
On t h e  o r d e r  o f  t h e  coe f f i c i en t s  o f  B e s s e l  s e r i e s  
o f  a d i f f e r e u t i a b l e  f u n c t i o n .  (*) 

B. P. KItOTI 

Summary.  - In  this paper the author has estimated the orders of the coefficients of Bessel series 
of a function which is differentiable 2S ( S ~  1) times. From his results he also derived 
the uniformity of the convergence of the Bessel series in the interval (a, b). 

1 .  - In t roduc t ion :  The Four ie r  Bessel Series for an arbi trary function 
f(w) E £(0, 1) is given by 

f(x),-, Z aJ~(j,~@, (1.1) 

where 

(1.2) 

1 

2 f tf(t)JJfi~t)dt 2 

and j~ < f i  < .. denote the positive zeros of the Bessel function J~(~) of the 
1 

first kind of order v > 2'  

An arbi t rary  function ¢(w) E £(a, b) can be expanded in a series of the form 

(1.3) f(x) ,-, ~ a.~Cv(y.~, ymb), 

where 

and 'fl < 72 < ... denote the positive roots of the equation 

C~(az, W)= O, 
1 

]~(z) denoting the Bessel function of the second kind of order v ~ - -  2 and a,, 

is defined as 
b 

f tf(t)C~(7~t , y~b)dt 
a 

(1.5) ar~= b , 

.f tC2(,f~t, ,f,~b)dt 
a 

(*) En t r a t a  in :Redazione il 26 giugno 1968. 
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b 

~'(2"~J~(Y'~a) ~ tf(t) C,~(y.~ t, 
- -  2 2 - ~  " 2[J;(%a) - -  J; (~,,,,b)] 

a 

y,~b)dt. 

T1TC~IAI~SK [1] has studied the convergence of the series (1.3) when the 
generating fnnetion f(x) is of bounded variation in the neighbourhood of a 
point in the interval (a, b). 

The object of the present  note is to prove certain results regarding the 
order of the eo-eff ieients  of the series (1.3) of a function which is differen- 
tiable several times, The results correspond to the well known theorems on 
Four ie r -Besse l  series (1.1) [3, pp. 228-233]. 

2. - We  shall prove the following theorems. 

TEEORE~ 1. - I f  f(x) be bounded and twice differentiable function defined 
on the interval (a, b) such that 

f(a) = f'(a) ---- O, 

f(b) = O; 

and f"(m) is bounded almost everywhere then the co-efficienls a~ of the Bessel 
series (1..3) of the function f(x) are given by 

0 ( 1 ) ,  as m ~ (2.1) ta,ol 

almost everywhere. 

T~[EOREM 2. - I f  f(x) satisfy the condilions of theorem 1 then the series 
(1.3) converges uniformly and absolutely on the whole interval (a, b), provided 

1 
a > O ,  for v ~ - - -  

2" 

TItEORE~f 3. - I f  f ( x )  be defiined on (a, b) and differentiable 2S times 
(S > I), such that f(a)~- f'(a) = fl'(a) . . . . .  p - l ( a )  = O, f(b)=f'(b) . . . . .  [2~-2(b) = 0; 
and f2~(x) is bounded almost everywhere then the co-efficients a: of the series 
(1.3) of the function f(x) are given by 

(1) 
(2.2) !a~f = 0  ~ as m ~  

almost everywhere. 

THEOaE)I 4. - I f  f(x) satisfy the conditions of theorem 3 for S ~ 1, then for 
1 

v ~ - - ~ ,  the series (1.3) converges uniformly on the whole interval (a, b) pro- 

vided a > O. 
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3. - During the proof of our theorems we shall establish the following 
Lemmas.  

1 
L~,MMA 1. - For v ~ - - ~ ,  and sufficiently large ), > 0 

k 
! 

I O,,(xa~, ~,b) t < -  
~V~ 

where k' is a constant and 0 < a < ~ < b. 

1 1 
PROOF. - It is known that [3, p. 608] for - - ~  ~ v < ~  and for all values 

of ~ and ), under  considerations 

k2 
(3.1) I H~'~(X,~)I < .~, 

y a w  

k2 

(k~ being a constant) 

where H~l)(z)and H~2)(z)are Bessel functions of third kind of order v and 
[see, (3) p. 74]. 

(3.3) J~(z) --- H~')C z) -{- H~2)Cz) 
2 

(3.4) y~(~) = ~t~')(z) - -  H~2)(~) 
2i 

1 
For v ~ ~, and sufficiently large ), > 0 and 0 < a < ~ < b [see, (3) p. 608] 

(3.5) L H[~)(X*) t < k,, 1 (X~) --~ + (X, ) -"  t 

On the otherhand for 

we at once deduce that 

(k4 being a constant). 

By straight application of (3.1), (3.2) and using (3.3), (3.4) the result  of 
1 1 

the Lemma follows immediately for - -  ~ ~ v ~ ~. 

1 
v ~ 2, in view of (3.5), (3.6) and using (3.3), (3.4) 

k 
t 

I C~(),x, ),b) t < oV"x, ---~7"), 
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1 
LE~MA 2. - For v > - - ~ ,  and sufficiently large ), > 0 and fixed x > 0 

),VxC~(),x, ~.b) = A Sin ( ) , b - ) ,x )  -{- Zx 

Where A is a constant and 7' remains bounded as ),--,c~. 

PI~OOF. - The result  of the lemma is evident from the asymptotic for- 
mulae for J~(x) and Y~(x) given by ToLs~rov [2, p, 213] 

t 

(3.7) J~(x) = Cos x --  ~ vrc - -  $ ~: + - -  , 

(3.8) 
t 

where the functions y,~(x) and p~(x) remain bounded as x,~cx~. 

1 
LEM3~A. 3 - For  v ~ - - ~  and sufficiently large k > 0 

b 

M f K (3.9) ) - / ~  xC~(),w, ),b)dx ~ ~ 
a 

where M >  0 and K > 0 are constants (which can depend on v). 

PROOF. - Obviously, from Lemma 1 we have 

(3.10) 
b b 

a a 

which implies the right hand in-equal i ty  of (3.9). Again 

(3.11) 

b t b  

a ~,a 

but, from Lemma 2 
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'2 

ktO~(t, kb) = A ~ Sin ~ (~b - -  t) -4- ~ -f- 2Ay' Sint(),b - -  t) 

H e n c e  

A 2 Sin 2 (~,b - -  t) - -  7 ; 

(£ being a constant). 

c jl 1 ~ A 2 S i n  2 (~,b - -  t) - -  - ~  d t  J tO~(t, X b ) d t ~ ,  
k~ 

~.b 

A2 f £ (log).b - -  log ),a) = ~- Sin 2 (),b - -  t)dt - -  ~, 

~.a 

(3.12) ~ M 

where M ( ~  0) is a constant,  and in view of (3.11) this implies the left hand 
in-equal i ty  of (3.9). 

LEPTA 4 . -  N~YLort [4] has shown that  for suff icient ly large m and 
v> --i 

mrc (4v 2 -  1) (b - -  a) 
Y'~ - -  b - -  a ~ 8mr:ab + 0(m-3) 

where ~',~ is the m -  th positive root of the equat ion O~(az, b z ) =  O. 
The resul t  of the l emma is t rue when the order is small  compared  with 

the a rguments  y~a, g,~b. 

i 
4. - PROOF OF THEOREM 1. - Let F(m)--= x~f(m). 

I t  is then evident  that F(@ also satisfies the condit ions of the theorem. 

By subst i tu t ing :Y-- Z ~  [se% (2), p. 208] the t ransformed Bessel equat ion is - -  y ~ ,  

(4.1) 

and 

We write 

( 1) 
V 2 - - ~  

z"-]- 1 x= z = 0 .  

1 
v ~ --7i= ~,; 
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thus, (4.1) is 

d 2 z (  ~2) 
(4. 2) dE + 12 -- --x3 z = O. 

It is easily seen that 
equation (4.2). 

Consequently, we have 

(4.3) 

hence 

(4.4) 

Consider now 

t 

the function C)_= a~'~O~(Xx, ),b) also 

d2(I) ( ~2) 

1 I • _ @,,). 

b 

I ---- f ~cf(~v)0~(X~, Xb) dx 
a 

b 

= f V~F(~)O~(),w, Xb)dx 
a 

= f F@)(I)dx 

(4.5) 

Since 

we see that 

b 

a 

(F'(I) - -  F(I)')' - -  F"@ --  F(I)", 

(4.6) 
b 

i 1 ~ { r'(x),i~ -- F(~)~' }' 

1 x ~ b  

F"(w) @dx -{- [F'(x)@ --  F(a~)¢'] 

satisfies the 

Here under our hypothesis 
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F'(b)  is f ini te,  

F(b)-----0, F(a)  = F'(a) = 0; 

and  

1 

q),b) = b~ g~(?,b, ).b) = O. 

t 

q)(a) : a~ C~(~a, )~b) = 0; 

if )~ is a root  of the  equa t ion  C,~(az, b z ) :  O. 

Also 

2 
( I ) ' ( b )  = - - -  

t 

r:b~ 
is f in i te  and  

where  

2 t 
• '(a) = - -  - -  a ~. 

J~() ,a )  

- -  J~() ,b)" 

Since,  f rom the asymptot ic  expans ion  (3.7) of Jr(x)  

, (I)'(a) _-- _ 2 a~ 
r: J~O.a) 

_ _  - -  _ _ O h  2, 
TC 

(2/r:Xb)~ cos )~b 4 r: + 

(2/~a)~'  cos )~a vr: 

cos(;,b vr~ 1 ) y~ ()~b) 
2 a 2 7~ ~ +  )~b 

vrc 1 ) y~().a)" 
~: Vb cos ~a 2 ~ r: + ),a 

we see that  (1)'(a) is f ini te  for suf f ic ien t ly  large values  of ),. 
Collect ing these  resul t s  we obtain that  

x = b  

[ F ' ¢ - - F ~ ' ]  ----- [F'(b)q)(b) - -  F(b)~ ' (b)]  - -  [F'(a)q>(a) - -  F ( a ) ¢ ' ( a ) ]  
x = a  

(4.7) = O. 
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Therefore, (4.6) reduces to 

(4.8) 

:Now 

(4.9) 

b 

a 

b b 

a a 

(~' being a constant). 

Applying SCHWART, in-equality, we have 

(4.10) 

by Lemma 3. 
Hence 

(4.11) 

It follows that 

(4.12) 

b b 

a ez 

b 

--~ (b --  a) f xC~()vx, ~b)dx 
g 

K 
- - - ~ . ( b - -  a), 

b 

a 

And, in view of (4.12) we at once obtain that 

(4.13) 

Also 

(4.14) 

by lemma 3, 

b 

a 

b 

f xC~('r,~oc, ymb)dx ~ 
Y~ 
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Therefore,  from (4.13) and (4.14) 

b 

I i a 

~xC e' Tmb)dx I 
a 

-ol  ) 
almost everywhere.  

This completes the proof of Theorem 1. 

5. PRooF OF T~rEORE~ 2. - Since, by hypothesis, f(x) satisfies all the 
conditions of Theorem 1, hence from (4.15) and Lemma 1 we have 

(5.1) l amCv(~'~Z, '(~b)]< . ~  

Applying Lemma 2, we have 

where £ "  is a constant. 

7~ 

( 5 . 2 )  ~fm~-I - -  T~ b - -  a '  

which follows that for m > n (where n is some fixed number) 

T~ > Tn -t- (m - -  n) ---- m A- h (h being a constant). 

If  m is large enough, then 

o r  

1 
T m ~ m  

1 2 

T~ m 

Consequently, for sufficiently large m 

]a,~C.,(T,~x, T,~b) 1 = 0 (ml--~). 

Hence,  the series (1.3) converges absolutely and uniformly 
< ~ < b ,  

This completes the proof of Theorem 2. 

for O ~ a <  
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6. PnooF oF T~]~OnEM 3, - W e  set 

= V,@x) 

By hypothesis, it is easily seen that /7~w) satisfies the conditions of Theo- 
rem 1. 

Now by similar process as in Theorem 1, we can also show that 

(6 .1 )  

say, where 

and 

b 

I = f x,f(~) C~(kx, ),b)dx 
a 

b 

1 

a 

b 

a 

t 

I~F_F , , "  

Under  our hypothesis F~ also satisfies 
at once renders 

(6.2) 

where  

the conditions of Theorem 

b 

if I = ~ F2.¢dx  
a 

- -  ~ F~'.  

1 which 

If S ~  2, F2 again satisfies the conditions of Theorem 1, and hence 
repeating the argument  S times, f inally w e  obtain that 

(6.3) 

where 

b 1/ 
a 

H 

F S - - 1  • 
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Also, it follows that  

(6.4) 

b b 

f ] FsOPdx ~ ' [~P dx.  
a a 

(~'" being a constant) 

Applying Sc~wARz inequal i ty  as i.1 Theorem 1, we have 

(6.5) 

b 

Iz]= l 
a 

I xf(x,)C~(ym$ , y,,~b)d~¢ I 

0 1 : 

Therefore,  us ing l emma 3 

t / .  

JJ  
a 

I 
t _ ' 1 

a 

_0(1) n a s  m ~ o c )  (6.6) ?~--i- , 

almost everywhere.  
7. PnooF  oF T~EOn~M 4. - Since, by hypothesis ,  f(x) satisfies all the 

condi t ions  of Theorem 3, we see that  applying L e m m a  1 and in view~of (6.6) 

(7.1) ]a,~C,(y,=ac, .v~b) l ~ y~ (E~ being a costant) 

Consequently,  for suff icient ly large m 

-o(±~, (7.2) ]a,~C.,(y,~x, y,~b)]-  \m2, ] (~>  1) 

by L e m m a  4. 
Hence,  the series (1.3) is absolutely and uni formly  convergent  for 0 < a < 

< x < b .  
This  completes  the proof of Theorem 4. 
The  au thor  is thankful  to Dr. D. P. Gupta  for his kind inlerest  and va- 

luable guidance in the prepara t ion  of this paper.  
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