compression-message decoding in [3],

IThe formula and proof in [5] missed a Y~ and were later corrected in [7].
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and although no improvement was shown in the single-relay
case, some interesting improvement on the achievable rate was
obtained in the case of multiple relays. In this paper, we will
show that actually it is not necessary to use repetitive encoding
to introduce such collaboration among the blocks. The same
rate can be achieved with cumulative encoding as long as
the decoding starts after all the blocks have been finished.
We will show that either by all blocks united decoding, or by
block-by-block backward decoding, the same achievable rate
can be obtained. Therefore, in terms of complexity, cumulative
encoding/block-by-block backward decoding provides the
simplest way to achieve the highest rate in the case of multiple
relays.

Similarly, for these new encoding/decoding schemes, we will
also show that the optimal compressions must be able to sup-
port successive compression-message decoding, and any com-
pressions not supporting successive decoding will necessarily
lead to strictly lower achievable rates than the optimal. There-
fore, for any of these compress-and-forward relay schemes men-
tioned above, we can restrict our attention to successive com-
pression-message decoding in the search for the optimal com-
pressions of the relays’ observations. Of course, it should be
noted that any compressions supporting successive decoding
also support joint decoding.

Although the compressions supporting successive decoding
can be explicitly characterized as we will show later, it is also
of interest to consider other compressions not supporting suc-
cessive decoding. For example, in a network with multiple des-
tinations, when a relay is simultaneously helping more than one
destinations, it is very likely that different destinations require
different optimal compressions from the relay. In such a situa-
tion, the relay may have to find a tradeoff between these require-
ments, i.e., adopting a compression which may be too coarse for
some destinations, but too fine, thus not supporting successive
decoding, for the others. An example of this tradeoff to optimize
the sum rate was given for the two-way relay channel in [3]. An-
other possibility of using too coarse or too fine compressions is
when there is channel uncertainty, e.g., in wireless fading chan-
nels, so that it is impossible to accurately determine the optimal
compressions even with explicit formulas. Therefore, it is of in-
terest to study how coarser or finer compressions than the op-
timal affect the achievable rate of the original message [9].

It is not surprising that coarser compressions than the optimal
do not fully exploit the capability of the relay, thus leading to
lower achievable rates for the original message. However, it
may not be so obvious why finer compressions will also lead
to lower achievable rates. For this, one needs to realize that a
relay’s observation not only carries information about the orig-
inal message, but also reflects the dynamics of the source—relay
link, which is unrelated to the original message. Thus, compared
to the direct link between the source and the destination, the
support by the relay—destination link is not so pure. When the
compression is too fine so that only joint compression-message
decoding can be carried out, i.e., the direct source—destination
link has to sacrifice, the gain does not make up for the loss. Fur-
thermore, to the extreme, when the compression cannot be de-
coded even with joint decoding, the relay—destination link be-
comes useless, and the destination would rather simply treat the
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relay’s input as purely noise in the decoding, as we will demon-
strate in this paper.

The remainder of this paper is organized as the following. In
Section II, we formally state our problem setup and summarize
the main results. Then, in Sections III and IV, detailed proofs
of the achievability results as well as thorough discussions on
the optimal choice of the relays’ compressions are presented,
under the two different frameworks of block-by-block forward
decoding and decoding after all the blocks have been finished,
respectively. Finally, some concluding remarks are included in
Section V.

II. MAIN RESULTS

Consider the multiple-relay channel depicted in Fig. 2, which
can be denoted by

(X XX X - X Xy,

Py, Y1, s Ynl, @, oy n), Y XV X oo X V)
where X, Ayp,..., A, are the transmitter alphabets of the
source and the relays, respectively, V,)1,...,), are the

receiver alphabets of the destination and the relays re-
spectively, and a collection of probability distributions
Pyt @y, o an) on Y X Y1 X <-- X Y, one for
each (z,21,...,2,) € X x X1 x -+ x X,. The interpretation
is that « is the input to the channel from the source, y is the
output of the channel to the destination, and y; is the output
received by the :th relay. The ¢th relay sends an input «:; based
on what it has received

2 (t) = fielyi(t — 1), 9t — 2),...), for every time ¢ (5)

where f; :(-) can be any causal function.

Before presenting the main results, we introduce some sim-
plified notations. Denote the set N = {1,2,...,n}, and for
any subset S C N, let Xs = {X;,% € 8}, and use similar
notations for other variables. The main results of the paper are
presented in the following two different decoding frameworks:
1) block-by-block forward decoding; and 2) decoding after all
the blocks have been finished, which includes all blocks united
decoding and block-by-block backward decoding.

A. Block-by-Block Forward Decoding

Under the block-by-block forward decoding framework,
the achievable rate with successive compression-message de-
coding and the achievable rate with joint compression-message
decoding are presented in Theorems 2.1 and 2.2, respectively.
Then, the optimality of successive decoding is stated in The-
orem 2.3, and it is shown that the optimal rate can be achieved
only if the compressions at the relays are chosen such that
they can be first decoded at the destination, i.e., successive
compression-message decoding can be carried out. All the
related proofs are presented in Section II1.

Theorem 2.1: For the multiple-relay channel depicted in
Fig. 2, by the cumulative encoding/block-by-block forward
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decoding/compression-message successive decoding scheme,
arate R /s is achievable if for some

p()pxlp(zilg) - -plen| PG|y, 21, @) - -P(FnlYn: Tn, @)

there exists a rate vector {R;,i = 1,...,n} satisfying
> Ri < I(Xs:Y|Xs;. Q) ©)
1€S]

for any subset §; C N, such that for any subset S C N

I(Ys;Vs[Vse, V. Xp, Q) € Y Ri ™
ic8
and .
Reyrps < H{XG YN Y Xa, Q). 3

Theorem 2.2: For the multiple-relay channel depicted in
Fig. 2, by the cumulative encoding/block-by-block forward
decoding/compression-message joint decoding scheme, a rate
Re /vy is achievable if for some

p(@)p(z|)p(z1|g) - -plrnl))p(@n |y, 21, @) PG |Yn: Tn. @)

there exists a rate vector { R;,i = 1,...,n} satisfying
YR < I(Xs,;Y[Xs;, Q) ©)
1€8,

for any subset §; C AN, such that for any subset S C A

Reyryy < (XY, Y[ Xa. Q)

— I(Vs; Vs|¥se. Y. Xu, Q) + > Ri. (10)
1ES

Let B¢, /g and B¢ 5 be the supremum of the achievable
rates stated in Theorems 2.1 and 2.2, respectively.

Theorem 2.3: R¢ /g = R gy, and RE, 5 can be ob-
tained only when the distribution

p(@)p(z|g)p(z1lq)- - p(zal)p(1|y1, 21, @) -P(Gn|Yn: Tn. @)

is chosen such that there exists a rate vector { ;.4 = 1,...,n}
satisfying (6)—(7).

B. Decoding After all the Blocks Have Been Finished

It was shown in [3] that the original cumulative en-
coding/block-by-block forward decoding/compression-mes-
sage successive decoding scheme developed in [2] can be
improved to achieve higher rates in the case of multiple relays,
although no improvement was obtained in the case of a single
relay. In their new compress-and-forward relay scheme [3],
cumulative encoding was replaced by repetitive encoding, and
block-by-block forward decoding was replaced by all blocks
united decoding. They also used joint instead of successive
compression-message decoding. For the single-source mul-
tiple-relay channel depicted in Fig. 2, their Theorem 1 in [3]
can be restated as the following theorem.
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Theorem 2.4: For the multiple-relay channel depicted in
Fig. 2, arate Ry v,y is achievable if there exists some

p(@)p(x|q)p(wi|q) - -planl@)plinlys, 21, ¢) - p(Gn|Yn, Tn, q)
such that
Rpyvys < gg\lrf(X: Xsi Vs, Y|X5:,Q)
— I(Ys; Ys|X, Xn, Y, Vs, Q). (11)

In this paper, we will show that the improvement is not a
result of replacing cumulative encoding by repetitive encoding,
but, actually, is a benefit obtained when the decoding is delayed,
i.e., only starts after all the blocks have been finished. Besides
all blocks united decoding, we will show that block-by-block
backward decoding also achieves the same improvement since
it also starts the decoding after all the blocks have been finished.

Similar to the framework of block-by-block forward de-
coding, we will also show that for these new schemes with
decoding after all the blocks have been finished, the optimal
rate can be achieved only when the compressions at the re-
lays are chosen such that successive compression-message
decoding can be carried out. Thus, in terms of complexity,
cumulative encoding/block-by-block backward decoding/com-
pression-message successive decoding is the simplest choice
in achieving the highest rate in the case of multiple relays. The
corresponding achievable rate is presented in the following
theorem.

Theorem 2.5: For the multiple-relay channel depicted in
Fig. 2, arate Xq/p/s is achievable if there exists some

p(@)p(zlg)p(z1|q) - -p(znlOp(1lyr, ©1,9) - P(Gn|Yn. Tn, @)
such that for any subset S € A

I(Xs:Vse,Y|Xse,Q)— I(Ys:; Y| X, Y, Ve, Q) > 0 (12)

and
Roypys < I(X5 YN, Y| Xn, Q)- (13)

Let Ry /U3 and R, /B/S be the supremum of the achievable
rates stated in Theorems 2.4 and 2.5, respectively. The opti-
mality of successive decoding is demonstrated in the following
theorem.

Theorem 2.6: R*R/U/J = RE/B/S, and RE/U/J can be ob-
tained only when the distribution

p(@)p(zlg)p(z1|q) - -p(znlOp(1lyr, ©1,9) - P(Gn|Yn. Tn, @)

is chosen such that (12) holds.

As mentioned in Section I, although the optimal rate is
achieved only when successive decoding can be supported,
there are situations where it is of interest to consider other com-
pressions not supporting successive decoding. Hence, more
generally, we will use the cumulative encoding/block-by-block
backward decoding/compression-message joint decoding.
The corresponding achievable rate is given in the following
theorem.
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Theorem 2.7: For the multiple-relay channel depicted in
Fig. 2, with a given distribution

p(@)p(x|g)p(zi|g) - -p(znlO)p(nlys, 21, 9) - PG |Yns Tn, @)

arate Fic/p,y is achievable if

Reypys < glcllg] I(X, XSQY/DJ\S-,HXDJ\S:Q)
~ I(Ys: Ys| X, X,,Y, ¥Yp\s5. Q) (14)
where Dj is the unique largest subset of A satisfying

I(Xs:Ypps, Y|X. Xpps. Q)

—I(Ys;Ys|X, Xp, . Y. Ypps,Q) >0 (15)
for any nonempty & C Dj. In addition, VDJ can be decoded
jointly with X,

There also exists a unique largest subset D C A satisfying

I(Xs; YDQ\S» Y[X, Xpns. Q)

— I(Ys: Vs|X, Xp . V. Vs, Q) 20 (16)
for any S C Dj. It will be clear from the proof of Theorem 2.7
that the compressions of the relays in N\ D are not decodable
even jointly with the message.

On the other hand, the achievable rate (11) can be more gen-
erally expressed as

Rryuyy < éléljl\l/l I(X, Xs: Vs Y[ Xans, Q)
— I(Ys: Y5 |X, Xat, Y. Yanrs. Q) (17)

if we only consider a subset of relays M C A for the decoding,
while treating the other inputs as purely noise. Interestingly, the
following theorem implies that M = A may not be the optimal
choice to maximize the R.H.S. (right-hand-side) of (17), i.e.,
sometimes, it is better to consider only a subset of relays.

Theorem 2.8: For any p(q)p(z|q)[I;_, pi@p@ilzi. vi, 9,
among all the choices of M C A, the R.H.S. of (17) is maxi-
mized when M = Dy or M = D/, but is strictly less than the
maximum when M ¢ D). Here, Dy and D are defined as in
(15) and (16).

Therefore, not only the compressions of the relays in A"\ D}
are not decodable, but also including them in the formula (17),
i.e., choosing M g DY, will even strictly lower the achievable
rate.

By comparing (14) and (17) with M = Dj, Theorem 2.8
also implies that for any compressions chosen at the relays, the
cumulative encoding/block-by-block backward decoding/com-
pression-message joint decoding scheme achieves the same rate
as the repetitive encoding/all blocks united decoding/compres-
sion-message joint decoding scheme.

The proofs of Theorems 2.5-2.8 are presented in Section I'V.

III. BLOCK-BY-BLOCK FORWARD DECODING

We first prove the achievability results stated in Theorems 2.1
and 2.2 respectively. For simplicity of notation, we consider the
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case () = (. Achievability for an arbitrary time-sharing random
variable ¢} can be obtained by using the standard technique of
time sharing [7], [12]. The same consideration on ¢} applies
throughout all the achievability proofs of this paper.

In both the cumulative encoding/block-by-block forward de-
coding/compression-message successive decoding and the cu-
mulative encoding/block-by-block forward decoding/compres-
sion-message joint decoding schemes, the codebook generation
and encoding processes are exactly the same as the classical
way, i.e., the way in the proof of Theorem 6 of [2]. The dif-
ference between these two schemes is only on the decoding
process at the destination: 1) In successive decoding, the des-
tination first ﬁnds from the specific bins sent by the relays via
: X, the unique combination of Yl, Yz. e YT,, se-
quences that is jointly typical with the Y sequence received, and
then finds the unique X sequence that is jointly typical with
the ¥ sequence received, and also with the previously recov-
ered Y1, YQ, cees Y, sequences. 2) In joint decoding, the desti-
nation finds the unique X sequence that is jointly typical with
the Y sequence received, and also with some combination of
f’l, YQ, . Y,, sequences from the specific bins sent by the re-
lays via X1, Xo,..., X,,.

A. Proof of Theorem 2.1

The basic idea of the compress-and-forward strategy is for the
relay to compress its observations into some approximations,
which can be represented by fewer number of bits and, thus, can
be forwarded to the destination. To deal with delay at the relay,
block Markov coding was used, where the total time is divided
into a sequence of blocks of equal length 7', and coding is per-
formed block by block. For example, each relay compresses its
observations of each block at the end of the block and forwards
the approximations in the next block. Therefore, to decode the
message sent by the source in any block, it is not until the end
of the next block, has the destination received the help from the
relay.

The encoding process is exactly the same as that in the proof
of Theorem 6 of [2]. We only emphasize that the th relay needs
to generate 27U (YiY:[X)+e) gequences of V;, and randomly
throws them into 27% bins, where {R;, @ = 1,2,...,n} are
chosen such that for any nonempty subset §; C N,

> R <I(Xs,;Y|Xs;).
1€ES]

(18)

At the end of each block, the relay finds a Y; sequence which
is jointly typical with the Y; sequence it received and the X;
sequence it sent during the block, and, in the next block, informs
the destination the index of the bin that contains the Y; sequence
via X;.

The decoding process operates in a successive way. At the
end of each block b = 2, 3,. .., the destination first finds, from
the bins forwarded by the relays during block b, the unique
Y b—=1),..., Y, (b — 1)) such that

@wfmg@fn&wﬁmm,

(X, (6—-2),Y,(b-

1me&m&dm<m
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where Y (b — 1) is the Y sequence received during block b — 1,
(Y (b—1),...,Y (b—1))are the Y1,...,Y, sequences from
the bins forwarded by the relays during block b, and (X (b —
2),..., X, (b—2)) are the signals sent by the relays at block b —
1 which are known to the destination since the multiple-access
condition (18) is satisfied.

Error occurs if the true Y \+(b — 1) does not satisfy (19), or
afalse Y (b —1) satisfies (19). According to the properties of
typical sequences, the true Y (b — 1) satisfies (19) with high
probability.

The probability of a false ¥ ,-(b— 1) with some false {¥,(b—
1), i € S} but true {¥ (b — 1), i € 8°} being jointly typical
with Y (b — 1) and (X;(b — 2),..., X,,(b — 2)) can be upper
bounded by

9T (H(Y. Y, Xn)+e) 9~ T(H(YYse ,Xar)—¢) H o~ T(H(Yi|X:)—e)
i€s
There are [, (27/(Ve¥3 X0 =Rite) _1) false Y (h—1) from
the bins; thus, the probability of finding such a false ¥ 5, (b — 1)
can be upper bounded by

oT(H(Y.Yi , Xx)+€) g -T(H(Y,Yse . Xn) —¢)
% H o~ T(H(Yi| X))~ I(Y5Yi]X:)+Ri—2¢)
=
which tends to zero for sufficiently small € as T' — oc, if

H(Ys|Y, Yse, Xar) = Y _[H(Yi|Y;,

‘€S

X))+ R <0. (20)

Letting S = {i; e N : j =1....,|S|}, we have
> H(Yi|Y, X))

i€S

:ZH

(Y5, 1Ys,, Xi))

()/17 |YSa Ya YA'SEaX."\fr {ffiy s ',Y/'i,j_l})

'M

=H(Ys|Vs,Y, Ve, X ).

Plugging this into (20), we have ¥ (b — 1) can be decoded at
the end of block b if

I(Ys:Vs|Vs- Y. Xn) < Y R @1

i€s
Then, based on ¥ ,(b—1) and Y (b—1), X (w) can be recovered
if

Rerss < I(X: Yo, Y| Xw). (22)

Combining (18) and (21)—(22), and using the standard technique
of time sharing, we conclude that the rate stated in Theorem 2.1
is achievable.2

B. Proof of Theorem 2.2

In cumulative encoding/block-by-block forward decoding/
compression-message joint decoding, the encoding part is

2The case of “="in (6)—(7) can be included since (8) does not include “=
The same consideration applies throughout the paper.
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exactly the same as that in the proof of Theorem 2.1, and the
decoding process operates as the following. At the end of each
block b = 2,3, ..., the destination finds the unique X (w) and
some (Y (b — 1) ..... .Y, (b — 1)) from the bins forwarded by
the relays during block b such that

(X (), Y (b= 1), (X, (b~ 2), ¥, (b= 1)),
(X, (b= 2). T, (b= 1)) € A(X. Y, Xn, Vi) 23)

where Y(b — 1), (Y (b —1),...,Y, (b — 1)), and (X, (b —
2),..., X, (b — 2)) have the same interpretations as in (19).

Error occurs if the true X (w) does not satisfy (23), or a false
X (w') satisfies (23). According to the properties of typical se-
quences, the true X (w) satisfies (23) with high probability.

The probability of a false X (w') being jointly typical with
Yh-1),(X,(0—-2),..., X,,(b—2)), and some false {Y (b —
1), i € S} but true {Zz(b - 1) i € §°} can be upper bounded
by

QT(H(X,Y,XN,)ACV)+5)27T(H(X)7e)
> 2—T(H(Y7X.~'Ysc)—f) H 2‘T(H();L|AY'I")‘E).

i€S

!

There are 2T Rayr/s — 1 false o, and
false

Hies(QT(I(irﬁiXi‘Xi)fRi‘i’E) - 1) Ys(b — 1)
from the bins; thus, the probability of finding such a false
X (w') can be upper bounded by

ZTR(‘,/F/J 2T(H(X,Y,XNJ:’:\")'Ff) Z*T(H(X)*‘—)
% 27T(H(Y,XN,)‘1QC)75) H 27T(H(YA}\X,;)71(Y;,;YA}\X,,;)+R,;,72e)

€S

which tends to zero for sufficiently small € as T' — oo, if
Regryy < I(X3Vn Y| X0)—I(Ys; Vs Ve YV, X )+ ) Ry,
i€S
(24)
This combined with the technique of time sharing proves The-
orem 2.2.

C. Optimality of Successive Decoding in Block-by-Block
Forward Decoding

Before proceeding to the proof of Theorem 2.3, we first in-
troduce some useful notations and lemmas. For any A, B C A/
and {R;, i = 1,...,n}, let

S):= ZRL — I(Ys; VsV, Vs, Y. X)), VS C B
ies

T4 5(

(25)
15(S8) :=Io 5(S)
=Y R~ I(Ys;Vs[Vp\s, Y, Xn), VS C B (26)

€S

1(S) = Ix(S)

=Y Ri—I(Vs;Vs|Vse Y, Xp), VS CN. (27)
€S
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Also, in the following proof and the rest of the paper, for any
two sets A and 55, A N B or AB interchangeably denotes their
intersection while AU B denotes their union. Then, we have the
following lemmas, whose proofs are given in Appendix A.

Lemma 3.1: 1) If 14(S1) > 0,VS; C A, and Ig(S2) > 0
VSy C B, then T4up(S) > 0,¥S C AUB. 2)If I4(S51) > 0,
V81 C A, and 14 5(S2) > 0,¥8; C B, then Lyun(S) > 0
vS C AUB.

Lemma 3.2: For any p(z)[]_; p(xi)p(9:|yi, x:) and
{R;,i = 1,...,n}, there exists a unique set D, which is the
largest subset of NV satisfying

Ip(8) > 0,¥S C D.

Lemma 3.3: If I 4 g(B) > 0 for some nonempty 53, then there
exists some nonempty C C B such that T4 ¢(S) > 0.VS C C.

Lemma 3.4: Forany Aand B with ANB = 0, I(A)+I1(B) =
I(A U B) + I(YA~ YB ‘XI(AUB)“ 3 Y7 X.'V)'

We are now ready to prove Theorem 2.3. Still for simplicity
of notation, we only prove Theorem 2.3 for @ = (), while the
proof for an arbitrary () can be obtained by simple analogy. The
same consideration on ¢} also applies to the proofs of Theorems
2.6 and 2.8.

Proof of Theorem 2.3: With @ = 0, R¢, s and B¢, 1. 5
can be, respectively, written as

RE/F/S

max I(X; Y. Y| Xy)
P(T) Hl lP(T Y @ilye ) {Rivi=1,...,n}
(28)
such that S R, < I(Xs,: V| Xs;), VS C N (29)
1€S]

I(Ys;Vs[Vse, Y, Xpr) = > Ri < 0,¥8 C N (30)

€S
and
R} = max
) TI e e, (Reimt o}
gg}g,{f (X; Yy, Y|Xn)
— I(Ys; Vs|Vs N)+ZRi}
€S
such that > R; < I(Xs,; Y[ Xg;),¥S1 C N.

1ES)

We show Ré/F/S = RE/F/J by showing that RE/F/S <
RE/F/] and RC JF/S RE/F/], respectively. For any

p(z) [Ty p(zi)p(4i|yi, ;) and {R;,i = 1,... n} satisfying
(29)—(30), we have

gréi%{l(X;ﬁxf,YIXN)—I(Ys;f’s Y ,Y,XN)+§R,:}
=I(X;Yn,Y|Xy)
and thus RC/F/S < RC/F/J
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To show RE/F/S > Rg/F/J, it is sufficient to show that
RE g 5 can be achieved only with p() 15, p(za)p(Bily:, )
and {R;,4 = 1,....,n} such that /(8) > 0,VS C N. We

will show this by two steps as follows: i) We first show that
for any p(‘T) H:,:l p(‘Tl)p(gl'yL ,EL) and {RZ’I =1..., ’IZ}, if
D¢ # 0, then D¢ € arg min I(S) and (N7 ¢ g min 1¢sy 7 = D%
Sg’,\‘/‘ SCN
where D is defined as in Lemma 3.2 and arg mfin (8 =
SCN

{T C N : I(T) = mingcy I(S)}. ii) We then argue that
under the optimal choice of p(z) [Ti—, p(z:)p(9:i|y:, ;) and
{Riyi=1,...,n}, D° mustbe ®, i.e., D must be N, and thus
by the definition of D, I(S) > 0,¥S C V.

i) Assuming D¢ # § throughout Part i), we show D¢ €
alI:SggI/n’\/’ln [(S) and nTEarg min I(S) T =D

1) We first show I(D°) < 0 by using a contradiction ar-
gument. Suppose I(D") > 0, i.e., Ip p-(D°) > 0. Then, by
Lemma 3.3, we have that there exists some nonempty B C D*
such that I'p g(S) > 0, VS C B. This will further imply, by
Part 2) of Lemma 3.1, that Ip_p(S) > 0,¥S C D U B. This is
contradictory with the definition of D, and thus 7(D°) < 0.

2) We show that Y.A C D¢ and A # D°, I{A) > I(D"), and
thus I(A) > mingca I(S). The proof is still by contradiction.
Suppose that there exists some A C D° and A # D° such that
I(A) < I(D°). Then, I(D%) — I(A) > 0, i.e.,

Z R[ - I(ch N }A/I)c
€D
- Z Ri+ I(Ya; Ya|Vae, Y, X )
€A
- Z Rz - I(YDL\A7yD°\A|§b,Y, X./\/')
i€DN\A
=Ippaa(D°\ A)
>0.

SCN

Y/’Da y: XJV)

Again by Lemmas 3.3 and 3.1 successively, we can conclude
that there exists some nonempty 5 C D¢ \ A, such that
Ipup(S) > 0,¥S C D U B, which is in contradiction. There-
fore, I{A) > I(D°) > minscn I(S).

3) We prove that VA with AD # @ and AD® # D, I(A) >
mingca I(S). Let A1 = AD and Ay = AD°. Then, we have,
by Lemma 3.4, that

T(A) = I(A; U As)
=I(A1) + I(As) — I(Ya,: Y, [Yae, Y. X),
I(Ay UDY) = I(Ay) + 1(D)
— I(Ya,; Ype|Yia,upe)e, Vo X)),
Since I(As) > I(D°) by 2) and
IV, Ype|Yoa,umeye, Yo Xov)
=I(Ya,; Ypoya, [YVia,upe)e. Yy X
+ I(Y 5 Yoo |Yiayumeye, Yooy, Yy Xv)
=I(Ya,: V4, |Vae, Y, X)
+1(Yay; YDc\Az |3>(,41 upeye, Y, X )
> 1Y, Y4, Ve, Y, Xr)

we have I(A) > I(A; UD) > mingcpy I(S).
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4) We prove that V.A with AD # @ and AD® = D, I(A) >
I(D°). Letting A; = AD, we have

T(A) = T(A; UD?)
= I(A1) + 1(D) = I(Ya,: Ype | Yiu,upe)e - Vo X)

=Y Ri— I(Ya; Y, [Yag, Y, X)
1€A,
- I(YA1 ) YD“ |YV(A1U’DC)”' ) Yv XJV) + I(DF)

=Y Ry — I(Ya,:Ype, Ya, [Yia,upe)e, Y. Xv) + 1(D°)

i€A,

=Y Ri—I(Va: Y, [Vora,, Yo Xuv) + 1(D°)
i€AL

= Ip(Ar) + I(D°)

> 1(D%).

Combining 2)—4), we can conclude that D¢ € arg min I{S)
SCN

and ﬂTEarg min I(S) T =D".
SCN
ii) We now argue that under the optimal choice of

p(x) [Ty pl@i)p(Gilys, @) and {R;;é = 1,...,n} that
achieves R*C/F/J, if D¢ £ (, then RE/F/J is not optimal; and
hence D must be (}. The argument is extended from that in [7]
and the detailed analysis is as follows.

Suppose D¢ # ) at the optimum. Then, D° € argmin I(S)

SCN
and n’Tearg min I(S) T = D¢. Therefore
SCN
R gy =1(X; YN, Y| X ) + 1(D°)
=I(X:Yp,Y|Xn) + I(X: Yo Y. Y, Xn)

+ Z Ry — I(X,Ype; Ype|Yp, Y, Xx)
ieDe
=I(X;Yp,Y|Xx) + > Ri
1€De
— I(Ype; Ype | X. YD, Y, X )
and similarly

(€2))

Reyppy =1(X; Y, Y|Xy) + I(T)

=I(X: Y7, Y[Xn)+ ) R
€T
— I(Yr:Y7|X, Y7o, Y, Xy)
forany 7 € argmin I(S), T # D¢

SCN
We argue that higher rate can be achieved. Consider
Y, Y4,...,Y! whereY/ = Y; foranyi € D,and Y/ = ¥; with
probability p and }Afi’ = () with probability 1 — p for any 7 € D°.
When p = 1, the achievable rate with Y/, ¥y, ..., ¥/ is R )5
As p decreases from 1, it can be seen from (31) and (32) that
both I(X; Y{, Y| Xar) + I(D¢) and I(X; Y/, Y| Xnr) + I(T)
will increase, where 7 € arg 111}11 I(8), T # D¢. Thus, no
SCN

(32)

matter how I(X;XA/JQ.,Y|XN)7+ I(S) will change as p de-

creases for § ¢ argmin I(S), it is certain that there exists a p*
scwN

such that the achievable rate by using ¥/, Yy, ..., Y" is larger
than 727, JE/I This is in contradiction with the optimality of
RE/F/J, and thus at the optimum, D° must be 8, i.e., I(S) > 0,
Y& C A. This completes the proof of Theorem 2.3. ]
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IV. DECODING AFTER ALL BLOCKS HAVE BEEN FINISHED

In this section, our discussion transfers to the compress-and-
forward schemes with decoding after all blocks have been fin-
ished. The focus here is on the cumulative encoding/block-by-
block backward decoding, since it is the simplest scheme to
achieve the highest rate in the general multiple-relay channel, as
mentioned before; for the repetitive encoding/all blocks united
decoding, see the proof of Theorem 1 in [3].

Cumulative encoding/block-by-block backward decoding
can be combined with either compression-message suc-
cessive decoding or compression-message joint decoding.
In the following, we will first present the cumulative en-
coding/block-by-block backward decoding/compression-mes-
sage successive decoding scheme to establish the achievable
rate in Theorem 2.5 and demonstrate the optimality of suc-
cessive decoding in the sense of Theorem 2.6. Then, the
cumulative encoding/block-by-block backward decoding/com-
pression-message joint decoding scheme will be used to
prove Theorem 2.7, and the necessity of joint decodability is
demonstrated in the sense that only those relay nodes, whose
compressions can be eventually decoded by joint decoding, are
helpful to the decoding of the original message.

A. Cumulative Encoding/Block-by-Block Backward
Decoding/Compression-Message Successive Decoding and
Optimality of Successive Decoding

In cumulative encoding/block-by-block backward decoding,
the encoding process is similar to that in the proof of Theorem 6
in [2] (except that the binning at the relay is not needed here), but
the decoding process operates backwardly. This scheme, com-
bined with compression-message successive decoding, proves
Theorem 2.5 as follows.

Proof of Theorem 2.5: Consider B + M blocks, where
the source will transmit information in the first B blocks and
keep silent in the last M blocks, the relays will compress-and-
forward in all the B + M blocks, and the destination will not
start decoding until all the B + M blocks have been finished.
As we will see in the following proof, the added A blocks are
used to ensure the relays’ compressions in the Bth block can
be decoded with the help of the subsequent M blocks. Then,
backwardly, the relays’ compressions in blocks B — 1 to 1 can
be decoded. Finally, using the recovered relays’ compressions in
all the first B blocks, the original messages can be decoded. Of
course, the added M blocks could introduce decoding delay and
thus rate loss, but note that we can always choose M < B such
that the rate loss %RC /B/s can be made arbitrarily small.

Codebook Generation: Fix p(x) [1i, p(x:)p(i|w:, yi). We
randomly and independently generate a codebook for each
block.

For each block b € [1 : B+ M], randomly and independently
generate 27 %¢//s sequences x;(my ), my € [1 : 2T Fe/nrs]; for
each block b € [1 : B + M] and each relay node ¢ € N, ran-
domly and indepepdently generate 9T H; sequences X; (li,b_1),
Lipy 1 € [1: 278, where R, = (Y Yq|X1) + ¢; for each
relay node i € N and each x;5(l; p—1), lip—1 € [1 : 2T R,
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randomly and conditionally independently generate 9TH: o
quences ¥ 5(lip|lin—1), lis € [1 : 2TFi]. This defines the
codebook for any block b € [1 : B + M]:

Co = {xp(mp), X p(lip—1), Vi (Gpllip—1)
mp € [1: 2T8ermss] 1y by g € [1:2TH] i e N}

Encoding: Let m = (mgy,ma2,...,mp) be the mes-
sage vector to be sent and let m; = 1 be the dummy
message for any b € [B + 1 : B + M]. For any block
b € |1 B + M], each relay node ¢ € A, upon re-
ceiving y;; at the end of block b, finds an index /; sgch
that (X;p(lip-1). Vi Yis(lipllip-1)) € Ad(X:, Y, Yd),
where ;o = 1 by convention. The codewords x; () and
X 5(lip-1),% € N are transmitted in block b,b € [1 : B + M].

Decoding: 1) The destination first finds a unique combination
of the relays’ compression indices 12 = (1;,...,13) and some
lgiiw = (IB+1, C ,134_[\,1), where 1, = (ll,ba RN l""b), Vb €
[1: DB+ M],suchthatforanyb=1,..., 3 + M

((X1,b(l1,b71)7 Yio(lipllis 1)),

(Xn,b(ln,b—l)7 Yn,b(ln,b |ln,b—l))7Yb) S AE(XJ\/’7 ffN? Y) (33)

Specifically, this can be done backwards as follows:
a) The destination finds the unique lp such that there exists

some lgrlw = (Ip11.....1p4 ) satisfying (33) for any b =
B+1.....B+M.
Assume the true 15T = 1M+! where 1 := (1,...,1) is

an n-dimensional all-ones vector. Then, error occurs iflg = 1
does not satisfy (33) with any lgi‘iw foranyb = B+1,...,B+
M, or a false Ip # 1 satisfies (33) with some 121;” for any
b=DB+1,....,B+ M. Since 15T = 1M+ satisfies (33)

foranyb = B+1,..., B+ M with high probability according
to the properties of typical sequences, we only need to bound
Pr(U,, 21 &1, ), where &, is defined as the event that 1 sat-

isfies (33) with some 131;” foranyb =B +1,.... B+ M.

Forany (15_1,1s), define A(15_1.1;) as the event that (1, _1,13)
satisfies (33). Then, we have

Pr( | ) &,)

1p#1
B+M

:Pr(U U ﬂ Ap(l—1, 1))

1547 s #1 b=B+1

e U

j— B4+ M
=gt =1

B+M

U U N Al

IB+M:13+J'7&1, 1p#1 b6=B+1

B+1
vie[1:M —1]
M-1 B+M
< ZPr( U U ﬂ Ap(lp-1. 1))
j=1 15580, ;=1 1571 b=B+1
B+M
+pr( Y U N A0G-uL). 69

1550 1, I b=

vie[l:M—1]
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Let us first consider the second term in (34). For any lB +M
let Sy(I5™) = {i € N : ;31 # 1}. Note S;,(IB“I)
only depends on 1,1, so we also write it as Sp(ly—1).

Define Xb(Sb(lb,ﬂ) as {X,—,?b(l,;?b,l),i EA Sb(lbfl)},
and similarly define Y, (Sp(l,-1)) and Y, (Sp(lp-1)).
Then, (X4(Sp(ly-1)), Y3u(Sp(lp-1))) is independent of

(XS5 (L-1)), Yo(Sy(lo-1)), Yo),
can be upper bounded by

and  Pr(A, (L, 1,1;))

2T(H(X_V,YN,Y)+E)Z*T(H(ng(lb_l)sYs;(l,,_l)eY)*f)

2*T(H(Xsb(1b71))*5)27T(Zlesb(1b71)(H();""lx"")ff))

::2—T(I($b(lb—1))‘5,)

where I(Sb(lb 1)) = I(XSb(lb 1) ch(lb 1) Y|X$C(lb 1))
7‘H(Ysb(lb 1)|X/\’ YS F(lp—1)> Y>+ZLE$5(1[> )H(Y|X ) and
e — 0ase — 0. Then we have inequality (36) given at the
bottom of the page, where ¢ — 0 as ¢ — 0. Thus, as both T
and M go to infinity, the second term in (34) goes to 0, if for
any nonempty § C N, get
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Now consider the first term in (34). Forany j € [1 : M — 1],
we have

B+M
Pr( U U ﬂ Ap(ly-1,13))
1§11‘4 15, ,=115#1b=B+1
B
< Pr( U U ﬂ Ap(ly—1,13)).

17100, =1 1s#1 b=5B+1

Note Pr(Ulgi{:lﬁﬂvzl UIB;él ﬂfjéu Ab(lbfl, lb)) is the
probablhty that there exists a false 1z # 1 satisfying (33) with
some IBJrl for any block b € [B+1: B+ j], wherelgy; =1
is true. Below, we show that this probability goes to 0. The
underlying idea is backward decoding, which will also be used
in step b).

Forany k € [1:4],7 € [l : M — 1], denote

B+k
poyk =P U [ A1),
I(Xs5;Vse,Y|Xse) = I(Ys:Ys|Xn, Y, Ys:) > 0. (35) 15t =1 15 #1 6=D+1
B+M B+4M
Pr( U [ A l)) < > S TT Pr(Ass-1,1))
lfoilw lgy,;#1, ls#1b=B+1 lgilv Loy #1, 15#£1 b=B+1
ViE[L:M 1] ViE[L:M 1]
B4+M
< Z Z Z H 9T (Z(Sp1o—1))~¢")
Losa 15T ~ap, 51, ls#1 0=5+1
Vie[l:M -1]
B+M
D> | Rt
lpty Sptise,Sp_m: lB_M*l:Sb(lg-FMil):Sb,b:B+1
Spy;7#0,Yi€[1:M] VbE[B+1:B+M]
B+M B+M
D I | DV (R
lpym SptisSp_m: b=B+1 b=B+1
$B+J7f® Vje[l:f\'f]
ByM Yy "
< Z Z H Z*T(I(Xsb, sz Y“XS") I(Ys,iVs leNJJs;)*E)
Iprm Spt1,,Sp—m: b=B+1
$B+J7£(D,V]'€[1:Z\'ﬂ
= 3 0T D (X, Vg ¥ |X g ) ~T(V, Vi, | X Y Vg ) —€'")
lp+am SByteSp_m:

Spy7£0,Vi€[1:M]

<

lgtm

< 2T(ZL€_\,(I(YL;Y2IXi)+e))2nM27TM(minSg,—:S¢m{I(XS;Ysc,Y\XSC)J(YS;YS\X,V,Y,)”{Sc)fe”})

Z (2n)1\127T1M(1nin59w—:5¢®{I(XS;Ysc Y| Xge)—T(Vs; Ve | XY, Ve )= 1)

(36)



2622

Then, we have

B+k

U U ﬂ Ap(1y-1,1))

lR+k;31B+k::1 15#1b6=B+1

B+1
B+k

< Pr( U U ﬂ Ap(lp—1,1p))

157 g =115 1=1 1571 b=B+1
B+k

+ Pr( U U N Al-i,L)

1gi’f113+k:171B+k—1 #11p#1b=B+1
B+k-1

< P U U ﬂ Ap(lp—1,1))

lg:f_1:l’?+k171:1 15#1 b=B+1

+ Pr( U

Ipyr=1lp 1 _1#1

pB+k = Pr(

Apie(IB4t-1:1B41))

/
=!PB+k-1 1 Ppiks

where

Pk = Pr( U

Ippr=1lp p_1#1

Apir(B4r-1,.1B41))

and especially

/ o
pB+1 =Py = Pr( U
Ip41=11#1

Api1(1s,1341))-

Iteratively, forany j € [1 : M — 1],

PB1; < PBij-1 +plB+j <PBtj—2 +P33+j71 +P39+j
k=
/
<0< ZPBJrk'
=1

Forany k € [1:4],7 € [1: M —1], with Sp1(lp1p_1) :=
{i e N:l;pir_1 # 1}, we have

P/B-i-k = Pr( U

Ipi=11p s _1#1

= Pr( U

Igi=1lp 1_1:Sprre(lpir—1)#0

2

Spir#b

Apie(Ia+e-1,15+44))

AB+k(lB+k’,fla lB+k7))

INA

>

lp4+r=1,
Ipih—1:8p4ulls_r-1)=Ssis

< Z 2T(21655+k(I()Q;Y/q‘|‘\72)+6))27T(I(33+k)76/)

Pr(Apr(p+r—1,15+k))

Spi#D
< gno~T(minsc s {I(Xs Yoo Y | Xse)—I(Ve Vs | Xar YV ge )= 1)

and thus pp; — 0 as T — oc if (35) holds. Therefore, if (35)
holds, the first term in (34) also goes to 0 as T" — oo, and 1p
can be decoded.

b) Given that 15 has been recovered, the destination performs
the backward decoding as follows. That is, backwards and se-
quentially from block # = B to block b = 2, the destination
finds the unique 1, 1, such that (1, 1,1;) satisfies (33), where
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1, has already been recovered due to the backward property of
decoding. At each block b = B, B — 1....,2, error occurs if
the true 1,1 does not satisfy (33), or a false 1, _; satisfies (33).
According to the properties of typical sequences, the true 1, _;
satisfies (33) with high probability.

For a false 1,_; with false {{;z_1,4 € S} but true
{liv 1,0 € 8, (X4(8),Y,(S)) is independent of
(X4(S9), Y4(S59),Y,), and the probability that (l,_1,1)
satisfies (33) can be upper bounded by

9T (H(Xx Y Y)+e) g —T(H(Xse Yse,Y)—e)

x 9-TH(Xs)—e)g=T(} 0, s(HYVi|Xi) =€)

Since the number of such false 1, ; is upper bounded by
[Tics 27U (¥l X049 | with the union bound, it is easy to
check that the probability of finding such a false 1,1 goes to
zero as T — oo, if (35) holds. This combined with a) proves
that 12 can be decoded, if (35) holds.

i1) Then, based on the recovered 12, the destination finds the
uniquem = (11, ma2,...,mp)suchthatforanyb =1,..., B,

(Xb('mb)a (X1s(lip-1)s Y1,b(l1,b

(Xn,,b(ln,bflh Yn,b(ln,b|ln,bfl))7 Yb) € Ae (X/ ‘YNa }%\/'7 Y)
(37)

Note that after 12 has been recovered, (X1 s(1,6-1),
Yiolliolis—1)) o X plnps—1), Yous(np|lns—1)),
and Y, in (37) are known to the destination. Thus, from the
property of typical sequences, the probability of decoding error
will tend to zero if Rc/p/s is less than I(X;XN,YN,Y),
which is equal to T(X; Y, Y| X ) noting the independence
between X and X 5. [ |
We are now in a position to prove Theorem 2.6. To facilitate
the proof, we introduce some notations and lemmas. For any

A B C N, let
Tas(S) = I(Xs; Vs, Y, Y| X4, Xisrs)
— I(Ys: Y| X4, Y4, Y, X5, Yp\5), VS C B, (38)
JB(S) = Jy 5(S)
=1(Xs;Yp\s. Y| Xms)—1(Ys: Ys| X5, Yp\s, V), VSCB,

(39)
J(S) = Jn(S)
= I(Xs; Vs, Y[Xge) — I(Vs; Vs| Xnr Y. Ve ), VS C N,
(40)

Then, we have the following lemmas, whose proofs will be pre-
sented in Appendix B.

Lemma 4.1: 1)If J4(S1) > 0,¥S; C A, and Jz(S2) > 0,
VS C B, then J4u5(S) > 0,VS C AUB. 2)If J4(S51) > 0,
V81 C A, and J4 5(S2) > 0,¥S, C B, then J4u(S) > 0,
VS C AUB.

Lemma 4.2: Under any p(z) [T, p(x:)p(§:|x:, yi), there
exists a unique set D, which is the largest subset of A satis-
fying

Jp(S) > 0,¥S C D.
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Lemma4.3: If J 4 g(B) > 0 for some nonempty B, then there
exists some nonempty C C B such that J4 ¢(S) > 0,VS C C.

Lemma 4.4: For any A and B with AN B = 0, J(A) +
J(B) = J(AU B) + J(A o B), where

J(AoB) = I(Xa,Ya; X5, V5| X aus) Yiaus):, Y)
= I{(X 45 X5|X(aus)e:, Yiaus): Y)

+ 1 X 43 Y5 X ae, Yaupye, Y)

+ I( X5 Ya|Xpe, Yausye. Y)

+ I(Y.A~ Ys |X./\/’7 YY(AUB)C ’ Y)
The proof of Theorem 2.6 is similar to the proof of Theorem

2.3, and the details are as follows.

Proof of Theorem 2.6: Again, we consider the case @@ = {).

In this case, I, /B/S and R} Juyg can be, respectively, written
as

I(X; Yy, Y|Xn) (41)

max

Reypss =
/B! p(@) [[7_, ple)p(@ilesy)

such that J(8) > 0,vS C N (42)
and
Ry ug = mdx
v p(@) [I7, ple)p@sle: )
;ncm I(X,Xs; Vse, Y|X5 ) — I(Ys; Ys|X, Xn, Y, Yse)
= max min I(X; Y, Y| Xx)+J(S). (43)

(T)H =1 ('ta)p(yz‘rz Ua) QC./\/

We show R¢ g/ =

R}/?L/] by showing that ¢, /g <
RR/U/] and R¢ p /g

R/U/J respectively. Under any

p(x) [Ty p(zi)p y,|Ja,,y,) such that J(8)>0,V§ C N, we
have R R
éTg/I\I/I(X; Y, Y[Xp) + J(S) = [(X; Y, Y[Xn)

and thus R¢, g g < Ry vy

To show R¢ p,s = Rpji g it is sufficient to show
that Rf .-,y can be achieved only with the distribution

p(z) [T, p(z:)p(gi2s, yi) such that J(S) > 0, VS C N.
We will show this by two steps as follows: 1) We first show
that under any p(z) [T, p(:)p(§i|zs, yi), if D¢ # 0, then
De € alzggcrjhfin J(S) and ﬂTeqrgcniin ss) T = D¢, where D
is defined as in Lemma 4.2 and arg mm J(8) ={7T CN:

J(T) = mingcy J(S)}. ii) We then argue that, under the
optimal p(2) [T, p(@:)p(9:|zs, i), D mustbe 0, i.e., D must
be A, and thus by the definition of D, J(S) > 0,¥S C .
i) Assuming D¢ # { throughout Part i), we show D¢ €
argmin J(S) and (V7 corg min sy 7 = P*
N sCN

1) We first show J(D¢) < 0 by using a contradiction ar-
gument. Suppose J(D°) > 0, i.e., Jp p-(D°) > 0. Then, by
Lemma 4.3, we have that there exists some nonempty B C D*
such that Jp 5(S) > 0, VS C B. This will further imply, by
Part 2) of Lemma 4.1, that Jp s (S) > 0,¥S C DU B. This is
contradictory with the definition of D, and thus .J(D") < 0.

2) We show that V.A C D° and A # D%, J(A) > J(D°),and
thus J(A) > mingca J(S). The proof s still by contradiction.
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Suppose that there exists some . A C D¢ and A # D¢ such that
J(A) < J(D°). Then, J(D°) — J(A) > 0, ie.,
I(Xpe: Yp,Y|Xp) — I(Ype; Ve | X, Y, Yp)
— (XA Y, Y[ X ae) + I(Ya; YA Xnr, Y, Vae)
=1(Xpe\a; Y, Y[Xp) + 1(Xa; Yp, Y |X ac)
—I(Ypesa; Ypera | Xa . Y. Yp) = I(Y4; Ya | X, Y, Ya-)
(XA YD, Y|Xae) = I{(Xa; Yo\ a|Yp, Y, Xae)
+I(Y 4 YalXn, Y. V)
=1(Xpeva; Yp,Y|Xp) = H(Ypey | Xar, Y, YD)
+ H(er)C\A|YDC\Aa XN? Y, YD)
- H(YD“\Alypv Yf X.AC) + H(YD‘\A|XA1 YD: Y7 XAC)
=1(Xpaa; Yp,Y|Xp)
—1(Ypeya: Ype\a|Xp, Xpeya, Y, Yp)
= Jp pa\a(D\ A)
> 0.
Again by Lemmas 4.3 and 4.1 successively, we can conclude
that there exists some nonempty B C D¢ \ A, such that
Jpus(S) > 0,¥S C D U B, which is in contradiction. There-
fore, J(A) > J(D°> > Hlingg)\/' J(S)

3) We prove that V.4 with AD # @ and AD* # D¢, J(A) >
J(AUD) > mingcy J(S). Let A; = AD and Ay = AD”.
Then, we have, by Lemma 4.4, that

J(A)=J(A1UA) =J(A)+J(Ay) —

J(AUDY)=TJ(Ay) + J(D°) — J( A1 0 D).
Since J(A2) > J(D°) by 2), to show J(A) > J(AU
mingc s J(S), we only need to show J(A; o Ay) <
D). Let A3 = D°\ A;. Then, we have

J(.Al o Dc) — J(.Al o ./42)
=I{X A Xaua, |X(A1u,4au,43)c Yaua,u4,): Y)
+ (X s Vo X ag, Y
+I(X.A>U.A3 Y.A1|-X AZUAg) Yv(.AlUAQU.A?)C'/Y)
+ I(Y-Al ’ YAzUA |XN Y(A1UA2UA3)C )
— I(Xa,: X4, [ X e Yiaoan Y)
— I(X a5 YA | X s Yeay o) Y)
— I(Xay5 Yo | X s Yeay o) Y)
= I(Y a3 Y, | Xn Y00y, Y)

J(Al O.Ag),

D7) >

J(A1 o

./-11UA2U.A3)“7 )

= I(X o, Xy [ X s usudn)e Yo udsusg) Y)
+ I(Xays Xy, Vo IX (4y040)e Yiarudsuds)e s Y)
+ I(X oy Yo I X (st Yty odsuds)es Y)
+ T(Yoags Xy Yoo [ X s, Yiasuauag)e V)
— I(X o, X a0 | X a0y Yiaoanye V)
— I(X Y, | X g, Vi, uaye: V)
= I(X A, X s I X s usuae) Yidsosuag) Y)
+ (X3 Vi, | X 040y Yiaioasud) Y)
+ I(X 4,3 Vo X tput)es Vi uasuag)e Y)

+ I(YAl ; ?Ag |XAS ; ?(ALUA'_)UAQZ)C H Y)
> 0.
Thus, we have J{A) > J(A; UD) > mingcn J(S).
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4) We prove that V.A with AD # ¢ and AD° = D°, J(A) >
J(D°). Letting Ay = AD, we have

J(A) = J(A; UD) = J(Ay) + J(D°) — J(A; 0 D).

Thus, to show J(.A4) > J(D<), we only need to show J(A;) —
J(Aq1 0 D) > 0. For this, we have

T(Ay) — J(A; 0 D)
=1(Xa,: Ype. Yoy a4y, Y[ Xpe, Xy a,)

— I(Ya; Yo, | X, Y. Ve, Yo 4,)

— I(X4,. Y Xpe, Yoo [ Xpvay, Youu,, V)
=I(Xa,; Xpe, Ype, Yoy a,. Y[ X\ 4,)

— I(Ya,; Y, | X, Y, Ve, Yo 4,)

— I(X 4,3 Xpe, Voo | Xpr 4y Yor 4,5 Y)

~ I(Ya,; Xpe, Ype | Xp. Yo 4,. V)
=I(X a4 Yp\a, YIXp\4,)

—I(Ya,; Xpe, Yoo, Ya, | Xp, Yo a,, Y)
= Jp(A1)
>0

and thus J(A) > J(D°).
Combining 2)-4), we can conclude that D° € arg min J(S)

SCN
and ﬂTEarg min J(S) T =D
SCN
il) We now argue that wunder the optimal
p(x) [1i—; p(x:)p(g:|v:, v:) that achieves Ry vy if

D¢ # ¢, then R i, /; is not optimal; hence, D¢ must be .
Suppose D¢ # ) at the optimum. Then, D¢ € arg min J(S)
SCN
and (7 corg min 7(s) 7 = D°. Therefore
SCAN
RE/U/J :I(‘X,XD«: 3 YD,Y|XD) 7I(Y7_‘)c 5 ch |X,X/\[,Y,YD)
(44)

=I(X X7; Y7o Y|X7 )= I(Yr; Y7 | X, Xp Y Y70) (49)

forany 7 € argmin J(S), 7 # D°.
scw

_ We argue that higher rate can be achieved. Consider
Y, ¥y, .. .Y, where Y = Y, forany ¢ € D,and Y/ = Y;

with probabilify pand ¥/ = 0 with probability 1 — p for any
i € D° When p = 1, the achievable rate with Y7, Yy, .... Y/

is RE/U/J. As p decreases from 1, in (44) and (45), both

(X, Xpe; Yp,Y|Xp) — I(Ype; Ve

X, Xn, Y, Vp)

and R R R
I(X, X7 Y7e, Y[ X7e) = I(Y7; Y7 | X, Xp, ¥, Y7o

will increase, where 7 € argmin J(S), T # D¢. Thus, no
SCN
matter how

I(X,Xs;Vse,Y|Xse) — I(Ys: Ys| X, Xpr, Y. Vo)

will change as p decreases for & ¢ argmin J(S), it is cer-
SCN

tain that there exists a p* such that the achievable rate by using
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Y/,YJ,....Y/ is larger than R, /55 This is in contradiction
with the optimality of 5 /U3 and thus, at the optimum, D¢
must be @, i.e., J(S) > 0,¥S C N. This completes the proof
of Theorem 2.6. |

B. Cumulative Encoding/Block-by-Block Backward Decoding/
Compression-Message Joint Decoding and Necessity of Joint
Decodability

Some notations and lemmas are introduced to facilitate the
later discussion. For any A, B C A andany S C B, let

Kan(S) =I(Xs;Ves, Ya,V|X, X4, Xp\5)
— I(Ys;Vs| X, Xa,Ya,Y, X5, Yinrs) (46)
K5(S) = Ky 5(S) = I(Xs; Vs, Y|X, Xpp\s)
— I(Ys: Ys|X, Xp, Vs, Y)

(47)
R5(S) = I(X, Xg; Vg5, V|Xn\s)
— I(Ye; Ys|X, X, Vi\s, V). (48)

Lemma 4.5: 1) If K 4(S81) > 0, for any nonempty S; C A,
and K5(S2) > 0, for any nonempty Sz C B, then K 45(S) >
0, for any nonempty S C A U B. 2) If K 4(S1) > 0, for any
nonempty &1 C A, and K 4 5(S2) > 0, for any nonempty
Sy C B, then K 4,5(S) > 0, for any nonempty S C AU 5.

Lemma 4.6: Under any p(x) [T}, p(x:)p(§i|zi. y:), there
exists a unique set Dy, which is the largest subset of A sat-
isfying

KDJ (S) > O\V/S g DJ7S 7é V)

Lemma 4.7: 1If K 4 5(B) > 0 for some nonempty 5, then
there exists some nonempty C C B such that K 4 ¢(S) > 0, for
any nonempty & C C.

Lemma 4.8: For any disjoint .4 and B, and any S C AU B,
let S1 = SA and S» = SB. Then, we have the following:

1) Raus(S) > Ra(S1) + Kaus(Se).

2) Especially, when S; = B, Raus(S) = Ra(S1) +
Ka,5(B).

Lemmas 4.5-4.7 can be proved along the same lines as the
proofs of Lemmas 4.1-4.3, respectively, while the proof of
Lemma 4.8 is given in Appendix C.

The cumulative encoding/block-by-block backward de-
coding/compression-message joint decoding scheme is pre-
sented in the following proof.

Proof of Theorem 2.7: The uniqueness of Dy has been es-
tablished in Lemma 4.6. Below, we focus on showing that i) the
rate in (14) is achievable, and ii) the compressions in the set D;
can be decoded jointly with X.

To make the presentation easier to follow, we first consider
the case when Dy = N, i.e., the case when

I(Xs:Vse,Y|X, Xge )= I(Ys; Ys| X, Xpr, Y, Yse) > 0 (49)

for any nonempty § € A and show that
Rcypyy < élg}%f(X’ Xs;Vse,V|Xse)

— I(Ys; Ys|X, Xn, Y, Yse)  (50)
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is achievable. The case of Dy # A will follow immediately
after the case of Dy = A is treated.

Fix p(z) [1;—; p(zi)p(gi|zi. ;). Assume (49) holds. The
codebook generation and encoding process here are ex-
actly the same as those in the proof of Theorem 2.5, and
hence omitted. For the decoding, the destination finds the
unique message vector m = (my,ma,...,mp) and some
18+M — (1;,... 1g4ar) such that forany b = 1,..., B+M

(Xb(mb), (X1p(lip-1), Yislpllie-1)), ...,

(Xn,b(ln,bfl)a Yn,b(ln,b |ln,b71))a Yb) € AE (Xv XJ\/', }A/."\fa Yy)
(51)

where m;, = 1 is dummy message forallb € [B+1: B+ M].

Again, this can be done backwardly as follows.

a) The destination first finds the unique 1p such that there
exists some lgi‘lw = (lpt1,. ...l ar) satisfying (51) for any
b= B+1,..., B+ M. Through the similar lines as in the proof
of Theorem 2.5 with X (my,),b € [B + 1 : B + M] taken into
account and treated as known signals, it follows that 1z can be
decoded if (49) holds.

b) Backwards and sequentially from block & = B to block
b = 1, the destination finds the unique pair (2,1, 1), such that
(mw, 1p_1) satisfies (51), where 1; has already been recovered
due to the backward property of decoding.

At each block » = B, B — 1,...,1, error occurs with m,
if the true my, does not satisfy (51) with any 1, 1, or a false
my, satisfies (51) with some 1, 1. According to the properties
of typical sequences, the true (my, 1, 1) satisfies (51) with high
probability.

For a false my, and a 1,_; with false {l;;,_1,4 € S} but
true {lip 1,0 € S, Xp(ms) and (X4(S), Y,(S)) and
(X,(S°),Y,(S8°),Y,) are mutually independent, and the
probability that (my,,1;_1) satisfies (51) can be upper bounded

by

9T (H(X, Xn YY) te) 9~ T(H(X)—e)

w9~ T(H(Xge Yoo Y)—€)g—T(H(Xs)—e)o~ T, s(HT:|X)-0)

Since the number of such false (1my,1;_1) is upper bounded
by 2TResm/a T, _ o 2TU X049 [ yith the union bound, it
is easy to check that the probability of finding a false m; goes
to zero as T' — oc, if (50) holds.

Then, based on the recovered 1, and 1, again from the proof
of Theorem 2.5 with X;(m;) taken into account and treated as
known signal, it follows that 1, _; can be decoded if (49) holds.

Combining a) and b), we can conclude that both m and 12
can be decoded if both (49) and (50) hold.

Ifunder p(x) [T;—, p(x:)p(Jilxi. yi), Dy # N, then through
the same line as above with A replaced by Dy, it readily follows
that

Reypyy < min I(X, Xs; Yops: Y[ Xpps)
SCD,

— I(Ys:Ys|X, Xp,. Y. Yp,\s)
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is achievable; and )A/DJ, or more strictly, {IZB .t € Dy}, can be
decoded jointly with X since

I(Xs:Ypps, YIX, Xpps)— 1 (Ys:Vs|X, Xp,, Y, Yp\s) >0

for any nonempty & C Dj. |

Now, we demonstrate that only those relay nodes whose com-
pressions can be eventually decoded are helpful to the decoding
of the original message.

Proof of Theorem 2.8: Still consider the case § = 0.
The uniqueness of Dj; has been treated in Lemma 4.6,
while the uniqueness of D) can be established along the
same lines. To prove Theorem 2.8, in terms of the nota-
tions defined in this section, we will sequentially prove that:
) maxpcny mingcm Rvm(S) = minscp, Rp,(S); ii)
mingc pm Raq(S) < minscp, Rpy (8), for any M ¢ DY; iii)
maxpcn mingc pm B (S) = mingcp, Rp; (S).

i) We prove maxucy minscas Ba(S) =
mingcp, Rp,(S) by proving that: 1) For any M N Dy = Dy,
M # Dy, mingc m Bm(S) < mingcp, Rp,(S). 2) For any
MNDy £ 'DJ,IIliIng,M R (S) < Hlingg_MUpJ Raup, (S),
and thus mingc s Raq(S) < mingcp, Rp,(S) by 1). The
details are as follows.

1) Assume M N Dy = Dy, M # Dj;. We show
mingcpm Raq(S) < mingcp, Rp,(S) by showing that
forany S C Dy, R (S UM\ Dy)) < Rp,(S).

For any S C Dj, by Part 2) of Lemma 4.8, we have

R (S UM\ Dy)) = Rp,uam\p,)(S UM\ Dy))
= RDJ (‘S) + K/DJMM\DJ (“M \ DJ)'

We argue K'p; i\ p, (M \ D3) < 0 by contradiction. Suppose
Kop, m\p,(M\ D3) > 0. Then, by Lemma 4.7, we have that
there exists some nonempty C € M\ Dj such that Kp, ¢(S) >
0, for any nonempty & C C. This will further imply, by Part 2) of
Lemma4.5, that Kp,c(S) > 0, forany nonempty S C D3UC,
which is in contradiction with the definition of Dj. Thus, we
must have Kp; o\ p, (M\Dy) <0,and Ry (SU(M\Dj)) <
Rp (S).

2) Assume M N Dy # Dy. Forany S C M U Dy, let S; =
SM and S = S(Dj \ M). By Part 1) of Lemma 4.8, we have

Rpumup, (S) = Ryumpan(S) = Ru(S1) + Kaup, (S2),
and then

min_ R yup, (S) > SQI}&BDJ{RM(&) + K mup, (S2)}

SCMUD,
> SQ%IBD]{RM(&) + Kp,(S2)}
= min {Ba(S1)+Kp,(S2)}

S1CM, S CDj\M

= min Ru(S in  Kp, (S
Juin, Ml 1)+82é111)1Jn\M D,(S2)

> i S
> Jnin Ram(S1)
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where the last inequality follows from the fact that Kp, (S2) >
0, for any nonempty So C Dj.

ii) We can prove minsc o Baq(S) < mingc o Rp: (S), for
any M ¢_ D’ by two similar steps as follows.

1) Through the similar lines as in Step 1) of Part i), we can
prove mingc apq Baq(S) < mingcp Rp; (8), for any M N
D = D}, M # Dj. The only difference is that here the in-
equality is strict, but it can be easily justified by noting that “="
is included in the definition of D).

2) From Step 2) of Part i), it can be similarly proved
that for any M N Dj # D), mingcpm Rm(S) <
mingc mup; Ramup; (8). Therefore, if, further, M ¢ D,
then by 1) we have

min Ra(S) < min

R (S) < Rp (S
L scip, rMupy (S) < min Ry (S)

SCD;

iii) From Part ii), we have 1) mingcam Rm(S) <
mingcp; Rng(S), for any M n Df = Dy,

M # D, and 2) for any M n D) # D’
mingc pm Rasg(S) < minsc mur;, Bavup, (S)
< minscp, Rp/ (8). Thus, it follows 1mrned1ately

that minscp; RDr (S) = maxacy mingc ag Raqg(S). This
completes the proof of Theorem 2.8. |

V. CONCLUSION

Joint compression-message decoding introduced more
freedom in selecting the compressions at the relays. Motivated
by it, we have investigated the problem of finding the optimal
compressions in maximizing the achievable rate of the original
message. We have studied several different compress-and-for-
ward relay schemes, and the unanimous conclusion is that the
optimal compressions should always support successive com-
pression-message decoding. In situations where compressions
not supporting successive decoding have to be used, we have
found that only those that can be jointly decoded are helpful to
the decoding of the original message.

We have also developed a backward block-by-block decoding
scheme. Compared to the repetitive encoding/all blocks united
decoding scheme recently proposed in [3], which improved the
achievable rate in the multiple-relay case, we have realized that
the key to the improvement comes from delaying the decoding
until all the blocks have been finished. In retrospect, the mul-
tiple-relay case is different from the single-relay case in that it
may take multiple blocks for the relays to help each other before
their compressions can finally reach the destination. Hence, the
block-by-block forward decoding scheme, which is sufficient
for the single-relay case, may not work satisfactorily for mul-
tiple relays in general.

Finally, we need to point out that our discussion of optimality
is restricted to the few selected compress-and-forward relay
schemes. In generalizing the classical compress-and-forward
relay scheme in [2] to the case of multiple relays, there could
be many other choices of coding considerations [10]. Even for
the single-relay case, the optimality of the original compression
method used in [2] remains an open question (see [6] and [11]).
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APPENDIX A
PROOFS OF LEMMAS 3.1-3.4

Proof of Lemma 3.1: Forany S C AU B, letS; = SA

and S = S(B\ A). Then
Taus(S) = Z R; — I(Ys: Ys|[Yiausps, Y. Xa)

€S

=Y R~ I(Ys,: Vs, [Yiausps: Y- Xn)
1€85,
+ Z R; — I(Y52 ASQ |Y(.AUB)\$7 YSl ’ Y7 X./\/)

1E€S2

> > Ri—I(Vs,: Vs, [Yans,, Vs Xn) + D Ri

1ES) 1CSy

—I(Ys,: Vs, YA, YB\SZaYa Xn)
= IA(S1) + IA,B(SZ)
> TA(S1) + I(S2).

(52)
(53)

IfIA(Sl) >0,¥8; C A, and IB(SQ) > 0,VSy C B, then
following (53), T4up(S) > 0,¥S C AU B. If [4(81) > 0,
V81 C A, and T4 5(S2) > 0,VS, C B, then following (52),
Taup(8) > 0,¥S C AUB. |

Proof of Lemma 3.2: Let L := {F C N : Ix(S) >
0,VS C F}and L.y := {D € ﬁ 2| D] = maxzer |[F|}.
Suppose there are more than one element in L., say,
D1,Dy,...,D,, where n > 2. Then based on 1) of Lemma
3.1, D := |J!_, D; also satisfies that Ip(S) > 0,¥S C D,
which is in contradiction, and hence Lemma 3.2 is proved. W

Proof of Lemma 3.3: If I4 5(S) > 0,¥S C B, then this
lemma obviously holds. Otherwise, if there exists some S; C 15,
81 # B, such that T4 5(S1) < 0, then we have 14 g(B) —
IA,B(Sl) Z 0, i.e.,

ZRi - I(YB;YB %
eB

- (Z R — I(Ys,; Vs, [V, Vs, . Y, XN)>

1E€S)

s Y7 X J\/')

> Ri—I(Ves,; Vs, [Ya, Y, Xn)
1€B\S1
=14ms, (B\S1)
> 0.

Now, we arrive at the same situation as in the original assump-

tion with B replaced by B \ &;. Continue applying this argu-

ment, and we must be able to reach a nonempty C C B, such

that 4 ¢(S) > 0,YS CC. ]
Proof of Lemma 3.4: For any disjoint .4 and B,

I{AUB) = Z Ry — I(Yaus: Yaus|Yiaus)y Y, Xn)
e AUB
=3 Ri — I(Yaus:; YalYiaus), Y. Xu)
€A

+ Z Ri — I(Yaus; Y Yiaus). Ya. Y, Xn)
ieB
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= Z R1 - I(YA7 YB: Y/AlY(AUB)“ ; Y7 X/\/)
iced
+ Z R'L - I(YBﬂ YB|YA'(AUB)C 3 YAv Yv X./V)
ieEB
=Y Ri — I(Vs; Yal[Yiaus)y, s Xn)
iced
— (Y YalVar Y, X))+ ) R
i€eB
— I(Y; V| Ve, Y, Xy)
= I(A) + I(B) - I(YA* yYBD/(.AUB)C ’ ),a X/\/)a

which proves the lemma.

and

APPENDIX B
PROOFS OF LEMMAS 4.1-4.4

Proof of Lemma 4.1: Forany S C AU B, letS; = SA
S(B\ A). Then

Jaus(S) = I(Xs; Yiausns, Y| X ausns)

Sy =

— I(Ys: Ys|Xaus: Yiausns: Y)

= I{(Xs,; Yausns: YIX usps)
+1(Xs,: Yoausns, Y Xs, . Xausps)
— I(Ys,: Ys,| X aus, Yoausns, Y)
—1(Ys,: Ys,| Xaus. Ys, . Yoaumns: Y)
= I(Xs,;: Yausns: YIX usps)
+I(Xs,: Yoausns YIXs, Xausns)
— [I(Ys,3 Y5, | X, Yans, . Y)

—I(Ys,;: X\ s Yoans, | Xa, Yans, . V)
— I(Ys,; Vs, | Xaus. Ys,, Yiausps. Y)
= [I(Xs,; Yoausns: YIX auspns)

— I(Ys,; Vs, | X a, ?A\sl Y]

+ [[(Xs,: Yeausns: Y Xs,, Xaunns)
+1(Ys,; Xpyas Yeans, [ Xa, Yas, . V)]
— I(Ys,: Vs, | X, X, V. Yirs,. )

> [I(Xs;Yas, Y Xas,) — I(Ys,: Ve, | X4, Yas,, V)]
+ [[(Xs,: Yeausns: Y Xs,, Xaunns)
+1(Ys,; Xias Yaans, [ Xa, Yas,, V)]
—I(Ys,: Ys,|Xa, X5, YA, Vi 5,, Y)

= [I(Xs,; Yiausns: Y1Xs,, Xcausns)

+1(Ys,: Xy, Xpans, Vaers, [ Xa, Yas, . V)l
—I(Ys,: Vs, | X, X5, Y, Yirs5,. Y) + Ja(S1)
> [I(Xs,: Yiavsns: Y XA, Xi\s,)

+I(Vs,: X, | Xty Xpac\s,: Yiacrss: Yoavs, V)l
— I(Ys,3 Y5, | X1, X, Y, Yisns, . Y) + Ja(S1)
I(Xs,: Y, Ves, . Y|Xa Xns,)

vV

_ ](
Tu(S
Ju(S

1)
1)

YSQ;}A,SQ |X.A, XB', YA.WY/B\ngY) + JA(Sl)

+ J4.8(S2)
+ ]5(82)

(54)
(55)

IfJ_A(Sl) > 0,VS; C A, and JB(SQ) > 0,8y C B, then
following (55), Jaug(S) > 0,¥S C AU B. If J4(S51) > 0,
VY81 C A, and J4 5(S2) > 0,8, C B, then following (54),
Jaup(8) > 0,¥S C AUB. [ |

Proof of Lemma 4.2: Let £L = {F C N : Jx(S) >
0,¥8 C F} and Ly := {D € L : |D| = maxreg | F|}.
Suppose there are more than one eclements in L., say,
D1.Ds, ..., D.,,, where n > 2. Then, based on 1) of Lemma

4.1, D := |J_, D; also satisfies that Jp(S) > 0.VS C D,
which is in contradiction, and hence Lemma 4.2 is proved. B

Proof of Lemma 4.3: If J4 5(S) > 0,¥S C B, then this
lemma obviously holds. Otherwise, if there exists some &1 C B,
S1 # B, such that J4 5(S1) < 0, then we have J4 z(B) —
JA,B(Sl) > 0, 1e.,

I(Xg:Ya,Y|X4)— I(Vi; V5| X4, YA, Y, Xg)

— I(Xs,; Vs, YA, Y[ X4, Xns,)

+I(Ys,: Vs, | X4, YA Y, X5, Vi s,)
=1(Xp\s,: Y, YIX4) + I( X5V, YIX 2, Xps,)

- I(Ys\sﬁffs\sl |X 4. YA, Y, X5)

— I(Ys,: Vs, | X4, Y, Y, X, Vi s,)

— I(Xs,: YA, Y|Xa, Xp\s,)

—I(Xs;; ?B\sl Y4, Y, Xa, Xms,)

+1(Ys,; Vs, | Xa, Y, Y, X5, Yisrs, )
ZI(XB\SI;YA:”XA) - I(YB\Sl;ffB\s1 Y4, Y, Xa, Xp\s,)

= JAvB\‘Sl (B \ Sl)
>0.

Now, we arrive at the same situation as in the original assump-
tion with B replaced by B \ S;. Continue applying this argu-
ment, and we must be able to reach a nonempty C C B, such
that J4 ¢(S) > 0,¥S CC. [ ]
Proof of Lemma 4.4 For any disjoint A and 5

J(AoB)
=J(A) + J(B)— J(AU B)
=1(X;Yae, Y| Xae) = I(Ya; YVa| Xur, Y, Yae)
+I(Xp: Voo, V| Xpe) — I(Va; Vi | X, V. Vi)
— I(X5: Yoaus) YIX ausy) — 1(X 4 Yiaus) Y| X ae)
+ I(Yu; Val X, YV Yiausy:)
+ I(Yg; Y| Xn, Y, Ve )
=I(X4; V5| Xae, Yiausy:. Y)
+1( X5 X4, Yl X (ausye Yaus)y:. Y)
+ IV Vs Xn Y, Yiaus):)
=I(X 4, Ya; V5| X e, Yiaus):, Y)
+ I(Xp: X, YalX ausye, Yoaus)y, Y)
=I(Xp, Vi X, Yal X auny - Yoausy, V)

which proves the lemma. ]
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APPENDIX C
PROOF OF LEMMA 4.8

For any disjoint .4 and B, and any S C AU B, letS; = SA

and & = SB. Then, we have

Raus(S) = 1(X, Xs: Yoausns, Y| X ausns)
— I(Ys; Vs|X, Xaus, Yoausns, V)
= I(X, XSUXSE;f’A\sl:?B\szaY|XA\517XB\Sg)

— I(Ys,08,): Yisiusn 1X, X 4, X5, Vs, Vas,, V)
= I(X, Xsl;?A\sp?B\syY|XA\317XB\32)

+ (X8, Yans, Vs YIX, Xa, Xp\s,)

— [I(Vs,: Vs, |X, Xa, X5, Yars, Vanss, V)

+1(Ys,;Ys, | X, X4, X5, Y4, Yirs,, ¥)]
=I(X, Xs,;Yas, Y| Xas)

+I(X. X5 Xnns, Ynss | Xavs, Yas, . Y)

—[I(Vs,: Ve, | X, Xa, Vs, Y)

— (X5, Y8, Yo, | X, Xa, Yars,, V)]

+1(Xs,: Yoays,: Yavs,: YIX, Xa, Xp\s,)

—1(Ys,3 Vs, | X, X4, X5, Y4, Vinns,, )
= [I(X, Xsl;f/A\Sl-,mXA\sl)

—I(Ys,: Y5, |X, X4, Yars,. Y)

+ (X, Xs,: Xn\s, Vors, [ X s, Yoans: Y)
+ (X5, Vins,: Ve, | X, X4, Yans,, V)
+I(
—I(

X, Yoans:: Yavs, YIX, X4, Xps,)
Vs,: Vs, | X, Xa. X5, Y4, Yins,, Y)
= Ra(81) + I(X, Xs,: Xps, Yons [ X avs,» Yavs,, V)
+1(Xp5, Y5, Yo, [X. X4, Yars,, Y)
+I(Xs, Vs, Yovs,: VIX, X4, Xpvs,)
_ (Y,

SZ;YSQ |X7 XA', XB7 ?AayB\SgaY)

(56)
When S, = B, following (56), we have

Raus(S) = Ra(S1) + I(Xp: Vs, | X, X4, Yars,, V)
+1(Xp: Yo, VIX, X.4)
— I(Yi; Y| X, X4, X5, Y4, Y)
= Ra(81) + I(Xp: Y4, Y|X, X )
— I(Yp:; VB|X, X4, X5, Y4, Y)
= Ra(S1) + Ka5(B).

Generally, for any So C B3, continuing (56), we have

Raus(S) 2 Ra(S1) + I(Xp, Yas,: Ve, | X, Xa, Yars,, V)
+ (X5, Vs, Vavs,, VIX, X4, X s, )
—I1(Ys,: Y, | X, X4, X5, Y, Yirns,. Y)

= Ra(S1) + I(Xp\s, Vars,s Ve | X, Xa, Vs, V)

+I(Xs,: Ve | X, X Xgss Vonsas Varsy: Y)
+1(Xs,: Yoans,: Yavs,: YIX, Xa, Xps,)
— I(Ys,: Ve, | X, Xa. X5, Ya, Vs, )
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= Ra(S1) + I(Xp\s,. Vavs,; Ve, | X, X4, Yars,, V)
+I(Xs,: YA, Vs, VX, X, X s,)
— I(Ys,; Vs, | X, X4, X5, Y, Vs, Y)

> Ra(S1) + I(Xs,:Ya, Vs, VX, Xa, Xins,)
— I(Ys,; Ve, | X, X4, X5, V4, Yirs, . V)

= Ra(S1) + Kaun(S2).

This completes the proof of Lemma 4.8.
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