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Abstract—We investigate the performance of orthogonal fre-
quency division multiplexing (OFDM)-based dual-hop amplify-
and-forward (AF) relay networks in the presence of phase noise
(PHN). We show that the use of an AF relay may not be
beneficial compared to a direct transmission in the presence
of PHN. Using outage probability analysis, an upper bound on
the allowable PHN level is derived which ensures that the dual-
hop outperforms the direct transmission. To improve dual-hop
transmission performance in the presence of PHN, we propose a
reduced-complexity joint channel and PHN estimator using full-
pilot OFDM symbols for AF relay transmission. The proposed
approach achieves a lower mean squared error compared to the
conventional channel estimator. In addition, we derive a joint
data detection and PHN estimation scheme for comb-type data
OFDM symbols by modifying the maximum ratio combining
metric to account for the effect of PHN at the destination node.

Index Terms—Amplify and forwards relay, phase noise, chan-
nel estimation, OFDM.

I. INTRODUCTION

D
EPLOYING multiple antennas in user terminals to en-

hance the rate and reliability of wireless communica-

tion may not be practical due to cost and size constraints.

Therefore, relay communication schemes using single-antenna

transceivers have received considerable attention in recent

years, following the pioneering work in [1], [2]. The relay

node helps the source node transmit the information to the

destination more reliably. One approach to achieve this goal

is by re-transmitting a linearly-scaled version of the received

signal from the source to the destination. Relaying protocols

have been proposed for use in beyond-third-generation (B3G)

and fourth generation (4G) systems [3].

The two most common relaying protocols are amplify-

and-forward (AF) and decode-and-forward (DF) [4]. In the

TDMA-based AF relay protocol considered in this paper, the

source broadcasts the signal to the relay and the destination

in the first hop (i.e. first transmission time slot). In the second

hop, the relay amplifies the received signal and forwards it

to the destination while the source is silent (see Fig.1). Since
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there is no collision between the received signals during the

two consecutive hops at the destination, this transmission

protocol maintains orthogonality at the expense of loss in

spectral efficiency.

In the IEEE 802.16j standard [5], orthogonal frequency

division multiplexing (OFDM) is used in each time slot to

combat frequency selectivity of the channel in each link. For

coherent reception of OFDM signals, accurate phase informa-

tion is required at the destination. A small phase drift at the

output of the local oscillator at each node can significantly

limit the overall system bit error rate (BER) performance due

to loss of orthogonality among subcarriers. The effect of phase

noise (PHN) on the OFDM signal is modeled in [6], [7],

where PHN causes a rotation of each time-domain OFDM

sample by a random phase drift. This effect can be modeled in

the frequency domain by two terms: the common phase error

(CPE), which is an identical phase rotation in all subcarriers

and the inter-carrier interference (ICI), which is a result of the

loss of orthogonality among subcarriers.

A. Related Work

Since the landmark work on relay systems in [8], [9], several

practical transmission protocols were proposed in [1], [2],

[4] along with analysis on their achievable rate and diversity

order. The outage probability analysis for the AF relaying

protocol was presented for Rayleigh flat fading in [10], [11]

and Nakagami-� fading in [12], [13]. The effect of co-channel

interference on the performance of relay systems was studied

in [14], [15]. In [16]–[18], OFDM modulation was applied

to combat frequency-selectivity of the relay channel. Channel

estimation for OFDM-based relay networks was studied in

[19]–[22]. Recently, [23] considered OFDM channel estima-

tion in the presence of carrier frequency offset and provided

performance analysis in terms of channel estimation mean

squared error (MSE).

B. Contributions of This Work

In this paper, we study the effect of PHN on an OFDM-

based AF relay network (see Fig. 1). PHN induces ICI at the

relay node which can significantly degrade the BER perfor-

mance of dual-hop compared to direct transmission. This issue

becomes more pronounced as the number of relays increases at

a fixed transmission rate. We characterize the performance of
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OFDM-based AF relay transmission using outage probability

analysis. We show that the outage probability in the AF

case is larger than the direct transmission case, unless the

PHN level is below a certain threshold determined by the

transmission rate, OFDM signal bandwidth, and the DFT size.

This threshold is low and corresponds to realistic PHN levels.
In addition, we propose a joint frequency-domain channel

and PHN estimation scheme for AF relay transmission and

show that the channel estimation MSE of the proposed joint

estimator is less than the conventional method1. Furthermore,

we propose a data detection scheme based on maximum ratio

combining (MRC) which was shown to be optimum [25] for

the AF protocol. We modify the MRC metric to take the effect

of PHN into account.

C. Outline and Notation

In Section II, the system model is presented. Our proposed

joint channel and PHN estimation scheme based on full-pilot

OFDM symbols is described in Section III. In Section IV,

joint data detection and PHN estimation based on comb-type

data OFDM symbols is investigated. In Section V, outage

performance is analyzed and numerical results are presented

in Section VI. Conclusions are drawn in Section VII.

Notation: The operatorsℜ(⋅) and ℑ(⋅) are the real and imag-

inary parts of complex numbers, respectively. The operators

(⋅)∗, (⋅)� and (⋅)� denote the complex conjugate, transpose

and the complex conjugate transpose operations, respectively.

�̄�(�,�) is the (�,�) element of the time-domain matrix �̄�
and �̄�(�) is the �th entry of the time-domain vector �̄� at

the �th transmission time slot, respectively. Frequency-domain

matrices and vectors are denoted in boldface as in � and �,

respectively.

II. SYSTEM MODEL

The system considered in this paper (see Fig. 1) consists of

one source, one destination, and one relay node (�� = 1).
The extension of this study to multiple relays is straight-

forward if an orthogonal transmission protocol is used. The

transmission protocol assumed is orthogonal TDMA-based AF

over two time slots2. To combat the channel’s frequency-

selectivity, OFDM modulation is used. Transmission consists

of two stages as in IEEE 802.16j. In the first stage, full-pilot

OFDM symbols are transmitted to facilitate estimation of the

frequency-selective channels between nodes. In the second

stage, comb-type pilot-data-multiplexed OFDM symbols are

transmitted. PHN is assumed to be present whenever a local

oscillator (LO) is used. PHN varies across all transmission

time slots from one OFDM sample to the next.

In the first time slot, the time-domain received vector

	̄�,1 after down-conversion, sampling, and cyclic prefix (CP)

removal at the destination is given by

	̄�,1 = 
̄�,1�̄��
̄�,1�̄�,1 + ̄�,1 (1)

1By conventional channel estimation, we mean ignoring PHN as in [24].
2The transmission rate is defined as � = 1

��
log2 ∣�∣ where �� is the

number of transmission time slots as �� = �� +1 and ∣�∣ is the cardinality
of the signal constellation used. For example, using 16QAM with �� = 1
we have � = 2. For fair comparison in terms of transmission rate, we have
to transmit 4QAM or 2 bits per time slot in direct transmission mode as well.

where 
̄�,1 and 
̄�,1 are �×� diagonal matrices representing

the PHN process at the source and destination in the first

time slot, respectively. The PHN process can be modeled as a

small phase drift i.e. 
̄	,
(�, �) = exp(��̄	,
(�)) for the

�th transmission time slot, � ∈ {�, �, �} and �̄	,
(�) =
�̄	,
(�− 1) + �, where � is a Gaussian random variable with

zero mean and variance 2����, where �� is the sampling

interval and � is the 3dB PHN bandwidth. This is the Wiener

model for the PHN process which is accurate for free running

oscillators [26]. �̄�� is the � × � time-domain circulant

channel matrix constructed by column-wise circularly shifting

the channel impulse response (CIR) vector ℎ̄�� with memory

�, which is assumed to be less than the CP length �. � is

the DFT size, �̄�,1 is the transmitted OFDM symbol from the

source at the first time slot, and ̄�,1 is the noise vector at the

destination which is assumed to be additive white Gaussian

noise (AWGN) with zero mean and variance �2� .

In addition to the destination node, the transmitted OFDM

symbol in the first time slot is received at the relay node

through link ℎ̄��. The time-domain received vector at the relay

	̄�,1 is given by

	̄�,1 =
√
���
̄�,1�̄��
̄�,1�̄�,1 + ̄�,1 (2)

where ��� = (���/���)
 is the large-scale fading gain since

the distance between the relay and the source is smaller than

the distance between the source and the destination (see Fig.

1). ��� and ��� are the physical distances from � → � and

�→ �, respectively, � is the large-scale fading exponent, and

̄�,1 is the AWGN vector at the relay. The diagonal matrix 
̄�,1
is the PHN matrix at the receive chain (i.e. down-conversion)

of the relay front-end which is different from the transmit

chain (i.e. up-conversion) PHN matrix at the second time slot

denoted by 
̄�,2 (see Fig. 1).

In the second time slot, the source remains silent and the re-

lay forwards its received signal to the destination. Specifically,

in the AF mode considered in this paper, the relay amplifies

the received signal and forwards it to the destination. The

received signal at the destination in the second time slot is

�̄�,2 =

√

���
E[∣�̄�,1∣2]

E[∣�̄�,1∣2]
�̄�,2�̄���̄�,2�̄�,1 + �̄�,2 (3)

=

√

���ℰ	

���ℰ	�
2

ℎ + �2
�

�̄�,2�̄���̄�,2�̄�,1 + �̄�,2

=

√

������ℰ	

���ℰ	�
2

ℎ + �2
�

�̄�,2�̄���̄�,2�̄�,1�̄���̄�,1�̄�,1 + �̄eff,2

where E[⋅] is the expectation operation, �2ℎ = E[∣ℎ̄��∣2] is

the instantaneous squared-norm of the CIR vector3, ��� =
(���/���)

 , ��� is the distance from � → �, ̄�,2 is

AWGN at the destination, 
̄�,2 is the PHN matrix at the

destination in the second time slot and �̄�� is the time-

domain circulant channel matrix from relay to destination.

Moreover, in (3), the relay normalizes 	̄�,1 by its power (in

baseband and after the down-conversion) and amplifies it by

ℰ� = E[∣�̄�,1∣2] to ensure that its transmit power is the

3Note that the CIR variance is assumed to be �2

ℎ
for all links i.e. � → �,

� → 	 and � → 	.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.



RABIEI et al.: ON THE PERFORMANCE OF OFDM-BASED AMPLIFY-AND-FORWARD RELAY NETWORKS IN THE PRESENCE OF PHASE NOISE 3

same as the source. In (3), the effective noise at the destina-

tion, ̄eff,2 =
√
���ℰ�/(����2ℎℰ� + �2�)
̄�,2�̄��
̄�,2̄�,1+ ̄�,2.

Transforming 	̄�,1 and 	̄�,2 from (1) and (3) to the frequency

domain we have

��,1 =  	̄�,1 = � �,1���� �,1��,1 + ��,1

��,2 =  	̄�,2

=

√
������ℰ�

���ℰ��2ℎ + �2�
� �,2���� ����� �,1��,1 + �eff,2

(4)

where ���, ��� and ��� are diagonal frequency-domain

channel matrices,  is the DFT matrix and � � = � �,1� �,2

is the effective frequency-domain PHN matrix during up- and

down-conversion at the relay which has a 3 dB bandwidth of

�� = ��,1 + ��,2. All the frequency-domain PHN matrices

i.e. � � are functions of �� for � ∈ {�, �, �} and are circulant.

Furthermore, as ���� decreases, the off-diagonal elements of

� � become smaller and, therefore, � � has a circulant and

approximately-banded (CAB) structure.

Using the results in [27], for ���� ≪ 1 and assuming a

slow-fading channel, (4) can be approximated as

��,1 ≈ � ��,1�����,1 + ��,1

��,2 ≈
√

������ℰ�
���ℰ��2ℎ + �2�

� ���,2��������,1 + �eff,2

(5)

where � ��,1 and � ���,2 are the effective frequency-domain

PHN matrices during the first and the second hops from �→
� and from � → � → �, respectively. The effective 3 dB

bandwidths of these two effective PHN processes are given

by

��� := �� + �� ; ���� := �� + �� + �� (6)

The approximate signal model in (5) simplifies the receiver

design significantly. Therefore, in this paper, we use the

approximate signal model in (5) for channel estimation, data

detection, and performance analysis. The complete model in

(4) is used in simulations and to validate the assumptions made

in our analysis. As shown later, the approximation in (5) is

accurate for realistic PHN values.

III. CHANNEL ESTIMATION

Effective channel estimation schemes in the presence of

PHN are presented in this section. Although only one relay

is assumed (i.e., �� = 1), generalization to multiple relays is

straightforward.

A. Channel Estimation for AF Mode

In the AF mode, channel estimation for �→ � → � link is

performed independent of the � → � link since the assumed

transmission protocol is orthogonal. Based on (5), the least-

squares (LS) estimate of the CIR’s can be written as

ˆ̄ℎ�� =
1

ℰ�
!�

��	
�
�,1�

�
��,1��,1

ˆ̄ℎ��� =
1

"ℰ�
!�

���	
�
�,1�

�
���,2��,2

(7)

where 	�,1 is a diagonal matrix constructed from ��,1, !��

and !��� are submatrices of  with size � × � and � ×

(2� − 1), respectively, constructed by choosing the first � or

2� − 1 columns of  . Moreover, ℎ̄��� = ℎ̄�� ⊗ ℎ̄�� is the

convolution of the link CIR’s from � → � and from � → �
with length 2�−1. " in (7) is the scaling factor which at high

signal-to-noise ratios (SNR) becomes

" =

√
������ℰ�

����2ℎℰ� + �2�
≗

√
���
�2ℎ

(8)

where ≗ denotes asymptotic equivalence at high SNR. The

LS channel estimates in (7) are dependent on the effective

PHN matrices. Since PHN is a low pass process it can be

characterized by few spectral components. In [28], the PHN

vector estimate is derived as a solution to the following

constrained quadratic form maximization


̂
�
��,1 = argmax

���,1


��,1���

�
��,1


̂
�
���,2 = argmax

����,2


���,2����

�
���,2

(9)

where 
��,1 and 
���,2 are the first rows of the effec-

tive CAB matrices � ��,1 and � ���,2, respectively. Further-

more, � �� = � �
�,1	�,1#��#

�
��	

�
�,1� �,1 and ���� =

� �
�,2	�,1#���#

�
���	

�
�,1� �,2, #�� and #��� are � × (� − �)

and � × (� − 2� + 1) submatrices consisting of the last

(� − �) and (� − 2� + 1) columns of  , respectively. � �,1

and � �,2 are circulant matrices constructed from the received

signal vectors ��,1 and ��,2, respectively. Our objective is to

maximize the quadratic forms in (9) subject to the constraint

that all time-domain PHN elements are small, i.e. they are all

of the form of $��̄�,�(�) for � ∈ {�, �, �} and�th transmission

time slot. For small PHN, $��̄�,�(�) ≈ 1 + ��̄	,
(�). This

approximate time-domain constraint facilitates a closed-form

solution for (9). The frequency-domain interpretation of this

constraint is that the real part of the first element of either 
1

or 
2 is one. From [28], the solution to (9) is given by

ℑ(
̂��,1)� = %11�
� ; ℑ(
̂���,2)� = %22�

�

ℜ(
̂��,1)� = %1Γ
−1
1 (Λ�

1 1 + �)��

ℜ(
̂���,2)� = %2Γ
−1
2 (Λ�

2 2 + �)��
(10)

where Γ1, Γ2, Λ1 and Λ2 are the real and imaginary parts of

the Hermitian matrices ��� and ����, respectively. In (10),

%1 and %2 are Lagrange multipliers which are given by

%1 =
1

�[Γ−1
1 Λ

�
1 1 + Γ

−1
1 ]��

%2 =
1

�[Γ−1
2 Λ

�
2 2 + Γ

−1
2 ]��

(11)

where 1 = [� + (Γ−1
1 Λ1)

2]−1
Γ
−1
1 Λ1Γ

−1
1 and 2 = [� +

(Γ−1
2 Λ2)

2]−1
Γ
−1
2 Λ2Γ

−1
2 and � is a 1 × � row vector with

first element equal to one and the other elements equal to zero.

The complexity of the above estimator can be re-

duced by considering only the most significant ele-

ments of 
��,1 and 
���,2. Based on the analysis in

[6], [26], [29], the PHN process can be modeled as

a low-pass process and, therefore, the PHN vector can

be well approximated by estimating its & + 1 elements

only, i.e. 
��,1(� − &/2), ⋅ ⋅ ⋅ ,
��,1(0), ⋅ ⋅ ⋅ ,
��,1(&/2) and


���,2(�−&/2), ⋅ ⋅ ⋅ ,
���,2(0), ⋅ ⋅ ⋅ ,
���,2(&/2). As a result,
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all matrices involved in the estimator of (10) can be reduced in

size accordingly. The remaining PHN spectral components are

set to zero, since they are in fact very small quantities. After

estimating the real and imaginary parts of the PHN vector in

the frequency domain, the CAB matrices � ��,1 and � ���,2

are constructed and substituted back into (7) to compute the

channel estimates. Note that the PHN solutions in (10) are

independent of the channel; hence, no iterations are needed in

the joint channel and PHN estimation process.

In summary, our proposed joint channel and PHN estimation

scheme consists of two steps. In the first step, & + 1 PHN

spectral elements are estimated using (10). In the second step,

the estimated PHN matrices are used in (7) to compute the

LS channel estimate.

B. Channel Estimation in Direct Transmission

For direct transmission through ℎ̄�� without relay assis-

tance, ℎ̄�� is estimated twice across two transmission time

slots4 then averaged out. Specifically, from (1) we have

ˆ̄ℎ��,1 =
1

ℰ�
!�

��	
�
�,1�̂

�

��,1��,1

ˆ̄ℎ��,2 =
1

ℰ�
!�

��	
�
�,2�̂

�

��,2��,2

(12)

where �̂ ��,1 and �̂ ��,2 are the estimated effective frequency-

domain PHN matrices during the first and the second trans-

mission time slots, respectively, using the method described

in the previous subsection. Finally, the source to destination

channel estimate is given by ℎ̄�� = (ℎ̄��,1 + ℎ̄��,2)/2.

IV. COMB-TYPE PHN COMPENSATION AND DATA

DETECTION

In this section, using equi-distant pilot tones placed in a

comb-type data OFDM symbol, the CPE of the effective PHN

at the receiver is estimated. These pilot tones and the estimated

CIR vector from the preamble transmission stage are used to

compute the CPE term. Based on the CPE and the channel

estimates, a modified MRC metric is computed.

A. CPE Estimation and MRC Detector

Ignoring ICI in data transmission stage, the CPE angle

estimates of the effective PHN in AF mode are given by

�̂1 = angle

(
∑

	∈�

��,1(�)�̂
∗

��(�)�
∗
�,1(�)

)

�̂2 = angle

(
∑

	∈�

��,2(�)�̂
∗

���(�)�
∗
�,2(�)

) (13)

where � is the set of OFDM subcarrier indices which includes

the pilot positions. In the AF mode, the CPE is compensated

over two time slots and the data is detected using the following

MRC metric

�̂�,1(�) =
�1(�) + �2(�)

∣�̂��(�)∣2 + ∣�̂���(�)∣2
(14)

4For fair comparison with the AF mode, channel estimation is performed
over �� + 1 time slots where �� is the number of relays.

where

�1(�) = $
−��̂1�̂

∗

��(�)��,1(�)

�2(�) =
1

"
$−��̂2�̂

∗

���(�)��,2(�)
(15)

The MRC metric in (14) uses the CPE estimate in each

transmission time slot to compensate for the constant signal

constellation rotation before data detection. It has been shown

in [25] that MRC achieves the maximum likelihood (ML)

performance of the AF relay mode assuming no PHN.

B. SINR Analysis

In this subsection, SINR expressions for direct and AF

transmission modes are derived which will be used in the next

section to compute the corresponding outage probabilities.

Using the signal model in (5), the direct transmission mode

received signal is decomposed into the desired signal term

and the interference plus noise term as ��,1 ≈ �����,1 +
(� ��,1−�� )�����,1+��,1 where �� is the identity matrix

of size�×� . Therefore, assuming that the CPE term has been

compensated for, the instantaneous SINR for the �th subcarrier

conditioned on the channel knowledge can be written as

�
Dir
(�) =

ℰ�∣���(�)∣2

ℰ�

∣∣∣∣∣∣

�−1∑

�=0,� ∕=	


��,1(� − ')���(')

∣∣∣∣∣∣

2

+ �2�

≥ ∣���(�)∣2

(1− �2�)
�−1∑

�=0,� ∕=	

∣���(')∣2 + �2�/ℰ�

(16)

The lower bound in (16), which makes the analysis tractable

is derived using the Cauchy-Schwartz inequality as
∣

∣

∣

∣

∣

∣

�−1
∑

=0, ∕=�

���,1(	 − 
)���(
)

∣

∣

∣

∣

∣

∣

2

≤

�−1
∑

�=1

∣���,1(�)∣
2

�−1
∑

�=1

∣���(�)∣2

= (1− �
2

�)
�−1
∑

�=1

∣���(�)∣2

(17)

The second line in (17) follows since the PHN matrix is

orthonormal i.e.
∑�−1

	=0 ∣
��,1(�)∣2 = 1 therefore, we have∑�−1
	=1 ∣
��,1(�)∣2 = 1 − ∣
��,1(0)∣2. The norm-squared of

the CPE term i.e. ∣
��,1(0)∣2 is replaced by the variance �2� =
E[∣
��,1(0)∣2]. The variance of the CPE term can be com-

puted by noting that 
��,1(0) = 1/�
∑�−1

�=0 $
��̄�,1(�)$��̄�,1(�).

Therefore

�2� =
1

�2

�−1∑

	=0

�−1∑

�=0

∫ ∞

−∞

∫ ∞

−∞

$��(�(�)$��(� (	)���	 (18)

where we define � := �̄�,1(�)−�̄�,1(�), 	 := �̄�,1(�)−�̄�,1(�),
(� = � (0, 2�����∣� − �∣) and (� (	) = � (0, 2�����∣� −
�∣). Evaluating the integrals and computing the summations

using the Taylor expansion we get [30]

�2� = 1− ������
3

(19)
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where ��� is defined in (6). Using (19) and (16) we get

�
Dir
(�) ≥ ∣���(�)∣2

������
3

�−1∑

�=0,� ∕=	

∣���(')∣2 +
�2�
ℰ�

(20)

In (20), ∣���(�)∣2 and
∑�−1

�=0,� ∕=	 ∣���(')∣2 are exponential

and Gamma distributed random variables which are dependent.

For the AF mode, since the destination performs MRC over

two time slots, the SINR at the �th subcarrier from (5) can

be written as

�
AF
(�) = �

Dir
(�) + �

Relay
(�) (21)

where �
Dir
(�) is the same as (20) and �

Relay
(�) is given by

�
Relay

(�) =
���(�)���(�)

���(�) + ���(�) + 1
≤ min [���(�),���(�)]

(22)

where

���(�) ≥
���∣���(�)∣2

���
�(��,1 + ��)��

3

�−1∑

�=0,� ∕=	

∣���(')∣2 +
�2�
ℰ�

���(�) ≥
���∣���(�)∣2

���
�(��,2 + ��)��

3

�−1∑

�=0,� ∕=	

∣���(')∣2 +
�2�
ℰ�

(23)

are the SINR expressions for the source to relay and relay

to destination links, respectively. The upper bound in (22) is

much looser compared to lower bounds in (23). Therefore,

the overall bound on �
AF
(�) is dominated by (22) as �

AF
(�) ≤

�
Dir
(�) + min[���(�),���(�)].

V. PERFORMANCE ANALYSIS

In this section, we analyze the outage probability of the AF

and direct transmission modes in the presence of PHN. Since a

lower bound is derived for the direct mode SINR and an upper

bound is derived for AF mode SINR, the corresponding outage

probabilities are sandwiched between the analytical outage

probabilities. This provides an upper bound on the PHN level

at which the AF mode outperforms the direct mode.

A. Outage Probability for the Direct Mode

Lemma:

Let ) = �*/(+, + �), where * is an exponential random

variable with parameter %� that is independent of , , which

is a Gamma distributed random variable with scale parameter

� = �/� and shape parameter � = �. The CDF of ) with

the parameters �, +, � is given by

-� (., �, +, �) = 1− exp(−%��./�)
(
1 +

�%�+.

��

)−�

(24)

Proof:

-� (., �, +, �) = Pr(
�*

+, + �
< .)

=

∫ ∞

0

Pr(* <
+	.+ �.

�
∣, = 	)(� (	)�	

=

∫ ∞

0

∫ (���+��)/�

0

(�(�)(� (	)���	

(25)

Carrying out the integration using the PDFs described in the

Lemma, the CDF in (24) is derived.

As a figure of merit for the performance of an OFDM

communication system, we compute the probability that the

�th subcarrier does not support a given rate

0Dir(1) = Pr(log2(1 + �
Dir
(�)) < 1) = Pr(�

Dir
(�) < 2� − 1)

≤ Pr(
*

�, + +
< 2� − 1)

=

∫ ∞

0

∫ (2	−1)(��+�)

0

(�,� (�, 	)���	

≤ -� (2� − 1, 1, �, +)
(26)

where * = ∣���(�)∣2, , =
∑�−1

�=0,� ∕=	 ∣���(')∣2, � =

������/3 and + = �2�/ℰ�. The first upper bound in (26)

follows the Cauchy-Schwartz inequality on the SINR from

(17) and (20). The second upper bound in (26) is the direct

result of the following theorem from [31].

Theorem: Quadrant Dependence [Lehmann et. al. 1966]
A pair of random variables (*,, ) is said to be Negatively

Quadrant Dependent (NQD) if E[*, ] ≤ E[* ]E[, ] which

implies that

Pr(* ≤ �, , ≤ 	) ≤ Pr(* ≤ �)Pr(, ≤ 	) (27)

For complete treatment of quadrant dependance, the interested

reader is referred to [31]. * and , in the SINR expression

in (26) satisfy the expectation inequality because they have a

negative correlation coefficient5. Therefore, the inequality in

(27) is satisfied as well. The outage probability is, therefore,

upper bounded by

0Dir(1) ≤ 1− $−(2	−1)�

∫ ∞

0

$−(2	−1)��(� (	)�	

= 1− $−(2	−1) 2


/ℰ�

(
1 +

(2� − 1)�������
3�

)−�

≗
(2� − 1)�������

3
(28)

where ≗ is the asymptotic equivalence at high SNR.

B. AF Mode Outage Probability

Since MRC is performed over two time slots, the signal

constellation size is increased to compensate for the rate loss.

Moreover, a lower bound on the outage probability is derived

based on the upper bound on the SINR from (21)-(23). The

5Since 
 + � = ∣ℎ̄��∣
2, any reduction in one of them corresponds to

increase in the other one and vice versa.
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Fig. 1. System block diagram. The source transmits to the relay and
destination in the first hop and the relay forwards to the destination in
the second hop. Therefore, two time slots are required to complete the
transmission of one OFDM symbol.
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Fig. 2. Uncoded BER performance of AF relay assisted system. The
constellation size is 16QAM or � = 2 and �� = 1. The PLP is 0.32%
and � = 256.

probability that the transmission rate on the �th subcarrier is

less than a threshold assuming �� = 1 is given by

AF(�) = Pr(
1

2
log

2
(1 + �AF(	)) < �) = Pr(�AF(	) < 22� − 1)

≥ Pr(�Dir(	) + min[���(	),���(	)] < 22� − 1)
(29)

We first compute the PDF of the minimum of the SINR

expressions from source to relay and from relay to destination.

The CDF of the minimum of ���(�) and ���(�) is

-�Relay
(.) = 1− [1− -���

(.)][1− -���
(.)]

= 1− exp{−�
2
�.

ℰ�
(
1

���
+

1

���
)}

× [(1 +
�

3�
(��,1 + ��)���.)

× (1 +
�

3�
(��,2 + ��)���.)]

−�

(30)

To further simplify the analysis, we approximate the poly-

nomial terms in (30) by exponential functions i.e. (1 +
�+./��)−� ≈ exp[−�+./�]. This corresponds to approx-

imating a Gamma random variable by a Gaussian which

becomes more accurate as � increases. Following a procedure

similar to that in the previous subsection, a lower bound on

the AF mode outage probability is derived as

0AF(1) ≥
∫ 22	−1

0

Pr(�
Relay

(�) < 22� − 1− .)(�Dir
(.)�.

(31)

where . is a random variable representing the SINR of the

direct link from source to destination. The probability in (31)

can be computed after some straightforward algebra as

0AF(1) ≥ 1− $−�1(22	−1) − �1$
−(�2+�3)(2

2	−1)

�1 − �2 − �3
× [1− exp{−(�1 − �2 − �3)(22� − 1)}]

≗
�2�2� 2

� (2
2� − 1)2

9
�������

(32)

where

�1 =
�2�
ℰ�

+
�������

3
; �2 =

�2�
ℰ�

(
1

���
+

1

���
)

�3 =
��������

3

(33)

Comparing the results in (32) and (28), for the AF mode to

achieve lower outage, we must have

0AF(1)

0Dir(1)
≤ 1 ⇒ ���� ≤ 3(2� − 1)

(22� − 1)2����
≈ 3Δ2

�8�
=

3Δ2

�∣3∣3
(34)

where Δ2 = 1/��� is the subcarrier spacing and ∣3∣ = 2� is

the signal constellation size in direct mode. As it can be seen

from (34), the upper bound on ���� is linearly proportional to

the subcarrier spacing and inversely proportional to the third

power of the cardinality of the signal constellation in the direct

mode. Moreover, this upper bound is independent of the large-

scale gains ��� and ��� at high SNR.
For high transmission rates, the upper bound on ���� in (34)

becomes very small which imposes a stringent requirement

on the allowable PHN level. For example, for a 20MHz

bandwidth with� = 64 subcarriers and1 is 4 bits per channel

use, ���� ≈ 70Hz. Assuming �� = �� = ��,1 = ��,2, the PHN

bandwidth normalized by the subcarrier spacing becomes only

0.005%. We refer to this ratio as PHN level percentage (PLP),

which is defined by �����, for � ∈ {�, �, �} [32].
Remarks:

1. If the source and destination are free from PHN, the outage

probability in the direct mode can be arbitrarily close to zero

at high SNR (with diversity order equal to 1). However, the

AF mode hits an error floor since it uses a noisy relay. At

high enough SNR, the AF mode outage probability becomes

worse than that of the direct mode.
2. If the relay node is free from PHN, both direct and AF

modes hit an error floor because of the PHN in the source

and destination. The bound on ��� can be found from (34)

by replacing ���� with ���. In the absence of relay PHN, AF

outperforms the direct mode at high SNR when the effect of

PHN dominates.
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Fig. 3. Uncoded BER performance of AF relay assisted system. The
constellation size is 64QAM and �� = 2 which makes � = 2. The PLP is
0.32% and � = 256.

VI. NUMERICAL RESULTS

We examine the BER and outage performance of an AF

relay impaired by PHN. Since the relay has to down-convert

the signal to baseband for amplification, the presence of

PHN is inevitable in the receive chain. In addition, the up-

conversion to RF involves an oscillator impaired by PHN.

Therefore �� = ��,1 + ��,2 is twice as large as �� or ��.
In all of the simulations, �� = �� = ��,1 = ��,2 = �

and PLP = ����. A DFT size of � = 32, 64, 256 was used

in different simulations and the OFDM signal bandwidth is

20MHz corresponding to �� = 50 nanoseconds. The channel

between each pair of nodes is generated as a vector of

complex Gaussian random variables of length �. For large-

scale channel fading, � is set to 2. Based on the geometry

of the relay network shown in Fig. 1 and by normalizing ���
to one, ��� and ��� are computed. In our simulations, we

chose ��� = 0.5 and the angle between the links � → �
and � → � is 4 = 3�/5 for which ��� is computed to

be ��� = ��� cos(4) +
√
�2�� cos

2(4) + �2�� − �2�� = 0.72
which results in a relay position roughly half way between

the source and the destination. Therefore, the large-scale gains

are ��� = 4 and ��� = 1.9. During the data OFDM symbol

transmission, the number of pilots is 36 (for � = 256), which

are uniformly spaced across the OFDM symbol resulting in a

pilot overhead of 14%.

Fig. 2 depicts the AF mode uncoded BER performance

as a function of SNR for 16QAM signal constellation or

1 = 2 bits per channel use and �� = 1. As expected, the

performance of the relay-assisted AF system is much better

than the direct transmission case when there is no PHN.

However, a significant performance loss is observed in the

relay-assisted system in the presence of PHN. In fact, when

CPE is compensated as described in Section IV-A, there is no

performance benefit when using an AF relay.

Fig. 3 shows the uncoded BER performance of the AF mode

in comparison with the direct transmission mode when �� =
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Fig. 4. Outage probability of the direct transmission system for different
PHN levels. Solid lines are the upper bound results while dashed lines are
simulations. � = 64 and � = 2.
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Fig. 5. Outage probability of the dual-hop system for different PHN levels.
Solid lines are the lower bound results while dashed lines are simulations.
� = 64, � = 2 and �� = 1.

2. Note that in this case, the transmission rate is the same

as in the previous scenario i.e. 1 = 2. However, since three

transmission time slots are required in the AF mode, the signal

constellation size is increased to 64 QAM. Mathematically, if

∣3∣ is the cardinality of the signal constellation, then for the

AF mode we have 1 = log2 ∣3∣/(�� + 1). The PLP and the

DFT size are the same as in the previous simulation.

The outage probability of the direct transmission case

for different PLPs is presented in Fig. 4 together with the

analytical result in (28). As it can be seen from the figure,

at high SNRs the analytical results are upper bounds on the

simulation. The DFT size is � = 64 and the transmission rate

is set to 1 = 2 bits per channel use.

The outage probability of the dual-hop system with �� = 1
and � = 64 for different PLPs is shown in Fig. 5 where the

transmission rate is set to 1 = 2. Without PHN, second-order

diversity is observed. However, with PHN, the performance

degrades significantly. The lower bound on the outage per-
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formance of the AF mode is loose since the upper bound

�
Relay

≤ min{���,���} is lousy.

To illustrate the effect of PHN level on the outage prob-

ability, Fig. 6 compares the outage probability of the direct

transmission and dual-hop cases for three different PLPs. As

it can be seen from the figure, when the PHN level increases,

the AF mode suffers significant performance loss compared

to the direct case. This confirms the earlier BER simulations

and, therefore, can be used as a reliable criterion to study the

effect of PHN. Note that transmission rate is fixed to 1 = 2
for both AF and direct transmission modes.

Fig. 7 depicts the ratio of the AF mode outage probability

to the direct transmission outage probability versus ����. The

range of ���� for which this ratio is less than one (labeled

as the threshold line on the figure) is the maximum allowable

PHN level on the dual-hop system. As suggested by (34),

this PHN level is determined by 1 and � which are variable

parameters in Fig. 7. It is clear that the maximum allowable

PHN for 1 = 3 is much less than its value for 1 = 2. The

SNR is set to 35 dB for all curves.
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Fig. 9. Coded BER performance. � = 2 and PLP is set to 0.32%. The
DFT size is � = 256 and the OFDM sampling period is 1/�� = 20MHz.

The MSE of our proposed channel estimator is compared

with that of the conventional estimator in Fig. 8. It is clear that

there is a significant reduction in the MSE since PHN inter-

ference is mitigated in our scheme. To reduce the complexity

of the estimator, & was set to two.

Finally, the coded BER performance is illustrated in Fig.

9 where the performance of the dual-hop case with CPE

compensation is worse than the direct transmission case for a

PLP of 0.32%. The DFT size is � = 256, the transmission

rate is 1 = 2 and the rate 1/2 convolutional encoder [133, 171]
with constraint length of 7 is used. This result motivates

research into more advanced PHN compensation schemes for

the AF relay mode which we are currently investigating.

VII. CONCLUSION

Using outage analysis, we quantified the PHN level beyond

which the performance of a dual-hop AF relay transmission

with CPE only compensation becomes worse than direct
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transmission. In addition, we proposed low-complexity joint

channel and PHN estimation and compensation schemes for

preamble and comb-type OFDM-based AF relay transmission.

We are currently investigating more advanced PHN compen-

sation schemes to improve AF relay performance.
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