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Abstract—Spectrum-switched optical networks (SSONs)
are an attractive solution for core networks. With respect
to wavelength-switched optical networks (WSONs), they
achieve a higher spectrum efficiency thanks to the use of
a flexible grid, instead of a fixed one. In SSONs, the well-
known wavelength assignment (WA) problem of WSONs
becomes a spectrum assignment (SA) problem. The SA
problem aims at assigning a portion of the spectrum (called
a frequency slot) to lightpaths. The width of the frequency
slot depends on the requested bit rate and the modulation
format adopted for the lightpath, and it is a multiple of the
minimum bandwidth granularity, referred to as frequency
slice. Thus, differently from WA, which assigns a single
wavelength (or color) to each lightpath, SA assigns a set of
colors (i.e., a set of frequency slices) to the lightpath. The
shift from WA to SA introduces an additional constraint,
which is related to the spectral adjacency of such frequency
slices. This paperproves that the adjacency constraint in SA
is not required and that by solving the WA problem (or the
coloring problem) it is possible to derive a solution with
spectrally adjacent slices in polynomial time. Based on such
results, an integer linear programming formulation (ILP) for
the optimal SA in a SSON with multi modulation formats
andmulti line rates (MMF/MLR) is presented forminimizing
the network cost. The total cost of the network comprises
the spectrum cost and the transponder card cost. Optimal
results are presented for a MMF/MLR-SSON ring and show
the amount of total occupied bandwidth and the network
costs for different loads and ring lengths. Optimal selection
of the modulation format and line rate is driven by the slice
cost and the transponder card cost. Result comparison indi-
cates that support of MMF and MLR is especially effective
for improving spectrum utilization and allows spectrum
saving up to 20% with respect to an SSON ring with single
modulation format and line rate.
Index Terms—Flexible grid; ILP; Spectrum assignment;

Spectrum-switched optical networks; Wavelength assign-
ment.

I. INTRODUCTION

O ver the past few years, advances in optical transmis-
sion and switching technologies have paved the way

for flexible optical networks, also called spectrum-switched
optical networks (SSONs) [1–6]. Differently from previous

optical transport networks based on a fixed grid (e.g., with
a fixed channel spacing of 50 GHz), SSONs adopt a flexible
grid that enables optical channels with diverse bandwidth
and a fine channel spacing, and thus higher spectrum effi-
ciency. The advantage of the flexible grid is made practical
by the recent development of bandwidth variable wave-
length selective switches (BV-WSSs). Compared to WSSs
used in wavelength-switched optical networks (WSONs),
the bandwidth-variability feature makes BV-WSSs capable
of switching a variable portion of the spectrum. In this
way BV-WSSs can be configured to switch various optical
connections (i.e., lightpath), each one requiring a different
amount of bandwidth on a different portion of the spec-
trum. This represents a relevant innovation for improving
the spectrum efficiency, as the bandwidth of the lightpath
can be optimized to offer the requested bit rate for the
adopted modulation format. As an example of spectrum
optimization, a lightpath at 100 Gb∕s using polarization
multiplexing 16 quadrature amplitude modulation (PM-
16QAM) requires half of the theoretical Nyquist band-
width of 100 Gb∕s polarization multiplexing quadrature
phase shift keying (PM-QPSK), i.e., 14 GHz for PM-
16QAM and 28 GHz for PM-QPSK including the
overhead.

In SSONs, the portion of the spectrum occupied by a
lightpath is identified by a frequency slot that is defined
by the central frequency (i.e., the carrier) and the slot width
(i.e., the occupied bandwidth). According to ITU-T recom-
mendations on a flexible grid [7], the central frequency
may vary at a step of 6.25 GHz, while the slot width is
defined as a multiple of a minimum bandwidth granularity
of 12.5 GHz. Hereafter, the minimum granularity of
12.5 GHz is called a frequency slice. As an example, for a
lightpath requiring 35 GHz of bandwidth, the correspond-
ing slot width would be 37.5 GHz, which consists of three
spectrally adjacent slices of 12.5 GHz.

The shift of paradigm from wavelength switching to
spectrum switching poses additional challenges not only
at the physical layer but also at the network layer. Whereas
in WSONs the provisioning of lightpaths is addressed
by solving the routing and wavelength assignment prob-
lem (RWA), in SSONs the problem becomes a routing
and spectrum assignment (RSA) one. The main difference
is that the problem of assigning bandwidth to the
lightpaths has changed from an assignment of one single
color (representing a fixed amount of bandwidth) to anhttp://dx.doi.org/10.1364/JOCN.5.001275
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assignment of a variable number of colored frequency sli-
ces. The former problem, i.e., the wavelength assignment
(WA), requires the assignment of a single wavelength or
color (or multiple wavelengths when wavelength convert-
ers are available) on each link of the lightpath route, so
that the same wavelength is not used by any other light-
paths passing on the same link(s). The latter problem, i.e.,
the spectrum assignment (SA), consists of assigning a
central frequency and a slot width (i.e., a set of spectrally
adjacent frequency slices) to the lightpaths from source to
destination, while ensuring that the frequency slices are
not reserved by any other lightpaths passing on the same
link(s). In the SA problem, the adjacency constraint of the
frequency slices is introduced and must be enforced. More-
over, the number of slices to be assigned depends on the bit
rate of the lightpath and the modulation format selected for
the transmission. Thus, the SA problem is further compli-
cated by the fact that SSON can be enabled for supporting
multi modulation format (MMF) andmulti line rates (MLR).

The (R)SA problem in SSON with a flexible grid is ad-
dressed by various works and can be optimally modeled by
integer linear programming (ILP) formulations [2,8–14].
The objectives of such works span from maximization of the
spectrum efficiency [8–11,14] to minimization of the cost
due to regenerators and transponders [12,14] to minimiza-
tion of the overall cost including the fiber cost [13]. Similarly,
an ILP formulation is proposed in [2] for an optical network
without grid (i.e., the slot width can take any value and is
not necessarily a multiple of 12.5 GHz) supporting orthogo-
nal frequency division multiplexing signals with different
modulation formats. In all these related works, the ILP
formulations impose the adjacency of the frequency slices
[5,6] assigned to each given lightpath (i.e., the slices compos-
ing the frequency slot must be contiguous in the spectrum
without any interruption). The adjacency constraint is also
enforced in the ILP formulation presented in [15], which
aims at rearranging already established connections to
reduce the spectrum fragmentation. Although correct and
necessary, the enforcement of the slice adjacency adds a
new constraint to the formulation, leading to a more com-
plex problem formulation with respect to the ILP formula-
tions for (R)WA in a WSON. Also, an additional degree of
complexity arises when MLR [2,8,13] and MMF [2,12–14]
are supported in SSONs (or in WSONs [16]), as the line
rates and the modulation formats need to be optimally
selected for each lightpath. Indeed, the selected modulation
format and line rate determine the number of frequency
slices to be allocated to the lightpath and thus affect the
SA problem.

This paper focuses on the SA problem alone (i.e., light-
path routes are fixed and precomputed) in a static SSON
supporting MMF and MLR (MMF/MLR-SSON). The main
relevant contribution of the paper is the proof that the SA
problem need not enforce the adjacency constraint. Indeed,
after solving the weighted coloring problem [17–19] on the
frequency slices (without adjacency constraint), the fre-
quency slices of each slot can be allocated in a spectrally
adjacent manner in polynomial time, with the same mini-
mum number of slices.

Based on such a finding, the SA problem is modeled
with an ILP formulation as a weighted coloring problem
with joint optimization of the modulation formats and
line rates for a MMF/MLR-SSON. The modulation for-
mats and the line rates are selected to guarantee an ad-
equate quality of transmission (QoT). A distance-adaptive
approach [1,12,13] is exploited for selecting the best com-
bination of modulation and rate for a given lightpath
length.

In this paper, the aim of the SA is the joint optimization
of the spectrum efficiency and reduction of the overall net-
work costs. In order to derive SA performance, a unidirec-
tional SSON ring is considered and optimally designed.
Optimal results of the ILP formulation aim at better
understanding of the impact of the selection of modulation
formats and line rates on the spectrum utilization and the
network cost. For this purpose, a parametric study of the
network cost using state-of-the-art modulation formats
and line rates is carried out.

II. SPECTRUM ASSIGNMENT PROBLEM WITH FIXED

MODULATION FORMAT AND LINE RATE

In this section, some important properties of the SA
problem are derived for the case in which the modulation
format and the line rate of each lightpath are fixed a priori.
The SA problem is defined on a SSON in which a set of
lightpath demands and their corresponding routes are
already given. The SA problem is defined as the problem
of assigning the frequency slices, or simply slices, to each
lightpath such that the continuity constraint, the conflict
constraint, and the adjacency constraint are ensured on
the slices [8]. The continuity constraint imposes that the
same slice is assigned on each link of the lightpath route,
i.e., wavelength (or slice) conversion is not allowed. The
conflict constraint ensures that any two lightpaths that
are sharing the same physical link are assigned to different
slices. The adjacency constraint forces the frequency slices
for the same lightpath to be contiguous, i.e., to be assigned
spectrally contiguous colors. In summary, the SA aims at
minimizing the number of assigned frequency slices while
satisfying continuity, conflict, and adjacency constraints on
the slices.

The SA problem is similar to the WA problem, with the
additional constraint of the slice adjacency constraint. To
clarify the difference, consider first the WA problem in a
SMF/SLR-SSON. It is well known that the WA can be
mapped to the coloring problem [20], which aims at color-
ing the nodes of a graph such that adjacent nodes are
assigned different colors. The WA problem can thus be
solved by following these steps [20]:

• Construct an auxiliary graph G�V; E� such that each light-
path in the system is represented by a node e in graph G.
There is an undirected edge v between two nodes in
graph G if the corresponding lightpaths pass through a
common physical fiber link. This graph is named the
path conflict graph.
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• Solve the coloring problem by coloring the nodes of the
path conflict graph G such that no two adjacent nodes
have the same color.

For the SA problem, it is possible to follow the same
solution approach of WA. However, in the SA problem each
lightpath is assigned multiple slices, instead of a single
wavelength. Therefore each node of the path conflict graph
has a weight indicating the number of colors (i.e., slices) to
be assigned to the corresponding lightpath.

An example is presented in Fig. 1. Consider a uni-
directional ring that consists of seven nodes as shown in
Fig. 1(a). The demand set D is (1, 2), (1, 3), (3, 6), (4, 7),
and (5, 1), and the lightpath demands require 4, 5, 2, 3,
and 3 frequency slices, respectively, as shown in Fig. 1(b).
The routing of the lightpath demands are (1-2), (1-2-3),
(3-4-5-6), (4-5-6-7), and (5-6-7-1), respectively. The graph
in Fig. 1(b) represents the path conflict graph, and the
weight of each node represents the required number of
frequency slices per lightpath.

The problem of assigning a set ofw�v� colors to each node
e, such that the colors assigned to adjacent nodes are dis-
tinct, is known as the weighted coloring problem [18]. The
objective is to minimize the number of colors to be assigned.
However, the SA problem includes the additional adjacency
constraint, which forces the colors assigned to the same
node to be contiguous. The open issue is whether an opti-
mal solution to the weighted coloring problem can also sat-
isfy the adjacency constraint.

To simplify the treatment of the issue on the adjacency
constraint, the path conflict graph is expanded as follows.
The expanded path conflict graph Ge�Ve; Ee� is a path con-
flict graph in which each node represents the requirement
of a frequency slice and w�v� nodes are aggregated in a
super-node representing the slot of a lightpath demand.
Links between nodes of the same super-node ensure that
a number of colors equal to the number of contained nodes
is assigned to each super-node. Links between nodes
belonging to distinct super-nodes ensure that the same
colors cannot be used by lightpaths passing on the same
physical link.

The expanded path conflict graph for the example in
Fig. 1 is shown in Fig. 2. The node IDs in the expanded path

conflict graph are identified as x · y, where x is the lightpath
ID (or super-node ID) and y is the slice ID in the original
path conflict graph. For instance, node 1 of the path conflict
graph in Fig. 1(b) is expanded in four nodes, linked among
them and representing the frequency slices to be assigned
to lightpath 1. The links ensure that the colors to be as-
signed to all the nodes of a super-node (i.e., for the same
lightpath) are different. In addition the link (1, 2) in the
graph in Fig. 1(b) is replaced with a link (1.t, 2.z) between
each pair of nodes t and z of super-nodes 1 and 2. Such links
ensure that lightpaths using the same physical links are
assigned disjoint slices.

Solving the coloring problem on the expanded path
conflict graph ensures the continuity and conflict con-
straints, i.e., that a set of (distinct) slices is assigned to each
lightpath and not used by any other lightpaths passing on
the same physical link. However, it is also necessary to
assign contiguous (i.e., spectrally adjacent) colors to the
nodes belonging to the same super-node. Next, from the
properties of the expanded path conflict graph, we prove
the equivalence of the SA problem and the weighted color-
ing problem.

A. Mapping the SA Problem

Let us first review some definitions of graph theory [18].
A clique is a subset of vertices that are all adjacent to each
other. A maximum clique is the clique of largest size in a
graph. When nodes are weighted (e.g., in the path conflict
graph), then the weighted maximum clique is the clique
whose sum of node weights is the highest.

Property 1: The maximum clique of an expanded path
conflict graph contains all the nodes of an integer number of
super-nodes.

Since all the nodes of a super-node are completely con-
nected in the expanded path conflict graph, then either
they all belong to the maximum clique or not.

Fig. 1. Mapping the SA problem to the coloring problem for
D � f�1; 2�; �1; 3�; �3;6�; �4;7�; �5;6�g requiring 4, 5, 2, 3, and 3
slices, respectively.

Fig. 2. Expanded path conflict graph Ge�Ve; Ee� for the example in
Fig. 1.
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Let us introduce some novel definitions. Let the color ID
be a positive integer assigned sequentially to the slices
based on their spectral position. Let us also define the spec-
trum gap as the absolute value of the difference between
two color IDs. In other words, the spectrum gap between
colors c1 and c2 is jc1 − c2j. Thus, when the spectrum gap
is 1, the colors are spectrally contiguous. The maximum
spectrum gap of a set of colors C � fc1; c2;…; cjCjg is given
by the jcmax − cminj, where cmax � maxi:ci∈Cci and cmin �
mini:ci∈Cci.

Theorem 1: Given an optimal solution of the coloring
problem on an expanded path conflict graph consisting of
k (contiguous) colors, it is always possible to color the nodes
of such a graph with color IDs in f1; 2;…; kg in such a way
that the adjacency constraint is ensured.

Proof: For a given optimal coloring on the expanded
path conflict graph, it is possible to find the maximum
clique (i.e., the group of nodes completely connected that
are using exactly k colors) in polynomial time by visiting
each node and checking whether it has at least k − 1 neigh-
bors using k − 1 distinct colors [21,22]. Due to Property 1,
the maximum clique includes all the nodes of a single or
multiple super-nodes. Once the maximum clique(s) have
been found, the colors are assigned again to ensure the
adjacency constraint. The adjacency constraint is ensured
when the maximum spectrum gap between the colors as-
signed to a super-node is equal to the number of nodes
in the super-node. The assignment of spectrally contiguous
colors to the nodes of each super-node can be performed as
follows:

• Start to assign incremental color IDs (starting from 1 and
increasing by 1) to the nodes of a super-node in the maxi-
mum clique. Within such a super-node the maximum
spectrum gap is equal to the number of nodes.

• Repeat the assignment operation for the other super-
nodes of the maximum clique by always incrementing
the color ID. At the end of this step, the nodes in the
maximum clique are assigned k distinct contiguous
color IDs.

• Color the remaining nodes as follows:
– If there are no other maximum cliques, then it is
always possible to color the other remaining nodes in
the super-nodes with less than k contiguous color IDs.

– If the expanded path conflict graph contains other
maximum cliques (i.e., if there are more maximum
cliques with the same number of nodes), then the
super-nodes adjacent to the colored maximum clique
must reuse the color IDs previously assigned to the
colored nonadjacent super-nodes. In other words, the
nodes in the colored maximum clique are k, out of
which m are not adjacent to the other maximum clique
to be colored. Thus, suchm colors can be reused and are
sufficient for the adjacent nodes in themaximum clique
to be colored. Indeed, the number of adjacent nodes to
be colored cannot be greater than m; otherwise the
maximum clique should be different and greater than
k, i.e., m < k. Thus, it is always possible to use the
m < k color IDs that are contiguous. The remaining

super-nodes in the maximum clique can be colored with
the other �k −m� contiguous colors.

• This process can then be repeated by reusing the k colors
while reassigning contiguous colors for the nodes in the
same super-node.

By starting from the solution of the coloring problem on
the expanded path conflict graph and by following these
steps, it is possible to derive—in polynomial time—a color
assignment satisfying the adjacency constraint and using
the same number of colors. The next lemma proves that the
coloring problem can be solved directly on the path conflict
graph, without the need for expanding the graph.

Lemma 1: The coloring problem on the expanded path
conflict graph is equivalent to the weighted coloring problem
on the path conflict graph.

In both graphs, adjacent nodes must be assigned distinct
colors. Also the number of colors to be assigned to a node of
the path conflict graph is equal to the number of nodes in
a super-node in the expanded path conflict graph. This
means that the weighted coloring problem on the path
conflict graph is equivalent to the coloring problem on the
expanded path conflict graph.

Property 2: The minimum number of colors of the SA
is equal to the weighted maximum clique size of the path
conflict graph or equivalently the maximum clique size of
the expanded path conflict graph.

This property derives from the fact that SA is equivalent
to the weighted coloring problem and that the minimum
number of colors is given by the (weighted) maximum
clique size in the (weighted) coloring problem defined on
the expanded path conflict graph (path conflict graph).

Complexity: The SA problem is NP-complete.

The proof of Theorem 1 showed that in polynomial time
it is possible to reduce the SA problem into a weighted
coloring problem, which is a NP-complete problem [18].
Thus, the SA problem is also NP-complete. The SA problem
remains NP-complete even for weights w�v� equal to 1 for
each node v: in this case the SA problem is reduced to a
coloring problem that is also NP-complete.

In summary, the SA problem can be solved as a weighted
coloring problem on the path conflict graph and then by
assigning the contiguous color IDs. Next the ILP formu-
lation for the SA is presented when selection of the number
of slices (i.e., selection of the modulation formats and line
rates) is performed jointly in a MMF/MLR-SSON. The for-
mulation is based on the ILP formulation for the weighted
coloring problem on the path conflict graph.

III. MINIMUM COST MMF/MLR-SSON WITH QOT
CONSTRAINTS

In this section, the SA problem is formulated in a
SSON supporting MMF/MLR in an adaptive way. The SA
problem is jointly solved with the selection of the
modulation format(s) and line rate(s), referred to as the
modulation-rate pair. To ensure QoT, the length of each
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lightpath demand is constrained to not exceed the maxi-
mum transparent reach, which is defined as the maximum
propagation distance of the optical signal (without opto-
electro-optical regeneration) that achieves a bit error rate
lower than a given threshold. The maximum transparent
reach depends on the selected modulation format and line
rate. When selecting the modulation-rate pair for the light-
paths, a trade-off between maximum transparent reach and
bandwidth requirement exists. Indeed, for a given line rate,
increasing the spectral efficiency of the modulation format
leads to a reduction of the maximum transparent reach [1].

The objective of the optimization problem is minimi-
zation of the total network cost. The total network cost is
given by the spectrum cost and the transponder cost. The
objective function leads to a trade-off between the spectrum
utilization and the transponder cost required for a given
modulation-rate pair. In general, the more spectrum-
efficient the modulation-rate pair, the higher the complex-
ity of the transponder, leading to a higher cost.

A. Example of the Selection of the Modulation-Rate
Pair

For an example, let us consider a set of modulation-rate
pairs, their corresponding requirements of slices, and their
achieved maximum transparent reach. Various examples
of such set values are available in [23–26] for different
transmission techniques (e.g., single carrier [23,25] or
orthogonal frequency divisionmultiplexing [24,26]), optical
technologies, and physical layer parameters and settings
(e.g., bandwidth versus reach trade-off). In this paper, the
considered set of modulation-rate pairs, the number of
slices, and the maximum transparent reach are taken
from the experimental assessment described in [3,27]. The
values are summarized in Table I. Transmission rates
are expressed considering 100 and 200 Gb∕s information
rates plus overhead, leading to 112 and 224 Gb∕s rates.

Hereafter, for simplicity, the line rates will be indicated as
100 and 200 Gb∕s. Modulation formats are PM-16QAM
and PM-QPSK. The maximum transparent reach is exper-
imentally derived and is in the order of other experiments
with similar physical layer settings, e.g., [25]. In Table I,
the number of cards requested for the considered
modulation-rate pairs is derived based on the transponder
architecture in [27]. Such transponder architecture is com-
posed of electronic cards (i.e., traffic tributaries) that modu-
late the optical carrier. A PM-16QAM transponder consists
of eight cards, whereas a PM-QPSK transponder consists
of four cards. As an example, a PM-16QAM transponder
with eight cards at 28 Gb∕s transmits an optical signal
modulated at 224 Gb∕s (8 × 28 Gb∕s). To support a band-
width of 28 GHz, three slices of 12.5 GHz are required
(i.e., 3 × 12.5 � 37.5 > 28 GHz).

The cost of the transponder is assumed to be propor-
tional to the number of cards and their transmission rate.
More specifically, assume that the cost increases less than
the transmission rate [8,16]. The trade-off between the cost
of the spectrum and of cards on the network design is
now clarified with an example. Consider the topology and
the lightpath demands in Fig. 1(a). Assume that the link
lengths are equal to d � 120 km, and assume that the
lightpath demands are for 200 Gb∕s traffic. The optimal
modulation-rate pair for the lightpath demands in a MMF
SSON supporting either SLR at 200 Gb∕s or MLR at
100 and 200 Gb∕s is as shown in Table II. The optimal
modulation format is selected according to the maximum
transparent reach and the optimization objective, i.e.,
the minimization of either the spectrum utilization or the
transponder costs in the table. Also, when MLR is enabled,
it is more spectrally efficient to support each one of the
lightpath demands 3-5 on two lightpaths at 100 Gb∕s.

The joint problem of selecting the modulation-rate pair
and performing the SAwith the objective of minimizing the
cost due to spectrum utilization and cards is modeled with
an ILP formulation next.

TABLE I
PARAMETERS FOR THE DIFFERENT MODULATION-RATE PAIRS, CONSIDERING 100 AND 200 Gb∕s WITH OVERHEAD

Modulation-Rate Pair

Mod. Format Line Rate [Gb/s] Bandwidth [GHz] No. of Slices Max. Transp. Reach [km] No. of Cards Card bit Rate [Gb/s]

PM-16QAM 112 14 2 400 8 14
PM-16QAM 224 28 3 250 8 28
PM-QPSK 112 28 3 2500 4 28
PM-QPSK 224 56 5 2500 4 56

TABLE II
OPTIMAL MODULATION-RATE PAIR, FOR LIGHTPATH DEMANDS AS IN FIG. 1(a) AND LINK LENGTHS OF d � 120 km

Lightpath Min. Spectrum Utilization Min. Transponder Cost

Line Rates [Gb/s] ID Mod. Rate [Gb/s] Mod. Rate [Gb/s]

SLR (200) 1-5 PM-16QAM 200 PM-QPSK 200
MLR (100, 200) 1-2 PM-16QAM 200 PM-QPSK 200

3-5 PM-16QAM 100 PM-QPSK 200
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B. ILP Formulation

The path conflict graph G�V; E� derived as in Section II is
used by the ILP along with the following parameters and
variables:

Parameters:

• V: set of lightpath demands
• Tv: requested bit rate for the lightpath demand v ∈ V

• Lv: length of the lightpath v ∈ V

• M: set of modulation-rate pairs
• m: modulation-rate pair in M

• Bm: bit rate of the modulation-rate pair m ∈ M

• Sm: number of frequency slices required for the
modulation-rate pair m ∈ M

• χ: set of available frequency slices such that
jχj ≤ jV ·

P
m∈MSmj

• Km: number of transponder cards required for the
modulation-rate pair m ∈ M

• Hm: maximum transparent reach for the modulation-
rate pair m ∈ M

• CS: cost of a frequency slice
• CCm: transponder card cost for the modulation-rate
pair m ∈ M

Variables:

• yj: binary variable that takes value 1 if frequency slice j ∈
χ is used

• xvjm: binary variable that takes value 1 if lightpath v ∈ V
is assigned to frequency slice j ∈ χ and belongs to the
modulation-rate pair m ∈ M

• zvm: integer variable that indicates how many lightpaths
are established for demand v ∈ V and modulation-rate
pair m ∈ M (i.e., traffic of a demand is split on multiple
parallel lightpaths)

Objective Function:

min ∶
X

j∈χ
CS · yj �

X

j∈χ

X

v∈V

X

m∈M
CCm · xvjm ·

Km

Sm
; (1)

Subject to:

X

m∈M:Lv≤Hm

Bm · zvm � Tv ∀ v ∈ V; (2)

Sm · zvm �
X

j∈χ
xvjm ∀ v ∈ V; ∀ m ∈ M; (3)

X

m∈M
xvjm � xv0jm ≤ yj ∀ �v; v0� ∈ E; ∀ j ∈ χ: (4)

The objective function (1) aims to minimize the total cost
of the network, which includes spectrum cost (as a function
of the frequency slices) and transponder card cost. The
constraint (2) assigns the modulation-rate pair to each

lightpath demand, while ensuring the QoT constraint. The
constraint (3) assigns a number of slices sufficient for the
selected modulation-rate pair for each lightpath demand.
The constraint (4) is the conflict constraint: it forces two
adjacent vertices of the path conflict graph (i.e., two light-
paths routed on one or more common links of the physical
topology) to be assigned different frequency slices.

Thanks to the results of Theorem 1, the adjacency con-
straint need not be enforced in the ILP formulation. This
permits us to save a number of constraints in the order of
O�jχj · jTj · jMj� with respect to the previously proposed
ILP formulations [8,9,11,12]. Note that such complexity
reduction is also attainable in other ILP formulations
(e.g., in [8,9,11,12]) and in general in any problem of RSA
in SSON with mesh topologies.

IV. OPTIMAL RESULTS

The proposed ILP formulation is implemented in AMPL
[28] and optimally solved with the commercial solver IBM
ILOG CPLEX v.12.2 [29]. To enable SA assessment, a uni-
directional ring with seven nodes as illustrated in Fig. 1(a)
is considered. The links have the same length of d km.
Each node is a BV-WSS equipped with bandwidth variable
transponders supporting PM-QPSK and PM-16QAM
modulation formats at 100 and 200 Gb∕s, as indicated in
Table I. The flexible grid defined in [7] with 12.5 GHz spac-
ing is assumed.

First, optimal results on the spectrum utilization are
collected by setting the card cost to zero in the objective
function (1) of the ILP formulation. Then, optimal results
on the cost of the SSON ring are presented.

A. Minimizing the Spectrum Utilization

This subsection aims to assess the impact of the selection
of the modulation format and line rate on the spectrum
utilization. The spectrum utilization is defined as the differ-
ence between the highest and the lowest frequencies uti-
lized in the ring. Designs at MMF, single modulation
formats (SMF), MLR, and single line rate (SLR) are com-
pared for varying link length d and loads. In the case of
SMF SSON, the chosen modulation format is driven by
the longest lightpath in the network; that is, the chosen
modulation format is the most spectrally efficient one that
ensures a transparent reach for the longest requested
lightpath.

Figure 3 shows the spectrum utilization versus the link
length for SLR design. The demand matrix is assumed to
be uniform and complete, with the demand of a single light-
path between each node pair supporting traffic of either
100 or 200 Gb∕s. A MMF design is spectrally advantageous
with respect to a SMF design only when the spectrally
efficient modulation formats (i.e., PM-16QAM in the con-
sidered scenario) can be used for selected lightpaths. The
maximum spectrum saving is 14% at 100 Gb∕s and 10%
at 200 Gb∕s. Instead, when link lengths are short, themore
spectrally efficient modulation formats can be used for all
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the lightpaths as the maximum transparency reach of such
modulation formats is satisfied. Thus, there is no spectral
saving in using MMF. On the other hand, for long link
lengths, the maximum transparency reach can be satisfied
only by the less spectrally efficient modulation formats
(i.e., PM-QPSK in the considered scenario), making the
spectrum utilization of SMF and MMF equal. Note that in-
creasing the link length (d) has the same effect as decreas-
ing the maximum transparent reach for the given link
lengths. In other words, Fig. 3 indicates how the spectrum
utilization can improve when technological advances in
optical transmission allow longer transparent reach (i.e.,
when decreasing d).

In Fig. 4, the spectrum utilization is presented as a func-
tion of the load (in Tb/s) supported by the ring. A number of
lightpath demands are randomly generated with uniformly
distributed source and destination nodes until reaching a
given network load. A number of demand matrices are
generated until the collected results achieve a confidence
interval of 5% or better at 95% confidence level. Different
link lengths, d, are considered in a SLR ring operating at
either 100 or 200 Gb∕s. The increase of bandwidth is linear
with load, but with a different slope. For a network with
longer link lengths, larger bandwidth is necessary, because
longer lightpaths are forced to use less efficient modulation
formats. When considering d � 90 km, for a 100 Gb∕s line

rate, the predominant modulation format selected by the
optimal solutions is PM-16QAM, whereas a mix of PM-
16QAM and PM-QPSK is selected for a 200 Gb∕s line rate.
Thus, the average number of slices per b/s is approximately
equal, leading to similar spectrum utilization at 100 and
200 Gb∕s. Instead, for d � 150 km, there is a difference in
the spectrum utilization at 100 and 200 Gb∕s line rates.
This is due to the fact that for both rates the predominant
modulation format is PM-QPSK, and therefore to serve the
same load for 200 Gb∕s it requires fewer slices per b/s
compared to the 100 Gb∕s line rate (i.e., five slices per
200 Gb∕s instead of three slices per 100 Gb∕s). If the link
length is further increased, most of the lightpaths use
PM-QPSK as the modulation format; thus the difference
in utilization persists. The figure also evidences that the
spectrum saving of MMF with respect to SMF is about 20%
for a 100 Gb∕s line rate and up to 10% for a 200 Gb∕s line
rate. Such spectrum saving is higher for small ring sizes
(i.e., for shorter link lengths) as more spectrally efficient
modulation formats can be exploited.

Figure 5 compares the spectrum utilization when ena-
bling MMF and MLR in a ring with link lengths of
d � 90 km and for random traffic demands of 200 Gb∕s.
When MLR is enabled, the lightpath demands at 200 Gb∕s
can be split on two parallel lightpaths at 100 Gb∕s. As an
example, with MLR, for a path length between 250 and
400 km, 200 Gb∕s can be supported with two 100 Gb∕s
PM-16QAM lightpaths occupying four slices each, instead
of a 200 Gb∕s PM-QPSK, which occupies five slices. The
comparison shows that the support of MMF allows a
spectrum saving of up to 10%. When also enabling MLR
support, an additional spectrum saving of 5%–10% can
be achieved. Thus, the overall spectrum saving of MMF/
MLR with respect to a SMF/SLR design can range between
14% and 19%.

B. Minimizing the Total Cost

In this subsection, the total network cost of a SSON ring
based on MMF is assessed as a function of the maximum
load (in Tb/s) supported by the ring. The link lengths are
fixed to d � 90 km. For a given network load, matrices
of lightpath demands at 200 Gb∕s are randomly generated
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with uniformly distributed source and destination nodes
until reaching the load of 3 Tb∕s. A number of demand
matrices are generated until the collected results achieve
a confidence interval of 5% or better at 95% confidence level.

It is assumed that the cost increase is proportional to the
transmission rate [8,16]. This assumption was valid in
SONET/SDH networks in which a four-fold increase of
the transmission rate of a transponder card causes approx-
imately a doubling of the card cost. To keep the rate–cost
relationship more general, it is assumed that a doubling
of the transmission rate leads to an α-fold increase of the
card cost with α < 2 (e.g., α �

���
2

p
in SONET/SDH net-

works). Thus, the cost of a single card for the modulation-
rate pairs in Table I is CC1 (for 100 Gb∕s PM-16QAM),
CC2 � CC3 � α · CC1 (for 200 Gb∕s PM-16QAM and
100 Gb∕s PM-QPSK), and CC4 � α2 · CC1 (for 200 Gb∕s
PM-QPSK). Results are presented as a function of the
ratio (γ) between card cost at the lowest modulation-rate
pair (the first row m � 1 in Table I) and spectrum cost,
i.e., γ � CC1∕CS. For simplicity, the cost of a frequency slice
is normalized to 1, i.e., CS � 1.

Figure 6 illustrates the total cost of the network versus
the ratio between the cost of the card and the cost of the
frequency slice, γ, for α � 1.1 and α � 1.4, in a MMF/
SLR-SSON ring. The cost for the used spectrum remains
almost constant with γ and is equal to the number of fre-
quency slices necessary to support the lightpath demands.
Instead the cost for transponder cards (or total card cost)
and the total cost of the network increase linearly with γ.
The value of α drives the slope of the card cost and total
cost: a higher value of α (e.g., α � 1.4) results in a higher
cost increase with γ.

The trade-off discussed with the example in Subsec-
tion III.A is, however, betterdisplayed inFig. 7,which shows
the average number of transponder cards and frequency
slices versus γ. When γ is equal to zero, the cost of the
transponder cards is negligible with respect to the slice
cost and thenumber of transponder cards does not influence
the objective function. Thus, in the optimal design a high
number of transponder cards are allocated. When increas-
ing γ, there is a trade-off between the average number of
transponder cards and the average number of frequency

slices used in the network. For instance, the PM-QPSK
modulation format requires two times fewer cards than
PM-16QAM, but it requires more frequency slices (1 and 2
slices more for 100 and 200 Gb∕s, respectively). When γ is
higher than 0.7, the average number of transponder cards
and frequency slices remains constant and independent of γ.
This happens because the slice cost is lower than the card
cost and thus influences less the objective function. Accord-
ingly, in the optimal solution, the PM-QPSK modulation
format is selected for all the lightpaths, as it requires fewer
cards but is less spectrally efficient than PM-16QAM.

The impact of the line rate optimization on the network
cost is assessed in Fig. 8, which shows the total network
cost for MMF/SLR-SSON and MMF/MLR-SSON, when
α � 1.4. In the latest case, the requested traffic rate of
200 Gb∕s can be supported by either a single lightpath at
200 Gb∕s or two lightpaths at 100 Gb∕s, using amodulation
format able to satisfy the QoT requirements. The figure
illustrates the total cost of the network versus the ratio
between the cost of the card and the cost of the frequency
slice, γ. For γ close to 0, MLR is slightly more spectrally
efficient than SLR (about 8% more efficient), as shown also
in Fig. 5; thus the total cost is slightly lower. Indeed, for the
lightpath lengths between 250 and 400 km, it is more spec-
trally efficient to split them in two 100 Gb∕s PM-16QAM
lightpaths, instead of using a 200 Gb∕s PM-QPSK light-
path. For higher values of γ, the card cost becomes predomi-
nant. Thus, it is always preferable to transmit the demand
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traffic on a single lightpath, without exploiting theMLR fea-
tures. As a result, the total cost for SLR and MLR becomes
identical.

V. CONCLUSIONS AND FURTHER DISCUSSION

This paper focused on the SA problem arising in SSON
with a flexible grid. It proved that the SA problem can be
mapped to the weighted coloring problem without the
adjacency constraint and it is therefore NP-complete.
Based on such a finding, an ILP formulation for the min-
imization of the total network cost, accounting for the cost
of both the transponder cards and the frequency slice, was
presented for a MMF/MLR-SSON in which the routing
is fixed a priori.

Optimal results collected on a MMF/MLR-SSON ring
show that spectrum efficiency should be balanced with
the network card installation. The utilization of MLR
transmission is especially beneficial when the spectrum
efficiency is a concern. In particular, higher spectrum sav-
ings are achievable in small network sizes, when the more
spectrally efficient modulation formats can be exploited for
selected lightpaths (i.e., shorter than the maximum trans-
parent reach). Spectrum saving already occurs at 100 Gb∕s
when exploiting MMF and already justifies an early tran-
sition to MMF design in today’s SSON network. The
combination of MMF and MLR can further enhance the
spectrum savings. Such spectrum saving can be up to 20%
with respect to a SMF/SLR SSON network.

Although SA was assessed in a SSON ring, the results
of this paper also find application in SSON with mesh
topology, where the SA problem needs to be solved jointly
with the lightpath routing problem, or RSA problem.
Indeed, even in mesh networks, the adjacency constraint
need not be enforced in the RSA problem, as proved in
Corollary 1 presented in Appendix A. This enables a sim-
plification of the ILP formulation and allows for resorting
to already known algorithmic approaches for the routing
and weighted coloring problems.

APPENDIX A

Corollary 1: In SSON with mesh topology, where the SA
problem needs to be solved jointly with the lightpath routing
problem, the spectrum continuity constraint need not be en-
forced in the joint optimization problem.

Proof: Optimally solving the joint RSA problem in a
SSON with mesh topology is equivalent to selecting the
best among all the possible routing solutions on which
the SA problem has been optimally computed. For a given
routing solution, Theorem 1 indicates that the SA problem
reduces to a weighted coloring problem (i.e., the adjacency
constraint need not be accounted for). Thus, also for the
optimal solution of the joint optimization problem, the
SA problem reduces to a weighted coloring problem. In
conclusion, the joint RSA problem is equivalent to a joint
routing and weighted coloring problem. On the optimal

solution, frequency slice assignment can be performed by
following the steps in the proof of Theorem 1.
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