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Abstract— We study the problem of sequential detection for
binary hypothesis testing using multiple sensors. We consider a
randomized sensor selection strategy in which one sensor can be
active at any given time step. We obtain an optimal sequential
test using dynamic programming. We also show that the optimal
sequential test corresponds to the Sequential Probability Ratio
Test (SPRT) when the sensor selection process is stationary.
Further, we prove that Wald-Wolfowitz theorem holds true for
sequential test with multiple sensors.

I. INTRODUCTION

With the advance in communication and processing tech-
nology, networks with distributed components are being pro-
posed widely. The different components of such distributed
systems work in cooperation to achieve a particular objective.
The class of hypothesis testing problems is one such appli-
cation [6] where multiple sensors collect information from
the environment. This collective information is used by the
system to infer the true hypothesis.

Using multiple sensors for detection may be desired as
different sensors may provide different “views of the world”.
For example, consider an object classification/detection prob-
lem where we need to classify/detect a three dimensional
object using multiple cameras located at different places.
The cameras view the object from different angles and
therefore, the collective information from the cameras can
be used to obtain more accurate and precise characteristics
of the object. The system also provides robustness because
if one camera fails, then other cameras can be used. Another
example can be a wireless sensor network which has multiple
sensors distributed over a geographical area and performing
detection collectively. Presence of multiple sensors increases
reliability, survivability and coverage of the system.

The use of multiple sensors introduces new challenges
like sensor management, sensor scheduling, sensor selection
and sensor fusion. We need to formulate a policy that
decides which sensor should collect information at what
time, and how this information should be combined to
obtain a final decision. Many works have focused on sensor
management.The problem of sensor management for linear
estimation has been widely considered (see, e.g. [1], [3], [5]
and the references therein). In [2], [6], the authors study
a decentralized detection problem where the fusion center
implements an optimal policy to combine information from
different sensors.

In the present work, we use a sequential detection rule
to perform a simple binary hypothesis testing using mul-
tiple sensors. Sequential tests are the class of tests where
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the number of observations are not fixed, but can vary
from one experiment to another. After each observation,
the experimenter has to decide whether to take one more
observation or to stop the experiment and make a decision.
More accurate decisions can be made by taking large number
of observations. However, there is a cost associated with
taking observations and sequential tests resolve the trade-
off between accuracy and experiment cost. A well known
example is the Sequential Probability Ratio Test (SPRT) [9]
developed by Wald. SPRT is optimal in the sense that for
a given error performance, it requires minimal number of
observations on an average [10]. We extend the conventional
SPRT to the case when multiple sensors are used for taking
observations.

There seem to be two main approaches in the literature
to solve sequential detection problems. One approach is
to formulate the sequential test as a solution to Bayesian
optimization problem [11], [12]. Dynamic programming is
applied to minimize the Bayesian cost. The dynamic pro-
gramming introduces complexity in the solution, but the
solution is optimal. SPRT is an example of tests obtained
through this approach. Another approach is to analyze the
sequential detection problem in asymptotic regime, where
the cost of taking observations is very small [12], [7].
Although this approach results in tractable solutions, the
asymptotically optimal results may not be optimal outside
the asymptotic regime. Further, there may be situations in
which there are limits on the average number of observations
from the sensors. For example, in a wireless sensor network
the sensors have limited energy and thus cannot take a large
number of observations. In such a scenario, the asymptotic
approach cannot be applied. Therefore, we take the dynamic
programming approach to solve the sequential detection
problem.

Many works ([3], [15], [14] and references therein) have
focused on sensor selection and management for detection
purposes. To manage the sensors, we choose a probabilistic
sensor selection strategy in which one sensor is chosen
randomly among multiple sensors at each time step. As
it has been shown in [1], a probabilistic sensor selection
strategy is a natural solution for wireless networks where
communication channels impose stochastic date loss from
sensors to fusion center. Further, for tractability, the sensor
selection probability distribution is assumed to be stationary
throughout the experiment. The sensors have different costs
of taking an observation that are constant throughout the
experiment. We formulate a Bayesian optimization problem
and obtain SPRT as an optimal solution to the problem. The
closest work to ours seems to be [8], where the authors



present a sensor selection strategy for multiple hypothesis
testing. However, they perform an asymptotic analysis and
obtain SPRT as a asymptotically optimal sequential test. An
important contribution of our work is that we show that SPRT
is optimal outside the asymptotic regime also using dynamic
programing. In [4], the authors present a deterministic sub-
optimal sensor selection strategy. It selects a subset of sensors
for each observation by heuristically using Kullback-Leibler
information. In contrast, our study shows that by choosing
the sensors in a probabilistic manner, we can obtain an
optimal and tractable sequential test that is similar to the
test performed with a single sensor.

The paper is organized as follows. In section II, we intro-
duce the notations, define the problem setup and introduce
the problem statement. In section III, we obtain an optimal
solution using the dynamic programming. In section IV, we
show that the optimal sequential test corresponds to an SPRT
and prove the existence of Wald-Wolfowitz theorem.

II. PROBLEM FORMULATION

We now formally define the problem setup. The notations
used here are motived from [11].

Notation: Random variable are denoted by uppercase
letters (eg. Z) and their realizations are denoted by low-
ercase letters (eg. 2). Let Z! = (Z;,Ziy1,--- ,Z;) for
0 < ¢ < j denote a sequence of random variables and
z] = (zi,%it1, -+ ,z;) denote a realization of this random
sequence. Let E4[.] and Ez[.|y] denotes unconditional ex-
pectation w.r.t. Z and conditional expectation w.r.t. Z given
Y = y, respectively. Further, R™ denotes the non-negative
real line.

e Hypothesis Space: Let ® = {6y, 0,} denote the binary
hypothesis space or a set of all possible states of nature.
Let O denote the random binary hypothesis and 6 denote
a realization of the random hypothesis. Let hypothesis
{6p, 01} be denoted by { Hy, H;}. For example, Hj and
H; may correspond to the hypothesis that the mean
of the observations is 0y and 67, respectively. Let the
a-priori probabilities of Hy and H; be 1 — 7 and ,
respectively.

o Action Space: Let A denote the action space or the
set of all possible decisions available when the test is
stopped. Let @ € A denote a general state of nature.
For the given problem, A = ® = {6, 6; }.

o Sensor Selection Space: Let K be the total number of
sensors available for taking measurements. Let S7° =
(S1,852,---) denote the random sensor selection se-
quence and S} = (S;,Sit1, -+ ,S5;) for 0 < i < j
denote a subset of the random sequence. S; denotes
the random sensor selected at time step j and the
sample space of S, is the set S = {1,2,---,K}
for all 5 > 0. At each time step, a single sensor is
chosen with the stationary probability mass distribution

K

p = (p1,p2, - ,px) with }_ p; = 1, where p; is the
i=1
probability of selecting sensor ¢ at any time step.

o Observation Space: Let X{° = (X1,X,---) de-
note the random observation sequence and X] =
(Xi, Xig1,---,X;) for 0 < 7 < j denote a subset
of this random sequence. The sample space of X is
denoted by X for all j > 0. At each time step, the
observation can be taken by any one sensor with the
probability distribution define above. Each observation
is assumed to be i.i.d. conditioned on the hypothesis
and selected sensor. Let f/ () denote the probability
density of Xj under hypothesis H; and sensor j for
t1=0,1and j =1,2,--- | K.

o Loss Function: Let L(0,a) : ® x A — RT denote the
finite, non-negative loss function when the true state of
nature is 6 and the terminal decision is a. For simplicity,
we assume a finite non-negative loss function

L(6o,00) =0
L(6,61) = wor

L(61,61) =0,
L(Gl, 00) = W10-

e Observation Cost: Let the cost of taking a measurement
from sensor j be d; for 1 < j < K. Each d; is con-
stant, finite, and non-negative. Let C{° = (C4, Ca, - : )
denote the random observation cost sequence and CY =
(Ci,Cig1,---,Cj) for 0 < ¢ < j denote a subset
of the random sequence. The random variable C; is
distributed on the sample space C = {d;,ds, -+ ,dk}
with the distribution p for all 5 > 0. Furt}lger, let the

mean observation cost be denoted by d= > pid;.
i=1
e Stopping Rule: Let the stopping rule be

denoted by a sequence of functions ¢ =
(w0, p1(21, 1), p2(ai, s7), -+ ) where p; : X7 x ST —
{0,1}. Thus, at time step j, the rule ¢, decides to stop
or continue based on the observations collected and
the sensors used till that time step. If ¢p;(z],s]) = 1,
then the test is stopped, otherwise we continue
to take one more observation. The stopping rule
can be defined alternatively by a sequence of
functions ¢ = (g, 1 (21, 81),P2(x3,5%),- -+ ), where
P;+ X9 x 87 — {0,1} is the stopping rule at time step
J, given that the test is not stopped till time step j — 1.
Formally,

Vi@, s1) =(1— o) (1 — p1(z1,51))(1 — pa(a?, s3))
(1)
ce (L= i@ s ) (e, 8).

o Stopping Time: The stopping time N can be define as
N =min{k : pp(a¥, V) =1} = {k : (2}, s¥) = 1.}

o Terminal Decision Rule: When the test is stopped by
applying the stopping rule, a decision between the
available hypothesis is made by the terminal decision
rule(TDR) based on the available observations and the
sensors used. It is denoted by a sequence of functions
§ = (60,61(x1,81),02(x%,87),--+) where §; : X7 x
87 — A. The sequential detection rule is defined by
the pair (¢, 9).



e Risk Function: As discussed before, there exists a trade-
off between the accuracy and the observation cost as we
take more observations. To incorporate this trade-off, we
define the risk function as

R(m, (¢,6)) = )

5 B g 41061, ) (100,600, 80)

=0

+i§:ci(si))].

e Problem Statement: The goal is to find a sequential
detection rule (p,d) with the structure defined above,
that minimizes the overall risk R(m, (¢,0)) of the
experiment. This solution is referred to optimal/Bayes
w.r.t. the risk R.

III. OPTIMAL SOLUTION VIA DYNAMIC PROGRAMMING

In this section, we solve the above optimization problem
through dynamic programming and derive an optimal se-
quential test. We first proceed by finding the optimal terminal
decision rule. '

Theorem 3.1: Let §; (2], s]) denote the Bayes rule (op-
timal rule that minimizes the Bayes risk) for the bi-
nary hypothesis testing problem w.r.t. hypothesis space ®,
the action space A, the observation space X, the sensor
space S and the loss function L based on observations
x] and selected sensors s]. Then, for any fixed stop-
ping rule ¢, the risk R(m,(p,d)) is minimized by 6 =
(607 51(9:17 51)? 52(17%’ 5%)7 e )

Proof: The risk in (2) can be expanded as
R(r.(9.0) = Y Eg x1 [%(X{, shL(e, @(XLS{))}

Jj=0

o0 J
+ Z EX{,S{ [%(Xf ) S{) Z Ci(SZ-))] :

j=0 i=1
The second summation term does not depend on § and can
be ignored. The first summation term is minimized if we
choose d; for each j to minimize the term

Eo gt 05061, S (0.,(x1,51) |

— By ot | vX]. Do [£ (08,061, 8D) | o] D).

which is minimized if we choose J; to minimize the term

o [L(0,8:(x{,5))) | («],s])] .

The above term corresponds to a Bayes risk given observa-

tions le and selected sensors sjl and thus, the fixed sample

size Bayes decision rule minimizes the given risk. [ ]
We observe that the optimal terminal decision rule is a

fixed sample size rule and is independent of the stopping

rule. If the test is stopped after taking k observations, then

the terminal decision is made independent of the stopping

rule, based on the the observations and selected sensors.

Now we find the optimal stopping rule. We truncate the
test at some finite time step J in the sense that at most J
observations are available for the test. Mathematically, it can
be stated as

ej(a{)=1 or

J
> (@) =
j=0
where the superscript indicates that the test is truncated at
time step J.

We use dynamic programming to find the optimal trun-
cated stopping rule. Then, we let J — oo and obtain
the optimal non-truncated stopping rule. We minimize the
truncated risk using backward recursion which is described
as follows. Suppose we have taken J measurements. Then,
no more measurements can be taken and we incur a risk by
using the Bayes terminal decision rule based on (x7,s7). If
we reach J — 1 step, then we continue if the current risk
incurred based on (x‘ll -1 51J ~1) is more than the expected
risk incurred given (1:1‘]_1 _1), of taking one more mea-
surement and then stopping; otherwise we stop at J — 1
steps. Based on this comparison, we have found the optimal
©7_,. Now suppose that using this recursion, we have found
(@11, ,¢7). If we have taken i measurements, then we
continue if the current risk incurred based on (7, s}) is more
than the expected risk given (z%,s?), of taking one more
observation and then using the stopping rule (¢, |, -+, ¢7)
from there on. In this way, we can find ] recursively. We
now present the analysis formally.

The posteriori probability that ¢ is the true state of nature
given (29, s7) is denoted by 7 ol sl and is given by

J
m I1 f7 (%)
Wz{,s{ = i = j : (3)

w ILA @) + (=) I 53 (w)

As stated in Theorem 3.1, the optimal terminal decision
rule when the test is stopped is a fixed sample size Bayes
rule. For binary hypothesis testing, it can be stated as [11]

. wWo1
90 if ﬂ'xj o <
. D71 W J{leo
J J\ 01
0j(x1,81) = qany  if  wy = )
171 we + wio
01 otherwise.

Further, let the conditional minimum risk of stopping at time
step j and using the Bayes decision rule in (4) based on
(1, 5)) be denoted by U;(z],s]; 7). It can be defined as

: . Wo1
Uj('rjhslv ) = if Tr:v{,sjl < wo1 + Wio
wo1(1 — Ty *"i) + Z ci(s;) otherwise.
" i=1

(&)
Note that the minimum risk depends explicitly on the a-
priori probability . Further, let V;/ (21, s];7) denote the



conditional minimum risk based on (x{, s{) and using the op-
timal stopping rules ($7, 37,1, ,@7) for a test truncated
at time step J. We use dynamic programming to compute the
stopping rule and the conditional minimum risk recursively.

If we have obtained J measurements, then we stop
taking new measurements and clearly Vi (z{,s{;7) =
Uj(z{,s{;m). If we are at step J — 1, then we can
either stop or continue. If we stop, we incur a risk
Us_1(z]', 877 ;7). If we continue, the expected risk will
be EXJ,SJ [UJ(X1 ,S{;m) (27, s{71)]. Thus, comparing
these two quantities, the stopping rule and minimum condi-
tional risk can be calculated as

1 it Uj_i(z)7ts) )
SEXJaSJ[UJ(Xl’Sl7 )

AJ J—1 _J-1
_q(x s =
Sy_a(@y s ) |($1J 1 Sif 1)]’
0 otherwise,
V(@ sl ) = min{Uy (2] 7Y s{ ),

Ex,,s, [UJ(Xijv Si];ﬂ')|(.r1‘]_1, 5‘1]_1)]}

Continuing the recursion, if we have taken J — 2

measurements, then $7_, and V7, can be
obtained by comparing Uj_ 2( 772 5172 1)  with
Ex, .5, V7 (X788~ m) |y sl‘] ?]. In general,

the dynamic programming recursion can be described as

1 if  Uj(a],s];m)
(ﬁj(le’ Sjl) = < EXJ+1; 3+1 [Vj{rl(XJ—H SJ—H )le’ 31]
0 otherwise,
(6)
Vj‘](az{,s{;ﬂ) = min{U; (2], s]; 7), (7)

EXJ'_H, 7+1[‘/j+1(Xj+1 SjJrl )|‘r1351]}7

with Vi (z{,s{;7) = Us(x{, s{; ). Thus, Vi’ (r) denotes
the minimum risk of a sequential detection test that is
truncated at time step J.

We have found an optimal sequential test for a truncated
problem. Now, we intend to increase the truncation step J
and obtain the result for an non-truncated problem. First,
we show that the minimum unconditional risk sequence
{Vy () }52, converges to a finite value.

Lemma 3.2: Vg () is a non increasing function of .J

V) > Vih(m) > 12 2 V- (®)
Proof: We prove the lemma through induction on V.
For k£ = 0, we have

Vo (7) = min{U(r), Ex, s, [Vi' (X1, S35 )]} < Up(m)
=VQ(n).

Thus, the statement is true for £k = 0. Now, we assume that
it holds true for £ = n, i.e. V' > VO”“. Then, we need to
prove that

V0n+1 Z ‘/'071+2. (9)

Using lemma 3.7, equation (9) can be restated as to prove

min{UO( )d+EX1751 [V +1(7TX1731)]} (10)
< mln{UO( )ﬂd+EX1’51[VE)H(7TX1,51)]}'

Since V'™t < V7', we have Eyx, s, Vi (7x,.5,)] <
Ex, s [V§'(7x, s,)] and (10) follows directly, thus complet-
ing the induction. u
Since Vi () > 0, the sequence in (8) converges to a finite
value V().
Theorem 3.3: If the loss function L(6, a) is bounded, then

Jim Vi () = Vi< (m).
Proof: The proof is similar as stated in [12] (theorem
5, chapter 7) and is omitted due to space constraints. [ ]

We showed that truncated Bayes risk converges to a finite
value. Thus, we know that a non-truncated Bayes test exists.
Now, we state an important property of the Bayes risk.

Lemma 3.4: The functions V{/(7), Vg°(r) and
R(m,(¢7,8)) are concave functions of 7 € [0, 1].

Proof: We give the proof for concavity of
R(m,(¢7,8)). It uses the property that for a given sequential
decision rule (7, ), R(m, (¢”,0)) is linear in 7. The proof
for other functions is similar. Consider 71 and w9 in [0, 1]
and 0 < a < 1. Then

R(Oé71'1 + (1 - 04)7'('2, (¢J7 8))
= (inf R(am + (1 — a)ma, (¢7,9))

(1= a)R(m, (¢7,6))}
— ) in T J
(1-0) inf R(ms, (¢79)

= aR(ﬂ-lv (@Jv S)) + (1 - O‘)R(ﬂ-% (@Jv 8))

The lemma follows from definition of concave function. M

The sequential stopping rule in (6) has an abstract structure
and is not implementable. Note that the pair (X, Sy) are
i.i.d. give the hypothesis ¢ with probability density p f7 (x).
In remaining of the section, we show how to use this
conditional independence property to reduce the general test
to a more tractable sequential test structure. We start by
stating the independence property.

Lemma 3.5: If (X7, S7) are iid. with density p,f;(x)
and 7 is the a-priori probability that 6 is the true state of na-
ture, then the distribution of (X7, S?, ) given (X7, 5]) =
(21,5]) is iid. with density p,f5(z) and 7 i o being the

a-posteriori probability that 6 is the true state otl nature.
Proof: We apply Bayes theorem to find the conditional
density of (¢, X7, ;, 57, ) given (X1,87) = (21, 5])

J
P(O,(X} 1, SP)l(2], 7))
((X{7S{)|(67 (x?+178?+1))P(97 (X]T‘L-&-DS?-H)
P(X{,57)
P((x{,5))|6)P(9) n
= Pl(X{:'L S{) P((Xj+17 g+1)|9)

= P(OI(X{, 51)) P((X}41,5711)16).

= mf {aR(Wl,(Sﬁ §)) +
(07,0

> f R 5
2 a nf (71, (¢74)) +




The lemma states that when we have obtained the measure-
ments z] from sensors s}, the only thing about the future
observations that changes is the probability of the hypothesis.
Thus, having j observations in hand does not change the
1.i.d. nature or the conditional distribution (given hypothesis)
of future observations (X379;,557;). Only the hypothesis
probability changes from 7 to ol sl It suggests that the
sequential test should depend only on this a -posteriori prob-
ability 7 ol sl and it should be the sufficient statistics for
the stoppmg rule. We have already shown in (4) that this is
indeed a sufficient statistics for the terminal decision rule.
As shown in (6), the stopping rule depends upon the
the risks U and V. To show that 7 e is a sufficient

statistic for stopping rule, we show that U (xl,sJ17 ) and

V"(xl,s17 ) depend on (7, s7) only through 7 2,5 and a

common cost term. Following lemma states this result and
is a generalization of the corresponding lemma in [11].
Lemma 3.6: 1) 7, i sl
sl(@Fpsfn) —

2) Uj(xjhsjlv )7 U] 1(1‘1%’5%171-1"1,81)4»01(51) ==
= UO(WN ,83 i)+ Z ci(si)-
3) Vi (2], s];m) = V‘] 1(962782;7%1,51) + c1(s1) =

':VEJJ_](7T I J)"’ Zcz( i)

= M. .k k.
T7,ST

Proof:
1) Using the definition of a-posteriori probability in (3),
we have
™ 3 =
xpsl‘( J+1757+1)
k S
ﬂ—m{,sj H fll(ml)
i=j+1
S k . ’
Toi st 11 @)+ (=7 ) 11 o' (2)
i=j+1 i=j+1

The result follows by substituting the value of Tyl o
from (3).

2) This part follows directly by using the definition of
U;(z1, s];m) in (5) and the result of part 1.

3) We prove the result by induction on the variable k& =
J —j.For k = 0,7 = J and since Vj = Uy, part
3 becomes equivalent to part 2. Further, using lemma
3.5 we can rewrite (7) as

Vi (15 m) = min{U; (2], 15 7), (11)
Ex; 1,850 Vi (X ST m)lm,s o)
Now assume that the equalities in part 3 hold true for
J—j=k=mn,ie.

VJ n( [ Sij n’ ):Vj]—_nl—l(mg_n Sg " Tr-Ll,él)

(12)

+ei(s1) =
J—n—1
= V1n+1(x'],n, SJ?n;']T:EIJ—n—lylefn—l) + Z ci(si)
=1

Then, if J —j =k =n+ 1 using (11), (12) and part

2 we have,
Vi@ s )
:min{Uanq( 1] n-l 81] n 1v77)7

Ex, n.8s [Van(le ", Sl
= min{Uo(ﬂ' J—n—l SlJ—n—l),
]EXJ_n,S.,_n[V"H(Xme S—ni ™)y s-n1 g-n-1]}

J—n—1
+

7T)|7Tm1J771—175i7771—1]}

i=1
J—n—1
= V0n+1(7r3:‘177"71,s‘177"71) + Z Ci(si)-
i=1
Thus, the equality is valid for £ = n + 1. The rest of
equalities in part 3 follow directly from part 1.
|
The following lemma presents a recursive expression to
calculate V.
Lemma 3.7:

V'™ () = min{Us (7), d + Ex, s, [V§ (7x,,5,)]}-
Proof: The lemma can be proved using the definition
of VjJ in (7) and part 3 of lemma 3.6.

Ve () = min{Uo (m), Ex, s, V' (X1, S15 )]}
= min{UO( )’EX1,51 [VO (WX1,S1) + 01(51)]}
= min{UO(ﬂ-)v d+ EXhSl [VOJ(WXh»SH )]}
|
We now use these results to present an alternate form of
stopping rule that explicitly depends on the a-posteriori
probability 7 I

Let Q7 denote the set of all prior distributions 7 for which
the test is stopped without taking any observations. Using
lemma 3.7, we have

Q2 {7V (n) =

Theorem 3.8: The optimum

(@gv @f(wlv 81)7 (ﬁg(‘r%v s%)v T
truncated at J is given by

S 1 if T i g€ 077
P | 7,8
(T, 81) = 151 14
€ (21, 51) 0 otherwise. 14
Proof: From (6) and (7), the test is stopped at j if

VjJ(IJt’ 5{; TF) = Uj(x{7 5{; 77)'

Uo(ﬂ')}.

stopping rule ¢’ =
, @7 (z{, s{)) for a problem

(13)

From lemma 3.6 the above condition is equivalent to
J—j —
Ve (g p) = Uolmag o),

and the theorem follows from definition (13). |
Thus, we see that the truncated stopping rule depends only
on T - Now we generalize this result to obtain a non-
truncated stopping rule. Since V{'(7) are non-decreasing
(lemma 3.2), the sets Q7 satisfy

Qo005



Further, since lim Vj/(7r) = Vi (), from definition (13)

we have e
}LH.}OQJ =Q% = {n: V(1) =Us(m)}.  (15)
Also, lemma 3.7 can be generalized as
V5® () = min{Up(),d + Ex, s [Vg (7x,.5,)]}.  (16)

Equation (16) represents the fundamental equation of dy-
namic programming for the sequential detection problem for
the randomized sensor selection.

As a result, the non-truncated stopping rule becomes

o 1 if € Q>
N ’IJ 7 Sj _ xl 51
cp]( 151) {0 otherwise.

As we expected, the stopping rule depends only on whether
the posteriori probability Tyi s is in the fixed set Q> or
not. For a rigorous treatment of the limiting stopping rule,
see [11].

Although we have presented the optimal stopping rule
explicitly in terms of m 251> We only have an abstract
characterization of the set QOO in (15). To implement the
sequential test, we need to explicitly find this set of prior
distributions. In the next section, we show that the set Q°°
can be characterized by two thresholds and the optimal
Bayesian sequential test corresponds to an SPRT.

a7)

IV. OPTIMAL SEQUENTIAL TEST AS AN SPRT

In this section, we show that the optimal sequential test
developed in the previous section can be reduced to SPRT
which can be easily implemented. We proceed by finding the
set 2°° explicitly. Let the term

W(ﬂ—) £ g—’_ EXIA,SI [VE)OO(WXLSH)]

represent the minimum risk over all the sequential tests that
take at least one observation. Using this definition and (16),
the set {2°° can be equivalently defined as

0% = {7 : Up(m) < W(m)}.

To characterize the set, we need to first characterize the
functions Uy () and W (). The function Up(7) can be easily
obtained through (5) and is made up of two linear parts

. Wo1
W17 if T <

b
Wo1 + Wio
otherwise.

Uo(m) = (18)

U)Ol(l — 7T)

Next, we proceed by stating some properties of W (7).
Lemma 4.1: The function W (x) is continuous and con-
cave in [0,1] and W(0) = W (1) = d.

Proof: The proof of concavity of W () is similar to that
of lemma 3.4 and follows from the fact that it is a infimum
over class of functions that are linear in 7. Continuity of
W (m) follows from its concavity. Further, from (16) and (18)
we have 0 < V(1) < Up(w) < wigm. Using this relation,
we obtain

0< EX1,5'1 [VOOO(T‘-Xl,Sl)] = W(ﬂ-) —d

<wioEx, s [7x, 5] = worT.

Thus, as ™ — 0, W () — d. By symmetry, same arguments
can be made for 7 — 1. [ ]

Since, W (r) is concave, continuous and W (0) > Up(0),
the equation W (w) = wjiom has at most one solution in
the interval [0, —“¢L—]. Denote 7, as the solution of this
equation if it exists. It a solution does not exist, then define
T, as wo;"ﬁ;w . Similarly, 7y is defined as the solution of the
equation W () = wo1 (1—7) in the interval [t — 1] if it
exists, otherwise it is defined as m From the preceding
arguments, it follows that

wo1

0< 7 < <7y <1, (19)

wWo1 + W10

and the set 2°° can be specified by the two thresholds as

Q> = [0,7,] U [ry, 1]. (20)

A. Sequential Probability Ratio Test

We define the standard Sequential Probability Ratio Test
(SPRT)[9] as a particular class of sequential decision tests.
Let the likelihood ratio based on measurements x7 and sensor
s7 be defined as

Hpblfl xz i )

’L l

21

The likelihood ratio indicates which hypothesis is more
probable to occur. Then, SPRT with thresholds A and B,
denoted by SPRT(A,B) with 0 < A <1 < B < o0 is
defined by the stopping rule ¢ and terminal decision rule &

o 0 if A<L(z],s])<B,
pj(a1,81) = (1. 51) (22)
1 otherwise.
; 0 if L, N> B
5l sy =0 s(@t,51) 2 B, (23)
0o if Lj(a),s]) <A

Thus, the test continues till the likelihood ratio stays between
the two thresholds. When the test is stopped, H; is accepted
if L; > B and H) is accepted if L; < A. We now show the
equivalence between the optimal sequential Bayes test and
SPRT.

Theorem 4.2: [11] The optimal sequential detection rule
(¢, 5) as given in (17) and (4) for 7, < 7 < 7y is equivalent
to SPRT (A, B), where

A:m and B:m (24)
(1l —7p) (1l — 7y
Proof: If mp, < 7 < 7y, then (A, B) satisfy 0 < A <
1 < B < oo. Using (20), the stopping rule in (17) can be
written as

S 0 if
%(wi,s{):{ '

1 otherwise.

L < szl"s{ < Ty,

Further, (3) can be rewritten as
ﬂ-Lj (*T{ ) 5]1)
wLi(al,s]) +(1—m)




Using the above relations and (24) , it is easy to see that
the relation 7 < Tyl i < MU is equivalent to A <
Lj(x{,s{) < B. Thus the stopping rules in (17) and (22)
are identical.

Further, using the relations in (19), it is easy to see that
the terminal decision rules in (4) and (23) are identical. M

The equivalence of the optimal sequential detection rule
(¢,0) and SPRT(A, B) allows a simple tractable form of
the test in terms of the thresholds. The thresholds 7, (A)
and 7y (B) depend upon the woi,wip, the sensor costs
d = (di,---,dk) and the sensor selection probabilities
p = (p1,--- ,pK). However, the closed form expression of
7, and 7y in terms of these quantities is not tractable. To
find the thresholds we use Wald’s approximations.

Let cvg = P(accept Hy|Hy is true) denote the probability
of false detection and oy = P(accept Hy|H; is true) denote
the probability of miss. Due to the structure of SPRT (A, B),
the thresholds A and B can be derived from these error
probabilities as follows.

oS J
a1 = P(Ly < A|Hy) = Z/u./Hpsiff’i(xq;)dxi,
=17 o 7=

(25
where Q; = {(«1,57) - N = 4, Li(a], s7) < A}, For

(1, 51) € Q. we have [[i_, fi"(zi) < AL, f5" (@)
Thus we have

00 J
ap < Z/---/Anpsi Si(wi)dz; = AP(Ln < A|Hp)
j=1 Q, i=1

= A(1 — ap).
Similar argument gives
ao = P(Ly > B|Hp) < éP(LN > BlH,) = ;;“.
Thus we have the following inequalities
A> Y < it (26)
— o)

It has been shown that for large number of observa-
tions (low error probabilities) the above inequalities can
be approximated with equalities. This is known as Wald’s
approximations. Thus, the thresholds of SPRT can be found
in terms of the desired error probabilities.

We now show that the standard Wald-Wolfowitz inequality
[10], which establishes the optimality of SPRT also holds
true for the proposed randomized sensor selection sequential
test. We extend the ideas presented in [11] to establish this
result. We rewrite the conditional risks as

R(00,(2,8)) = E [L(00,dn (X}, 5)))]

+E

N
Za(smwo,@] ,

i=1

R(01,(9,8)) = E[L(61, 6n (XY, 5Y))]
N

> CilSi)|(Hy, ¢)

i=1

+E

)

where N is the random stopping time. Since C;(S;) is an
iid. random sequence and N depends on CY(Sy) and is

independent of C%5,(55%,), we have [13]

N
E > Ci(Si)|(Hj, )| =E[Ci(S:)E[N|(Hj, $)]
i=1
= dE[N|(H;,$)] j=0,1.
Thus, the conditional risks can be rewritten as
R(0o, (¢,0)) = wora0(¢,0) + d E[N|(Ho, ¢)], (27
R(61,(,0)) = wioa1($,0) + d E[N|(Hy, )] (28)

Now we state the Wald-Wolfowitz theorem.

Theorem 4.3: Let (¢,9) be SPRT(A, B) and (i, d) be any
other sequential rule with random sensor selection for which

Then,

aO((p>6) < aO(@a 6) and 061(90, 6) < al((ﬁa 6)

E[N|(Ho, )] = E[N|(Ho,¢)],  and

E[N|(Hy,)] > E[N|(Hy, 9)).

This result is intuitive and follows from the Bayesian
optimality of the (¢, 5) which is equivalent to SPRT(A, B)
as shown in theorem 4.2. To formally prove the statement,
we denote the explicit dependence of the thresholds and
W(r) on w = (wo1,w1p),p,d by 7 (w,p,d), 7y (w,p,d)
and W (m;w,p,d). To prove the theorem, we first prove the
following properties of the thresholds. These results are the
same as presented in [11].

Lemma 4.4: For fixed w and p, 7p(w,p,d) and
mu (w, p, d) are continuous functions of d, and 7 (w, p, d) —
0 and 7y (w,p,d) — 1 as d — 0.

Proof: The threshold 7y, (w, p, d) can be defined by the
following properties

wiem < W(m;w,p,d) if m < 7mp(w,p,d) (29)

WioT = W(W;w,p, d) if ™= 7-(-L(U)apa d)

wiem > W(m;w,p,d) if 7w > 7 (w,p,d).

1) For a fixed w, w and p, W(m;w,p,d) is a nonde-
creasing and continuous function of {d;}X . This
is because W (m; w,p,d) is the infimum of the risk
R(m,(¢',0)), where (',d") represents the class of
tests that take at least one observation. The risk
R(m,(¢',8")) is linear and nondecreasing in {d;}<,
as in (27-28). Thus, W(m;w,p,d) is concave and
nondecreasing in {d;}X, (by lemma 3.4) and hence
continuous.

2) For a fixed, w and p, wp(w,p,d) is a non-
decreasing function of {d;}X,. Suppose d =
(di,dg, - ,di_1,dy,dits,- - ,dg), where d; > d;.
Then from part 1, we have

wiorr(w,p,d ) = W (rp(w,p,d );w,p,d )
> W (r(w,p,d );w,p,d).



Thus, using (29) we have 7, (w, p, d/) > (w,p,d).

3) For fixed, w and p, 7p,(w, p, d) is a continuous function
of {d;}X . The continuity of 77,(w, p, d) follows from
the continuity of W(m;w,p,d) and the properties
stated in (29).

4) For a fixed w and p, 7p(w,p,d) — 0 as d — 0.
This is because for negligible observation cost, we can
choose the observation sample size large enough to
make the error probabilities arbitrarily small. Thus,
W(m;w,p,d) — 0 as d — 0. Hence from (29),
mr(w,p,d) — 0 as d — 0.

5) Similar arguments can be made for 7y (w, p,d) using
symmetry and 7y (w, p, d) is continuous function of d
and 7y (w,p,d) — 1 as d — 0.

|
Using the properties in the above lemma, we state the relation
between the thresholds and the test parameters 7, w, p, d.

Lemma 4.5: Foragivene >0and0 < A <1< B < 0,

there exist

1) m,w,p,d with 0 < m < € such that (24) holds true,
and

2) ©,w,p,d with 1 —e < © < 1 such that (24) holds
true.

Proof: Choose w such that
the function

Wo1

wo o < Ae and consider

1- U (U}, P, d)
TU (wa 'z d)
From lemma 4.4, it is a continuous function of d. As {d;} X,

become sufficiently large, the function becomes 1, since
7, = 7wy and as d — 0, it becomes 0. Therefore, there

7TL(w7pa d)
1- WL(w,pv d)

exists a set {d;} 2, for which
mp(w,p,d) 1—7my(w,p,d) A
1—mp(w,p,d) wy(w,p,d) B
mr (w,p,d)

Now, let us choose ™ = Then we have

A+(1=A)mp (w,p,d)”

l—-7m  1-mp(w,p,d) _1—my(w,p,d)
s WL(w,p,d) WU(vav d) ’
which is same as (24). Further, using (19) we have
o WL(vavd) < ’/TL(va7d) < % < €.

A+ (1 - A)rp(w,p,d) — A - A

Part 2 follows by symmetry, thus completing the proof. MW
We now state the proof of theorem 4.3.

Proof: (of Theorem 4.3) Using lemma 4.5, we can find
m,w and d such that (24) is satisfied and = < e. Since (¢, 5)
is equivalent to SPRT(A, B) (from theorem 4.2) and is the
optimal sequential rule, we have

0 < R(m, (¢,0)) — R(m, (#,9))
= mwio(oa (¢, 8) — ar(,9))
+ (1 = mwor (a1 (p,8) — a1 (,6))
+ nd(E[N|(Hy, ¢)| — E[N|(H1, $)])
+ (1 — m)d(E[N|(Ho, ¢)] — E[N|(Ho, %))
< nd(E[N|(H,¢)] — E[N|(H1,9)))

|
+ (1 = m)d(E[N|(Ho, ¢)] — E[N|(Ho, ¢)))-

Since the above statement is valid for 7 arbitrarily close to
zero, we have E[N|(Hy, ¢)] > E[N|(Hy, ¢)]. Further, using
symmetry and part 2 of lemma 4.5, we have E[N|(H1, )] >
E[N|(H1, )], thus completing the proof. |

Thus, the stationarity of the probabilistic sensor selection
process results in SPRT being the optimal test, as it was the
case with single sensor case. With multiple sensors, we have
more degree of freedom to choose the sensors and improve
the test performance.

V. CONCLUSION

We have obtained an optimal test for binary hypothe-
sis testing using multiple sensors. When a single sensor
is chosen randomly at each time step with a stationary
distribution, the optimal test reduces to SPRT. Further, we
prove that Wald-Wolfowitz theorem can be extended for
the test involving multiple sensors. We plan to extend the
study by characterizing the average stopping time and the
experiment cost of the sequential test and optimizing it over
the sensor selection distribution. Thus, we plan to obtain a
sensor selection strategy that optimally balances the trade-off
between the sensor costs and the sensor performance.
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