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Abstract– The performance of single-input multiple-output (SIMO) cognitive spectrum sharing networks with the presence
of equally correlated Rayleigh fading channels is investigated. In particular, based on the truncated infinitive series of
cumulative distribution function (CDF) and probability density function (PDF) of the end-to-end signal-to-noise ratios
(SNRs), close-form expressions are provided for the system outage performance, bit error rate and ergodic capacity. It is
shown that the system performance merely depends on the correlation coefficient between antennas. Monte-Carlo simulations
are also contributed to confirm the accuracy of our analysis.
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1 Introduction

In wireless communications, there is a huge demand
for radio spectrum resources due to the rapid growth
of mobile applications and users. In addition, the inef-
ficient utilization of frequency bands forces researchers
as well as regulatory authorities to promote new spec-
trum access approach called dynamic spectrum sharing
(DSA) or cognitive radio (CR) [1–3]. The concept of
DSA/CR can be used not only to deploy next genera-
tion wireless systems on the allocated spectrum but also
to improve the capacity of currently existing wireless
systems.

In the conventional spectrum sharing model, un-
licensed users (or secondary users SUs) utilize the
licensed bands, which are temporarily unused by pri-
mary users (PU). Such a protocol is harshly imple-
mented in practice since its performance significantly
depends on available spectrum bands left by PUs or
PUs activities. Recently, underlay spectrum sharing
protocols have been proposed and studied in [4–8],
where the SUs can operate concurrently with primary
users as long as their transmissions do not deteriorate
the quality of service (QoS) of PU.

On the other hand, multiple-input multiple-output
(MIMO) is an advanced technology that can effectively
exploit spatial multiplexing and antenna diversity gains
as compared with traditional single-input single output
(SISO) systems [9, 10]. However, the performance of
multi-antenna systems is often severely degraded due
to the correlation effect between adjacent antennas,
(e.g., see [11–13]). In particular, the authors in [11]
studied the outage probability (OP) of dual hop equally
correlated Rayleigh fading channels. It is shown that the
diversity order is equal to the number of available re-

lays regardless of the correlation coefficient values. Tak-
ing into account the effect of co-channel interference,
Sekulovic et al. investigated the outage performance
of single hop selection combiner using exponential
correlation model [12]. In [13], the performance for
partial relay selection of a dual-hop relay system with
correlated antennas at each node was studied, where
orthogonal space time block coding is employed at the
source and the best relay.

Recently, MIMO technology has been considered for
cognitive radio networks, (e.g., see [14–17]). In par-
ticular, orthogonal transmissions for spectrum under-
lay MISO cognitive radio were considered in [14].
In [15], the performance of cognitive underlay Alam-
outi schemes was investigated over Rayleigh fading
channels. Paper [16] proposed antenna selection (AS)-
based multiple antenna techniques for interference-
constrained underlay cognitive radio networks to ex-
ploit spatial diversity with less hardware and to im-
prove secondary system performance. Numerical re-
sults show that the optimal transmit rule is a non-
linear function of the power gain of the channel from
the secondary transmit antenna to the primary re-
ceiver and from the secondary transmit antenna to
the secondary receive antenna. In [17], the achievable
spatial throughput of a multi-antenna Poisson cognitive
radio network collocated with a Poisson multi-antenna
primary network was investigated. It is also shown
that there exists an optimal medium access probability
which maximizes the system spatial throughput.

However, all of the above-mentioned works have
focused on the impact of correlated fading channels
in un-cognitive systems. In this paper, we for the first
time investigate underlay SIMO networks over equally
correlated Rayleigh fading channels.
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Figure 1. Cognitive radio over correlated Rayleigh fading.

Our main contribution in this paper is summarized
as follows:
• We develop a system model and a correspond-

ing derivation framework to take into account the
correlation effect not only from adjacent antennas
but also from the interference link between the
secondary transmitter to the primary receiver.

• We obtain exact closed-form expression for outage
probability, average bit error rate and ergodic ca-
pacity, which are then used to derive their bounds
for efficient computation.

• We investigate effects of the primary user’s posi-
tion as well as the correlation effect of adjacent
receive antennas.

The rest of this paper is organized as follows. In
Section 2, the system model under consideration is pre-
sented. Using the probability density function (PDF)-
based approach, the exact and asymptotic performance
analyses in terms of outage probability, average bit
error rate and ergodic capacity over equally correlated
Rayleigh fading channels are presented in Section 3. In
Section 4, we provide some typical numerical results to
verify the analysis. Finally, we conclude this paper in
Section 5.

2 System Model

The system under consideration is illustrated in Fig-
ure 1, where the secondary network operates on the
same frequency band licensed to the primary net-
work (P). The secondary network consists of one single-
antenna transmitter (Tx) and one receiver (Rx), which
is equipped with N antennas1.

Let us denote hl with l ∈ {1, . . . ,N} as the channel
coefficient of the channel from Tx to the l-th antenna
of Rx. Taking into account correlation effect among
adjacent antennas, hl can be modeled by making use
the approach in [19, 20] as follows:

hl =
√

1− ρXl +
√

ρX0 + j
(√

1− ρYl +
√

ρY0

)
, (1)

where j =
√
−1. Furthermore, X0, Y0, Xl , and Yl are

the set of normal distribution RVs with zero mean and
1In this paper, we extend our previous work in [18], which limits

on two antennas.

variance λ/2 [19]. Here, ρ denotes the cross correlation
coefficient between hl and hp (l 6= p), given by

ρ =
E
{

hlh∗p
}

√
E
{
|hl |2

}
E
{∣∣∣h∗p∣∣∣2}

, 0 ≤ ρ ≤ 1. (2)

In (2), E {X} and X∗ respectively denote the aver-
age and the complex conjugate of X. Conditioned
on u = X2

0 + Y2
0 , the channel gain, |hl |2, will fol-

low non central chi-square distribution with two de-
grees of freedom and non-centrality parameter ρu, i.e.,
χ2

(√
ρu, (1−ρ)λ

2

)
[20]. As a result, the conditional CDF

of |hl |2 is given by [21]

F|hl |2|U (z|u) = 1−Q

(√
2ρu

(1− ρ) λ
,

√
2z

(1− ρ) λ

)
, (3)

where Q (., .) is Marcum-Q function [22, Eq. 1].
For the underlay approach, the transmit power of

secondary networks are constrained by the maximum
tolerable interference power at the primary receiver, Ip.
Mathematically, we have [23]

P =
Ip∣∣∣h f

∣∣∣2 , (4)

where h f denotes the channel coefficient of the in-
terference link from Tx to the primary receiver. For
Rayleigh fading, |h f |2 is exponentially distributed with
parameter ω. Although optimum performance of max-
imal ratio combining is highly desirable, practical wire-
less systems often sacrifice some performance in order
to reduce their complexity, i.e., hardware-feasible and
cheaper to implement. In this paper, we adopt selection
combiner as the receiver diversity combiner, which
simply requires SNR measurements. With selection
combining, Rx will select the link having the largest
instantaneous SNR for decoding. As a result, the end-
to-end SNR at the output of selective combiner is given
as [24]

γΣ = max(γ1, γ2, . . . , γN ), (5)

where γl = P|hl |2/N0 withN0 being the noise variance.

3 Performance Analysis

In this section, we will investigate the performance of
cognitive underlay SIMO systems over equally corre-
lated Rayleigh fading channels. Starting from the end-
to-end SNR of the system under consideration, we first
derive the cumulative distribution function (CDF) and
the PDF, which are then used to obtain important sys-
tem performance metrics including outage probability,
bit error rate for MQAM and Shannon capacity.

3.1 The Cumulative Distribution Function (CDF)
Making use the fact that γl with l = 1, 2, . . . ,N are

not independent each other due to not only the interfer-
ence link, i.e., T = |h f |2, but also the correlation effect
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among adjacent receiving antennas, i.e., U = X2
0 + Y2

0 ,
we can obtain the system CDF thanks to the conditional
probability theorem. In particular, we have

FγΣ (γ) =

∞∫
0

∞∫
0

FγΣ |(U,T)

(
γ|(u, t)

)
fU (u) fT (t) dudt

=

∞∫
0

∞∫
0

[
1−Q

(√
2ρu

(1− ρ) λ
,

√
2γtN0

(1− ρ) Ipλ

)]N

× 1
ω

exp
(
− t

ω

)
1
λ

exp
(
− u

λ

)
dudt. (6)

It is important to note that the closed-form expression
of FγΣ (γ) has not appeared in the literature except
for the case of N = 2, which has recently reported
in [18]. Since it is extremely difficult to analyze the exact
closed-form expression for (6), we instead deploy the
approximation approach. Starting from the series form
of the first-order Marcum-Q function [25, Eq. 18], i.e.,

Q (a, b) = exp
(
− a2

2

) ∞

∑
k=0

Γ
(

k + 1, b2

2

)
k!Γ (k + 1)

(
a2

2

)k

, (7)

where Γ (a, b) is upper incomplete gamma function [26,
Eq. 8.350.2] and making use the binomial theorem, we
can have the CDF of γΣ after substituting (7) into (6) as

FγΣ (γ) = 1 +
N
∑

n=1

∞

∑
k1,k2,...,kn=0

(
N
n

)
(−1)n

{ ∞∫
0

×
(

ρ

(1− ρ) λ

) n
∑

i=1
ki

 n

∏
i=1

Γ
(

ki + 1, γtN0
(1−ρ)Ipλ

)
ki!Γ (ki + 1)


×

 ∞∫
0

(u)

n
∑

i=1
ki

exp
(
− nρu
(1− ρ) λ

)
1
λ

exp
(
− u

λ

)
du


× 1

ω
exp

(
− t

ω

)
dt

}
. (8)

Using the result [26, Eq. 3.351.3] and [26, Eq, 8.352.2]
and after tedious manipulations, we can get FγΣ (γ)
as (9) shown at the top of the next page, where
∑, α, β1,n, and β2,n are respectively defined as

∑ =
k1

∑
m1=0

k2

∑
m2=0

· · ·
kn

∑
mn=0

,

α =
λ(1− ρ)2Ip

ωρN0
,

β1,n =
ρ

(1− ρ) + nρ
,

β2,n =
λ (1− ρ) Ip

ωnN0
. (10)

3.2 The Probability Density Function (PDF)

The PDF of γ∑ can be straightforwardly obtained
from the first derivative of Fγ∑ (γ). In particular, dif-

ferentiating (9) with respect to γ, we get

fγ∑ (γ) =
dFγ∑ (γ)

dγ
= α

N
∑

n=1

∞

∑
k1,k2,...,kn=0

∑
(
N
n

)

×
(−1)n

(
n
∑

i=1
mi

)
!
(

n
∑

i=1
ki

)
!(β1,n)

1+
n
∑

i=1
ki

n
∏
i=1

[ki!mi!](n)
1+

n
∑

i=1
mi

G, (11)

where G is given as

G=


− 1

(γ+β2,n)
2 , if

n
∑

i=1
mi =0

(
n
∑

i=1
mi

)
γ

n
∑

i=1
mi−1

(γ+β2,n)

n
∑

i=1
mi+1
−

(
n
∑

i=1
mi+1

)
γ

n
∑

i=1
mi

(γ+β2,n)

n
∑

i=1
mi+2

, if
n
∑

i=1
mi 6=0.

(12)

3.3 Outage Probability (OP)

Outage probability is defined as the probability that
the end-to-end SNR falls below a certain predetermined
threshold SNR, γth. Mathematically, we have

OP = Pr
(
γ∑ ≤ γth

)
. (13)

Having the CDF of Fγ∑ (γth) at hands, one can get the
closed-form expression for OP from (9) by replacing γ
by γth, i.e., OP = Fγ∑ (γth) as (14) shown at the top of
the next page.

3.4 Bit Error Rate (BER)

Consider transmission of an M-QAM signal over
equally correlated Rayleigh fading channels, the aver-
age BER for cognitive underlay SIMO systems can be
obtained by averaging its conditional BER in additive
white Gaussian noise over the PDF of end-to-end SNR,
that is, [27]

BER =
log2
√
M

∑
r=0

vr

∑
c=0

φr
c

∞∫
0

erfc
(√

ϑcγ
)

fγ∑ (γ) dγ, (15)

where vr = (1− 2−r)
√
M− 1, ϑc =

3(2c+1)2log2M
(2M−2) , and

φr
c =

(−1)

⌊
c2r−1√
M

⌋(
2r−1−

⌊
c2r−1√
M

+ 1
2

⌋)
√
Mlog2

√
M

. Note that b.c denotes
the floor function. The closed-form expression for the
average BER is provided in the following lemma.

Lemma 1 The system average BER for MQAM over
equally correlated Rayleigh fading channels is of the form

BER =α
log2

√
M

∑
r=0

vr

∑
c=0

N
∑

n=1

∞

∑
k1,k2,...,kn=0

∑
(
N
n

)
(−1)n

×


φr

c

(
n
∑

i=1
ki

)
!
(

n
∑

i=1
mi

)
!(β1,n)

1+
n
∑

i=1
ki

n
∏
i=1

[ki!mi!](n)
1+

n
∑

i=1
mi

D, (16)
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Fγ∑ (γ) = 1 + α
N
∑
n=1

∞

∑
k1,k2,...,kn=0

∑
(
N
n

)
(−1)n


(

n
∑

i=1
ki

)
!
(

n
∑

i=1
mi

)
!

n
∏
i=1

[ki!mi!]

 (β1,n)
1+

n
∑

i=1
ki

(n)
1+

n
∑

i=1
mi

 1
γ

(
γ

γ + β2,n

)1+
n
∑

i=1
mi

 (9)

OP = 1 + α
N
∑
n=1

∞

∑
k1,k2,...,kn=0

∑
(
N
n

)
(−1)n


(

n
∑

i=1
ki

)
!
(

n
∑

i=1
mi

)
!

n
∏
i=1

[ki!mi!]

 (β1,n)
1+

n
∑

i=1
ki

(n)
1+

n
∑

i=1
mi

 1
γth

(
γth

γth + β2,n

)1+
n
∑

i=1
mi

 (14)

where D is given by

D =

(
n

∑
i=1

mi

)
J1

(
ϑc, β2,n,

n

∑
i=1

mi,
n

∑
i=1

mi + 1

)

−
(

n

∑
i=1

mi + 1

)
J1

(
ϑc, β2,n,

n

∑
i=1

mi + 1,
n

∑
i=1

mi + 2

)
, (17)

and J1 is defined as

J1 (a, b, n, m) =
1√

πΓ (m) bm−n G3,1
2,3

[
ab
∣∣∣∣ 0, 1

m− 1, 0, 1
2

]
. (18)

Proof: With the help of [28], we begin the proof
by representing erfc(.) function in terms of Meijer-G
function [26, Eq. 9.31.1] as follows:

erfc
(√

x
)
=

1√
π

G2,0
1,2

[
aγ

∣∣∣∣ 1
0, 1

2

]
. (19)

Plugging (19) and (11) into (15) and then taking the
integral, i.e.,

J1 (a, b, n, m) =

∞∫
0

γn−1

(γ + b)m erfc (
√

aγ) dγ, (20)

yields the desired result as (16) [29].

3.5 Ergodic Capacity

The ergodic capacity for cognitive underlay SIMO
networks over equally correlated Rayleigh fading chan-
nels can be obtained by averaging the capacity of an
additive white Gaussian noise over the distribution of
the end-to-end system SNR. Mathematically, we have

C = B
∞∫

0

log2 (1 + γΣ) fγΣ (γ) dγ, (21)

where B is the channel bandwidth in Hz. The following
Proposition is particularly useful in finding the system
ergodic capacity.

Proposition 2 For integer numbers n and m with m > n
and b > 0, we have

J2 (b, n, m)=

∞∫
0

xn−1

(x + b)m log2 (1 + x) dx (22)

=
(b)n−m

log (2) (m− 1)!
G2,3

3,3

(
b
∣∣∣∣1, 1, 1− n

1, m− n, 0

)
. (23)

Proof: We first re-write the rational function and the
logarithm function in terms of Meijer-G function as [30,
Eq. 10] and [30, Eq. 11]

1
(x + b)m =

1
(b)m (m− 1)!

G1,1
1,1

(
x
b

∣∣∣ 1−m
0

)
, (24)

and

log (1 + x) = G1,2
2,2

(
x
∣∣∣∣ 1, 1

1, 0

)
. (25)

By substituting (24) and (25) into (22), we can obtain
the desired result with the help of [31].

Having established the result in Proposition 2, we are
now in a position to derive the system ergodic capacity,
which is given in Lemma 3.

Lemma 3 The exact closed-form expression of the system
ergodic capacity for cognitive underlay SIMO networks over
equally correlated Rayleigh fading channels is given as

C =α
N
∑

n=1

∞

∑
k1,k2,...,kn=0

∑
(
N
n

)

×


(−1)n

(
n
∑

i=1
ki

)
!
(

n
∑

i=1
mi

)
!(β1,n)

1+
n
∑

i=1
ki

n
∏
i=1

[ki!mi!](n)
1+

n
∑

i=1
mi

W , (26)

where W is given by

W =

(
n

∑
i=1

mi

)
J2

(
β2,n,

n

∑
i=1

mi,
n

∑
i=1

mi + 1

)
(27)

−
(

n

∑
i=1

mi + 1

)
J2

(
β2,n,

n

∑
i=1

mi + 1,
n

∑
i=1

mi + 2

)
.

Furthermore, J2 is defined as

J2 (b, n, m)=
(b)n−m

log (2) (m− 1)!
G2,3

3,3

(
b
∣∣∣∣1, 1, 1− n

1, m− n, 0

)
. (28)

Proof: By substituting (11) into (21) and then mak-
ing use the result in Lemma 3, we arrive at the desired
result, which also completes the proof.

4 Numerical Results

In this section, Monte-Carlo simulations are used to
confirm the correctness of the analysis results. For
illustrative purpose, we consider a 2-D normalized
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Figure 2. Bounds for outage probability, N = 2, ρ = 0.8
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Figure 3. Effect of ρ on outage probability, N = 3.

plane, where the secondary transmitter and receiver
are placed at coordinates (0, 0) and (1, 0), respectively,
while the primary user is at (0.5, 0.5) unless otherwise
stated. To take into account the path-loss effect, fading
channel gains are modeled as λ = d−η

AB, where dAB
denotes the distance between node A ∈ {Tx} and B ∈
{Rx, P} and η is the path-loss exponent. Without loss of
generality, we set the expected rate to 2 (R = 2 bps/Hz)
and the path-loss exponent to 3 (η = 3), respectively.

The computation of the outage probability, average
bit error rate and ergodic capacity according to (14),
(16), and (26) requires the computation of an infinite
series. To efficiently compute the series, we derive up-
per bounds for the performance metrics by truncating
the series.

In Figure 2, we plot the outage probability as a
function of average SNRs. We consider three cases of
truncated terms: 10, 20 and 30. It can be seen that the
truncated series will provide a better approximation if
more terms in the series are kept. In particular, the case
of 30 truncated terms gives a good fit and outperforms
the other cases. Hereafter, all of the analysis results will
be with 30 truncated terms.
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Figure 4. Effect of ρ on average bit error rate, N = 3.
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Figure 5. Effect of ρ on ergodic capacity, N = 3.

In Figure 3, 4, and 5, we investigate the effect of
antenna correlation on the system outage probability,
bit error rate and ergodic capacity, respectively. We
considered four values of ρ increasing from 0.2, 0.5,
0.8 to 1. As expected, when ρ increases, the system
performance is decreased. It can be seen that the system
performance is worst when ρ approaches 1. It can be
explained by making use the fact that all channels from
Tx to Rx are fully correlated. We also observe that the
system diversity order is a decreasing function of ρ. In
addition, the analysis results are in excellent agreement
with the simulation ones.

In Figure 6, 7, and 8, we study the effect of the
primary user’s positions on the system performance by
varying the x-coordinate while fixing the y-coordinate.
As we can see, the system performance improves sig-
nificantly when the primary user moves far away the
secondary transmitter. It is due to the fact that the
transmit power is inversely proportional to the interfer-
ence channel coefficient. Compared with the correlation
effect, the primary user position is more significant. For
example, with the same y-coordinate, the outage proba-
bility decreases 10 times when the x-coordinate changes
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Figure 8. Effect of PU’s positions on ergodic capacity, N = 2.

from 0.4 to 0.9. While the system outage probability
only gains 1 dB when ρ increases from 0 to 0.5.

In Figures 9, 10, and 11, we investigate the effect of
the number of receiving antennas on the system perfor-
mance. For the low SNR regime, the gap performance
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Figure 9. Effect of number of receive antennas on outage probability.
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Figure 10. Effect of number of receive antennas on average bit error
rate.
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Figure 11. Effect of number of receive antennas on ergodic capacity.

between N = 2 and N = 3 is almost constant and does
not depend on ρ. However, for the large SNR regime,
the performance gap is very large at low ρ and very
small at ρ. The phenomenon are the same not only for
outage probability but also for the average bit error rate
and system ergodic capacity.
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5 Conclusion

In this paper, the performance of cognitive underlay
SIMO networks over equally correlated Rayleigh fading
channels has been studied. Three performance metrics
including outage probability, average bit error rate and
ergodic capacity are derived in closed-form in terms
of infinite series. To provide a good approximation
with efficient computation, we also proposed efficient
bounds by truncating series. Numerical results show
that the bounds with the first 30 terms are in excellent
agreement with the simulation results. In addition, in-
creasing the number of receiving antenna can improve
the secondary system performance when both the cor-
relation effect and interference links are taken into ac-
count. The primary user’s location has significant effect
on the performance of the secondary performance. And
the correlation effect among antennas limits the system
diversity order.
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