
s u g a r  s o l u t i o n s  w i t h o u t  t a k i n g  u p  t h e  s u g a r  a t  t h e  s a m e  t i m e  s u p p o r t s  t h e  

a u t h o r ’s  t h e o r y  t h a t  t h e  p r o p e r t y  o f  s e l e c t i v e  p e r m e a b i l i t y  i s  ( i n  t h e  c a s e  o f 

c o l lo id a l  m e m b r a n e s )  a  r e s u l t  o f  p r e f e r e n t i a l  a d s o r p t i o n .

I t  i s  a l s o  s h o w n  i n  t h e  a b o v e  p a p e r  t h a t  t h e  s id e  o f  a  m e m b r a n e  in  

c o n t a c t  w i t h  p u r e  w a t e r  h a s  a  g r e a t e r  m o i s t u r e  c o n t e n t  t h a n  t h e  s id e  in  

c o n t a c t  w i t h  s u g a r  s o l u t i o n .  T h i s  f a c t  s u p p o r t s  t h e  h y p o t h e s i s — f i r s t  

a d v a n c e d  b y  G r a h a m  o n  e x p e r i m e n t a l  g r o u n d s — t h a t  o s m o s is  a c r o s s  t h e  

m e m b r a n e  t a k e s  p l a c e  b e c a u s e  p u r e  w a t e r  i n d u c e s  a  g r e a t e r  m o i s t u r e  

p r e s s u r e  a n d  c o n c e n t r a t i o n  i n s i d e  t h e  m e m b r a n e  t h a n  t h e  s o l u t i o n  d o e s .

2 7 6  P r o f .  W .  H .  Y o u n g .  On O rd in a ry

On the O rd in a ry  Convergence o f  R estr ic ted  F o u rie r  Series.

B y  P r o f .  W .  H .  Y o u n g , Sc .D., F.R.S.

( R e c e iv e d  O c to b e r  11 , 1 9 1 6 .)

§ 1. T h e  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  t h a t  a  t r i g o n o m e t r i c a l  s e r ie s *  

s h o u l d  b e  a  F o u r i e r  s e r i e s  i s  t h a t  t h e  i n t e g r a t e d  s e r i e s  s h o u l d  c o n v e r g e  to  a n  

i n t e g r a l  t h r o u g h o u t  t h e  c lo s e d  i n t e r v a l  o f  p e r i o d i c i t y ,  a n d  s h o u l d  b e  t h e  

F o u r i e r  s e r i e s ,  a c c o r d i n g l y ,  o f  a n  i n t e g r a l .  C o n v e r s e l y ,  s t a r t i n g  w i t h  t h e  

F o u r i e r  s e r i e s  o f  a n  i n t e g r a l  a n d  d i f f e r e n t i a t i n g  i t  t e r m  b y  t e r m ,  w e  o b t a i n  

t h e  F o u r i e r  s e r i e s  o f  t h e  m o s t  g e n e r a l  t y p e ,  n a m e l y ,  o n e  a s s o c i a t e d  w i t h  a n y  

f u n c t i o n  p o s s e s s in g  a n  a b s o l u t e l y  c o n v e r g e n t  i n t e g r a l .

I f  t h e  F o u r i e r  s e r i e s  w h i c h  i s  d i f f e r e n t i a t e d  i s  n o t  t h e  F o u r i e r  s e r i e s  o f  a n  

i n t e g r a l ,  b u t  o f  a  f u n c t i o n  w h i c h  f a i l s  t o  b e  a n  i n t e g r a l ,  a t  e v e n  a  s i n g le  p o i n t ,  

t h e  d e r i v e d  s e r i e s  w i l l  n o t  b e  a  F o u r i e r  s e r ie s .

T h e  s e r i e s  so  o b t a i n e d ,  n a m e l y ,  b y  d i f f e r e n t i a t i n g  t e r m - b y - t e r m  t h e  F o u r i e r ,  

s e r i e s  o f  a  f u n c t i o n  w h ic h ,  w i t h o u t  b e i n g  a n  i n t e g r a l  i n  t h e  w h o le  c lo s e d  

i n t e r v a l  o f  p e r i o d i c i t y ,  i s  a n  i n t e g r a l  i n  o n e  o r  m o r e  s u b - i n t e r v a l s ,  I  h a v e  

f o u n d  i t  c o n v e n i e n t  i n  a  r e c e n t  p a p e r f  t o  c a l l  “  r e s t r i c t e d  F o u r i e r  s e r ie s .” I  

r e t a i n  t h e  t e r m  “ F o u r i e r , ” b e c a u s e  s u c h  s e r ie s  p o s s e s s ,  i n  t h e  i n t e r v a l  o r

*  I t  i s  c o n v e n ie n t  to  s u p p o s e  t h e  t r i g o n o m e t r i c a l  s e r ie s  to  h a v e  n o  c o n s t a n t  t e r m ,  o r  to  

r e g a r d  t h e  i n t e g r a t e d  s e r ie s  a s  a  s e r i e s  o b t a i n e d  f r o m  t h e  o r ig i n a l  s e r ie s  b y  i n t e r c h a n g i n g  

t h e  c o e ff ic ie n ts  o f  s in  n x  a n d  co s n x ,c h

b y  n. T h e  i n t e g r a l  to  w h ic h  t h e  i n t e g r a t e d  s e r i e s  c o n v e r g e s  i s  a c c o r d in g ly  a  p e r io d ic  

f u n c t i o n .  B y  i n t e g r a l  w e  m e a n ,  a s  u s u a l ,  a b s o lu t e ly  c o n v e r g e n t  o r  L e b e s g u e  i n te g r a l .

t  “  O n  t h e  C o n v e r g e n c e  o f  t h e  D e r iv e d  S e r ie s  o f  F o u r i e r  S e r ie s ,” r e a d  a t  t h e  J u n e  

M e e t in g ,  1 9 1 6 , o f  t h e  L .M .S .  a n d  r e c e n t l y  p r e s e n t e d  to  t h a t  S o c ie ty .
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i n t e r v a l s  to  w h ic h  t h e y  a r e  “  r e s t r i c t e d , ” s e v e r a l  o f  t h e  p r o p e r t i e s  o f  F o u r i e r  

s e r ie s ,  so  t h a t  t h e y  c a n  b e  e m p l o y e d  i n  a n a l y s i s  i n  s o m e  o f  t h e  w a y s  i n  w h i c h  

o r d i n a r y  F o u r i e r  s e r ie s  h a v e  b e e n  u s e d .

T h e r e  is ,  h o w e v e r ,  o n e  i m p o r t a n t  d i f f e r e n c e  b e t w e e n  t h e  n e w  a n d  t h e  o ld  t y p e s  

o f  F o u r i e r  s e r ie s .  I n  d e a l i n g  w i t h  t h e  f o r m e r ,  w e  c a n  i n  g e n e r a l  o n l y  e m p l o y  

t h e  m e t h o d  o f  s u m m a t i o n  d u e  t o  C e s a r o ,  i n d e x  u n i t y  a t  l e a s t .  T h e  t h e o r e m s  

w h ic h  c o n t i n u e  t o  h o l d  f o r  r e s t r i c t e d  F o u r i e r  s e r i e s  i n  t h e  i n t e r v a l  t o  w h i c h  

t h e y  a r e  r e s t r i c t e d  a r e  o b t a i n e d  b y  m o d i f y i n g  s u i t a b l y  t h e o r e m s  r e l a t i n g  t o  

F o u r i e r  s e r ie s  i n  w h i c h  C e s a r o  c o n v e r g e n c e  o c c u r s .  F o r  m o r e  i n f o r m a t i o n  o n  

t h i s  p o i n t  I  m u s t  r e f e r  m y  r e a d e r s  t o  t h e  p a p e r  j u s t  c i t e d .  I t  w i l l  s u f f ic e  f o r  

o u r  p r e s e n t  p u r p o s e s  to  r e f e r  t o  o n l y  o n e  o f  t h e s e  p r o p e r t i e s .  I t  i s  k n o w n  

t h a t  t h e  b e h a v i o u r  o f  a  F o u r i e r  s e r i e s  a s  r e g a r d s  c o n v e r g e n c e ,  o r  m o d e  o f  

o s c i l la t i o n ,  a t  a  p a r t i c u l a r  p o i n t  x  o f  t h e  i n t e r v a l  (  — 7r , jr) o f  p e r i o d i c i t y ,  

d e p e n d s  o n l y  o n  t h e  n a t u r e  o f  t h e  a s s o c i a t e d  f u n c t i o n  in  t h e  n e i g h b o u r h o o d  

o f  t h e  p o i n t ,  t h i s  n e i g h b o u r h o o d  b e i n g  t a k e n  a s  s m a l l  a s  w e  p l e a s e ,  a n d  t h e  

m e t h o d  o f  s u m m i n g  t h e  s e r i e s ,  o r  o f  o b t a i n i n g  i t s  u p p e r  a n d  l o w e r  f u n c t i o n s ,  

p e a k  a n d  c h a s m  f u n c t i o n s ,  e tc . ,  b e i n g  t h e  o r d i n a r y  c l a s s i c a l  o n e .

I t  i s  r e m a r k a b l e  b o t h  t h a t  t h i s  t h e o r e m  f a i l s  i n  t h e  c a s e  o f  r e s t r i c t e d  

F o u r i e r  s e r ie s ,  a n d  t h a t  i t  b e c o m e s  t r u e  w h e n  t h e  s u m m a t i o n  i s  p e r f o r m e d  i n  

t h e  C e s a r o  m a n n e r ,  i n d e x  >  1 .

T h u s  t e s t s  f o r  t h e  o r d i n a r y  c o n v e r g e n c e  o f  a  r e s t r i c t e d  F o u r i e r  s e r i e s  o f  a  

t y p e  a n a lo g o u s  to  t h e  k n o w n  o n e s  f o r  F o u r i e r  s e r i e s  c a n n o t  e x i s t ,  b u t  o n l y  

t e s t s  f o r  t h e  C e s a r o  c o n v e r g e n c e  a n a lo g o u s  to  t h o s e  f o r  t h e  C e s a r o  c o n v e r g e n c e  

o f  o r d i n a r y  F o u r i e r  s e r ie s .

A n d  a g a i n  o n l y  t h o s e  t h e o r e m s  r e l a t i n g  to  t h e  i n t e g r a t i o n  t e r m - b y - t e r m  o f  

a  F o u r i e r  s e r ie s ,  a f t e r  m u l t i p l i c a t i o n  b y  a n o t h e r  f u n c t i o n ,  i n  w h i c h  t h e  c o n 

v e r g e n c e  e m p lo y e d  i s  o f  t h e  C e s a r o  t y p e ,  h a v e  t h e i r  a n a l o g u e s  i n  t h e  g e n e r a l  

t h e o r y  o f  r e s t r i c t e d  F o u r i e r  s e r ie s .

T o  s e c u r e  t h e  o r d i n a r y  c o n v e r g e n c e  o f  a  r e s t r i c t e d  F o u r i e r  s e r ie s  a t  a  p o i n t  

o r  in  a n  i n t e r v a l ,  a n d  t h e  h o l d i n g  g o o d  o f  i n t e g r a t i o n  t h e o r e m s  w h i c h  i n v o l v e  

o r d i n a r y  c o n v e r g e n c e  i n  a n  i n t e r v a l ,  c o n d i t i o n s  m a s t  b e  f u l f i l l e d  w h i c h  c o n c e r n  

n o t  o n ly  t h e  n e ig h b o u r h o o d  o f  t h e  p o i n t ,  o r  t h e  i n t e r v a l  c o n s id e r e d ,  b u t  a l s o  

t h e  w h o le  o f  t h e  r e s t  o f  t h e  i n t e r v a l  o f  p e r i o d i c i t y .  I n  o t h e r  w o r d s ,  a d d i t i o n a l  

h y p o th e s e s  o f  a  n o v e l  t y p e  w i l l  h a v e  to  b e  m a d e .  I n  t h e  p r e s e n t  c o m m u n i c a 

t i o n  to  t h e  S o c ie ty  I  p r o p o s e  t o  i n i t i a t e  t h e  n e w  t h e o r y  w h i c h  t h u s  a r i s e s ,  b y  

c o n s i d e r i n g  a  c a s e  w h ic h ,  t h o u g h  s p e c ia l  i n  c h a r a c t e r ,  i s  p r o b a b l y  t h e  m o s t  

i m p o r t a n t  o f  a l l  t h e  c a s e s  t h a t  c a n  p r e s e n t  th e m s e l v e s .  I  a s s u m e  t h a t  t h e  

f a i l u r e  o f  t h e  d e r i v e d  s e r ie s  to  b e  a  F o u r i e r  s e r ie s  i s  d u e  to  t h e  f a c t  t h a t ,  a t  a  

f i n i t e  n u m b e r  o f  p o in ts ,  t h e  f u n c t i o n  a s s o c ia te d  w i t h  t h e  s e r ie s  f r o m  w h ic h  i t  

i s  d e r i v e d  f a i l s  to  b e  a n  i n t e g r a l .  I n  o t h e r  w o r d s  t h i s  f u n c t i o n  i s  a n  i n t e g r a l

Convergence o f  R estric ted  F o u rier  Series.
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2 7 8 P r o f .  W .  H .  Y o u n g .  On the O rd inary

o v e r  e v e r y  s u b - i n t e r v a l  w h i c h  d o e s  n o t  c o n t a i n  a n y  o f  t h e  p o i n t s  i n  q u e s t i o n ,  

a n d  o v e r  s u c h  i n t e r v a l s  o n ly .

T h e  m a i n  g e n e r a l  a u x i l i a r y  t h e o r e m  o b t a i n e d  i s  t h a t  i f  F  (t) is the function  

associated w ith  the orig inal Fourier series, and  has the function

associated w ith  the restricted Fourier series, f o r  its  d ifferentia l coefficient almost 

everywhere, then the restricted Fourier series behaves every in terva l not contain

ing  one o f  the points k \ , k % ,  . . . ,  

like a Fourier series, p ro v id e d :

( 1 )  ( x — k r) F  (x) is an  in tegral in  some in terva l containing k r, fo r  

r  =  1 , 2 , . . . ,  s ;  and  converges to zero, as x~*kr ;

( 2 )  i f  qr (x) denote a n y  f  unction which, except in  a certain sub-interval o f  the 

in terval { — i t , i t ), surrounding x  =  

exceptional sub-interval is equal to F  (x), then the coefficients o f  the derived series 

o f  the Fourier series o f  qr (x ) converge to =  1,

I t  w i l l  b e  n o t i c e d  t h a t ,  i n  t h e  c a s e  o f  a  s i n g l e  e x c e p t i o n a l  p o i n t  t h e  

s e c o n d  o f  t h e  p a i r  o f  c o n d i t i o n s ,  t h u s  s h o w n  t o  b e  s u f f i c i e n t ,  i s  c e r t a i n l y  a  

n e c e s s a r y  c o n d i t i o n  f o r  a  t r i g o n o m e t r i c a l  s e r i e s  t o  c o n v e r g e  ; i t s  t e r m s  m u s t ,  

l i k e  t h o s e  o f  a n y  o t h e r  s e r i e s ,  t h e m s e l v e s  c o n v e r g e  t o  z e r o .  M o r e o v e r ,  a s  is  

w e l l  k n o w n ,  i f  t h i s  c o n v e r g e n c e  h o l d s  t h r o u g h o u t  a n  i n t e r v a l ,  h o w e v e r  

s m a l l ,  t h e  c o e f f i c ie n ts  m u s t  t h e m s e l v e s  c o n v e r g e  t o  z e r o .

W i t h  r e g a r d  to  t h e  f i r s t  c o n d i t i o n ,  I  s h o w  i n  t h e  p r e s e n t  p a p e r  t h a t  a l l  

k n o w n  c o n d i t i o n s  i m p o s e d  u p o n / ( Y ) ,  t o  s e c u r e  t h e  f u l f i l m e n t  o f  ( 2 ), in v o lv e  

a t  t h e  s a m e  t i m e  t h e  t r u t h  o f  ( 1 ) .  T h e  c o n d i t i o n s  i n  q u e s t i o n  a r e  th o s e  

w h i c h  I  h a v e  r e c e n t l y  c o m m u n i c a t e d  to  t h e  S o c i e t y *  ; t h e y  l e a d  a t  o n c e , 

a m o n g  o t h e r s ,  t o  t h e  f o l l o w i n g  t h e o r e m s :—

I f  as u -*  0 ,  vje have fo r  r  — 1, 2 ,  . . . ,  

( i )  F  (  k r + 

( i i )  F  (  u  +  k r ) -  F  (u-kr) 
«  Jo Jo

a n d  i f  fu r th e r

( i i i )  F O  +  kr) - ~  P f  ( +  k r) d t
u Jo

is an  integral f o r  some in terva l containing  0 , F  (x) being the fu n c tio n  

associated w ith  the Fourier series, fro m  which the restricted Fourier series was 

derived, then the behaviour o f  the latter series at a n y  p o in t other than  one of

*  “ O n  t h e  O r d e r  o f  M a g n i t u d e  o f  t h e  C o e f f ic ie n ts  o f  a  F o u r i e r  S e r ie s ,” ‘ R o y .  S oc . 

P r o c . , ’ A ,  v o l . 93 , p . 4 2 . F o r  s i m p l ic i t y ,  t h e  c o n d i t io n s  a r e  s t a t e d  s e p a r a t e l y  f o r  a n  o d d  

a n d  a n  e v e n  f u n c t i o n ,  a n d  t h e  s i n g u l a r  p o i n t  i s  s u p p o s e d  to  b e  a t  t h e  o r ig in .  T h e  

t r a n s i t i o n  to  t h e  c a se  c o n t e m p l a t e d  in  t h e  p r e s e n t  p a p e r  i s  o f  c o u rs e  im m e d i a te .
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Convergence o f  R estric ted  F ourier Series.

the exceptional points fa, f a , ..., fa, depends only on the nature of

neighbourhood of the point considered, and, therefore, only on the function 

f  ̂  j- __ jr' associated with the restricted Fourier series.

ve for r  = 1, 2 , ...»  s

(i)  F  ( u + f a ) — F(& r— 

(ii)  L t u [ f  (fa  + u)

both these  lim its  accordingly ex istin g ,

(h i) dt

is a bounded fu n c tio n  o f  u , or, more ,

( iiia ) i f  d  { t2f ( t  +  fa)
u  Jo t

is a  bounded fu n c tio n  o f  u  ; the notation being as in  the preceding theorem, them  

the same conclusion follows.

§ 2. T hese theorem s tak e a very  sim ple  form  if  w e specia lise th e  character  

of th e function further. T hus, w e m ay, for exam ple , replace th e cond ition s

(i), (ii), and (iii)  of the form er of th ese  tw o  theorem s by the sin g le  condition  

th at u f ( u )  is an even  fu nction  of bounded variation  w h ich  has th e  un iqu e  

lim it zero, as u-*0, and th u s obtain  im m ed ia te ly , am ong others, th e

th eo rem :—

I f  u f  (u)is an even fu n c tio n  o f  bounded varia tion  in  the whole in terva l

( —t t , t t ) o f  periodicity, and  has the unique- lim it zero, as u —0, then the 

restricted Fourier series associated w ith  f  (x) converges ord inarily  a t all points o f  

the interval.

W e m ay also replace th e corresponding cond itions in  th e  second theorem  

by the condition th at u2f  (u ) is an  even fu n c tio n , w hich approaches zero, as 

u-*0, while f  (u ) is itse lf a fu n c tio n  o f  bounded varia tion  in  every in terval not 

containing the origin, and so obtain  th e  theorem  that the restricted Fourier series 

associated w ith  such a fu n c tio n  f  (x)converges everywhere, except 

M oreover, at the different poin ts fa, f a , .. . ,  fa, of th e fundam ental theorem*  

w e may, of course, secure th e fu lfilm en t of the corresponding condition  

by hypotheses, varying w ith  the va lue of the subscript.

Closely connected w ith  th e subject of th e paper are certain th eorem s  

depending on th e uniform  convergence to zero of th a t portion o f th e integral  

representing the wth partial sum m ation, th e treatm ent of w hich  form s th e  

m ain difficulty in  these investigations. This un iform ity  is  secured, lik e  th e  

convergence itself, by the hyp otheses made. These additional theorem s are 

those alluded to at the beginning of th is  in tro d u ctio n ; their  sta tem ent and  

proof w ill be found below.
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2 8 0

§ 3. W e  begin  by exp la in in g  som e of th e c ircum stances under w hich we 

m a y  differentiate  an in tegra l of th e  form

\  f { x  +  u)  g  ( )
J a

P r o f .  W .  H .  Y o u n g .  On the O rd in a ry

under th e  s ig n  of in tegration . In  th e  succeed in g  th eorem s w e encoun ter two 

su ch  c a se s :—

(i)  W hen f  i f)  has a  differentia l coefficient a t every 'point o f  the

{a, b), and  th is  d ifferentia l coefficient is  a bounded fu n c tio n  o f  t, while

is  summable.

W e m ay th en  m u ltip ly  th e  bound ed  seq uence

[ f  (x  +  h  +  u ) —f ( x  +  u ) } / h

b y  g  ( u) and in tegrate  term  b y  term , w h ich  g iv es  us th e  required result, 

d [ b Cb
u ) d u  — I f  +  d u  ;

(ii)  when f  (t)and g  ( t)  are both in tegrals fo r  a ll the values o f  the ir  argumen

involved in  the integral.

In  th is  case w ritin g

F (< ) =

w e have, in tegratin g  by  parts,

rb , r  b rb
1 f ( x  +  u ) g  (u )d u  — F  ( x + u ) g ( u )  — I F  +  
J a L -I a J a

w hich  m ay be d ifferentia ted  b y  case (i), g iv in g ,

d_

dx

rb r  1 6  rb

\ f { x+u )g {u ) du  — g {u f f i x  +  u)  — I 

j a  L -J a J a

rb

J 9  (u ) f '  (x  +  u ) dw,

w h ich  is  th e  requ ired  resu lt . T he sam e reason in g  g iv es  th e  required result  

w h en  w e have f i x —u )  in stead  of f i x - b  u).

W e have here supposed th e  lim its  o f in teg ra tio n  in d ep en d en t of x ; in  the  

contrary case w e m ust, o f course, add on corresponding term s to th e  resu lt of 

in tegratio n  under th e  in teg ra l sign .

§ 4. I t  w ill also be con v en ien t to  prefix th e  fo llo w in g  tw o  L em m a s:—  

Le mma  1,— I f  in  a  closed in terva l ( — e, e), G (x) is  a n  integral which  

vanishes when x  — 0, then the lim its , 

p  ( G ( x ) Ĉp x d x ,  i p - n  +  l ) ,

can be made as sm all as we please by m aking  e conveniently small.
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2 8 1Convergence o f  R estric ted  F ourier Series.

In  fact, in tegratin g  b y  parts, th e  in teg ra l w h ich  appears van ish es b y  th e  

T heorem  of R iem ann -L eb esgue, and th e  exp ressio n  in  square brack ets is  as 

.sm all as w e please.

Le mma  2.— I f  tf{t) is an integral in the closed interval of 'periodicity and the  

coefficients of the derived series of the Fourier series o f f  (t)  converge to , then

Lt -T f pf( t)  cospt dt — sin prr [ f  (it ) + /  ( —tt) ] }
L J — IT J

=  0, (p =  n + i ) .  ( I )

For, denoting  th e in tegra l w hose lim it is  considered by I,

f ir  f ir  p r

1 = 1  pf(£) cos n t d t  — I p / ( £ ) ( l —cos ££) cos eft — 1 p f ( t )  s in  $ t  s in  n t clt.
J — 7T J ~TT J — 7T

The first in tegra l approaches zero, being  1 +  1 /2  tim es one of th e  

coefficients of the derived series.

The second and th ird  in tegrals are of th e form

V f Vi*)™ ! n t d t >

w here g  ( t) is an integral, since, by h yp oth esis  t f ( t )  is  an  integral. 

In tegrating by  parts, th is becom es

(1 +  1 / 2 ??.)
n t d t )

in  w hich the in tegra l approaches zero by  th e  Theorem  of R iem ann-L ebesgue.

The bracket exp ression is  zero w hen  i t  in vo lves  th e sine, and w hen it  

in vo lves  the cosine is

— [9 ( 7r)  (  — 7T)  ]  C0S n7r — — [ / (t t ) + f  (  — 7r) ]  COS ?17T,

w hence, since cos m r  =  sin  pir, and th is  term  appears in  ( I )  w ith  m inus sig n , 

th e  required result follows.

Sim ilarly

L t (  p f ( t )  sin  p t  d t — 0, ( i > =  ^  +  i ) .  ( I I )
J —ir

§ 4. The follow ing au xiliary  theorem  is  an im m ed iate consequence of th e  

know n theory of Fourier series :—

Th e o r e m I.— I f  (i)  the associated fu n c tio n  F  (u ) o f  a Fourier series is an  

integral in  the closed interval (x —e, x  +  e) o f  its  interval o f  periodicity  

( — 7r, 7r), so that i t  has accordingly an  absolutely integrable differential 

coefficient, f  (u),say, existing almost everywhere in  the closed in terval 

( x —e ,x  + e) ; and i f

i .. d  f w
( i i )  Q =  t^ I  [ F ( *  +  ̂ ) +  F (a 3 --^ )]s in (w . +  ^ ) w c o s e c ^ w ^ - > 0 ,  (n  — co),
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2 8 2 P r o f .  W .  H .  Y o u n g .  On the O rd in a ry

then the upper and  lower fu n c tio n s o f  the derived series o f  the Fourier ser

F  (u ) at the 'point x  depend only on the properties o f  f  (u ) in  

o f  the p o in t x, as sm all as we please, a n d  w ill be the same as those o f the Fourier 

series o f  any  absolutely integrablefunction, which agrees w ith  f  {u) i

in terval ( x —e ,x + e ) .

D e n o t e  b y  sn t h e  nth. p a r t i a l  s u m m a t i o n  o f  t h e  d e r i v e d  s e r i e s  i n  q u e s t i o n ,  

t h e n ,  b y  t h e  u s u a l  t h e o r y ,

1 d  c*
2 " [ ( F a j + w )  +  F ( a 5 —  u)~\si n  %)uco s e c

a n d  t h e r e f o r e ,  b y  c o n d i t i o n  ( i i ) ,  t h e  u p p e r  a n d  l o w e r  l i m i t s  o f  sn a r e  t h e  

s a m e  a s  t h o s e  o f

l _ d _  

2 7 r  dx
j [ F  (x- f  u)  +  F  ( x — u )]  s i n  (n  +  i )  u co s e c  u du.  
Jo

T h e y  a r e ,  t h e r e f o r e ,  b y  § 2 , t h e  s a m e  a s  t h e  l i m i t s  o f

2  7T
J  [ f ( x  +  u ) d - f i x — u)]  sin ( +  f ) u  c o s e c  |  u  du. (1>

T h i s  p r o v e s  t h e  t h e o r e m .  I n  f a c t ,  i f  ( u )  b e  a n y  a b s o l u t e l y  in te g r a b le -

f u n c t i o n ,  a g r e e i n g  w i t h  f  (u)  i n  ( x — e, x  +  e), t h e n ,  b y  t h e  k n o w n  t h e o r y ,

|  [ / i  (x  + u ) + f i  ( x — u)]  s i n  (n  +  f)u co s e c  -» 0 , 

a n d  t h e r e f o r e  t h e  l i m i t s  o f  t h e  p a r t i a l  s u m m a t i o n s  o f  t h e  F o u r i e r  s e r i e s  o f 

/ i  (u)  a t  t h e  p o i n t  x  a r e  t h e  s a m e  a s  t h o s e  o f  t h e  e x p r e s s i o n  ( 1 ) .

Co e . 1 .— I f  in  condition  ( ii)  the convergence to zero a t a p o in t or in  an  

in terval is u n ifo rm , the restricted Fourier series o f  (x) and  the Fourier series 

o f  / i  (x) ivill have the same peculiarities until regard to u n ifo rm ity , or non

u n ifo rm ity , o f  convergence, or oscillation, a t the p o in t, or in  the interval.

Co r . 2.— Under the same circumstances as in  Cor. 1 , we m ay, integration  

theorems involving integration term -by-term  o f  a Fourier series when m ultip lied  

by a fu n c tio n  g (x) which is absolutely integrable, substitute fo r  the Fourier  

series the restricted Fourier series o f  a fu n c tio n  f  (x) which agrees w ith  the 

associated f  unction f \ ( x ) o f  the Fourier series in  a sub-interval, provided the range 

o f  integration be restricted to tha t sub-interval.

I n  f a c t  t h e  d i f f e r e n c e  b e t w e e n  t h e  n th  p a r t i a l  s u m m a t i o n  o f  t h e  

r e s t r i c t e d  F o u r i e r  s e r i e s  a n d  t h a t  o f  t h e  F o u r i e r  s e r i e s  c o n v e r g e s  u n i f o r m l y  

t o  z e r o ,  a n d  t h e r e f o r e  c o n t i n u e s  to  d o  so  w h e n  m u l t i p l i e d  b y  a n y  a b s o l u t e l y  

i n t e g r a b l e  f u n c t i o n  g (x),  a n d  i n t e g r a t e d  t e r m - b y - t e r m .

§ 5 , W e  h a v e  n o w  to  t r a n s f o r m  c o n d i t i o n  ( i i )  o f  t h e  t h e o r e m  j u s t  g iv e n  in  

a  m a n n e r  s u i t a b l e  f o r  t h e  p u r p o s e s  i n  h a n d .
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Convergence o f  R estricted  F ourier Series. 2 8 3

Th e o r e m I I —  (i) I f ,  outside the in terva l x  +  e), F  is everywhere

a n  integral,except at the fin ite  num ber o f  po in ts  k\, k s ; and i f

( i i )  fo r  each r  — 1, 2, . . . ,  s, the expression  

R  =  f  F r (u)  c o s  p ( x r — u)  \ p  c o s e c  \

+  F r (e )  s in  p  ( xr —e ) c o s e c  (xr — e) — F r ( —

where F r(w ) denotesF (u  + k r), and  x r — x — k rand where p  has, f

been w ritten  fo r  n  + k, has, as n-* oo, 

being conveniently sm all, then the expression

cl f 77
Q  =  — - [F (x + u ) +  ¥  ( x — u)~\ s in  (n c o s e c  

cl x  J e

F o r  s i m p l i c i t y  w e  m a y  s u p p o s e  t h a t  t h e  e x t r e m i t i e s  o f  t h e  i n t e r v a l  o f  

p e r i o d i c i t y  a r e  n o t  i n c l u d e d  a m o n g  t h e  p o i n t s  N o  lo s s  o f  g e n e r a l i t y  i s  

h e r e b y  o c c a s io n e d .

x-n
X

x+e n

F o r  d e f in i t e n e s s ,  s u p p o s e  x  p o s i t i v e .

T h e  p o i n t s  kr f a l l  i n t o  tw o  c la s s e s ,  t h o s e  w h i c h  l i e  i n  ( x — x — e), a n d

th o s e  w h i c h  l i e  i n  (x + e ,  7r) o r  i n  ( — ir, x — 7r) ( s e e  f ig u r e ) .

A s  u  in c r e a s e s  f r o m  e to  7  r, x — uw i l l  p a s s  o v e r  p o i n t s  o f  t h e  f o r m e

o n l y ,  a n d  (x  4- u)  o v e r  p o i n t s  o f  t h e  l a t t e r  c la s s  o n l y .

F i r s t  l e t  k r' d e n o t e  o n e  o f  t h e  f i r s t  c la s s ,  a n d  c o n s i d e r  t h e  e x p r e s s i o n

d Cn
Q x =  —  F  ( x — u )sin (n  4- i )  n  c o s e c  \ u  du.

T h e n ,  s u p p o s in g  t h e r e  a r e  s' s u c h  p o i n t s ,  w e  d iv id e  u p  t h e  i n t e r v a l  (e, 7r )  

i n t o  2 s' 4- 1  i n t e r v a l s .  T h e s e  i n t e r v a l s  c o n s i s t  o f  ( i )  t h e  tw o  e n d - i n t e r v a l s  

(e, x — k l — e) a n d  ( x — k f  +  e, 7 r),and o t h e r  c o r r e s p o n d i n g  i n t e r v

n o t  c o n t a i n  t h e  p o i n t s  x — kr',( i i )  i n t e r v a l s  o f  t h e  t y p e  ( x — k f  — e,

C o n s id e r  t h e  p o r t i o n  o f  Q x d u e  to  a n  i n t e r v a l  o f  t h e  f i r s t  c la s s . T h i s  i s  o f  

t h e  t y p e

d_

dx

‘X — 18 — e

F  ( x — u)  s in  (n +  k)  c o s e c  \ u
x— a + e

t h e  i n t e g r a n d  h a v i n g  n o  s i n g u l a r i t i e s  w i t h  r e s p e c t  to  o r  u, so  t h a t ,  b y  

1 2 , t h i s  p o r t i o n  o f  Q x m a y  b e  d i f f e r e n t i a t e d  i n  t h e  u s u a l  w a y , g i v i n g  u s  

t h r e e  t e r m s ,  o n e  o f  w h ic h  i s  t h e  i n t e g r a l  o b t a i n e d  b y  o m i t t i n g  d /dx  i n  

VOL. x c ii i.—A, z
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2 8 4 P r o f .  W .  H .  Y o u n g .  On the O rd inary

t h e  p r e c e d i n g  e x p r e s s i o n  a n d  w r i t i n g / f o r  F ,  a n d  a c c o r d i n g l y  h a s  t h e  u n i q u e  

l i m i t  z e r o ,  a n d  t h e  o t h e r  t w o  a r e  :

F  (/3  +  e )  s in jp  ( x — /3— e) c o s e c  \

— F ( a  — e ) s i n  p { x  — a +  e)cosec |  ( x — a  +  e).

I n  t h e  c a s e  o f  t h e  tw o  e n d - i n t e r v a l s  w h i c h  b e l o n g  t o  t h i s  c la s s ,  o n e  o n l y  o f  

t h e s e  t w o  l a t t e r  t e r m s ,  o f  c o u r s e ,  a p p e a r s .

N e x t  c o n s i d e r  t h e  p o r t i o n  o f  Qx d u e  t o  a n  i n t e r v a l  o f  t h e  s e c o n d  c la s s .  

T h i s  i s  o f  t h e  t y p e

d_

dx

CX— a  +  e

F  ( x — u )sin p u  c o s e c  du,

w h i c h  m a y  b e  w r i t t e n

d_

dx
F  i t  +  a )  s in  p  (x a — t)  c o s e c  ^  ( x — a. — t) ,

w h e r e ,  b y  § 2 , t h e  d i f f e r e n t i a t i o n  m a y  b e  p e r f o r m e d  u n d e r  t h e  i n t e g r a l  s ig n .  

W e  t h u s  g e t  t w o  t e r m s ,  o n e  o f  w h i c h  h a s  t h e  u n i q u e  l i m i t  z e r o ,  b y  t h e  

T h e o r e m  o f  B i e m a n n - L e b e s g u e ,  w h i l e  t h e  o t h e r  i s

F ( £  +  a )c o s y >  ( x — a — c o s e c  | ■t )  dt.

C o l l e c t i n g  o u r  r e s u l t s  so  f a r ,  a n d  b e a r i n g  i n  m i n d  t h a t ,  i n  t h e  s t a t e m e n t  o f  

c o n d i t i o n  ( i i ) ,  x r s t a n d s  f o r  ( x — k r), a n d  F r  (u)  f o r  

f a r  a s  Q i  i s  c o n c e r n e d ,  t h e  s i n g u l a r  p o i n t s  o f  t h e  f i r s t  o f  t h e  tw o  c l a s s e s ,  i n t o  

w h i c h  w e  h a d  d iv i d e d  t h e m ,  g iv e  u s  t e r m s  p r e c i s e l y  o f  t h e  t y p e  s t a t e d  i n  t h e  

e n u n c i a t i o n  o f  t h e  t h e o r e m .

N e x t  c o n s i d e r

'x + u)  s in  

W e  s h a l l  h a v e  w o r k  o f  p r e c i s e l y  t h e  s a m e  k i n d  t o  p e r f o r m  a s  b e f o r e  i n  

d e a l i n g  w i t h  t h e  f i r s t  c la s s  o f  i n t e r v a l s .  I n  t h e  s e c o n d  c la s s  w e  s h a l l  w r i te ,

u  — k r ' —

a n d  p a y i n g  a t t e n t i o n  t o  t h e  s ig n  o f  e, w e  s h a l l  f i n d  t h a t ,  f o r  Q .2 a l s o , t h e  

c o n d i t i o n  ( i i )  c o n t a i n s  e x p r e s s i o n s  t o  w h i c h  w e  a r e  a c t u a l l y  le d  b y  o u r  

p r o c e s s .  T h u s  o u r  t h e o r e m  is  p r o v e d .

§ 6 . I t  s h o u l d  b e  n o t i c e d  t h a t  i n  t h e  p r e c e d i n g  t h e o r e m  w e  h a v e  o n ly  u s e d  

t h e  c o n d i t i o n  t h a t  t h e  s i n g u l a r i t i e s  o f  F  {u)  a r e  p o i n t  s i n g u l a r i t i e s ,  i n  d e m a n d i n g  

m e r e l y  t h a t  t h e  e x p r e s s i o n s  K  c a n  b e  m a d e  a s  s m a l l  a s  w e  p le a s e ,  b y  t a k i n g  

e c o n v e n i e n t l y  s m a l l .  I f  w e  r e q u i r e  K  to  c o n v e r g e  t o  z e r o ,  t h e  s i n g u l a r i t i e s  

m a y  b e  a n y  w e  p l e a s e  i n s i d e  t h e  c o r r e s p o n d i n g  i n t e r v a l s .
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I n  t h e  n e x t  a u x i l i a r y  t h e o r e m ,  a b o u t  t o  h e  g i v e n ,  i t  i s ,  h o w e v e r ,  e s s e n t i a l  

t h a t  t h e  p o i n t s  a t  w h i c h  F  (x)  i s  n o t  a n  i n t e g r a l  s h o u l d  b e  f i n i t e  

Th e o r e m I I I .— (i) I f  outside the in terval a  +  e), F  (u ) is everywhere an  

i n t e g r a l , except at the fin ite  num ber o f po in ts h ,  • . .  , h  ;

(ii) t F ( t  +  kr) is fo r  each value o f  =  1 , 2, . . . ,  s, and  an  appropriate

sufficiently sm all range o f  values o f  t, includ ing  =  0 , an  integral which  

converges to zero, as t - * §  \

( i i i )  The expressions

P [ _  F ( *  +  f c )  ™n p t d t  +  i'{* +  kr) F ( - «  +  f c )

have, as n-+ oo , lim its  all o f  which m ay be made as sm all as we please, by m a k in g  

e conveniently sm a ll; then the expressions which occur in  Theorem  I I  ( i i ) ,

E  =  j  F r (u)  c o s  p  (;, xr — u ) %p c o s e c  ^  (ay  — )

+  F  ( e )  s in  p  (ay  — e) c o s e c  |  (  xr — e F  (  — e )  siny>  (a

have lim its  which are as sm all as we please, e being conveniently small.

W e  h a v e  to  c o n s i d e r  t h e  l i m i t i n g  v a l u e ,  o r  v a l u e s ,  o f  e x p r e s s i o n s  o f  t h e  

t y p e

p  j* F r  ( u) c o s  p  (  xr — u )  c o s e c  ^  (ay  — u) du  +  F r ( e )  s in  p  (xr —

sin _ p  (  x +  e ) c o s e c  ^  (xr +  e )  =  A  +  B  +  C , s a y .

W r i t e  c o s e c  |  (xr— u)  =  c o s e c  (ay , u),

t h e n

B  +  C  =  { F r  (e) s in ^ >  ( a — e ) — F r (  — e ) s in  ^9 ( a r +  e ) } c o s e c  \ x r

+  { e F  {e)g{xr, e )  sin^>  ( a y — e) +  e F r ( — s i n  },

w h e r e  t h e  q u a n t i t y  in s i d e  t h e  s e c o n d  c u r l y  b r a c k e t  i s  a s  s m a l l  a s  w e  p le a s e ,  

w h e n  e i s  c h o s e n  c o n v e n i e n t l y  s m a l l ,  s i n c e ,  b y  h y p o t h e s i s  ( i i ) ,  

a p p r o a c h e s  z e ro , w h e n  u-* 0, a n d  g ( x , ±e )  s i n j ? ( a ’ +  e ) i s  b o u n d e d .

T h u s  w e  m a y  r e p l a c e  B  +  C  b y

s in  p x  c o s  per c o se c  \ x r [ F r ( e ) — F r (  — e) ]

— c o s ^ a r s i n ^ e  c o s e c  \ x r [ F r  (e )  +  F r (  — e) ( 1 )

L e t  u s  w r i t e

A  =  L  cos^?ay  +  M  s in

w h e r e

L  =  p j F r (t) co s  pt co s e c . |  (xr— t) dt =  c o s e c  | a r  j  F r ( ) 

- f  j F r (t) g  (  , t) c o s  p t  dt..

Convergence o f  R estric ted  F ourier Series. 2 8 5
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T h e  i n t e g r a l  l a s t  w r i t t e n  d o w n  b e i n g  a s  s m a l l  a s  w e  p le a s e ,  b y  L e m m a  1 , 

s in c e  tFr {t) a n d  g ( x r, t )  a r e  b o t h  i n t e g r a l s ,  so  t h a t  i s  a n

i n t e g r a l ,  a n d  h a s ,  m o r e o v e r ,  l i k e  £ F r (  t), t h

C o m b in in g  t h i s  w i t h  ( 1 ) ,  w e  s e e  t h a t  A  +  B  +  C  h a s  l i m i t s  w h i c h  d i f f e r  b y  

a s  l i t t l e  a s  w e  p l e a s e  f r o m  t h o s e  o f  a n  e x p r e s s i o n  o f  t h e  f o r m

( L '  cosyfczv +  M '  s iny> av) c o s e c

w h e r e

L '  =  p j* F r (  t) c o s  

a n d ,  t r a n s f o r m i n g  M  i n  t h e  s a m e  w a y  a s  w e  t r a n s f o r m e d  L  a b o v e ,

M '  ^  +  C0SP [ F r ( e ) - -  F r ( — e ) ] .

B u t ,  b y  t h e  h y p o t h e s i s  ( i i ) ,  t h e  e x p r e s s i o n s  L '  a n d  M '  h a v e  l i m i t s  a s  s m a l l  

a s  w e  p le a s e ,  f o r  a l l  v a l u e s  o f  r  == 1, 2 , . . . ,  

R  w i t h  w h i c h  w e  s t a r t e d  h a s  l i m i t s  a s  s m a l l  a s  w e  p l e a s e ,  w h i c h  p r o v e s  t h e  

t h e o r e m .

Co r .— I n  condition  ( i i i )  p  m a y  be replaced by 

■validity o f  the theorem.

A s  r e g a r d s  t h e  s e c o n d  a n d  t h i r d  m e m b e r s  o f  t h e  e x p r e s s i o n ,  t h i s  i s  a l m o s t  

o b v i o u s ; i n  f a c t ,  t a k i n g ,  f o r  i n s t a n c e ,  t h e  s i n e ,

F  (  t-\-kr)  siny>£

d i f f e r s  f r o m  F  {t + Jcr) s i n  n t

b y  F  (t + Jcr )sin n t  (1  — c o s  \ t ) - f  F  +  kr)

w h ic h ,  b y  t h e  l a s t  s t a t e m e n t  o f  c o n d i t i o n  ( i i i ) ,  c o n v e r g e s  t o  z e r o ,  a s  -* 0 , a n d  

t h e r e f o r e  h a s ,  w h e n  t — e,a v a l u e  a s  s m a l l  a s  w e  p le a s e .

A s  r e g a r d s  t h e  i n t e g r a l  c o n s t i t u t i n g  t h e  f i r s t  t e r m  o f  t h e  e x p r e s s i o n ,  w e  

m a y  c l e a r l y  r e p l a c e  t h e  p  o u t s i d e  t h e  i n t e g r a l  b y  n, s i n c e ,  b y  t h e  T h e o r e m  o f 

R i e m a n n - L e b e s g u e ,  w e  s h a l l  o n l y  a l t e r  t h e  t e r m  b y  a  q u a n t i t y  w h ic h  

c o n v e r g e s  to  z e r o ,  a s  nor  pbe c o m e s  i n f i n i t e .

m a d e .  I f  w e  n o w  c h a n g e  t h e  p  i n s i d e  t h e  i n t e g r a l  i n t o  n, w e  h a v e  a  

d i f f e r e n c e  i n  v a l u e  g i v e n  b y  t h e  s u m  o f  t w o  e x p r e s s i o n s  o f  t h e  f o r m

n \  £ F  {t +  k r)h(£ ) ^  n t d

w h e r e  h (t)  i s  a n  i n t e g r a l .  T h e s e ,  b y  L e m m a  1 o f  § 4 ,  h a v e ,  f o r  a  s u f f i c i e n t l y  

s m a l l  e, l i m i t s  a s  s m a l l  a s  w e  p le a s e .  F o r  £ F  (£ +  )  h  (£ ) i s  a n  i n t e g r a l

w h i c h  a p p r o a c h e s  z e r o ,  a s  t-> 0 , a n d ,  t h e r e f o r e ,  a s  

i n t e g r a t i n g  b y  p a r t s ,  a n d ,  u s i n g  t h e  T h e o r e m  o f  R i e m a n n - L e b e s g u e ,  o u r  r e s u l t  

f o l l o w s .

2 8 6  P r o f .  W .  H .  Y o u n g .  On the O rd in a ry
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Convergence o f  R estric ted  F ourier  2 8 7

§ 7. W e now com e to our fu ndam ental aux ilia ry  theorem .

Th e o r e m I V . — The {ordinary) upper and  lower fu n c tio n s  o f  the firs t deriv

series o f  the Fourier series o f  F  {x) at a p a rticu la r  p o in t x  {other

k h k2, h ,  to be im m ediately specified) depend only on the nature o f  F  {t) a  

neighbourhood enclosing the po in t t — x  considered, as sm all as we 

provided the fo llow ing  conditions be satisfied  —

(i)  Except in  an  interval which contains one at least o f  a certain f in i te  

number o f  points, k \ , k2, ..., ks, F {() is an absolutely convergent integ

(ii)  ^F {kr + t) is an  absolutely convergent =  1, 2 a

certain in terva l containing t — 0 , and  converges to zero, when  0 .

(iii)  I f  qr {t) denote a ny  fu n c tio n  whichexcept a certain 

the interval (  — 7r , 7 r), surrounding t =  periodic integral, and  in  tha t

exceptional sub-interval is equal to F  {t), then the coefficients o f  the derived series 

o f the Fourier series o f  qr {t) converge to zero, fo r  =  1 , 2,

For, if  th e conditions (iii)  hold,

H e n c e

L t
COS

sin
n t d t

ir  *•<*>7 T  J  - 7 T

f 71" cos
L t  n \  qr {t) . =  0 .
(—►GO J  —IT SZ71

T h e r e f o r e ,  s in c e  qr {t) i s  p e r io d i c ,

f77 COS
L t  n\qr {t + k r) 0

71—>00 J — 7T SX71

N o w

( 1 )

+  hr) C°*n  n t dt =  \^qr {t +  kr^S— con t  — j  qr 

w h e r e  t h e  i n t e g r a l  o n  t h e  r i g h t  v a n i s h e s  w h e n  n.-* 00 , b y  t h e  T h e o r e m  o f  

R ie m a n n - L e b e s g u e .  H e n c e ,  a s  n-* 00 ,

n  |  <lr{t + kr) ^  n t d t — qr {t t  + kr) _ CQ§ nw  + qr{e + kr) Ŝ 1̂  ne -> 0 . ( 2 )

I n  l i k e  m a n n e r

n \ j A t  + h ) ™ f n t d t - i r ( - e  + k ' ) - p l n* + qr ( - K  + kr) - p n nTr~<). ( 3 )

A ls o 711  qr {t + kr) ^  n t d t  =  n ^  F  {t +  kr) ^  nt. ( 4 )

A d d i n g  ( 2 ) , ( 3 )  a n d  (4 ) ,  a n d  c o m p a r i n g  w i t h  ( 1 ) ,  w e  g e t ,  f in a l ly ,

W >  +  *') 2 > - f e I V ( «  +  * 0 ± j S V < - . + f c ) ]  “ > }  - o ,  ( 5 )
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s in c e  s ir iT w r =  0 , a n d  q =

a n d  qr (e + Jcr) — F  (e  +  

N o w , a s  i n  t h e  p r e c e d i n g  c o r o l l a r y ,  w e  m a y  i n  ( 5 )  r e p l a c e  n  b y  w h e r e  

p  =  n  +  T h e  c o n d i t i o n s  ( i ) ,  ( i i ) ,  a n d  ( i i i )  o f  T h e o r e m  I I I  o f  § 6  a r e  

t h e r e f o r e  s a t i s f i e d .  H e n c e ,  b y  T h e o r e m s  I I  a n d  I I I ,  

d  C*
L t  I n =  L t  —  I \ F ( x  +  u)  I -F  ( x — u )]  s i n  

n - > oo n - >  oo J c

T h i s ,  b y  T h e o r e m  I ,  p r o v e s  t h e  t h e o r e m .

§ 8 . F r o m  T h e o r e m  I V  o f  t h e  p r e c e d i n g  a r t i c l e ,  w e  c o n c l u d e  e a s i l y  t h a t  

w h o le  c la s s e s  o f  r e s t r i c t e d  F o u r i e r  s e r ie s  o f  t h e  k i n d  c o n t e m p l a t e d  a c t u a l l y  

e x i s t .  I n  a  r e c e n t  c o m m u n i c a t i o n  to  t h e  S o c i e t y ,  I  h a v e  v i r t u a l l y  o b t a i n e d  

s u f f ic ie n t  c o n d i t i o n s  f o r  t h e  f u l f i l m e n t  o f  c o n d i t i o n  ( i i i )  o f  T h e o r e m  I Y  a b o v e . 

W e  p r o c e e d  f i r s t  t o  s h o w  t h a t  t h e s e  s u f f i c i e n t  c o n d i t i o n s  e n s u r e  a t  t h e  s a m e  

t i m e  t h e  f u l f i l m e n t  o f  c o n d i t i o n  ( i i ) .

L emma  3.— I f  F  (u) is a n  integral 

and  i f  any  one o f  the fo llow ing  conditions holds in  some in terval containing

2 8 8  P r o f .  W . H .  Y o u n g .  On O rd inary

the origin,

( i ) u  F '  (u ) is bounded ;

l [ u
( i i ) F  (u ) ----- I F  (ii) d u  is an  in te g ra l;

u  J 0

'  ( i i i ) v?F " (u ) is bounded ;

then uF  (u ) is an in tegral in  the whole in terva l o f  periodicity, and  approaches

zero when u  -* 0 .

W e  h a v e ,  i n  f a c t ,  i f  Gr(-w) i s  t h e  i n t e g r a l  o f  F  ( ) ,

- f-  [ > F  (u) ] =  F  (u )  +  u F '  (u )  +  u Y
(tZC GLIA/

a n d ,  t h e r e f o r e ,  i n  c a s e  ( i ) ,  t h e  d i f f e r e n t i a l  c o e f f ic ie n t  o f  G O )  is

b o u n d e d ,  s o  t h a t  u F f u ) — G f O )  i s  a n  i n t e g r a l ,  a n d ,  t h e r e f

i n t e g r a l ,  w h ic h ,  b y  t h e  t h e o r y  o f  i n d e t e r m i n a t e  f o r m s ,  h a s  t h e  s a m e  l i m i t  a s  

— u 2Y O ) ,  t h a t  i s  z e r o .

I n  c a s e  ( ii) , i f  w e  m u l t i p l y  b y  u, w e  s t i l l  g e t  a n  i n t e g r a l ,  w h i c h  a c c o r d 

i n g l y  a p p r o a c h e s  z e r o ,  w h e n  u  -* 0 , h e n c e  t h e  r e q u i r e d  r e s u l t  f o l lo w s .

I n  c a s e  ( i i i ) ,  w e  r e m a r k  t h a t ,  b y  t h e  t h e o r y  o f  i n d e t e r m i n a t e  f o r m s ,

F » / ( l  /U)

h a s  i t s  l i m i t s  a m o n g  t h o s e  o f

F ' » / ( - l / 0 ,

s o  t h a t  ( i i i )  b e c o m e s  a  s p e c ia l  c a s e  o f  ( i ) .

§ 9. W e  n o w  g iv e  t h e  c o n d i t i o n s  a l l u d e d  t o  i n  t h e  p r e v i o u s  a r t i c l e ,  w h ic h
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Convergence of R estric ted  F o u rier  Series. 2 8 9

e n s u r e  s im u l t a n e o u s l y  t h e  h o l d i n g  o f  t h e  c o n d i t i o n s  ( i i )  a n d  ( i i i )  o f  

T h e o r e m  I V .  T a k e n  in  c o n j u n c t i o n  w i t h  t h a t  t h e o r e m ,  t h e y  g iv e  u s  t h e  

m a in  r e s u l t s  o f  t h e  p a p e r ,  s t a t e d  i n  t h e  I n t r o d u c t i o n .

Th e o r e m A .— The  conditions ( i i )  and  ( i i i )  o f Theorem  I V  are satisfied, fo r

p articu lar value o f  r  if , fo r  tha t value o f  we have, as 0 ,

(a)  F  (kr +  u)  — F  

and i f  fu r th e r

(c) u T ' (k r +  u )  =  u f  (k r +  u ) is fo r  some in terval u  =

tion o f bounded varia tion  ;

or, more generally, i f  we have, in  addition  to (a), the : —

1 f H
(d )  F  (u  +  kr) ---- F  (t +  kr)dt is an  in tegral fo r  a

u  Jo

C o n d i t i o n  (a) s e c u r e s  t h a t  t h e  o d d  f u n c t i o n  F  F  ( )  h a s  z e r o

a s  l i m i t ,  w h e n  u-+ 0 , a n d  (c) s e c u r e s  t h a t  u  t i m e s  t h e  d i f f e r e n t i a l  c o e f f i c ie n t  o f

t h e  s a m e  o d d  f u n c t i o n  i s  a  f u n c t i o n  o f  b o u n d e d  v a r i a t i o n .  H e n c e  w e  m a y  

a p p l y  T h e o r e m  4  o f  m y  p a p e r  c i t e d  a b o v e ,  a n d  d e d u c e  t h e  c o n v e r g e n c e  to  

z e r o  o f  t h e  c o e f f ic ie n ts  o f  t h e  d e r i v e d  s e r ie s  o f  t h e  e x t e n d e d  o d d  f u n c t i o n ,  

w h ic h  i s  e l s e w h e r e  a n  i n t e g r a l ,  a n d  i n  t h e  g i v e n  s m a l l  i n t e r v a l  a g r e e s  w i t h  

t h e  a b o v e  o d d  f u n c t i o n .

S i m i l a r l y  c o n d i t i o n s  (b) a n d  (c )  s e c u r e  t h a t  u  t i m e s  t h e  d i f f e r e n t i a l  c o

o f  t h e  e v e n  f u n c t i o n  F ( f t r +  w) +  F ( £ r — u)  i s  a  f u n c t i o n  o f  b o u n d e d  v a r i a t i o n ,  

w h ic h  c o n v e r g e s  t o  z e r o ,  a s  u-*0. T h u s  b y  T h e o r e m  3  o f  t h e  s a m e  p a

c o e f f ic ie n ts  o f  t h e  d e r i v e d  s e r ie s  o f  t h e  e x t e n d e d  e v e n  f u n c t i o n  c o n v e r g e  t o  z e ro .

H e n c e  t h e  c o e f f ic ie n ts  b o t h  o f  t h e  c o s in e  a n d  t h e  s in e  t e r m s  o f  t h e  d e r i v e d  

s e r i e s  o f  t h e  F o u r i e r  s e r i e s  o f  a  f u n c t i o n  w h i c h  i s  e q u a l  to  F ( ^ )  i n  t h e  g i v e n  

s m a l l  i n t e r v a l  c o n t a i n i n g  u  =  k r ,a n d  i s  e l s e w h e r e  a n  i n t e

z e ro . H e n c e  c o n d i t i o n  ( i i i )  o f  T h e o r e m  I V  i s  s a t i s f i e d .

W i t h  r e g a r d  to  c o n d i t i o n  ( i i ) ,  t h i s  is ,  b y  L e m m a  3 , s a t i s f i e d ,  a s  b y  

c o n d i t i o n  (c ) o f  t h e  p r e s e n t  th e o r e m  u T '  (  + u)  i s  b o u n d e d .

T h is  p r o v e s  t h e  t h e o r e m  w h e n  (a), (b), a n d  (  a r e  s a t i s f i e d .

T o  s e e  t h a t  (b') a n d  (d)  m a y  t a k e  t h e  p la c e  o f  (b) a n d  (c ) , w e  r e m

t h a t ,  b y  L e m m a  3 , u T  (u  +  kr) — u T r (u)  a p p r o a c h e s  z e ro ,  a s  u  -* 0 , a n d  t h a t ,  

th e r e f o r e ,  f r o m  t h e  e q u a t i o n

<&)
u  4 -  [ F  (kr +  u) 4- F  — ] -*• 0  ;

du

(&') u  jo

1 f«.

ufr (u) du  =  u T r (u)  — F r (u) du — F r  (e).
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2 9 0 P ro f .  W .  H .  Y o u n g .  On the O rd inary

w e  m a y  d e d u c e  t h a t

'u rn

u f r ( u ) d u  =  u F r ( u ) — F  
0 J o

a n d ,  th e r e f o r e ,  t h a t  t h e  l e f t - h a n d  s id e  o f  t h e  l a s t  e q u a t i o n ,  b e i n g  t h e  d i f f e r e n c e  

o f  tw o  i n t e g r a l s ,  i s  a n  o r d i n a r y  L e b e s g u e  i n t e g r a l .

M o r e o v e r  w e  s e e  t h a t

1

u

ru

I u f { u ) d

i s  i t s e l f  a n  o r d i n a r y  L e b e s g u e  i n t e g r a l .

T h e  r e s t  o f  t h e  a r g u m e n t  i s  p r e c i s e l y  a n a l o g o u s  to  t h a t  e m p l o y e d  i n  d e a l i n g  

w i t h  t h e  s e t  o f  c o n d i t i o n s  ( a ) ,  (  b), a n d  (c) 

T h e o r e m s  3  a n d  4  o f  t h e  p a p e r  c i t e d  a s  b a s i s ,  w e  n o w  u s e  t h e  m o r e  g e n e r a l  

T h e o r e m s  5  a n d  6 o f  t h a t  s a m e  p a p e r .

§ 1 0 .  T h e  f o l l o w i n g  t h e o r e m  is  b a s e d  o n  T h e o r e m s  7  a n d  8  o f  t h e  p a p e r  

p r e v i o u s l y  c i t e d ,  a n d  i n  i t s  m o s t  g e n e r a l  f o r m ,  o n  a  s l i g h t  g e n e r a l i s a t i o n  o f 

t h e  r e s u l t  o f  m y  £ C o m p t e s  E e n d u s 5 p a p e r ,  t h e r e  u t i l i s e d .

Th e o r e m B .— R eta in in g  conditions (a) o f  Theorem, A ,  we m a y  replace \

(c) by the fo llow ing  :—

(b" )  u 2F "  (u  +  Jcr)is bounded in  some interred surround ing  0, an

u F ' (u  +  hr) has a unique lim it as u-*0 , F "  denoting a 

I n  f a c t ,  b y  L e m m a  3 , c o n d i t i o n  ( i i )  o f  T h e o r e m  I Y  i s  s a t i s f i e d .

More generally we m a y  replace (b) and  ( by the fo llow ing  —

<*'"> y d ( t 2F'  (  ) is bounded in  some in terva l surrounding  

u F ' (  u  + kr) has a unique lim it, as u-*0.

I n  f a c t ,  b y  L e m m a  3 , c o n d i t i o n  ( i i )  o f  T h e o r e m  I V  i s  s a t i s f i e d .  A ls o

c o n s i d e r i n g  ( c " ) ,  i f  w e  w r i t e
♦

g{u) = ~ [ v ? r  (u + hr)]  =  («  +  £ ,),

w e  s e e  t h a t  g (u )  i s  b o u n d e d ,  s a y  n u m e r i c a l l y  le s s  t h a n  B .

1 f w
F u r t h e r  u f ( u  +  Jer) g ( t ) d t ,

u  )o

1 r u
w h e r e  -  g ( t ) d t ^  B ,

u  J o

a n d  i s  a c c o r d i n g l y  b o u n d e d .

W e  c a n  a c c o r d i n g l y  e m p l o y  T h e o r e m s  7  a n d  8  o f  t h e  p a p e r  a l r e a d y  c i t e d ,  

a n d  t h e  r e q u i r e d  r e s u l t  f o l lo w s .
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T o  p r o v e  t h e  r e m a in i n g  p a r t  o f  t h e  t h e o r e m ,  w e  h a v e  m e r e l y  t o  u s e  t h e  

c o n d i t i o n  t h a t

du  [</> (  x  + u)+ ]

s h o u ld  b e  b o u n d e d ,  i n s t e a d  o f  t h e  s l i g h t l y  le s s  g e n e r a l  c o n d i t i o n  t h a t

1 Cu d
— I U [<p (x  -f- 'll) -f- cj> (x  —11) ] dw/
'll 1 Q CI U

i n  t h e  t e s t  f o r  t h e  c o n v e r g e n c e  o f  t h e  F o u r i e r  s e r ie s  o f  a  f u n c t i o n  </> (u)  a n d  o f  

i t s  a l l i e d  s e r ie s ,  q u o t e d  i n  t h e  p a p e r  c i t e d  f r o m  t h e  ‘ C o m p te s  R e n d u s . ’*

§ 1 1 .  I n  t h e  T h e o r e m s  I I - I V  w e  h a v e  h a d  i n  v ie w  c o n v e r g e n c e  a t  a  p o i n t  

o n ly .  T h a t  t h e  c o n v e r g e n c e  i s  u n i f o rm ,  o r ,  m o r e  g e n e r a l l y ,  t h a t  t h e  q u a n t i t i e s  

h a v e  l im i t s  w h i c h  a r e  b o u n d e d  f u n c t i o n s  o f  i s  im m e d i a t e .  T h u s  w e  h a v e  

t h e  f o l l o w in g  t h e o r e m  :—

d Cn
Th e o r e m Y .— The expression I [ F  (x  +  u )  +  F ( x — u ) ] s i n c o s e c  b u d

Theorem  I  converges u n ifo rm ly  to zero a ny  closed in terva l in terna l to a  

completely open interval, in  which the conditions o f  Theorem  I Y  hold.

W e  h a v e ,  i n  f a c t ,  o n l y  t o  e x a m i n e  t h e  p r o o f s  o f  T h e o r e m s  I I ,  I I I ,  a n d  I Y  

to  s e e  f i r s t l y  t h a t ,  f o r  s u c h  a  c lo s e d  i n t e r v a l ,  t h e r e  i s  a  f i n i t e  u p p e r  a n d  a  

f in i t e  lo w e r  b o u n d  to  e a c h  o f  t h e  f a c t o r s  w h i c h  i n v o l v e  x, e.g.,

c o s  p{x-^x— t) c o s e c  \  t),

o r  g (x, e) i n  T h e o r e m  I I I ; a n d ,  s e c o n d ly ,  t h a t  w h e r e v e r  t h e  T h e o r e m  o f  

R i e m a n n - L e b e s g u e  i s  u s e d ,  t h e  c o n v e r g e n c e  is ,  b y  a  k n o w n  p r o p e r t y  o f  t h e  

i n t e g r a l  in  q u e s t i o n ,  u n i f o r m  c o n v e r g e n c e  t o  z e r o  f o r  v a l u e s  o f  x  i n  o u r  

c lo s e d  i n t e r v a l .  F i n a l l y ,  w h e r e  t h e  a r g u m e n t  i n t r o d u c e s  a  s m a l l  q u a n t i t y  e, 

w h ic h ,  w h e n  c h o s e n  c o n v e n i e n t l y  s m a l l ,  e n s u r e s  c e r t a i n  a u x i l i a r y  q u a n t i t i e s  

b e in g  a s  s m a l l  a s  w e  p le a s e ,  w e  s e e  t h a t  t h e s e  a u x i l i a r y  q u a n t i t i e s  m a y  b e  

m a d e  le s s  t h a n  a n  a s s i g n e d  s m a l l  q u a n t i t y  i n d e p e n d e n t  o f  x, s in c e ,  x  b e in g  a  

p o i n t  o f  a  c lo s e d  i n t e r v a l  i n s i d e  a  c o m p l e t e l y  o p e n  i n t e r v a l  in  w h i c h  t h e  

c o n d i t io n s  h o ld ,  e m a y  b e  c h o s e n  i n d e p e n d e n t  o f  x, a n d ,  b y  t h e  p o i n t  f i r s t  

r e f e r r e d  to , t h e  a u x i l i a r y  q u a n t i t y  i n  q u e s t i o n  m a y  b e  m a d e  t o  d e p e n d  o n ly  

o n  e. T h u s  t h e  t h e o r e m  is  p r o v e d .

§ 1 2 . R e f e r r i n g  t h e n  to  C o r .  2  o f  T h e o r e m  I ,  w e  a t  o n c e  o b t a i n  t h e  

f o l l o w in g  r e s u l t s  i n  t h e  t h e o r y  o f  t e r m - b y - t e r m  i n t e g r a t i o n  o f  r e s t r i c t e d  

F o u r i e r  s e r ie s  w h e n  m u l t i p l i e d  b y  a n o t h e r  f u n c t i o n :—

The o r e m C .— I f  f  (x) is a fu n c tio n  which in  a certain sub-interval o f  the

*  T h e  p r o o f  o f  t h e  e x te n d e d  f o rm  o f  t e s t  is  a lm o s t  e x a c t ly  t h e  s a m e  a s  t h a t  g iv e n  in  

t h e  ‘ C o m p te s  R e n d u s .’ I t  is  g i v e n  in extenso in  a  p a p e r  o n  “ T h e  C o n v e rg e n c e  o f  t h e  

D e r iv e d  S e r ie s  o f  a  F o u r i e r  S e r ie s ,’’ c i te d  a b o v e .

Convergence o f  R estric ted  F ourier Series. 2 9 1
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2 9 2  On the O rd in a ry  Convergence o f  R estric ted  F ourier  .

in terred o f periodicity  has its  square su and

tvhose square is summable, then, i f  we m u ltip ly  the restricted Fourier series of 

f  (x) by g (x ) ,  ive m ay  integrate term  by term over the sub-interval, and the result 

w ill be the in tegral o f  the product f { x )  g  {x) over the same in terval, provided  

only tha t—

( i )  the restricted, nature o f  the seines is due to a fin ite  num ber o f  points at 

which the pr im itive  fu n c tio n  F  (x) o f  w hich f ( x )  is a derivate is  not an  integral

( i i )  at such po in ts k r,( r  =  1 , 2, . . . ,  s), ( x — kr) F (x) is an

( i i i )  i f  qr denote a n y  fu n c tio n  ivhich, except in  a certain sub-interval o f  the

in terval ( — t t ,7r )  surrounding  x  =  

exceptional sub-interval is equal to F  (x), then the coefficients o f  the derived series 

o f the Fourier series o f  qr (x) converge to zero fo r

Th e o r e m D .— I f  f i x )  is a  fu n c tio n  which, in  a certain sub-interval o f the 

in terval o f  periodicity  has bounded varia tion , and  g (x) is summable, then, i f  we 

m id tip ly  the restricted Fourier series o f  f i x ' )  by g i x ) ,  and  integrate term  by term  

over the sub-interval, the result w ill be the integral o f  the product f i x )  g  (a?) 

the same sub-interval, provided  only the same conditions hold as in  Theorem C.

Th e o r e m E .— I f  g (x) is a n y  fu n c tio n  o f  bounded varia tion , then, i f  we 

m u ltip ly  the restricted F ourier series o f  a n y  fu n c tio n  f i x )  by g  (x), we m ay  

integrate term  by term  over the sub-interval* to w hich i t  is restricted, and the 

result w ill be the in tegral o f  the product f i x )  g (x) over the same sub-interval, 

provided only the same conditions hold as in  Theorem C.

I n  t h e s e  t h e o r e m s ,  a s  e l s e w h e r e ,  t h e  i n t e g r a t i o n  i s  s u p p o s e d  to  b e  o v e r  a  

c lo s e d  i n t e r v a l .  B y  t h e  t e r m  t h e r e f o r e  “  i n t e g r a t i o n  o v e r  t h e  s u b - i n t e r v a l , ” 

w h i c h  i s  i t s e l f  n e c e s s a r i l y  o p e n ,  w e  m e a n  t h a t  w e  m a y  i n t e g r a t e  b e t w e e n  a n y  

t w o  p o i n t s  o f  t h a t  o p e n  i n t e r v a l .

W e  m a y ,  o f  c o u r s e ,  s u b s t i t u t e  f o r  t h e  c o n d i t i o n s  ( i ) ,  ( i i ) ,  ( i i i )  a n y  o f  th o s e  

s e t s  o f  c o n d i t i o n s  s t a t e d  i n  T h e o r e m s  A  a n d  B  a s  s u f f i c i e n t  to  e n s u r e  t h e i r  

f u l f i l m e n t .

I t  s h o u l d  b e  n o t i c e d  t h a t  i n  T h e o r e m  D  w e  u s e  t h e  f a c t  t h a t  t h e  

c o n v e r g e n c e  o f  t h e  r e s t r i c t e d  F o u r i e r  s e r i e s  i n  a n  i n t e r v a l  t o  w h i c h  i t  is  

r e s t r i c t e d  i s  n e c e s s a r i l y  b o u n d e d ,  b e i n g  o f  t h e  s a m e  c h a r a c t e r  a s  t h a t  f o r  a  

p r o p e r  F o u r i e r  s e r i e s ,  i n  v i r t u e  o f  C o r .  2  to  T h e o r e m  I .

*  I n  t h e  p r e s e n t  c o m m u n ic a t io n ,  a s  i n  t h e  p a p e r  w h i c h  p r e c e d e d  i t ,  I  h a v e  c o n f in e d  m y  

a t t e n t i o n  to  f i r s t  d e r i v e d  s e r ie s  o f F o u r i e r  s e r ie s .  I t  i s  o p e n  t o  u s  a ls o  to  c o n s id e r  th e  

c i r c u m s ta n c e s  u n d e r  w h ic h  t h e  c o e f f ic ie n ts  o f  t h e  s e c o n d  o r  h i g h e r  d e r i v e d  s e r ie s  c o n v e rg e  

t o  z e ro ,  w h i l e  t h e  s e r ie s  t h e m s e lv e s  c o n v e r g e  a t  i s o l a te d  p o i n ts ,  o r  t h r o u g h o u t  in te r v a l s .  

N  o n e w  p r in c i p le s  a r e  i n t r o d u c e d  i n t o  t h e  c o n s id e r a t io n  o f  s u c h  h i g h e r  d e r i v e d  s e r ie s  ; I  

h a v e  t h e r e f o r e ,  t h o u g h t  i t  u n d e s i r a b l e  t o  e x t e n d  t h e  l e n g t h  o f  m y  c o m m u n ic a t io n s  b y  

d e a l i n g  w i t h  th e m .

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

5
 A

u
g
u
st

 2
0
2
2
 


