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ON THE ORNSTEIN-UHLENBECK OPERATOR IN L? SPACES
WITH RESPECT TO INVARIANT MEASURES

ALESSANDRA LUNARDI

ABSTRACT. We consider a class of elliptic and parabolic differential opera-
tors with unbounded coefficients in R™, and we study the properties of the
realization of such operators in suitable weighted L2 spaces.

1. INTRODUCTION

There is a very wide literature on boundary value problems for linear elliptic and
parabolic equations in bounded domains in R™. A big part of the results can be
extended easily to unbounded domains, provided the coefficients of the differential
operators are bounded.

A comprehensive approach to the case of unbounded coefficients in R™ may be
found in [1], [2] and [3]. Under appropriate hypotheses, they are able to work in
suitably weighted spaces. A typical simple example which is not in general covered
by their results is the Ornstein-Uhlenbeck operator

(1.1)

1 & - 1 n
Au= 2> qiiDiju+t Y bijziDju = o To(QD*u) + (Bx, Du), = €R",

4,j=1 4,j=1

and the associated semigroup

(1.2)
1 -1
T(t — —(Qy "y:y)/2 B, _ d , t > 0,
TONE) = GrraoyT L © Pl — y)dy
T(0)¢ = o
Here Q = [qij]i7j:17___)n is any symmetric positive definite matrix, and B is any
nonzero matrix. @); is the matrix defined by
t
(1.3) Q= / e*BQe*P ds, t >0,
0
where e*B” is the exponential of the transpose matrix B*.

Besides their own mathematical interest, operators with unbounded coefficients
arise in stochastic perturbations of ODE’s. Consider for instance the linear equation
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156 ALESSANDRA LUNARDI

in R™
u'(t) = Bu(t),

perturbed by the noise /Q dW;, where W, is a standard n dimensional Brown-
ian motion. Then the semigroup T'(t) defined in (1.2) is the Markov semigroup
associated to the stochastic differential equation

dX = BXdt + /Q dW,,

since we have
(T(t)p)(x) = Elp(X (L, z))]

for a large class of initial data ¢. See e.g. [6, Ch. 5]. It would be obviously
important (see again [6]) to study also stochastic perturbations of nonlinear systems

u'(t) = Bu(t) + F(u(t)),

which give nonlinear coefficients to the operator A. Surprisingly, the literature
deals essentially with the case where F' is bounded. Our work can be considered
as a first step in the study of the more general case of a Lipschitz continuous F'.
Moreover, at the end of the paper we consider also an example in which A has
variable nonlinear coefficients.

In the paper [4] we have described the properties of the realizations of A and
T(t) in spaces of continuous and bounded functions in R™. Here we study the
realizations of A and T'(t) in a L? space with respect to a suitable measure. Besides
the usual Lebesgue measure, which will be considered in a forthcoming paper [9],
an appropriate measure in the study of a dynamical system is its invariant measure,
which exists and is unique under suitable assumptions, see [6]. We assume that all
the eigenvalues of the matrix B have negative real part, so that there exist C' > 0,
w > 0 such that

(1.4) etB|| < Ce™vt, teR.
Therefore, the matrix
(1.5) Qoo = / e*P Qe ds
0
is well defined. We consider the Gaussian weight associated to the matrix @,
1 -1
1.6 = ~(Qz)/2 R".
(1.6) () (2m)"/2 (det Qoo)l/Qe » TE
The weighted space Li is defined by
(1.7)

11z = ([ 1s@uma) <o)

Similarly, the Sobolev weighted space Hj;, s > 0, is the subspace of Lz consisting
of all the functions f such that = — f(z)u(z)*/? belongs to H*(R™). If s is integer,
it coincides with the space of all the functions f € Hj (R™) such that DP f belongs
to Li for every multi-index § such that 0 < |8| < s.

We shall see that the semigroup defined by (1.2) is analytic, strongly continu-

ous, positivity preserving, and it is a contraction semigroup in Li. Moreover, the

Li = {f : R"™ - C measurable
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THE ORNSTEIN-UHLENBECK OPERATOR IN L? SPACES 157

measure p(z)dz is invariant for T'(t), in the sense that

n

(1.8) / (T @pulr)dr = / p@)p(x)de Vi >0, pe L2,

The main result of the paper is the characterization of the domain of the realiza-
tion A of A in L?. We prove that D(A) = H. The embedding H;; C D(A) is easy,
while proving that D(A) C Hg is more delicate. Indeed, due to the strong decay of
the weight u(x) as |x| — oo, there are difficulties in treating differential operators
in L2 by the usual methods. We use a technique similar to the one employed in [8]
to get optimal Schauder type estimates: we show that for every a € (0,1), D(A) is
continuously embedded in the interpolation space

(Hy H ) 1age2 = H.

This is done by using the representation formula for the resolvent R(\, A),
R\, A)p = / e NT(t)pdt, A >0,
0

and optimal estimates for ||T'(¢)[|L(r2,me), HT(t>||L(Lﬁ7Hﬁ+“)v which are obtained
with the aid of the explicit representation formula (1.2) and interpolation argu-
ments.

By a similar procedure it is possible to prove that for every 8 € (0, 1) the domain
of the realization of A in Hﬁ is Hﬁ""g.

We consider also the case of matrices (), B depending on x, with continuous
coefficients, such that the limits lim|,—o Q(2) = Q, lim; o B(z) = B exist,
and @, B satisfy the above assumptions. p is again the Gaussian weight asso-
ciated to the matrix Q. defined in (1.5). By using a suitable localization pro-
cedure we show that also in this case the domain of the realization A of A =
Tr(Q(-)D?) + (B(-)-, D) in L? is H, and that A generates an analytic semigroup
in Li.

Once optimal regularity results for elliptic equations have been established, from
the general theory of analytic semigroups one gets easily optimal regularity results
for parabolic equations,

u=Au+f, 0<t<T, x€R",
(1.9)
u(0,z) = uo(z), = €R™

Precisely, one shows that for every ug € H,, and for every f € L?((0,T) x R™)
with respect to the measure dt x p(z)dz the solution u of (1.9) is such that wu, wuy,
Dju, Diju (i,5 =1,...,n) belong to L?>((0,T) x R™) with respect to the measure
dt x p(z)dx.

2. THE SPACES Li AND H3

The space Li has been defined in (1.7). If there is no danger of confusion we
shall write || f|| instead of || f||rz for every f € L.
We may assume, possibly changing coordinates, that

Qoo = diag(A1, ..., \n),
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158 ALESSANDRA LUNARDI

with A; > 0 for i =1,...,n. Let T be the set of all multi-indexes v = (y1,...,Vn)
with 7; € N U {0}. For every v € I' let H, be the Hermite polynomial in R"
associated to the matrix ), defined by

n
Ty
= H,|—]), z€R",
kl;[l " (\Mk)
where for every nonnegative integer r, H, is the one dimensional r-th Hermite

polynomial

_ (_1>T z2/2 d —z2/2
HT(x)—We %6 5 r eR.

It is not hard to see that the set {H, : v € I'} is an orthonormal basis in Li.
For s € N we define the spaces H}, as

Hy={feLl:Vp|<sID°fe L’} |Iflus=) 1D7 £ 3
|B]<s
For notational convenience we set also

0_ 72
H) = L2

Using the equalities
Y Th Tk .
DyHy(x)=,/—H, 1 <—) H (—), ifyel, vy, >0
’Y( ) >\h Yh \/E ;};[h Tk \/E
DyHy(z) =0, ifyeTl, v =0,

(h=1,...,n) one checks that a function ¢ € L2, ¢ = > er ¢vyHy, is differentiable
with respect to xp with derivative Dy € Li 1f and only if

Z |(p'}’|27h < o0,
yel’

in which case we have

/'Yh Th Tk
DhQD({E) = Py 'Yh 1 ( ) H H’Yk <\/)\—) )
veF >0 k#h k

1Dl = 5 3 leo P
yel’

and

Moreover one can see that for every s € N a function ¢ belongs to H; if and only if

zw(z%) < o0,
h=1

yel’

and that the norm
1/2

w(zw(;%)s)

yell

is equivalent to the norm of H.
A useful property of the space H), is the following.
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THE ORNSTEIN-UHLENBECK OPERATOR IN L? SPACES 159

Lemma 2.1. If ¢ is differentiable with respect to xp and Dpp € Li then x —
Y(x) = xpep(x) belongs to L2, with norm less than const. (lellizz + 1Drellz2)-
Consequently, if a : R™ — R is any linear function, the mapping ¢ — ayp is
bounded from H), to L?..

Proof. 1t is sufficient to show that for every polynomial ¢ we have

| w@)Putis < ollel? + 1Dl

If ¢ is a polynomial, then
[ @t utords = [ an@P (A2 (Dunta)da

5 [ Cenp(@)Drp() + o) p(w)de
Rn

1/2
< 3ol + ([ o) utoyie) 10w

An 1 2
<P+ [ @nple)*u(e)de + 2 IDugl®

Therefore,
1911 < An(llell® + Ml D),

and the statement follows. O

In the next sections we shall use an explicit characterization of the interpolation
spaces (Li, Hﬁ)972. To this aim we define the spaces H}; for s > 0 not integer. We
set

H, = {fe Li sz f(z) exp(—(Qoox, x)/4) € H*(R™)},
£l = I1f exp(—(Q3% )/ M)l rr=ro).-
We define the strongly continuous semigroups Ty(¢), h=1,... ,n, in Li by
Th(t)p(z) = @(z + tep) exp(— (1% + 2tz) /4N,), € R™, ¢t > 0.
The infinitesimal generator Ay, of T} (t) is the operator defined by
D(An) = {p € L}, : 3Dy(we /"), s e/ Dy (peh/40) € L7},
Anplw) = e/ Dy (p(a)e™ 1/ 42) = Dpp — oo,
h

Lemma 2.2. For every h=1,... ,n and m € N we have
D(A) ={p e L} : 30™/0x;}p € L},

and the graph norm of A" is equivalent to

o S [10F 0kl e

k=0
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160 ALESSANDRA LUNARDI

Proof. Let us prove that the statement holds for m = 1. If ¢ € Li is differentiable
with respect to x; with derivative in Li, by Lemma 2.1 ¢ belongs to D(Ap).
Conversely, if ¢ is a polynomial then

Angle) = 3 (Lm0 4 U0) = 3 o1/ )

el m>0 m>2

o (G T (S5)

where I is the set of all multi-indexes in (NU{0})"~! and @5, ;41 is the coefficient

corresponding to the multi-index (31,...,34—1,M, 94, .- ,¥n—1). Therefore,
2
4@ = 3 3 (VI F T/ +1/0) = 95,V )
el m>2
FA/VA A+ 1/A0)2D (92 1+ V202 )
Fel
=3 D> @ (VA + 10D (92 1 + V262 ).
yel m>2 7€l

For every m > 2 and € > 0 we have

((1/\/E+ L/An)¢5, me1vm + 1) = (a5, m + ¢35, m—1vV/m/An)?

m
<(1+1/e)a2 ,, + 1+ E)Lp%)m_l)\—}%,
so that for every M > 2

L/VA A+ LAY D @2 a(m+1)

yel m>M

m
< (L+1/e) | Anel? + C(M)lel* + (1 +¢) Z 02 m— vl
m>M

Qt
’—_jx

< (1+1/2)lAngll* + C(M)] ol

1+sZ)\ 2 Z ‘Pym+1 m+1)m+2,

5ef  m>M-2 m+1
which implies
Z Z @2 (m+1)
yer m=M
1+4¢€ M+ 2

Z w'gy,m-{-l(m_'_ 1)

< Cle, M)([[ Anell? + llell) +
(\/ An + 1)2 M+1 T
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Taking € small and M large in such a way that
1+4+¢ M +2

<1
(VA +1)2 M+1

we get
>3 mnam+1) S K(lAngl? + ],

yel m=>0
Since the set of all polynomials is dense in D(A}), the statement is proved for

m = 1. Arguing by recurrence, one can prove that the statement holds for every
m. O

The characterization of the domain of A}* allows us to characterize the interpo-
lation spaces (L2, H")g 2.

Proposition 2.3. For every m € N and 6 € (0,1) we have
(LZaHLn)H,Q = Hzma
with equivalence of the respective norms.

Proof. Following [11, §1.13.3] we set
K™= N D(AF).

0<k<m, 1<h<n
By Lemma 2.2 we have K™ = H,*. By [11, Thm. 1.13.6.1] we have

(L Hyop = {f € L+ |IIf1]] < oo},

where

A=Az + ([ w2
0,1

2 1/2
dt) |
L
For every y € R™ we have

< H Ts(ys)f> (z) = fz + y)e—((Q;ly)y>+2<Q;oly7m>)/47 z € R,
s=1

(1T -1)"s

s=1

so that

f[Ts(ys>—I mf (x)e_@;olm’g”)/‘*:i(rg)(—l)kw(x+ky),
( )/

s=1

where
-1

o) = Jz)e @A
By [11, §2.5.1] we get ||| f||| < oo iff p € H?™(R™), and the statement follows. O
3. PROPERTIES OF T'(t)

The measure p(x)dz is invariant for the semigroup 7'(t), in the sense specified
by the following lemma.

Lemma 3.1. For every f € Lt and t > 0 we have

(3.1) / (T f)(@)p(x)de = [ f(z)p(c)de.

R
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162 ALESSANDRA LUNARDI

h,z)

is dense in L1, it is sufficient to

Proof. Since the set of the functions z — e L

prove that for every h € R"™ we have

(3.2) / (T @) = / 1) () d.

n

To this aim we remark that
(T(t)ei<h">)(x) _ ei(h,et%)—(ch,h)/z7 t>0,
and
/ ) )y (z)de = e~ (@ohh)/2,
So, for t > 0 we have
/ (T(t)e PN () () = e~ (@eh)+(eF Qe ™" hub)) /2

Taking into account that

t 00
Q: + etBQOOetB* _ / esBQesB*dS _|_/ e(t+s)BQ€(t+s)B*dS
0 0

t 00
= / e*BQesP ds + / e*PQe*P ds = Qo
0 t
(3.2) follows. |
Estimates for T'(¢) f and its derivatives are provided by the following lemma.

Lemma 3.2. For every f € Li and t > 0 we have

(3.3) IT@)fllz < [1flle2,
c
(3.4) IDPT(#)f |z < a2 Ifllzz, 16 < 3.

Proof. Using the Holder inequality in formula (1.2) we get
(T ) (@) < (T()f*)(2), =eR",
and (3.3) follows from (3.1).

Moreover, setting p(y) = (2m)~"/2(det Q;)~/2e~(Q: 'v1)/2 for every t > 0 we
have

(DTN == [ ¥ @ uf @+ y)ulu)dy.
By the Holder inequality,

i< [ ([ Qe o Py
G = )Pty ) uto)ia

< Q7 PetBef? / (T(1) ) @)n(w)de = Q7 /e Pe?|| |72 < Ct |1 £117,

so that (3.4) holds for |5] = 1.

n
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To estimate the second order derivatives we remark that for every regular ¢ € Li
we have

DT(t)p = B T(t)Dy, t> 0.
It follows that for ¢,5 = 1,... ,n we have
DT @) fIl = |Di(DyT(t/2)T(t/2) f)|| = || Di( e /2T (t/2) DT (t/2) )|

< CIDT(t/2) flle2yn IDT (/2| Lizz,z2)my < CtHIFL

and (3.4) follows for |3| = 2. The proof for || = 3 is similar. O
From (3.3) and (3.4) it follows by interpolation that for 0 < ¢ < 1,0 < a <3
(3.5) 1T ()| L2.mg) < Ct72.

This estimate is not optimal for ¢ near 0, and it will be improved later. However, we
are going to use it in the next proposition to characterize the interpolation spaces
DA(6,2), A being the infinitesimal generator of T'(t).

It is not difficult to see that the semigroup T'(¢) is analytic in L7 . In [4, §2.2] one
can find a proof which is an adaptation to the finite dimensional case of a result
for equations in infinitely many variables due to [7]. Here we give a simple direct
proof.

Proposition 3.3. The semigroup T(t) defined in (1.2) is analytic in Li.
Proof. By estimates (3.4) with |3]| = 2, for every f € Li and ¢ > 0 we have

" C
1> 4 Dy T () fllez < 7 Ifllzz-
i,j=1
Moreover, due to Lemma 2.1, x — (Bxz, DT(t)f) belongs to Li and by estimates
(3.4) we have

[(B-, DT (1) f)llz < CIT @) f|lry < COA+ 2+ 71| fllz2-
Therefore, for every f € L? and t >0

0 0

= T(t)f =AT(t)f € L, H& T f| <CO+t+tY[|fllL2-

It follows that ¢ — T'(t)f is differentiable for t > 0 with values in L7, and

= [AT(®)fllez < C(L+ 72+t fllpz, ¢ > 0.

d
|7,

Since | T'(¢)fl[z2 < [[fllzz by (3.3), then T'(¢) is an analytic semigroup. O

We recall that if X is any Banach space and A : D(A) C X — X generates an
analytic semigroup T'(¢) in X, for 0 < 6 < 1 the space D (6, 2) is defined by

DA0,2) ={f € X : [flon = / =20 AT (1) £[% < oo},

1 lpaco.2y = Iflx + [flo.2-

It is well known that for § € (0,1) the space D(6,2) coincides with the interpo-
lation space (X, D(A))g 2, with equivalence of the respective norms. In the next
proposition we characterize such spaces.
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164 ALESSANDRA LUNARDI

Proposition 3.4. We have

L2, 6=0,

D4(0,2) =

HY, 0<6<1,
with equivalence of the respective norms.
Proof. Let 0 < 6 < 1. Since H}; is continuously embedded in D(A) by Lemma 2.1,
then H2® = (L2,H)g 2 is continuously embedded in DA(6,2). We are going to
show that for every a € (0,1), H3* belongs to the class .J,, between L% and D(A),
ie.

(3.6) 1l mze < AL 1Dy VF € D(A).
Indeed, given any f € D(A), for A > 0 we have, due to (3.5),

flize = | [ eNT@OF = andd| <o [ eNeeaag - gl
0 H2«x 0

< AN fllzz + A HIAS )

Taking the minimum for A > 0 we get (3.6). Then we may apply the Reiteration
Theorem ([11, §1.10]) to get, for 0 < 0 < o < 1,

Da(0,2) = (L%, D(A))o2 C (L2, H2)gja0 = HY,
and the statement follows for 0 < 6 < 1.

Let now 8 = 0. We remark preliminarily that if X is a Banach space and A
generates a bounded analytic semigroup 7'(t) in X, then X = D4(0,2) if and
only if D(A) = (X, D(A?))1/2,2. Indeed, we may replace A by A=A — I, T(t) by

( ) (t)e and we get DA(O,Q) = DA(O,Q), (X,D(A2))1/2)2 = (X,D(A2))1/2)2.
By [11, §1.14.5],

1
(X, DAy = {f € X : lIfIll = /0 tIAPT (1) f||*dt < oo},

and the norm ||| - ||| is equivalent to the norm of (X, D(A?))y/s2. Therefore,
(X,D(flz))l/m = D(A) means that a function f belongs to D(A) if and only
if |||f]]| is finite. Since A is invertible, applying A~' we get that a function g
belongs to X if and only if

1
/mmmm%<w
0

which means that g € D 4(0,2).

So, it is sufficient to prove that (X, D(A?)); /22 = D(A). To this aim, we remark
that T'(t) is a contraction semigroup so that A is m-accretive and it admits bounded
imaginary powers (see e.g. [10, §2]). Consequently, by [11, §1.15.3] we get D(A) =
[X, D(A?)]1 /2 (complex interpolation). Since in our case X and D(A?) are Hilbert
spaces, then [X, D(A?)];/2 = (X, D(A?))1 /22 with equivalence of the norms. The
statement follows. |

Once the spaces Hj have been characterized as interpolation spaces we may
improve estimates (3.5). We shall state just the estimates we need for the sequel.
We shall use the following lemma.
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Lemma 3.5. Let A be the generator of an analytic semigroup T(t) in a Banach
space X, and let 0 < 0 < 1. Then for every f € D4(6,2) and § < a < 1

1
/O PO NT@) £ 02yt < ClLFIDaco.2)-

Proof. Since ||T(t)||z(pa(s,2),x) is bounded in (0, 1), it is sufficient to prove that
Jo PO=O=UT )12, 5 dt is bounded by C|[f[[3, 4., Indeed,

1 1 L
J) e Tt = [P0 [ aTos P

0 0 0

1 t+1
= [t [t ar e s
0 t
2 s
< [rarepne [0t - y=2atas
0 0

2 1
= [T [ o0 o)t ds
0 0

=Clflpap2 O

Corollary 3.6. Let 0 <0 <« <1, and let T(t) be the semigroup defined in (1.2).
There exists C' > 0 such that for every f € Hﬁ we have

1
(3.7) | e o g < i
1
(3:5) | T e < Iy,
0 I Iz

Proof. Estimate (3.7) is an immediate consequence of Proposition 3.4 and Lemma
3.5.
To prove (3.8) we remark that Proposition 3.4 and estimate (3.5) imply that
1T o, gzrey < Ct-lfor0<a<1,0<t<1,so that
poTT R

1
R AT
;

0

1
< [T g g T2

1
<c / 190 T(t)2) | 2pedt < C|I |20 O
0 M w

4. CHARACTERIZATION OF THE DOMAIN OF A
The main result of the paper is the following theorem.

Theorem 4.1. Let A be the operator defined by (1.1) and let A, Ay be the realiza-
tions of A in Lz and in Hﬁ, respectively (0 < 6 < 1). Then

D(A) = Hy, D(Ag)=H,*,

with equivalence of the respective norms.
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Proof. Let us prove the embeddings C. By Proposition 3.4, Li = D4(0,2) and
H = D(6/2,2). So, it is sufficient to show that if f € D(A) is such that Af €
D4(0/2,2) with 0 < 6 < 1, then f € H2™. By Proposition 2.3 and the Reiteration
Theorem ([11, §1.10]) we have

Hz_‘—e = (H37H3+a)1—(a—9)/2727 Va € (91 1)
So, we fix once and for all a € (#,1) and we prove that
(4.1) f S (Hg, H3+a)1_(a_9)/2)2.
Let A >0, and set ¢ = A\f — Af. Then

_ > — At
f_/o NI f dt.

We recall that if X, Y are Banach spaces such that Y C X, the interpolation space
(X,Y)1—(a—6)/2,2 is the set of all f € X such that the function

£ k(g f) = £(73Tem0)/2 (lallx +£lblly)

inf
f=a+b, aeX,bey

belongs to L*(0, 1), and the (X, Y )1_(a—g)/2,2 norm is equivalent to [|k(-, f)[|2(0,1)-
In our case it is convenient to split f as f = a(&) + b(&), where

13 00
al€) = / T fdt, b(E) = /g eNT()fdt, 0<€<1.

By the Hardy-Young inequality and estimate (3.7) we get

1 1 ¢ 2
a—0-3 2 a—0-3 — At
[ et a@lpe < [ et ([ eirsiugar)

a—0\"" L e
<(1-250) [ erironta < ot

By the Hardy-Young inequality and estimate (3.8) we get

1 1 e’} 2
a—0—1 2 a—60-1 —\t
et ez [ e ( [ T et )

a—0\ 2 Sl
<<T) /Ot T I3zt < CUS o2

Since
k(€ f) < €732 ((|a() | g + ENIBE) ] r2+=),s
we get
Ik )Lz < ClFlDay2.)
and (4.1) follows.

The embedding Hﬁ C D(A) is an obvious consequence of Lemma 2.1. Moreover,
by Lemma 2.1, for every linear function a the mapping ¢ — a¢ is bounded from H ;i
to Lz. Consequently, it is bounded from Hﬁ to H ; By interpolation, it is bounded
from HY™ to Hf, for every 6 € (0,1). Therefore, ¢ — (B-, Dy) € L(Hi™, HY), so
that HY*? is continuously embedded in D(Ag). |
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5. THE CASE OF COEFFICIENTS DEPENDING ON x

Let us consider now the case of coefficients g;j, b;; depending on =. The assump-
tions on the coefficients are the following:

Gij, bi; € C(R™) N L®(R™), qij = qji, i,j=1,...,n,
(5.1)
22_7:1 qij ()& > v|€]? Yz, £ € R™,

for some v > 0. Moreover,

(5.2) 3 lim gj(z) =gy €R, I lim bj(x) = by € R.

|| —o0 || —o0
Setting @ = [¢iji,j=1,... n» B = [bijli j=1,... .n We assume that
(5.3) B satisfies (1.4).
Let A be the differential operator defined by

n

(5.4) Z gij(x)Dy; f(x) + Z bij(z)x; D, f(x), =eR™

z] 1 7,7=1

Let u be the Gaussian weight associated to the matrix Qo defined in (1.5). Define
the operators Ao, A: H. — L2 by

(Ass f)(2) = Te(QD?f(x)) + (Bz, Df(x)),

(Af)(x) = Te(Q(x)D* f(x)) + (B(w)w, Df (x)) = Af ().

Theorem 5.1. Under assumptions (5.1), (5.2), (5.3), A : D(A) = H} — L2
generates an analytic semigroup in Li,

Proof. As a first step we prove that there are K, w > 0 such that for Re A > w and
for every f € H?.

(5.5) A les + 1l < KNS — Af s
For every € > 0 let R > 1 be such that
i (x) — qij| + |bij(x) — bij| < e for [z] > R — 1.
Let 6 be a smooth cutoff function such that
=0 in B(0O,R—1), 6 =1 outside B(0, R),
|D19| < 1, |D1J0| < 17 i,j = 17... ,n
Let ReA > 1 and let f € H.. Then 6 satisfies
AMOf)(x) — A (0f)(x) = O(z)(Mf(2) — Af(2))

—e( S (@ — 4 @)Dy f) + 3 (b bij<x>>ijif<x>)

i,5=1 i,5=1

_un z)D;;0(x) + 2D;6(x) Zbuxjf D;f(x)

3,j=1 3,j=1
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so that by Theorem 4.1 and Proposition 3.3
(5.6)
IALNOSf N2z +110f 1z < CUONS = Af)llz + el fllmz + [ f11m2)

< C'(I0Nf = APz +ell fllmz + CE)Nfllzz)-
The function (1 — @) f vanishes outside B(0, R) and satisfies
MA=0))(z) — A(Q = 0)f)(z) = (1 = 0(x))(Af(x) — Af(x))

- Z qij (x)(f () Di;0(x) + Di0(z)D; f (x))

ij=1

= bij@)z; f(2)Dib(x).

i,j=1
By the well known a priori estimates for elliptic equations with regular coefficients
in bounded sets, if Re A is large enough we have

A1 —=0)fll2(Boo,ry) + 1(1 = 0) flla2(B(0,R))

SO =0)Nf = Af)lle2Bo,r)) + I f e (B0,R)) + Rl fll2(B(0,R));
so that for every 6 > 0
(5.7)
AL =) fllL2o,r)) + I(1 = 0) flla2(B(0,R))

<O =0)Nf = ADlL2Bo,r)) + Ol fllz2(B(0,R)) + C (& R)IfllL2(B(0,R)))-
Using (5.6) and (5.7) we get
A ez + 1z < A0 N2z + CR)IIQ = 0) fllL2(0,R)))

0z + CR)A = 0)fll 2500, R))

< O flluz + CL(R)(INf = Afllzz + 6l fllmz + C(e, 8, R)I| fllL2(B(o,R)))-
Taking ¢ so small that C’'e < 1/4 and then § so small that Cy(R)6 < 1/4 we get

1
AV llzz + 1z < S fllaz + KA = Afllzz + [1flz2),

and (5.5) follows.
To conclude, we remark that for Re A large and for every g € L;2w the equation

A —Af=g
has a unique solution f € H 3 This can be seen using the continuity method: for
every ¢ € [0, 1] consider the problem

(5.8) M -0 —-e)Anf—cAf=g.

Using the a priori estimate (5.5) and the fact that A, generates an analytic semi-
group it is not hard to see that the set of all ’s such that (5.8) is uniquely solvable
in H} is open and closed in [0,1], so that it coincides with [0,1]. Taking e = 1 the
statement follows. |
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6. OPTIMAL REGULARITY IN PARABOLIC PROBLEMS

We consider here the parabolic problem

u=Au+f, 0<t<T, x€R",
(6.1)
u(0,z) = uo(z), = €R™,

where A is the operator defined in (5.4). We assume that (5.1), (5.2) hold.
We recall that if A is the generator of an analytic semigroup in a Hilbert space
H and f € L?(0,T; H), up € D4(1/2,2), then the problem

u=Au+f, 0<t<T,

u(0) = uo,
has a unique solution u € L?(0,T; D(A)) N H(0,T; H), and

llull 20,7504y + 1wl zro,mm) < Cluollpaayze) + 1 lln2o,1m))-
Applying this result to problem (6.1) we get that if ug € H} and f belongs to
L3((0,T) x R™) with respect to the measure dt x p(z)dr then the solution u of
(6.1) is such that u and the derivatives u¢, Dyu, D;ju (4,5 = 1,...,n) belong to
L?((0,T) x R™) with respect to the measure dt x p(x)dz.
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