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Possible sources of the anisotropy energy are investigated for ferromagnetic ferrites, i.e., Ni-, Co-, 

Fe- and Mn-ferrites. The cubic anisotropy energy which arises from the anisotropy of the crystalline 

field acting on magnetic ions and is dEscribed by the function of the spin operator of one ion identically 

vanishu for ior.s with spin lEss than 2, so that this kind of anisotropy energy vanishes for Ni2+ and 

Co2+ ions. The anisotropy energy arising from the magnetic dipole-dipole interaction which appears 

for cubic crys~als in its second order perturbation was calculated for Mn- and Ni-ferritEs and that 

arising from the anisotropic exchange interaction calculated for Ni-ferrite but they were found to be 

too small to account for the experimental values. Therefore, it is concluded that the major part of 

the an:sotropy energy for Ni-ferrite arises from the anisotropy energy of Fe3+ ions, for magnetite 

from the anisotropy energy of Fe2+ and Fe''+ ions, and for Mn-ferrite from the anisotropy energy of 

Fe:!+ and Mn2+ ions. Especially it is shown that the experimental anisotropy energy of magnetite 

extrapolated to the absolute zero of temperature is in good agreement with the sum of the experimental 

anisotropy energy of Ni-ferrite and the calculated value of the anisotropy energy of Fe2+ ions. For 

Co-ferrite, its large anisotropy energy seems to come from the pseudo-quadrupole and anisotropic ex

change interactions among Co and Fe ions, but the situation is too complex to carry out the calcula

tion of the anisotropy energy in this case. 

Finally, the temperature dependence of the cubic anisotropy energy is calculated for Mn-ferrite, 

and is shown to decrease as (Tc- T)2 near the Curie temperature. Further, the sum of the 

coefficient, a of the cubic anisotropy Hamiltonian for Mn2+ and Fe:l+ ions of the octahedral sites and 

that for Fe'l+ ion of the tetrahedral sites have been determined for Mn-ferrite by adjusting the 

calculated anisotropy energy vs. temperature curve so as to fit the experimental one, and it is found, 

neglecting the small a-value of Mn2+ ions, that the a-value of FeH ions on octahedral sites has five 

timu as large an absolute value as that of Fe3+ ions on tetrahedral sites and that the former has the 

opposite sign to the latter. 

§ 1. Introduction 

Numerous experimental investigations have been done on the magnetic anisotroqy 

energy of ferromagnetic ferrites with the static torque method, magnetization curvemethod 

and microwave resonance method.t-to) Experimental data are summarized in the table of 

the paper by Bozorth, Tilden and Williams.13> As seen from this table, Co-ferrite has 

much larger anisotropy energy compared with other ferromagnetic ferrites, namely Ni, Fe

and Mn-ferrites, and further the anisotropy constant K1 for the latter ferrites is negative 

and their easy axis of magnetization lies in [ 111] direction, except for magnetite at low 

temperatures, whereas K1 of Co-ferrite is positive and its easy axis is in the [100] direc

tion. The anisotropy energy of ferrites is quite significantly influenced by a small added 

puantity of Co ions. Especially, Bickford, Pappis and Stull10> showed that a small quantity 
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332 K. Yosida and M. Tachiki 

of cobalt ions mixed in magnetite can shift the temperature at which the easy axis of 

magnetization changes from [111] to [100] to a markedly high temperature. Bozorth, 

Beatrice, Cetlin, Galt, Merritt and Yager19l have reported that, for Ni-ferrite with Fe2+ 

ions as impurities, the microwave method and the static method of measuring anisotropy 

energy give somewhat different values. Therefore, in order to know the intrinsic value 

of the anisotropy energy, experimental data for pure substances are needed. 

The anisotropy energy of cubic crystal is in general small compared with that of 

crystal with low symmetry and, at the same time, its temperature dependence is very 

intense. Thus, the room temperature value can be very different from that at the absolute 

zero of temperature, especially in Mn-ferrite and Mn-Zn ferrite which have a compara

tively low Curie temperature. 

The following table shows the anisotropy constant K1 of ferromagnetic ferrites at 

low temperature. The anisotropy constant of magnetite in this table is the value at the 

Table I 

Substance K1 erg/cc K1 cm-1/molecule. Reference 

NiFe204 -1.18X105 -4.3X10-2 (18) 

CoFe204 4.4~17.5X10 6 1.6~6.4 (13) 

Fea04 -2.0(<105 -7.4X10-2 (11) 

MnFe204 -2.2X105 -s.sx10-2 (2) 

absolute zero of temperature obtained by extrapolating the values at temperatures higher 

than the temperature at which the anisotropy constant changes its sign. The purpose 

of this paper is to investigate the sources of the anisotropy energy of ferrites and to 

clarify its nature. 

The magnetic ions in ferrites are FeH, Mn2+, Fe2+, Co2+ and Ni2+. Fe~+ and Mn2 + 

ions have no orbital moment, while Fe2+, Co2+ and Ni2+ have non zero orbital moment 

in their free states. The latter divalent ions occupy the octahedral sites. The crystalline 

field acting on the octahedral site arises from the surrounding oxygen ions and metal 

ions. The part from the surrounding oxygen ions has a cubic symmetry neglecting a 

slight shift of the position of the oxygen ions, whereao the part from the metal ions 

has a trigonal symmetry whose axis lies in either of the four { 111} directions, so far as 

we do not distinguish the difference between Fe3+ and divalent ions. If we discriminate 

this difference, this part has a lower symmetry and differs from ion to ion. Therefore, 

we can consider that the orbital moment of these divalent ions is quenched, namely the 

ground orbital state is not degenerate, so that the treatment of the anisotropy energy 

becomes considerably simple though the crystals under consideration have cubic symmetry. 

This fact has been proved by that g-values near 2 were found by the microwave resonance 

absorption. 

The sources of the anisotropy energy of ferrites are the following interactions: the 

magnetic dipole-dipole interaction, the effective anisotropy Hamiltonian of each spin in 
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On the Origin of the Magnetic Anisotropy Energy of Ferrites 333 

the crystalline field, and the anisotropic exchange interaction which is produced by the 

combined action of the L · S coupling and the exchange interaction. These were pointed 

out by Keffer20l and Moriya and Y osida21 l in the case of antiferroma.gnetism. In the 

case of cubic crystals like ferrites, the magnetic dipole-dipole interaction does not give any 

cubic anisotropy energy in the classical treatment, but its higher order effect contributes 

to the cubic anisotropy as shown by Van Vleck.22l For the anisotropy energy arising 

from the other sources, the situations are the same and higher order calculations are 

needed, so that the treatment becomes somewhat troublesome compared with the case of 

lower symmetry. We shall begin with the consideration of the simplest part of the 

anisotropy energy, namely the anisotropy energy coming from the anisotropy of the 

crystalline field. 

§ 2. Anisotropy spin Hamiltonian for ions under the action 

of the crystalline field 

The cubic spin Hamiltonian of ions whose orbital moment is quenched by the 

crystalline field is represented by 

(2 ·1) 

where Sx, SY and S. are the x-, y- and z-components of the spin angular momentum S 

(x, y and z are the cubic principal axes). The constant a may be calculated by the 

perturbation method starting from the states which are split by the crystalline field and 

taking the spin-orbit coupling and intra spin-spin interaction as perturbations2'1l •24). We 

shall here deal with the calculation of the average value of (2 ·1) in the case in which 

the Weiss molecular field is acting in a certain direction, (, whose direction cosines referred 

to the cubic axes will be denoted by ( n1 , n2 and n3) • 

If we take ~- and 1;'-axes perpendicular to the (-axis and also to each other and 

denote their direction cosines referred to the cubic axes by (!1 , 12 , l,) and ( m1 , m2 , m:;), 

respectively, S,, Su and S. can be expressed in terms of S~, S'l and Sr. by the following 

relations: 

S,=L1 Se +m 1 S.~+n 1 Sr. 

Sy=L2S, +m2S'l +n2 Sr. 

s. =L3S, +m3 S'I +n3Sr.. 

With the use of (2·2) the average value of S,4 can be expressed as 

(S,4)= (l14+m14)(S<4) +n14(Sr.4) 

+L/m/i( {S,S'I}2)+( {S~ 2 s.,n )} 

+ (l/+m/)n/{( {S,Sr.P)+( {S,/S'l2} )}, 

(2·2) 

(2·3) 

where {AB} is the abbreviation of AB+BA and we have taken into account that the 

averages of the terms including odd powers of s'<. and s"'l vanish and that < s, 4) and 
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334 K. Y osida and M. Tachiki 

(SlS~, 2 ), etc., are respectively equal to (S71
4 ) and (S.,.,2 Sr.2), etc. Adding to (2·3) the 

corresponding expressions for (S/) and (S.4 ), we obtain 

(S,/+S/+S.4)=(S,4)+( {S,S,}2)+( {S,2S,2}) 

+ (llml+llm22+l32m32) {( {S,S71}
2)+( {S .. 2 s.,n )-2(S;4)} 

+(n1
4 +n2

4 +n3
4) {(S,4)+(S,4)-( {S,s._p)-( {S,2 S,2} )}. (2·4) 

If we use the relations 

( {S,S"'}2)=2( {S,2 S71
2}) +5 (S,2)-2S(S +I), 

( {S .. S._}2)=2( {S~; 2 S, 2 } )- (5/2)(S.l) + (I/2)S(S +I), 

in (2·4), we obtain 

(S./+S/+S.4)=(S,/)+3( {S~; 2 S, 2 } )+ (I/2)S(S+I)- (5/2)(S._2) 

+ (l/m/+l22m22 +l3
2m3

2) {3 ( {SlS71
2} )-2S(S +I) +5 (S, 2 )-2(S~; 4 )} 

+ (n1
4 +n2

4 +n3
4) {(S, 4) +(S~; 4 )-3 ( {S,2 S,2} )- (I/2)S(S +I)+ (5/2)(S,2)}, 

(2·5) 

Here we will express ( {S~: 2 S 71 2 } ), ( {S;2 S,2}) and (S~; 4 ) in terms of (S,4) and (S,2). 

There are following two relations between these three quantities, namely 

2(S.4)+(S,4)+2( {S~; 2 S, 2 } )+( {SlS"IJ2} )=S2 (S+I) 2, (2·6) 

2(S,4)+( {S,2 S"IJ2} )+( {S,2S,2} )=S2 (S+l) 2-S(S+I)(S./). (2·7) 

The first relation is obtained by squaring the relation S./+S71
2 +S·/=S(S+I) and the 

second by adding two expressions which are obtained by multiplying this relation with 

Se2 from the right and from the left. (S,4) can directly be calculated as 

(S,4)= (3/8) (S,4)- (3/4)S(S +I)(S,2 ) + (3/8)S2 (S +I) 2 

- (I/4)S(S+I) + (5/8)(S,2). (2·8) 

From (2 · 6), (2 · 7) and (2 · 8) we see that the coefficient of (//m/ +l2
2 ml +l,,2 m,12) 

in (2·5) vanishes and (2·5) can be expressed completely in terms of (S,4 ) and (S,2) 

as 

(S./+S/+S.4)=- (2I/8)(S, 4 ) + (9/4 )S(S + I)(S,2 ) + (3/8)S2 (S + I) 2 

- (I5/8)(S-l)+ (I/4)S(S+ I) 

+ (n1
4 +n2

4 +n,,4)[ (35/8) {(S, 4)- (I/5)[S2 (S + I) 2 - (I/3)S(S +I)]} 

- (15/4) {(S,2)- (I/3 )S(S +I)} {S(S +I) -5/6} J. (2 · 9) 

This result can also be obtained by a more elegant method, namely by adding three 

Keffer's expressions2'-·l 
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On the Origin of the Magnetic Anisotropy Energy of Ferrites 335 

with cosH;i=n1 , n2 and na. 

Above the Curie temperature (S,4)=(1/5) {S2 (S+1) 2 -(1/3)S(S+1)} and (S._2 ) 

= (1/3)S(S + 1) so that the part including (n1
4 +n2

4 +n3
4) in (2 · 9) vanishes. On the 

other hand, at the absolute zero of temperature (Sr.4)=S4 and (Sr.2)=S2 so that the 

anisotropic part becomes 

(2 ·10) 

This result shows that for this kind of the anisotropy energy the quantum effect is 

significant and it makes the anisotropy energy identically vanish for S less than 2 in the 

whole temperature range. This was remarked by Van Vleck22l as early as 1937. Thus, 

the anisotropy energy of cubic symmetry arising from the anisotropy of the crystalline 

field vanishes for Ni2+ and Co2+ ions. For Fe2+, with S = 2, the quantum effect reduces 

the anisotropy constant to one tenth of the classical value. 

§ 3. Anisotropy energy in Mn- and Ni-ferrites arising from 

the dipole-dipole interaction 

As mentioned in the preceding section, the anisotropy energy ar1smg from the 

crystalline field in ferrites remains only for Fe3+, Mn2+ and Fe2+ ions. Besides this 

anisotropy energy we can consider those arising from the magnetic dipole-dipole interaction 

and the anisotropic exchange interaction. 

The cubic anisotropy energy arising from the magnetic dipole-dipole interaction at 

the absolute zero of temperature can be calculated by the perturbation method, taking 

the magnetic dipole-dipole interaction as the perturbing Hamiltonian. The dipole-dipole 

interaction between two spins can be divided into the following four parts, as done by 

Bloembergen, Purcell and Pound26l : 

Vij=g2 P.e2r{/(A+B+C+E), 

A=Sr.,S,J(1-3 cos28,j), 

(3·1) 

B=- (1/4) [ (S~,-iS.,.~) (S~j+iS~j) + (S~ 1 +iS,. 1 ;) (S~j-iS'I)J) ](1-3 cos2 8;j), (3. 2) 

C=- (3/2) [ (S<i+iSYl,) Sr.J+ (S<J+iSYli)Sr,;] sinOtj cosO,Je-ii";J+conj. comp., 

E=- (3/4) (S<>+iSYl1) (S<J+iSYJ.1) sin 2 8,Je- 2 i~<>•J+conj. comp., 

where the (-axis is taken in the direction of the spontaneous magnetization. The part 

A has only a diagonal element in the representation which diagonalizes the spin component 

Sr. of each ion, and it gives rise to the ordinary classical dipole-dipole anisotropy energy, 

which evidently vanishes in cubic crystals as shown by Kaplan.27l The part B has off

diagonal elements between the ground state with absolute saturation magnetization and 

those excited states in which one spin of octahedral sites and one spin of tetrahedral sites 

are reversed. The matrix element between the ground state and the excited state in which 

the (-component of the i-th spin of the octahedral site is SR-1 and that of the j-th 

spin of the tetrahedral site is -SA+ 1 is given by 
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336 K. Yosida and M. Tachiki 

(3 ·3) 

where S n and SA are, respectively, the magnitudes of the spins of octahedral and tetrahedral 
sites. Therefore, the second order perturbed energy per one octahedral ion becomes 

(3 -4) 

where LlER is an increase of energy due to the change of the (-component of an 
octahedral spin by one and LlEA is the corresponding quantity for a tetrahedral spin, and 
~ means the summation over the tetrahedral j-sites surrounding the octahedral i-site. 
BAj 

If we here transform the coordinate system from f, 7) and ( to x, y and z of the 

cubic axes by 

7)=m1 x+m2y+msz, 

(=n1x+n2y+n3z, 

the summand in ( 3 · 4) becomes 

+2n n 'YEJZiJ +zn n Z•J"iJ} +9 {n 4 ~;1 +n 4 'Y·.·~ 
2 3 8 3 1 8 1 10 2 10 

r1J r1J r1J r1J 

4 22 22 22 

+ n.4 Z;J + 6n2n2 X;J'JiJ + 6n2n.2 'J;JZiJ + 6n .. 2n2 Z;JXiJ 
3 10 1 2 10 2 3 to ·' 1 10 

T;j T;j T;j T;j 

3 3 :-J 3 

+ 4nsn "'J'YtJ +4n na X;j'JiJ +4nan YwZtJ +4n n.s 'J;JZiJ 
1 2 10 1 2 10 2 3 10 2 3 10 

~ ~ ~ ~ 

(3. 5) 

(3 ·6) 

We concentrate our attention to an octahedral site whose trigonal axis of symmetry 
lies in the [111] direction. Then, the summation, ::~:>,Yr 1 ;, ~x,jy,.Jr 1 ~, ~x 1 j/rij, 
~~i.~Y;Jfr~J, '2;x..:]y,Jir.)j and '2;x;JYtJZ;/r}.~ are unchanged by cyclic changes among x, y 
and z. The corresponding expressions for the other three kinds of octahedral dtes can 
be obtained by. changing the signs of two of n1 , n2 and n,l. Thus, apart from the parts 
independent of the direction cosines, the average of the sum of (3 · 6) over the four 

kinds of octahedral sites becomes 

(3. 7) 
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On the Origin of the Magnetic Anisotropy Energy of Ferritej 337 

With the use of (3 · 4) and (3 · 7), we obtain the anisotropy constant per molecule arising 

from the B interaction as 

(3·8) 

The part E in (3 · 2) has off-diagonal elements between the ground state and those 

excited states in which two octahedral spins or two tetrahedral spins are reversed. Using 

similar notation to that used in the case of the B interaction, the matrix element between 

the ground state and the excited state in which the (-components of the i-th and j-th 

spins of the octahedral sites are equal to S 8 -1 , is given by 

(3/2)s 2 2 -3 . 28 2irp - ng P.n r;j sm iJe ij. (3 ·9) 

Therefore, the second order energy per two octahedral spins becomes 

__ g P.n __!!___ ~ l;iJ . 7)ij • 9 4 4S 2 ( A 2+ " )2 
4 U1E8 BBt r/; 

(3 ·10) 

Expressing the summand here in terms of x, y and z, taking average over four kinds 

of octahedral spins, and picking out the terms including (n/nl+n 2
2n3

2 +n/n/), we obtain 

the anisotropy constant per molecule as 

9 

4 
(3 ·11) 

Similarly, we obtain the anisotropy constant per molecule ansmg from the excited 

states in which two i and j spins of the tetrahedral sites have the (-components equal to 

-SA+ 1 as follows: 

9 

8 
(3 ·12) 

The C term in (3 · 2) has off-diagonal elements between the ground state and those 

excited states in which one spin of the octahedral sites has (-component equal to S11 -1 

or one spin of the tetrahedral sites has (-component equal to -SA+ 1. The correspond

ing matrix elements are, respectively, 

(3 ·13a) 

and 

-~ .V 2S:;g2 P.n2 {-SA~ ri/(;j(~ij-i'T}tj) +Sn ~ ri/(;j(~;J-i7J;i)}. (3 ·13b) 
2 AA1 ABJ 

The summation in (3 · 13a) for an octahedral spin whose trigonal axis is in the directio:1 

[ 111 J can be written as 
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338 K. Yosida and M. Tachiki 

(3 ·14) 

Using (3 ·14) in the calculation of the second order energy to be obtained from (3 · 13a) 

and averaging the obtained expression with respect to the four kinds of spins, we have' 

the following value of the anisotropy constant per two octahedral spins : 

36 g4p.R4SR {sR ~ "•JYiJ -SA~ "•JY•J }2· 
AEB BB1 ri~ BAJ T;~ 

(3·15) 

Similarly, we get the anisotropy constant per molecule from (3 ·13b), 

18 g4p.B4SA {sR ~ 'IC;JYiJ -SA~ 'X;JYiJ }2, 
AEA ABJ T;~ AAi T;~ 

(3 ·16) 

where, however, both summations are found to vanish because of the symmetry of the 

crystal structure. 

The values of the latter sums appearing in (3·8), (3·11), (3·12) and (3·15) 

are calculated numerically by the direct sum method up to eighth neighbors. In units 

of a/8, a being the lattice parameter, they are as follows: 

~ ('X;~-3'X;}y .. ~)/r}~=0.000350, ~ ('Xi'-3x;;y;D/dj= -0.00104 
BAJ BBt 

~ ('X;,-3'X;~y;]) jr}j= -0.000533, ~ 'X;jy;;/Tt~=0.038, 
AA3 BBJ 

~ 'X;Jy;;Jr .. ~= -0.017. 
BAt 

(3 ·17) 

The excitation energy .dEB and AEA can be expressed, using Neel's28l notatins, as 

where H11 and HA are the molecular fields acting on the octahedral and tetrahedral sites 

and are expressible as linear combinations of the magnetizations of the A and B sites, 

MA and M11 , per N ions, N being the Avogadro number. 

In the case of Mn-ferrite, the constants n, a and {1 in (3 ·18) are estimated from 

the experimental magnetization vs. temperature curve in Sec. 6. Using the values of 

(6·13) and (6·14), SB=SA=5/2 and A=1/3 and p.=2/3, the excitation energies 

become 

(3 ·19) 

Inserting (3·19) and (3·17) in (3·8), (3·11), (3·12) and (3·15), we obtain for 

Mn-ferrite the following values of the anisotropy constants per molecule coming from the 

B, E and C parts: 
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On the Origin of the Magnetic Anisotropy Energy of Ferrztes 

KR=5.48X 10-5 em-\ 

KE= -1.17 X 10-4 cm-1 -1.60 X 10-5 cm-1, 

K0 = 1.3 X 10-2 em-\ (Mn-ferrite) 
0 

339 

(3 ·20) 

where the value of a=8.55 A is used. This result shows that the anisotropy constant 

from the dipole-dipole interaction has the opposite sign to that obferved and that it 

amounts to about 15 per cent of the latter. 

In the case of Ni-ferrite, we use the values determined by Neef0l for n, a and {1, 

namely 

n=720, a=-0.21 and {1=-0.15. (3 ·21) 

Then, we have the following values of JER and JEA: 

JER=503 em-\ JEA=745 cm-1• (3 ·22) 
0 

Using (3·21) and (3·17), a=8.36A, and the mean value of 5/2 a.nd 1 (i.e. 7/4) 

for S R, we obtain the following value of the anisotropy constant for Ni-ferrite : 

KR=2.56X 10-5 em-\ 

KE= -3.33 X 10-5 cm-1 -1.16X 10-'' cm-1, 

K0 =3.41 X 10-" cm-t_ (Ni-ferrite) (3 ·23) 

This result shows that also in Ni-ferrite the anisotropy consta.nt from this source is about 

ten per cent of the observed value. 

We would better use rhe spin wave theory for a more accurate calculation, as 

Keffer25l and Tessman30l did in discussing the anisotropy energy of metallic ferromagnets. 

However, in order to know the order of magnitude, the pre~ent method would suffice, 

though there are some ambiguities in determining the values of JEA and JE 11 , especially 

for Ni-ferrite. 

§ 4. Anisotropy energy arising from the anisotropic exchange 

interaction in Ni-ferrite 

Another source of the anisotropy energy in Ni-ferrite is the anisotropic exch:mge 

interaction. We shall calculate this anisotropy energy. The orbital degeneracy of Ni2+ 

ion in its free state is lifted partially by the cubic crystalline field, which is the main 

part of the crystalline field acting on the octahedral sites, the ground state being singlet 

in this case. We shall here neglect the effect of a small trigonal part of the crystalline 

field. Like the case of the magnetic dipole-dipole interaction we shall deal with the 

exchange interaction, together with the crystalline field energy, as the unperturbed energies. 

The perturbing Hamiltonian in this case is the spin-orbit interaction of one Ni2+ ion. 

We shall calculate the perturbed energy of the ground state for completely aligned spins. 

The orbital states of Ni2+ ions subjected to an octahedral cubic crystalline field are 

split into the following three groups : 
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340 K. Y o~ida and M. Tachiki 

'P1 = (1/ v'2) (¢2+¢-2)' 

Cf!o= (ljv'z) C¢2-ifJ-2), cp2= v'5jB ¢1- v'3jB ifl-s, 

Cf!3= V5/8 ifl-t- V3/8 ¢;3 , 

cp~=iflo, 

cp5= v'3j8 ¢1 + V5/8 if; __ ,, 

Cf!G= V3/8 ifl-1 + V5/8 if;:;, 

E=O, 

(4·1) 

where ¢m means the wave function of the state in which the z-component of the orbital 

angular momentum is m. As mentioned before, we shall neglect the effect of the trigonal 

field and further we shall put the effect of 3P state out of our consideration. The matrix 

elements of (L · S) with respect to ( 4- 1) are calculated as 

'PO f/)1 ~::! f/)3 'P4 f/)5 'P6 

'Po 0 zs. vzs- -vzs+ 0 0 0 

1 _1_S+ v1s s- ViS s+ 'Pl zs. 0 2vzs- 2v2 0 2vz 2v2 

vzs+ _1 ___ s+ 1 v1s viS Sz 'P2 -z-s. 0 zvzs- 0 2v2 2 

f/)3 -vzs- _1 __ s-
2v2 

0 _l_s 
2 z 

v15 s+ 
2v2 0 -ViS s 2 z 

v1s v15_s-
tp~ 0 0 2v2S+ 2v2 

'Po 0 
v1s s+ 
2vz 

v1s s. 0 
2 

'P6 0 
vi5_s-
zv2 0 _ V15 Sz 

2 

(4·2) 

Now we suppose that in the ground state each ion is in r 2 state and its spin points 

to a direction with direction cosines (n" n2 , n 3) referred to the cubic axes. Taking the 

spin orbit coupling as the perturbation, the anisotropy energy is given by the perturbed 

energy which includes the biquadratic form of the direction cosines (n/n/+n/n}+nln/). 

Taking the f- and ~-axes perpendicular to the (-axis and to each other and denoting 

their direction cosines by (/ 1 , 12 , lJ and (m1 , m2 , m,,), there are following relations betweec_l 

the spin components S± =S, ± iSy and S" and those referred to the ~-, '1}- and (-axes, S'± 

and Sr.': 

S+ = (I/2) { (l,-im1) +i(l2-im2) }S'+ + (1/2) { (l1 +im1) +i(l2 +im2) }S'

+ (n1 +in2)S-/, 

s- = (1/2) { (/1-im1) -i(l2-im2)} S' 1 + (1/2) {(II +iml) -i(l2+im2)} S'-

+ (n1-in2)S-/, ( 4 · 3) 
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On the Origin of the Magnetic Anisotropy Energy of Ferrites 341 

As seen from this expression, the fourth order terms with respect to n1 , n2 and n~ come 

from the fourth order perturbation of i. (L · S). In the case in which the diagonal element 

of the perturbing Hamiltonian vanishes in the ground state, the fourth order perturbed 

energy can be expressed by 

JE = ~ (g I VI n)_(nl VI g) ~ (g I VI n1
) (n'l VI g) 

~ n ... n J£ 2 ~ ''£ I 
T" n a n 

~ 
n,n',n"=t=o 

(g I VI n) (nl VI n1) (n'l VI n") (n"l VI g) 

JEn JEn, JEn" 

(4·4) 

where g and n, n1, n11 mean the ground and excited states. The first term of this 

expression does not give any anisotropy because each factor of it is of the second order 

with respect to the direction cosines and so it is reduced to a mere constant in cubic 

case. 

The perturbation processes which contribute to the second term in ( 4 · 4) can be 

divided into the following two groups as seen from ( 4 · 2) : 

1) Those which include only T 5 states as the excited states. 

1. (0-1-2-1-0) 7. (0-1-2-2-0) 

2. (0-1-3-1-0) 8. (0-1-3-3-0) 

3. (0-2-1-2-0) 9. (0-2-2-1-0) 

4. (0-2-1-3-0) 10. (0-3-3-1-0) 
(4·5) 

5. (0-3-1-3-0) 11. (0-2-2-2-0) 

6. (0-3-1-2-0) 12. (0-3-3-3-0) 

2) Those which include both T 5 and r4 states. 

1. (0-1-5-1-0) 7. (0-2-4-3-0) 

2. (0-1-6-1-0) 8. (0-2-5-2-0) 

3. (0-1-5-2-0) 9. (0-3-4-2-0) 
(4·6) 

4. (0-1-6-3-0) 10. (0-3 -6-1-0) 

5. (0-2-4-2-0) 11. (0-3-4-3-0) 

6. (0-2-5-1-0) 12. (0-3-6-3-0) 

The perturbed energy denominator for the first group is LiE/, while that for the second 

group is JE/ JE2 provided we do not take account of the change of the exchange energy. 

The numerator is given by the product of i.4 and four matrix elements of (L · S) cor

responding to each process. The matrix elements of the numerators for the cases of 

(4·5) and (4·6) can be written with the use of (4·2) as 
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342 K. Y osida and M. Tachiki 

1) 1. (1/2)s.s- s+ s. 7. - (1/2)S.s- s.s+ 

2. (1/2)S.s+ s-s. 8. - (1/2)S.s+ s.s-

3. (1/4)s-s+ s- s+ 9. - (1/2)S- s.s+ s. 

4. - (1/4)s- s+ s+ s- 10. - (1/2)S+ s.s- s. 
(4· 7) 

5. (1/4)S+ s- s+ s- 11. (1/2)S-s.s.s+ 

6. - (1/4)S+ s- s- s+ 12. (1/2)S+s.s.s-, 

2) 1. (15/2)s.s- s+ s. 7. - c 1514) s- s- s- s-

2. (15/2)s.s+ s- s. 8. (15/2)s-s.s.s+ 

3. (15/2)s.s- s.s+ 9. - (15/4)S+ s+ s+ s+ 

4. (15/2)s.s+ s.s- 10. (15f2)S+ s.s- s. 
(4·8) 

5. (15/4)S- s- s+ s+ 11. (15/4)S' s+ s- s-

6. (15/2)S- s.s+ s. 12. (15/2)S+ s.s.s-. 

In the ground state the spin component of Ni2+ ion along the (-axis is S, and possible 

processes of the change of the spin component in the fourth order perturbation and spin 

operators producing those processes are limited to the following six cases : 

A. (S)- (S)- (S)- (S)- (S) : S,' S.r_' S,' S.r_' 

B1. (S)-(S)-(S)-(S-1)-(S): S.;.'S,'S'-S'+ 

B2 . (S)-(S)-(S-1)-(S)-(S): S,'S'-S'+S,' 

B::· (S)-(S-1)-(S)-(S)-(S): S'-S'+S,'S,' 

C (S)-(S-1)-(S)-(S-1)-(S): S'-S'+S'-S'+ 

D. (S)-(S-1)-(S-2)-(S-1)-(S): S'-S'-S'+St+ 

(4·9) 

where the quantities in the parentheses represent the (-component of the spin. Other 

processes have zero matrix elements in the case of spin one. 

Now we shall turn to the calculation of the fourth order perturbed energy. First 

we express the products of four S' s in ( 4 · 7) and ( 4 · 8) in terms of those of four 

primed S'' s with the use of ( 4 · 3) and add them over twelve terms of ( 4 · 7) and ( 4 · 8). 

Then we find that all the coefficients of the products of four primed S''s corresponding to 

processes described by ( 4 · 9) for the group ( 1) vanish. Thus, the ani~otropy energy 

appears from the group (2) alone. The calculated anisotropy energy arising from the 

second group for each of the six processes of ( 4 · 9) is as follows : 

A. 
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On the Origin of the Magnetic Anisotropy Energy of Ferrites 343 

(4·10) 

c. 

D. 

where L1Ex means the change of the exchange energy of the ion due to the change of 

its spin component by one in the Weiss molecular field produced by the neighboring 

spins. Summing up the above six terms of ( 4 · 10) and putting S = 1 , we obta.in the 

coefficient of ( n1
2 n/ + n2

2 n/ + n/ n1
2) , mcmely the anisotropy constant per molecule, as 

K '4{ 4 1 =-151! -----
L1E/L1E2 

2 2 

2 + 1 

( LlE1 + LlEx) LlE1 L1E2 ( LlE1 + L1Ex) 2 L1E2 

+ ( LlE1 +LIE,/( LIE2 + 2L1Ex) } • 
( 4 ·11) 

If we expand ( 4 · 11) with respect to L1Ex/ L1E1 ,2 , we obtain 

Kl = -30 ..{4 ( L1Ex + L1E~ )2 
L1E12 L1E2 L1E1 L1E2 • 

(4 ·12) 

This anisotropy energy tends the spin to point to the { 111} direction. It is inversely 

proportional to the fifth power of the energy separation L1E in the cubic field so that it 

depends sensitively upon the strength of the cubic field. If we treat the exchange interac

tion as the perturbation together with the L · S coupling, we obtain the ~arne result in 

its sixth order perturbation. The above calculation is concerned only with the excitation 

of one Ni ion, but it can be easily shown that processes which include the excitation of 

two Ni ions give only an isotropic energy up to the fourth order with respect to A ( L · S). 

The g-factor of a Ni ion becomes 

(4·13) 

For the energy separation due to the cubic field the ratio of L1E1 to L1E2 is equal to 5/9. 

If we use this relation, ( 4 ·12) becomes 

(4·14) 

Considering exchange interactions only between octahedral ions and tetrahedral ions, the 

change of the exchange energy LIEx at absolute zero using the molecular field approxima

tion can be put as 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/1

7
/3

/3
3
1
/1

8
5
6
3
2
2
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



344 K. Y osida and M. Tachiki 

(4·15) 

where J is the exchange integral and z the number of tetrahedral sites neighboring 2.n 

octahedral ion and s~ . ., means the spin of an Fe3 + ion, namely 5/2. 2}z can be estim<eted 

from the Curie temperature of Ni-ferrite in the same approximation as 

(4·16) 

Using Tc=860°K and SN1=1, we obtain 

( 4. 17) i1Ex=465 em-\ 2]:<=186 cm-1• 

This value of JEx is less than ilER of (3 · 22) by ten per cent. 

into (4·14) and taking the value of ..l equal to -335 cm-1 

we obtain the following table : 

Inserting LlE, of (4 ·17) 

in (4·14) and (4·13), 

Table II 

5000 7000 10000 15000 

-K1 cm-1/mole. 3.5xi0-2 6.6XI0-3 1.1 X10-~ 1.5xi0-4 

9 2.54 2.38 2.27 2.18 

Considering the experimental g-value equal to about 2.2, it would be reasonable to assume 

4E1 = 1-1.5 X 104 em -l. Then, we might conclude that the anisotropy constant arising 

from the anisotropic exchange interaction is less than 10-3 cm-1 per molecule. 

As another source of the anisotropy energy we can consider the electric quadrupole

quadrupole interaction between two Ni ions. As seen from the above calculations, we 

must in this case also consider the perturbed energy quartic in L · S coupling because the 

quadrupole-quadrupole interaction does not include the direction cosines of the spins. Such 

energies would have an order of ().ji/E) 4 HQ, where ~ represents the quadrupole

quadrupole interaction in the free state of the ions. This part of anisotropy is estimated 

as 10-4 cm-1 if we put HQ=102 cm-1• 

Thus, it becomes very probable that the anisotropy energy found experimentally in 

Ni-ferrite arises from Fe3 + ions which occupy the tetrahedral and octahedral sites. Using 

the value of the anisotropy constant of Ni-ferrite in Table I, we obtain the fine structure 

constant a of Fe3+ ion as 

(4·18) 

where A and B mean the tetrahedral and octahedral sites respectively. 

§ 5. Anisotropy energy of Fe2+ ions in magnetite 

In magnetite, anisotropy energy arising from Fe2+ ions exists besides that arising from 

Fe3 + tons. In this section., we shall estimate this part of the anisotropy energy. The 

orbital state of Fe2+ ion occupying an octahedral site is considered to be split by the 
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On the Origin of the Magnetic /(nisotropy Energy of Ferrifej 345 

large cubic part of the crystallin.e field. The ground state is triply degenerate. If we 

assume, for simplicity, that the charges of Fe2+ and Fe3 + ions on the octahedral sites 

are replaced by their average, the low symmetry part of the crystalline field becomes 

trigonal and its axis lies in one of the four { 111} directions. Therefore, the Fe2+ ions 

are divided into four kinds of ions according as the direction of the axis of the field to 

which the ions are subjected. 

We rhall concentrate our attention to one Fe2+ ion whose trigonal axis coincides 

with the L 111 J direction. If we denote the five degenerate orbital wave functions of Fe2 + 

ion in its free state by rp0, 'f±1 and 'f±2, where suffixes represent the <:-components of 

the orbital moment, the cubic field splits these states into doubly degenerate states r3 : 
'fo, (1j-v'2) (rp2+'f-2) ='f2+ and triply degenerate states r5: (1j-v'2i) (rp2-'f-2) ='fxy, 

- (1/ -v'2i) (rp1 +'f-1) ='fyz, - (1/ -v'z) (rp1 -rp_1) ='fz:e· The energy separation between 

these two groups will be denoted by LIE. These states are further split by the trigonal 

field, whose expressions are, following Abragam and Pryce,31l represented by 

Vr=T2(yz+zx+xy) + T 4 { (~y+y 3 z+z 3 x+~z+y 3 "t+z 3 y) 

-6(x2 yz+fzx+z 2 xy)} ··· ···. (5 ·1) 

The matrix element of this trigonal field with respect to the five cubic wave functions 

can be calculated as follows : 

'fy~ 

rp., 

(Vr) ='fxy 

'f2+ 

'fo 

where 

a= 

'fyz 

0 

a 

a 

- -v'3b 

b 

1 

7 

'fzx 

a 

0 

a 

-v'3b 

b 

'fey 'f2+ 'fo 

a - -v'3b b 

a -v'3b b 

0 0 -2b (5 ·2) 

0 0 0 

-2b 0 0 

(5 ·3) 

The matrix (5 · 2) including the cubic part can be brought into the diagonal form by 

the following unitary transformation S: 

1 1 1 
0' 0 

'\/'3' -v'J ' 73' 

1 . 0 .V'6 sm , 
1 . 0 

- -v'(ism , 
2 . () 

76sm ' 0' cosO 

1 1 2 
sinO (5 ·4) 

S= 
. '\1'.6 cos f} ' -v'(j cosH, --~ 6 cosH, 0, 
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where 

K. Y osida a.nd M. Tachiki 

1 . (j --.v-2 Sin , 0' 

0, 

z.V6b 
tan2fl= ------- • 

(a+LIE) 

cosO, 

sinO, 

The eigenfunctions and their eigenvalues are 

1 
Si'o 7"3 (soy.+so • ..,+so'"',) 

St'1 ) 6-sinO(zsoxy-soyz-so ... ) +cosO. SOo 

Sso= S0 2 = - ) 6 cosO(zso,u-soy.-so ... ) +sinO.soo 

so, ) 2 sin0(sov.-so.,) +cosfl.so2+ 

St'4 - ) 2 cosO(soy.-so.,) +sinO. Si'2+ 

and 

2a 0 0 0 0 

0 El 0 0 0 

svs-1= 0 0 E2 0 0 

0 0 0 El 0 

0 0 0 0 E2 

where 

E 1 =LIE cos2 fl- a sin2 fl- 2 .V6b sinfl cosfl, 

E2 = -a cos2 0 + LIE sin2 0 + 2 .V6b sinO cosfl. 

0 

0 

(5-5) 

(5 ;6) 

(5. 7) 

(5 ·8) 

As shown by these results, the trigonal field splits the energy levels into one singlet and 

two doublets. From the distribution of Fe ions around the considering Fe2+ ion, it may 

be reasonable to assign the ground state to a singlet. This fact is consistent with the 

g-value near two obtained by ferromagnetic resonance absorption. Otherwise, the enormous

ly large anisotropy would come out, beca.use of the surviving orbital moment in the doublet 

states. The actual crystalline field acting on an individual Fe2 + ion has a lower symmetry 

than trigonal and is different from ion to ion so that the trigonal field assumed here 

must be interpreted as the average representation. 

The matrix elements of the L · S coupling with respect to th~ basic f~p~tions of 
(5 · 6) omitting a factor A are obtained as 
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On the Origin of the Magnetic Anisotropy Energy of Ferrites 347 

0 i(S.,-Sy) -i(S.,-Su) 
i j 

l/3 (S.,+Su-2Sz) - -v-f (S,+Su-2S,) 

x(-v\:siniJ-coso) x(-v\-cosiJ+sino) 
x(-v\ siniJ-cosiJ) X (v-\-cos IJ+sin IJ) 

i 

i 
- 11'3 (S,+S11 +S.) 

i 
11'3 (S,+Su+S.) 

X (sin IJ cos(} 
0 vr.z (S,-Sy) 

X (sin~ IJ -211'2sin~IJ) 

+2VlsiniJ cos IJ) 3i - v 6 (S,+Sy) 

(L·S)= 

i 
- v'3 (S,+Su+S.) 

i 

X (sinO cos IJ 
v'3 (S,+Su+S.) 

0 
+2Vlcos~IJ) X (cos~ 0 

3i 
+ v 6 (S,+Su) 

-211'2 cos 0 sin IJ) 

conjugate complex 

I I 
i 

0 -V2(S.,-S11) 

0 

(5 ·9) 

With the use of ( 5 · 7) and ( 5 · 9) we can calculate the g-value of Fe2+ ion, namely 

g=2(1-AA), 

AIL,=~ (0 I L 1, In) (nIL, I o) /dE" (5 ·10) 

" 
where i. is the coefficient of the L · S coupling, and 

A. =A =A- = -- · ----- ~ smtl-cosH --- · - - -= cosfl+smfl 2 1(1. ) 2 2 1(1 ·)2 
-•M yz "X 3 d£ 1 V2 3 d£2 'V2 ' 

(5 ·11) 

where LiE1=E1-2a and LlE2=E2-2a. Thus, the g-value has a trigonal symmetry. 

The g-values of the other three kinds of ions for which the trigonal axes are in [ii 1 ], 

l1Ii I and [l1i l directions respectively can be derived by changing the signs of (xy), 

(yz) z.nd (zx). Averaging (5 ·11) over these four values, the off-diagonal part vanishe· 

and we obtain the following result : 

g-';.==- :- -j~ ( )2 sinH-cosH )
2

- :- :E
2 

(--)2- cosH+sinfl t (5 ·12) 

C::.mpared with the calculation of the f/-value, the calculation of the cubic anisotropy 

comt~nt fo Fe2 ' ions is considerably complicated. The pert1,1rbation in this case consists 
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348 K. Y osida and M. Tachiki 

of two parts, one is the L · S coupling and the other is the intra spin-spin interaction 

which has been expressed as 

-p[(L·S) 2+ (1/2) (L·S)- (1/3)L(L+1)S(S+l)] (5 ·13) 

by Pryce and Abragam2'\2<l who also have estimated p to be 0.95 cm-1 for Fe2 + ion. 

The latter interaction is very small in its magnitude, but it contains (L · 8)2 so that the 

cubic anisotropy posEibly arise3 from the lower order perturbation than the L · S coupling 

alone which needs the fourth order calculation to produce the cubic anisotropy, because 

it has a quartic form of the spin operator S. 

We will omit the detailed description of this perturbation calculation, but its gist is 

as follows. We select the part including the fourth order of the spin S from each order 

of perturbed energy, because the second order term with respect to S vanishes when it 

is average:! over the four kinds of ions. Such parts appear in the second order pertur

(Yc._tion qu2.dratic only in the intra spin-spin coupling ( 5 · 13), the third order perturbation 

linear in the intra spin-spin coupling and quadratic in the L · S coupling and the fourth 

order perturbation quartic only in the L · S coupling. In these calculations, we can ignore 

the non-commutability between the components of S because surplus terms produced by 

the commutation h2.ve a lower order of S. The calculated result for the coefficient of 

(S}S,/+S/S.2 +S.2 S./) is as follows: 

~ A4 { -"-
1- (-_1 _sin{}- cos {})

2 
+ - 1-( 1 _cos 0 +sin 0)

2
} 

9 LIE1
2 v2 JE2

2 v2 

{ 3 fi 1(1 ) 2 1(1 )2} X - -.-+-- . /_sinO-cosO +-- . r-cosO+sinO 
2 A2 L1E1 -v 2 L1E2 -v 2 

+ _!_A4(-1--+~ _1_+.1!__ _1_) 
9 L1E2

3 A2 LIE2
2 A4 L1E2 

x( ~ 2 cos0+sin0)
2 

(cos20-2v'2cos0 sin0) 2 

{ ~( · fJ fJ_ 2 ,y-2 · 2")2 + 56v'2(. tJ "- ,y-. 2a) +~ l x sm cos sm u __ " "_" ___ sm cosu 2 2 sm 11 --~ 

9 9 9 I 

( 1 . )2 
X v]."smO-cosO 
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On the Origin of the Magnetic Anisotropy Energy of Ferrltes 

+A.4{ 1 +_e_(_1_+ 2 )+L_1_} 
L1Et2 L1E2 ,{2 L1Et2 LlEt JE2 i.4 JEt 

X { ~ 6 (sinO cos 0-2 v'zsin2fJ)- 8 ~2} (sin2fJ + 2 v'zsinO cosO) 

X -(sinO cos0+2 v 2 cos2fJ) 2--.. -(sinO cosfJ+2 v 2 cos20) +--{ 8 . /- 56 vz . /- 88 } 

9 9 9 

'4 { 1 p ( 1 2 ) p2 1 } 
+A. LlE JE 2 +7 , LlE 2 + LlE LlE +-y LlE 

I 2 2 l 2 2 

{ 16 . /- 8 . /-} . /-
X . - 9 -(sintJ cos tJ + 2 v 2 cos2fJ) + J v 2 (cos20-2 v 2 cos 0 sinO) 

X ( ~l cosO+sintJ )( -J2.sin0-cos0 ). 

(5·14) 

In order to evaluate the above derived anisotropy constant, it is necessary to know the 

magnitudes of the cubic separation LlE and the strength of the trigonal field a and b. 

From the point charge approximation, LlE and the trigonal separation are expected to be 

about 104 cm-1 and 103 cm-r, respectively, and in (5 · 3) the first term is considerably 

larger than the second term so that a is approximately v'3 times as large as b. Putting 

-(2v'6jt1E)b={1, -ajLlE=a, (5. 15) 

and using J.=-100 cm-1 and p=0.95 cm-t, we obtain the following table which show, 

the g-value calculated from (5. 12) for several combinative sets of a and (1: 

E 

10·1 cm-t 

" 

" 

Table III 

a fJ g-2 
--~----------c---------- ---·-···-------

0.05 

0.08 

0.10 

0.10 

0.15 

0.24 

0.30 

0.50 

0.13 

0.10 

0.09 

0.11 

The experimental f/-value obtained by Bickford at high temperature range from 2.1 to 

7.00. Thus, the values of a=0.08 and 19=0.24 would be considered appropriate. We 
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3.50 K. Y osida and M. Tachiki 

calculated the anisotropy constant with the use of these two value<! and obtain the follow· 

ing value: 

K1= -3.56X 10-2 cm-1 per Fe2+ ion. (5 ·16) 

The anisotropy energy arising from the anisotropic exchange interaction might be 

considered to come from the higher order perturbation with respect to LlEx/ JE, where 

LlEx is the change of the exchange energy from the view-point of the molecular field 

treatment mentioned in Sec. 4, in which the exchange energy is treated as an unperturbed 

energy. Therefore, this contribution would be less than (5 ·16). Thus, the anisotropy 

constant is concluded to consist of (5 · 16) and the anisotropy constant from Fe3 + ions. 

As seen from Table I, the sum of (5 · 16) and the anisotropy constant of Ni-ferrite is 

nearly equal to the experimental value of magnetite. 

In deriving (5 ·16) we assumed the uniform charge distribution of Fe2+ and Fe3+ 

ions of octahedral sites. At low temperature where the short range order in the arrange

ment of those two kinds of ions develops, this assumption will not be allowed any longer 

even as an approximation. The reason of the drastic change of the anisotropy constant 

in its magnitude and even in its sign might be due partly to the effect of the short 

range order on the crystalline field. 

§ 6. Temperature dependence of the anisotropy energy of Mn-ferrite 

From the consideratiom made in the preceding sections, we arrive at the conclusion 

that the experimental anisotropy energies of Ni-, Fe- and Mn-ferrites can be accounted 

for by the fine structure coupling of Fe3+, Mn2+ and Fe2+ ions with the surrounding 

· crystalline field. For such anisotropy energies, the temperature variation can be described 

by (2 · 9). In this section we shall calculate the temperature dependence of the anisotropy 

energy of Mn-ferrite and determine the fine structure constant a for Fe3+ and Mn2+ of 

octahedral and tetrahedra! sites. The reason why we choose Mn-ferrite is that all the 

magnetic ions in this substance have spin of 5/2 and the Curie temperature is relatively 

low so that we may neglect the effect of thermal expansion. 

We shall begin with the determination of the exchange couplings between magnetic 

ions. Since there has not been any experimental data of the susceptibility above the 

Curie temperature, we shall utilize the spontaneous magnetization vs. temperature curve 

obtained by Guillaud and Greveaux321 for the determination of parameters. The total 

magnetizations of N ions situated in the tetrahedral and octahedral positions, \))(A and 

W(R, Can, respectively, be expressed by 

(6 ·1) 

where g is the g-factor of ions of tetrahedral and octahedral ~ites, fl" is the Bohr magneton 

and ( S,) A and ( S.,.)" represent the average values of the spin component along the :

axis. Here, we neglect the difference between Fe3 + and Mn2 ,_ ions in the octahedr<!.l sites 

in order to diminish the number of parameters. Introducing ). and ll which express the 
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On the Origin of the Magnetic Anisotropy Energy of F errites :Hi 

fractions of the numbers of tetr2.he:lral and octahedral lattice points, we put the molecular 

fields acting on the tetrahe:lral and octahedral sites, after Neel/~> as 

HA =qAAi. 'iJRA +qAt: fl. 'iJRTJ' 

(6·2) 

i.=1/3' f1=2/3. 

Putting qAR=qBA= --n, qAA=na and qRR=n/1 and denoting the absolute values of the 

magnetizations 'ilRA and 'ilRB by MA and M 11 , ( 6 · 2) can be written as 

HA=-n(ai.MA+P.MB), 
(6·3) 

where we take the direction of 'ilRB as the positive direction. 

( 6 · 1) becomes 

With the use of ( 6 · 3), 

MA=M0 B,,,2[M0 n(ai.MA+pM,)/RT], 

MTJ=M0 B5n[M0 n(f3f1MR+i.MA)/RT], 
(6·4) 

where M0 =NgpRS and R=kN, and B is the Brillouin function. (6·4) is equivalent 

to the following set of equations : 

MA=M0 B,1f2[u], u= (M0 n/ RT) · (ai.MA +pM "), 

M11=M 0 B;;~2[v], v= (M0n/RT) · ({JpM +i.MA). 

We define (/1 and ¢ by the relations : 

(/1 is related to the temperature by the equation of 

(6·5) 

(6·6) 

(6· 7) 

Denoting the value of (/1 corresponding to the Curie temperature by (/lc, we obtain from 

(6·7) 

_2:_=15 . f3p+).ffJ . B612 [v] 

Tc 7 {3p+).f/lc V 

f/lc is determined by the following equation which is derived from (6·6): 

).f/lc2 + ({3p-).a)f{lc-f1=0. 

Solving this equation, we obtain 

The magnetization per mol is given by 

(6·8) 

(6·9) 

(6·10) 

(6·11) 

If a value of v is determined for an arbitrary value of (/1, the temperature and magneti

zation for that value of cp can be obtained by ( 6 · 7) and ( 6 · 11). The value of v is 
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352 K. Yosida and M. Tachiki 

obtained by solving the simultaneous equations ( 6 · 6) . As has b~~n shown by N eel,2·~> 

it may be convenient to express them in the logarithmic equations: 

logu-logv=log¢', 

The value of a and /1 must be taken from 

the hatched region in Fig. 1 in ·order to fit 

the calculated magnetization to the experi

mental one of Mn-ferrite. We move a point 

(a, {1) in this region with the precision 0.01 

and seek a point which fits best to the ex

perimental magnetization curve obtained by 

Guillaud and Greveaux32) in the temperature 

region of 25°K to 290°K. The values of a 

and {1 thus determined are 

a=-0.50, /1=-0.10. (6·13) 

The magnetization curve calculated with these 

-z 

(6·12) 

0.5 

Fig. 1 

values of a and /1 is shown in Fig. 2. The agreement with the experimental values IS 

very good in the whole temperature range. 

I 

1.0 ....... 

"'·· "' 0.8 

"" ' ~ 0. 6 

'\. 

I- \ 
\ 

0. 4 

0.2 

0.2 0. 4 0. 6 0.8 1.0 

Fig. 2. The calculated magnetization vs. temperature curve of Mn·ferrite. 

The points represent the experimental values by Guiilaud and Greveaux. 
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On the Origin of the Magnetic Anisotropy Energy of Ferrite5 353 

Another parameter n can be determined from the Curie temperature. We obtain 

n=36I. (6·I4) 

The interaction between the ions of tetrahedral 

octahedral sites are represented by na and nfi. 

those of magnetite which have been calculated by 

sites and that between the ions of 

These are shown below together with 

Neel.28) 

Table IV 

na nfJ 

Mn-ferrite -181 -36.1 

Fe-ferrite -282 +5.53 

Now we shall turn to the calculation of the temperature dependence of the anisotropy 

constant. As seen from ( 2 · 9), the anisotropy constant K1 in Mn-ferrite is expressed by 

K1=- ~ [ (ar,!;+aM~)(-_3: (S,4)R- I: {s(S +I)-+} (S,2)R 

++S(S+I) {S(S+I) -2}) 

+a1.c!( 3: (S, 4 ).~- I; {s<S+I) -+} <snA 

++S(S +I) {S(S +I) -2} )]. (6·I5) 

where A and B mean respectively the tetrahedral and octahedral sites. The average 

value of ( S,) is obtained as 

(S,)= ~:x;~~~,) --{(s++ )coth(S+-~ )p-+coth-; }. 

p (6·I6) 

It can be shown that ( S~+t) satisfies the following recurrence formula : 

(6·I7) 

Therefore, if we use the two relations 

(6·I8) 

(6·I9) 

together with the above recurrence formula, we can calculate (S-c") for an arbitrary n 

value. Putting 

(S,)=x, cothp/2=y, 
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.B4 K. Yosida and M. Tachib 

( 6 · 17) , ( 6 · 18) and ( 6 · 19) can be expressed in a more simplified form, 

(S~+ 1 )= ( -a;ap+")n" 

a";ap="2 -1Cy-S(S + 1) 

ay;ap= (1/2) (1-y2). 

(Sl) and (S,4) calculated with the use of (6·20) are as follows: 

(S,2)=S(S+l) +"'Y, 

(S,4)=31Cy3 +2S(S + 1)f+2 {S(S + 1) -1} xy+S2 (S + 1) 2-S(S + 1). 

Using (6·21) and (6·22) we obtain 

(6. 20) 

(6·21) 

(6·22) 

[ __E_(S._4)-___!2_ jS(S + 1) _ _2_} (S.2 ) +-2_S(S + 1) {S(S + 1) -2}] 
4 2 t 6 ' 4 

If we put 

we obtain 

and 

=-1-[10hy3 + 7oS(S + 1) y2 + {40S(S + 1) -45} xy 
4 

+8S2 (S +1) 2 -16S(S +1) ]. 

z=Sp=yp.HSHjkT 

y=coth(p/2) =coth (z/2S) . 

Inserting (6·25) and (6·26) into (6·23) and putting S=S/2, we get 

(6. 23) 

(6. 24) 

(6. 25) 

(6. 26) 

[ __E_(S._4)-___!2_ {s(S+1) _ _2_} (S./)+--~S(S+1) {S(S+1) -2} l 
4 2 6 4 J 

5 [ ( z )3 ( < )2 =S -105B.s[<] coth2S +245 coth2S 

-305Bs[<] coth-<-+189]=_2_[<1 
2S 8 

(6. 27) 

Then, we can write (6 ·15) as 

(6·28) 

or 

(6·29) 

where 
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On the Origin of the Magnetic Anisotropy Energy of FerriteJ 355 

m=Ms/Ngp.nS, 

[u] and [v] defined by (6·27) with z=u and z=v can be calculated with the use of 
the values of a, fl and n determined by (6·13) and (6·14). Dillon, Geschwind and 
Jaccarino2l have measured K/M8 of Mn-ferrite over the temperature range of 4°K to 
300°K. We shall select two points, T=4.2°K and T=300°K, and determine the 
values of (a~!'.+ a~~) and ar.~ so that the calculated K1/ Ms may coincide with the ex
perimental values at these two points. The determined values of (a.l!+a~) and aE~ 

are as follows : 

aF~= -0.817X 10-2 cm-1• 

The anisotropy constant vs. temperature curve calculated with the use of 
in Fig. 3. The agreement with the experimental value is satisfactory. 

very sensitive for a slight change of the a-value. 

-500 

-
-400 

-300 

-200 

-100 

0 
0 

' \ 
\ 
~ 

100 200 

" ~ 
300 400 500 

(6·30) 

(6 · 30) is shown 

This curve is 

Tc 

I 
600 

Fig. 3. The calculated temperature dependence of K1/M8 of Mn-ferrite. The points 
represent the experimental values obtained by Dillon, Geschwind and Jaccarino. 

In the vicinity of the Curie temperature, (S~) defined by (6·21) or (6·22) can 
be expanded in a power series of p or z, because the molecular field there is small, artd 

we obtain 

(6·31) 

On the other hand, u and v are proportional to (Tc- T) 11 ~ in the neighborhood of the 
Curie temperature so that the anisotropy constant K, is proportional to (Tc- T) 2 near 
the Curie temperature. In the calculation of K1/Ms in Fig. 3 this expansion formula 
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356 K. Y osida and M. Tachiki 

has been used in .this region. 

The fact that the sign of the a-value of the tons of octahedral sites is opposite to 

that of the ions of tetrahedral sites, as seen from (6·30), seems to be reaso11able because 

the cubic crystalline field acting on the tetrahedral position is opposite in sign to that 

on the octahedral position. The a-value of Fe3 + ion in several alums is about -1.34 

to -1.27X10-2 cm- 1 and that of Mn2+ ion in Tutton salts andfluosilicates is +0.10 

to +0.03X10-2 cm-133>. The a-value of Mn2+ ion is less than one te11th of that of 

Fe3+ ion. Thus, al!-!1, has a magnitude n.early three times as large as that of the Fe3+ 

ions in alums and has the opposite sign to the latter if we neglect the contribution of 

ai{, in (6·30). Recently, Low34l has measured the fine structure of the paramagnetic 

resonance absorption of Fe3+ ion in the dngle crystals of MgO and obtained a considerably 

large a-value of 1.83 X 10-2 em-\ though its sign has not been determined. Therefore, 

the a-value given by (6 · 30) does not seem to be unreasonable. For Ni-ferrite, the a

value of Fe3+ ion of the octahedral dte is considered to be about 2.0 X 1 o-2 em -I and 

this is quite reasonable. Very recently Sugiura et iiJ.3'l observed the paramagnetic resonance 

absorption of Fe3+ ion in the mixed ferrite of Zn0Al20,1 and Zn0Fe20,1 and that of 

Mg0Al20 3 and Mg0Fe20,1 and found that the resonance widths extrapolated to zero 

content of Fe3+ ion are, respectively, about 600 and 180 oersteds. The fact that the 

ratio is equal to 33: 1 seems to be favotirable for our result (6 · 30) because Fe3 + ions 

in the former mixed ferrite occupy the octahedral sites and those in the latter occupy 

the tetrahedral positions.* 

§ 7. Conclusion 

From the results of calculations made so far, we draw the conclusion that the 

anisotropy energies of Ni- and Mn-ferrites arise from the fine structure coupling of Fe3+ 

ions which occupy the octahedral and tetrahedral positions. For Mn-ferrite, we determined 

the a-values of Fe3 + ions of the oct2.hedral and tetrahedral sites by analyzing the ex

perimental anisotropy constant vs. temperature curv~ obtained by Dillon, Geschwind and 

Jaccarino to be a 1 ,~= -0.8X 10-2 cm-1 and a.~<-!!=4.2X 10-2 cm-I_ This value of a1{{, 

seems to be somewhat larger than that expected from the a-value of Fe3+ ion in MgO. 

The magnitude of ai!-!1, in Ni-ferrite is expected from the a.nisotropy constant of this 

ferrite to be about 2X 10-2 cm-1. This value is quite reasonable. The reason for the 

large a-value of Fe3+ ion in Mn-ferrite is not dear at the present stage. However, the 

temperature dependence of the a.nisotropy constant of Mn-ferrite calculated with the use 

of these a-values shows a good agreement with the experiment. 

For Co-ferrite, the situation is very complex. It has a very large anisotropy constant, 

* G. T. Rado and V. ]. Folen have found that at room tempemture the anisotropy constant for FeH 

ion at the B site is negative and that for Fe''+ ion at the A site is pcsitive and the ratio of these is about 

3.1 by the magnetic measurements of single crystals of (MgO)!-,(FeO),Fe"O~. See G. T. Rado :nd V. 

J. Folen, Eull. Am. Phys. Soc. Ser. 2, 1 (1956), 132. We would like Lo thank to Dr. Rado for his private 

communication. 
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On the Origin of the Magnetic Anisotropy Energy of Ferrites 357 

namely 2 em-' per molecule and also has a very large magnetostriction of J.1r0 =5.9X 10-4 

and i. 111 = 1.1 X 10-4• Thus, it might be supposed that in this substance the orbital 

moment is only partially quenched and the combined action of the electric quadrupob

quadrupole interactio11, the exchange interaction between Co ions and the spin-orbit 

interaction would give rise to a large anisotropy energy. 

For magnetite, it is considered that the anisotropy energies arising from Fe2+ and 

Fe'1 ' ions are leading terms in the high temperature r<m.ge. The anisotropy energy below 

the transition temperature at 120°K is orthorhombic becau:e of the orthorhombic super

structure of the arrangement of Fe2+ and Fea+ ions in the octa.hedral sites. This anisotropy 

e11ergy may be due to the Fe2+ and Fe3 ,. ions and th::: magnetic dipole-dipole interaction 

between these magn.etic ions. In the temperature reziJ~'- above the transition, where the 

anisotropy constant decreases drastically and chmge3 its dgn from plus to minus, the 

effect of the Ghort ran.ge order may play a certain role in determining the anisotropy 

energy. In order to account for the behavior of the anisotropy constant over this range, 

precise knowledge about the nature of the order-disorder transition would be needed. 

In conclusion, the authors would like to express their sincere thanks to Professor 

T. Nagamiya and Mr. J. Kanamori for their valuable disc..tssions. 

References 

Anisotropy energy for Mn-ferrite : 

1) Galt, Yager, Remeika and Merritt, Phys. Rev. 81 (1951), 470. 

2) J. F. Dillon, Jr., S. Geschwind and V. Jaccarino, Phys. Rev. 100 (1955), 751. 

3) D. E. Tannenwald, Phys. Rev. 100 (1955), 1713. 

Anisotropy energy for magnetite : 

4) C. H. Li, Phys. Rev. 40 (1932), 1002. 

5) L. R. Bickford, Jr., Phys. Rev. 78 (1950), 449. 

6) C. A. Domenicali, Phys. Rev. 78 (1950), 458. 

7) H. J. Williams and R. M. Bozarth, Rev. Mod. Phys. 25 (1953), 79. 

8) H. J. Williems, R. M. Bozarth and M. Goertz, Phys. Rev. 91 (1953), 1107. 

9) B. A. Calhoun, Phys. Rev. 94 (1954), 1577. 

10) L. R. Bickford, Jr., ]. Pappis and J. L. Stull, Phys. Rev. 99 (1955), 1210. 

11) D. 0. Smith, Phys. Rev. 102 (1956), 959. 

Anisotropy energy for Co-ferrite : 

12) R. M. Bozarth and]. C. Walker, Phys. Rev. 88 (1953), 1209. 

13) R. M. Bozarth, F. Tilden and H. ]. Williams, Phys. Rev. 99 (1955), 1788. 

Anisotropy energy for Ni-ferrite: 

14) J. K. Galt, B. T. Matthias and ]. P. Remeika, Phys. Rev. 79 (1950), 391. 

15) W. A. Yager, J. K. Galt, F. R. Merritt and F. A. Wood, Phys. Rev. 80 (1950), 714. 

16) D. W. Healey, Jr., Phys. Rev. 86 (1952), 1009. 

17) ]. K. Galt, W. A. Yager and F. R. Merritt, Phys. Rev. 93 (1954), 1119. 

18) W. A. Yager, J. K. Galt c.nd F. R. Merritt, Phys. Rev. 9!l (1955), 1203. 

19) Eozorrh, Eu;tr:ce, Cetlin, Cdt, Merritt and Yager, Phys. Rrv. 99 (1955), 1898. 

20) F. Ke.fier, f'bys. R<v. 87 (1952), 608. 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/1

7
/3

/3
3
1
/1

8
5
6
3
2
2
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



358 K. Yosida and M. Tachiki 

21) T. Moriya and K. Yosida, Prog. Theor. Phys. 9 (1953), 663. 

22) J. H. Van Vleck, Phys. Rev. 52 (1937), 1178. 

23) M. H. L. Pryce, Phys. Rev. 80 (1950), 1107. 

24) A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. A 205 (1951), 135. 

25) F. Keffer, Phys. Rev. 1110 (1955), 1692. 

26) N. floeml:ergen, E. N. Purcell and R. V. Pound, Phys. Rev. 73 (1948), 679. 

27) J. I. Kaplan, J. Chern. Phys. 22 (1954), 1709. 

28) L. Nee!, Ann. de Phys. 3 (1948), 137. 

29) L. Nee!, Ann. de I'Institut Fourier, 1 (1949), 163. 

30) J. R. Tessman, Phys. Rev. 96 (1954), 1192. 

31) A. Abragam and M. H. L. Pryce, P10c. Roy. Soc. A 206 (1953), 173. 

32) C. Guillaud et H. Greveaux, Comptes Rendus, 230 (1950), 1256. 

33) K. D. Powers and J. Owen, Reports on Frcgre.s in Physics, 18 (1955), 304. 

34) W. Low, Bull. Am. Phys. Soc. Vol. 1, Ser. II, No. 6, C 7 (1956). 

35) Y. Sugiura et al., Spoken at Ann. Meeting of Phys. Soc. Japan, July 16, (1956). 

Note added in proof 

A recent neutron diffraction experiment by J. M. Hastings and L. M. Corliss (Phys. Rev. 104 (1956), 
328) on IVn-ferrite sbcws tbat tbe ftacti€n of the tetmb<dtal sites occu!Jied by manganese ions is 0.8 for 
three samples used. We, on the other hand, assumed that Mn-ferrite is of the inverse spinel type, i.e. the 
fraction is zero. To get. out of this contradiction, the following three pcssibilities may be suggested. 

1. The fraction of 0.8 is assumed to be valid also in the sample used by Dillion~) for measuring 
the anisotropy constant and in the sample used by Guillaud 3 ~) for measuring the magnetization ; Our analysis 

is based on these two measurements. Then the following values of a~e and a~e (neglecting the anisotropy 

constants arising from the manganese ions) can be shown to explain exce!letttly the curve of K1/M8 versus 
temperature of Dillon. 

However, a~e +a~.= -1.8 X lO-~cm- 1 in this case, which seems to be unacceptable since in Ni-ferrite the cor

responding value is + 1.87 X 10-~ cm-1 (the opposite sign). 

2. The fraction of 0.8 and me value of a~. +a;" found for Ni-ferrite are assumed to be valid for 

Mn-ferrite, again neglecting the contribution of the manganese ions to the anisotropy constant. Taking the 
Dillon's~l experimental value of K1/M8 at 300°K-Dillon's and Tannenwald's3l measurements give about the 
same value at 300"K-we obtain 

a~. =0.50 X 10-2 em-'. 

The ratio a;.Ja~. =2.74 is favourable for the experimental results due to Sugiura35l and Rado (private 

communication) but the sign of a~. is opposite to that found by Rado. The temperature dependence of 

K 1JM, comes nearer to that observed by Tannn.wald3l (Fig. 4). 

3. The sample used by Dillon~) is arsumed to have had a different fraction of the manganese ions 
on the tetrahedral sites. This fraction will be denoted by x. The following numerical values found by our 
analysis are assumed to be valid: 

(1-x) a~.=-0.82X10-2cm-l, (1+x)a;e =4.21 X 10-2 cm-1, 

a~. +a;. =1.87XIo-2 em-! (for Ni-ferrite). 

Then we obtain 
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The ratio Ja~,\J ai~, I is 2.48 and the sign of ai\ is in agreement with that found by Rado. 

We note that the sublattice magnetizations per ion observed by neutron diffraction experiment and 

those found by our calcu'a ~=on (based on Guillaud's:l2) measurements) are in good agreement: 
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Fig. 4. The calculated temperature dependence of K1/M, of M,.-ferrite. The points represents 

the experimental v;dues obtained by Tannenwald. 
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