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ABSTRACT. Let T' = U|T| be the polar decomposition of a bounded linear
operator T on a Hilbert space. The transformation T' = |T|%U|T|% is called
the Aluthge transformation and T,, means the n-th Aluthge transformation.
In this paper, firstly, we show that T = VU|’ﬂ is the polar decomposition of
T, where \T|%|T*|% =V |T|%|T*|% is the polar decomposition. Secondly,
we show that 7' = U|T| if and only if T is binormal, i.c., [|T],|T*|] = 0,
where [A, B] = AB — BA for any operators A and B. Lastly, we show that
T, is binormal for all non-negative integer n if and only if 7" is centered, i.e.,
{T™(T™)*, (T™)*T™ : n and m are natural numbers} is commutative.
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1. INTRODUCTION

In what follows, a capital letter means a bounded linear operator on a complex
Hilbert space H. An operator T is said to be positive (denoted by T > 0) if
(Tz,z) > 0 for all x € H. Let T = U|T| be the polar decomposition of 7'
In [1], Aluthge defined a transformation T = |T|2U|T|2 which was later called
the Aluthge transformation. Aluthge transformation is very useful, and many
authors have obtained results by using it. Mainly, these results were on non-
normal operators, for example [2], [8] and [12]. Moreover, for each non-negative
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integer n, Jung, Ko and Pearcy defined the n-th Aluthge transformation T, in 8]
as

Tw=(To_q) and Tp=T.
One of the authors showed some properties of the n-th Aluthge transformation
on operator norms as parallel results to those of powers of operators in [13], [14],
[15] and [16]. On the other hand, the polar decomposition of Aluthge transforma-
tion was discussed in [1], but the complete solution of this problem has not been
obtained. In Section 2, we will obtain the polar decomposition of the Aluthge
transformation.

An operator T is said to be binormal if [|T],|T*|] = 0, where |T| = (T*T)2
and [A, B] = AB — BA for operators A and B. Binormality of operators was
defined by Campbell in [3], and he showed some properties of binormal operators
in [4]. An operator T is said to be centered if the following sequence

L TTA)Y T (T, TT, 7T, (T?)*T?, (T3)* T3, . ..

is commutative, which is defined in [10]. Morrel and Muhly showed some properties
of centered operators, and obtained a nice structure of centered operators. An
operator T is said to be quasinormal if T*TT = TT*T. Relations among these
operator classes are easily obtained as follows:

quasinormal C centered C binormal.

We remark that binormal operators are called weakly centered operators in [11].
In Section 3, we obtain a characterization of binormal operators via Aluthge
transformation. Most results on T show that it generally has better properties
than T. However, we have an example of a binormal operator T such that T
is not binormal. In this section, we also obtain an equivalent condition to the
binormality of ﬁ forall k=0,1,2,...,n.
In Section 4, we will show a characterization of centered operators.

2. POLAR DECOMPOSITION OF THE ALUTHGE TRANSFORMATION

In this section we show the polar decomposition of the Aluthge transformation as
follows:

THEOREM 2.1. Let T =U|T| and

(2.1) T E = V|

be the polar decompositions. Then T = VU|T| 18 also the polar decomposition.

By Theorem 2.1, we can obtain the polar decomposition of the n-th Aluthge
transformation for all natural number n, because the partial isometry which ap-
pears in the polar decomposition of T" is only the product of two partial isometries.
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Proof of Theorem 2.1. (i) Proof of T = VU|T].
VUIT| = VU(T|2U*|T|UIT|?)2U"U = V(IT*|*|T||T*|?)>U

=V |7 F U = [THT 20 by (2)

= |T|2U|T|? =T.
(i) We will show N(T) = N(VU).
VUz =0 |T|2|T*|2Uz =0 by N(V) = N(|T|2|T*|%)
& |T|RUIT|22 =0
o Tr = 0,

that is, N(VU) = N(T).

(iii) By (i), we have N(VU)* = N(|T|)* = R(|T|). Then for any = €
N(VU)*, there exists a sequence {y,}>>, C H such that + = lim |T|y,. Then
we obtain

VU]

IVU lim (Flya]l = | lim VU Ty = || lim Tyl by ()
= lim Ty = lim [ Flyn ]l = | lim [Flyn] = o]

that is, VU is a partial isometry.
Therefore the proof is complete by (i), (ii) and (iii). 1

3. APPLICATIONS TO BINORMAL OPERATORS

In this section we first show a characterization of binormal operators via Aluthge
transformation.

THEOREM 3.1. Let T = U|T| be the polar decomposition. Then
T =U|T| <= T is binormal.
REMARK 3.2. Usually, T = U|1~“\ in Theorem 3.1 is not the polar decompo-
sition since N(U) = N(T') does not hold (see Proposition 3.9).
Proof of Theorem 3.1. Proof of (=). By the assumption 7' = U|T|, we have
IT|2|T*|? = |T|2U|T|2U* = TU* = U|T|U* >0,
then |T|2|T*|2 = |T*|2|T|2, that is, T is binormal.

Proof of («). If T is binormal, then we have 0 < |T|%|T*|% = “T|%\T*|%|.
Then

T =|T|2U|T|* = |T|3|T*|3U = ||T|3|T*|*|U
= UU*(|T*|3|T||T*|%)3U = U(|T|2U*|T|U|T|?) = U|T).

Hence the proof is complete. 1
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For each p > 0, an operator T is said to be p-hyponormal if (T*T)P > (TT*)?.
In particular, 1-hyponormality is called hyponormality and %—hyponormality is
called semi-hyponormality. An operator T is said to be oco-hyponormal if T is
p-hyponormal for all p > 0 which is defined in [9]. An operator T is said to be
paranormal if | T?z|| > ||Tx||? for all unit vector z € H. It is well known that the

following relations among these classes of operators hold for 0 < ¢ < p:
oo-hyponormal C p-hyponormal C ¢-hyponormal C paranormal.

As an application of Theorem 3.1, we have a result on hyponormality of
paranormal operators as follows:

COROLLARY 3.3. Let T = U|T| be paranormal and T = U|T|. Then T is
binormal and hyponormal.

We note that T is oo-hyponormal in Corollary 3.3 since binormality and
hyponormality ensure co-hyponormality.
To prove Corollary 3.3, we need the following result:

THEOREM A. ([4]) Let T be a binormal operator. If T is also paranormal,
then T is hyponormal.

Proof of Corollary 3.3. By Theorem 3.1 and T = U\ﬂ, T is binormal. Hence
T is binormal and paranormal, then T is hyponormal by Theorem A. &

Campbell obtained a binormal operator T such that 72 is not binormal in
[4], and Furuta obtained an equivalent condition for binormality of T2 when T is
binormal as follows:

THEOREM B. ([6]) Let T = U|T| be the polar decomposition of T. If T is
binormal, then T? is binormal if and only if the following four properties hold:
(i) [(U*) U2, U*(U?)"] = 0;
(i) [U*(U2)*,U*|T||T*|U] = 0
iii) [(U2) U2, U|T||T*|U*] = 0;
) [T T*U, UIT]|T*|U~] = 0.

@
(iv

On the other hand, as a nice application of Furuta inequality [7], Aluthge
showed that if T" is p-hyponormal for 0 < p < %, then T is (p + %)-hyponormal
in [1]. This result states that T has a better property than 7. Hence one might

expect that T is also binormal if T is binormal. But there is a counterexample for
this expectation as follows:

ExXAMPLE 3.4. There exists a binormal operator T such that T is not binor-
mal.

0 0 5

Let T = % @ O] and T = U|T| be the polar decomposition. Then
V31
2 2

T is binormal since

25
™T-TT*=TT*-T*"T = 0
0

oro
)
Noo

)
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1 00 0 \Of 1
and also [T| = (T*T) = [0 1 0 ],sothat U=T|T|"' = 53 % 0
0 0 5 V3 =L
2 2
0 0 V5
Therefore T = |T\%U|T\% = % ? 0 |. We get that
Vs =5
2 2
U 20 —v3 0
(TY'T-T(T) = | —5v3 2 0
0 0 25
and
I 20 —5V3 0
) - (T)yT=|-v3 2 0
0 25

Hence T is not binormal. B
Here we shall show an equivalent condition for binormality of T as follows:

THEOREM 3.5. Let T = U|T| be the polar decomposition of a binormal op-
erator T'. Then the following assertions are equivalent:

(i) T is binormal;
(ii) [U*T(U?)*,|T]] = 0.

As a preparation of this discussion, we shall state the following lemma which
is a modification of Theorem 2 of [5].

LEMMA C ([5]). Let A,B >0 and [A,B] =0. Then
[Pn(ayts Pygyr] = [Pyays, Bl = [A, Pyp)r] =0,
where Py is the projection onto a closed subspace M.

We remark that if T is binormal, then the following assertion holds by
Lemma C.

(3.1) |T),|T*|] = [U*U,U|T\U*| =[|T),UU*] = [U*U,UU*] = 0.

Proof of Theorem 3.5. First, we note that T is binormal if and only if

(3.2) [U|T\U*,|T|] = 0.
Then we obtain

(3.3) [U|T|U*, U?|T|(U*)*] =0
since

UAT|(U**-U|T|\U* =U -U|T|U* - |T|-U*
=U-|T|-UT\U*-U* by (3.2)
=U|T|U* - U|T|(U%)*.
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Therefore we have
TP|T|? = |T|>U*|T|\U|T|? - |T|>U|T|U*|T)|?
=U* - U|T|?U* - |T| - U|T|\U* - U|T|(U)* - U|T|2U* - U

(34) = U*{|T|- U|T|(U>)*}YU|T]?PU*U by (3.2) and (3.3)
= U{|T|- U*|T|(U*)"}U|T|?
and
|T*P|T)” = |T|2U|T|U*|T|? - |T|2U|T|U|T|2
(35) = U* - U|T|2U* - UYT|(U?* - U|T|U* - |T| - U|T|2U* - U

= U{U?|T|(U*)* - |T|}U|T|?U*U by (3.2) and (3.3)
= U{UT|(U?)* - |T[}U|T>.
Proof of (ii) = (i). By (3.4) and (3.5), we have (i).

Proof of (i) = (ii). Since T is binormal, we have
{U?|T\(U?)" - |T}UIT|* = UU{U|T|(U?)" - [T}V TP
=UU{|T|- U*|T|(U*)*}U|T|*> by (3.4) and (3.5)
={[T|UU* - U|T|(U*)"}UIT* by (3.1)
={|T|-U*|T|(U*)"}U|T?,
that is, U2|T|(U?)* - |T| = |T| - U|T|(U?)* on

—~

R{UTTP) = N(ITPU*)* = NUU*)* = RUU").
In other words,
(3.6) UT|(U** - |T|-UU* = |T|-U*IT|(UH* - UU*
holds. Hence, we have
UAT|(U*)" - |T| = U*T|(U%)" - UU™ - [T
=U?|T|(UH*-|T|-UU* by (3.1)
=|T| - U*IT|(U**-UU* by (3.6)
= |T|- U*|T|(U?)".
Therefore the proof is complete. &

Next we show the following result on binormality of T, for a non-negative
integer n.

THEOREM 3.6. Let T = U|T| be the polar decomposition. Then for each
non-negative integer n, the following assertions are equivalent:
(i) T} is binormal forallk=0,1,2,...,n;
(i) [U*|T|(UF)*,|T|]] =0 for all k =1,2,...,n+ 1.

We prepare the following lemmas in order to prove Theorem 3.6.
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LEMMA 3.7. Let T be the polar decomposition. For each matural number n,
if
(UM T|(UX*, T =0 forallk=1,2,...,n,

then the following properties hold:

(i) U*T|*(U*)* = {U*T|(U*)*}" for any a > 0 and for all k =1,2,. ..,
N e

(i) [U*|T|*(U")*,|T|] = [U*|T|*(U*)*,U*U] = 0 for any a > 0 and all
k=1,2

? bR )n;
(iii) US|T|¢(U*Ut = US|T|“(U*H)* and
(Ut)*Us|T|a(Us)* — Us_t|T‘a(Us)*

for any o > 0 and all natural numbers s and t such that 1 <t < s<n+1;

(iv) [US|T|(U*)*, UYT|*(U*)*] =0 for any a > 0 and all natural numbers
s and t such that s, t € [1,n + 1];

(v) [((URY*|T*|“U*,|T*|] = [(UFY*|T|°U*=1, U|T|U*] = 0 for any a > 0
and allk =1,2,...,n;

(i) (U (TS0 (U1)* = (U9)*|T]°U*~" and

Ut<Us)*|T|aUs — (Us_t)*‘T|aUs

for any o > 0 ang all natural numbers s and t such that 1 <t < s < n;

(Vii) Un+1|T|(Un+1>* — Un+1|T|%(Un+1>* . U7L|T|%(Un)*

Proof. (i) We have only to prove the following: If [U*|T|(U*)*,|T|] = 0 for
all k =1,2,...,n, then U |T|¥(U"1)* = {U"“\T|(U"+1)*}a. We prove this
by induction on n, and also we remark that

(3.7) [U*|T)(U**,U*U) =0 forallk=1,2,...,n

by Lemma C and the assumption.
Case n = 1.

U T|*(U?)* = U(U|T|U*)*U*
= U(UU)**(U|T|U*)*U*
=U(U*U -U|T|U* - U*U)*U* by (3.7)
= (UU*UU|T|U*U*UU*)
= {U*|T|(U?)*}*.
Assume that (i) holds for some natural number n. We show that it holds for
n+ 1.
Ut T| Uty

=U {U"+1|T|Q(U”+1)*} U*

=U {U”+1|T|(U"+1)*}a U~ by the inductive hypothesis

=U(UrU)* {urt (Ut U

=U{U*U - U T|(U™Y)* - U*U} U by (3.7)

= {vvrvu"t|r ot}

= {U" 2| T|(U"2)" 7.
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(ii) By the assumption, (i) and Lemma C, we have (ii).
(iii) By using (ii) repeatedly, we have

US|y vt =v{vt Tty uru b utt?
=U{UU-U T U Y U by (i)
— U2 {Us’2|T\ (Us= 2 U*U} Ut—2
=U{U*U - U 3T|* (US H* YU by (i)
-y {Us’3|T\ (Us= 3 U*U} Ut—3

Ut{Us YT (U UrU Y

=U"{UrU - U T (US oM by (ii)
— Ut . Us—t|T|o<(Us—t)*
= UrlTjue Yy,

so that US|T|*(U*)*Ut = U*|T|*(U*~)* and (U)*US|T|*(U®)* = Us~HT|*(U*)*.
(iv) We may assume ¢ < s.

T U = U by (i)
_ Ut {U87t|T| Us t |T a}
= Ut {|T)" - U TP (U (U by (i)

=U'|T|* - U T (U*)”
— UYTE U U USTUR) by (i)
=UNT|*(U")" - UC|T|*(U*)".
(v) Since |T*| = U|T|U*, we easily obtain
(U T*|°U*, 1T = (U™ |7 U UlT U]
for any « > 0 and all £ =1,2,...,n, and also we have
(U*=Y*|T|eU*t - UlT|U
= (U1 - Ut|T|U
= U Y {|T|> - UMT|UF)*FUR by ()
= (UMY {U*T|(U*)* - |T|*} U*' by the assumption
— U|T - (UEY TP by (i)
A ARl i A
forany a >0and all k=1,2,...,n
(vi) Since T* = U*|T*| is polar decomposition of T*, we have
(US| T*[cUsHL (Ut = (US| T |eUs+i-t
and
UHUSHLY* T [eUs+t = (UsT1-t) |7 [eU s+
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for any a > 0 and all natural numbers s and ¢ such that 1 < ¢ < s < n by (v) and
(iii). So we get

(US)*‘T|QUS(Ut)* — (US)*|T|OCU37t and Ut(Us)*|T|aUs — (Usft)*‘T|aUs.
(vii) By using (ii) and (iii), we have

UTT(UmY s = U (TR U | T|UIT) ) s (U
= U™(U|T|2U" - |T| - U|T|2U*)3 (U"™)*
=U"-UT|2U* - |T]? - (U")* by (i)
= UmH TR (U - U T E (UM by ().

Therefore the proof of Lemma 3.7 is complete. 11

LEMMA 3.8. Let T = U|T| be the polar decomposition and n be a natural
number. If
[UMT|(U**, T =0 forallk=1,2,...,n,
then the following assertions are equivalent:

(i) [0 T T = 0.
(i) [T, |T]) = 0.

Proof. At first, we remark that [U|T|2U*, |T|] = 0 by (ii) of Lemma 3.7, and

also we have
T| = (|T|2U*|T|U|T|?)2 = U*(U|T|2U* -|T| - U|T|>U*)>U

(38) 1 1 1 1
=U*|T|z -U|T|2U" - U = U*|T|2U|T]>.

Case n = 1. Since [U|T|2U*,|T|] = 0, we have

UIT|U* = U(|T|2U*|T|U|T|2)2U* = (U|T|2U* - |T| - U|T|2U*)%
= (T2 -U|T|U* - |T|2)% = |(T)*|-

Hence [U|T|U*,|T|] = [|(T)*],|T], i.e. T is binormal, so that we can prove this
case by Theorem 3.5.
Next, we shall prove that Lemma 3.8 holds for each natural number n such

that n > 2.
Here, suppose that [U*|T|(U*)*,|T|] = 0 for all k = 1,2,...,n. Then we
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have
UnTI(U)" - |T)
={om iy vy oy - {orritoim
by (3.8) and Lemma 3.7 (vii)
= UMT)>(U)* - U TR (U - (U020 | T U T
= U*U - UMT|Z(U™)* - U*U - U T2 (U - U*|T|2U|T|?
(39) by Lemma 3.7 (ii)
= U Ut TR O U TR (U - |T)E - UTE
= {ur ey e porir ) ol
by Lemma 3.7 (ii)
= U {Ur B Uy T un T o) T
and
7] - U T (U™)*
= {o ot} - {vrmit oy o ey
by (3.8) and Lemma 3.7 (vii)
G0y " UTRU-UNTREry Ut TR @y (T

by Lemma 3.7 (ii)
_ U*|T‘% . Un+1|T|%(Un+1)*U . Un71|T|%(Un71)* . |T|%
by Lemma 3.7 (iii)
= {rt - vy f o oy T
Proof of (i) = (ii). Since [U"H|T|(U™+1)*,|T]] = 0, we have [U"|T|(U™)*,

T[] = 0, that is, (ii) holds for n by (3.9) and (3.10).
Proof of (ii) = (i). Assume [U"|T|(U™)*,|T|] = 0. Then we have

{ommt ey ik o ot
= oo {ur ey T o ot T
— UU* {|T\% : U"+1|T|%(Un+1)*} UMT|3 (U4 |T]E by (3.9) and (3.10)
= {im} -ovr ey o ey T by 3.)
={irt o ety b on ey
It is equivalent to

Ut T (Ut (T = |T)E - UMY TR (U
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on R(U™|T|z(Un=1)*|T|2). On the other hand, since N(U) = N(|T|), we obtain

R(U"|T|3(Un=1)*|T|2) = N(IT|2U" "} |T|3 (U")*)*
= N(U"|T|* (U™)")*
= N(|T|5(U™)*)*
= NUU™)")*
= R(U"U™).

Therefore we have
(3.11) UMz (U |z - UM U = |T)E - U T O ) U U
so that
Unt s (UnT)* - |T|E
= Ut T2 (U™ - |T|2 - U™(U™)* by Lemma 3.7 (vi)
=[T]2 - U T|F (U U (UT)T by (3.11)
= ||z - U™ T|7U* - (U™)* by Lemma 3.7 (iii)
=|T|2 - U T U
that is, (i) holds for n.
Hence the proof is complete. &

In order to prove Theorem 3.6, we also use the following:

PROPOSITION 3.9. Let T = U|T| be the polar decomposition of a binormal
operator T'. Then T = U*UU|T| is also the polar decomposition ofT

The proof is easily obtained by applying the following result.

THEOREM D ([5]). Let Ty = Uy|Th| and Ty = Us|T5| be the polar decompo-
sitions of Ty and Ty respectively. If Ty doubly commutes with Ty (i.e., [T1, T3] =0
and [T1,T5] = 0), then TyTe = UiUs|Th| |To| is also the polar decomposition
of T'Ty, that is, U1Usy is a partial isometry with N(U1Uy) = N(|Th||Tz|) and
Tu||T2| = [T T3]

Proof of Proposition 3.9. Since |T|z = U*U|T|? and |T*|2 = UU*|T*|2
are the polar decompositions of |T|z and |T*|2 respectively, then |T|z|T*|z =
U*UUU*|T|2|T*|2 is the polar decomposition of |T|2|T*|2 by Theorem D. There-
fore we have that

T =U*UUU* -U|T| = U*UU|T|

is also the polar decomposition of T by Theorem 2.1. 1
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Proof of Theorem 3.6. We shall prove Theorem 3.6 by induction on n. We
remark that if [U*|T|(U*)*,|T|] =0 for all k = 1,2,...,n + 1, then we have

(3.12) [T 1T = U T U] = 0

by (vii) of Lemma 3.7 and Lemma C.

Case n = 1. Was already shown in Theorem 3.5.

Suppose that Theorem 3.6 holds for some natural number n. (i) holds for
n + 1 if and only if

Tk is binormal for all k=0,1,2,...,n+ 1.
By putting S = ZN“, it is equivalent to
(3.13) T and Sy, are binormal for all k =0,1,2,...,n.

Since S = U*UU|S] is the polar decomposition by Proposition 3.9, (3.13) holds if
and only if

T is binormal and
(B14) (VUMW UU)Y,I8|) = [U*U - UMT|(U")" - U0, |T]) = 0
forall k=1,2,....,n4+1
by the inductive hypothesis. On the other hand, if we assume (i) or (ii), then
[U*|IT|(UF*,|T|) =0 forallk=1,2,....,n+1

by the inductive hypothesis, so that (3.14) is equivalent to

(3.15) T is binormal and [U*|T|(U*)*,|T|] =0 forallk=1,2,...,n+1

by (3.12) and U*U|T| = U*U(|T|2U*|T|U|T|2)2 = |T|. Moreover Lemma 3.8

assures that (3.15) is equivalent to
[UFT|(UR*|T] =0 forallk=1,2,....,n+2,

i.e. (ii) holds for n + 1.
Hence the proof is complete. &

4. CHARACTERIZATION OF CENTERED OPERATORS

In [10], Morrel and Muhly obtained properties of centered operators as follows:

THEOREM E. ([10]) Let T = U|T| be the polar decomposition of a centered
operator T'. Then the following assertions hold:
(i) U™ is a partial isometry for all natural number n;
(ii) the operators {(U™)*|T|\U™},__, commute with one another;
(iii) T = U™ {|T|- U*|T|U --- (U™ 1)*|T|U"'} is the polar decomposition

for all natural number n.

Moreover, they showed a characterization of centered operators as follows:
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THEOREM F. ([10]) Let T = U|T| be the polar decomposition and U be
unitary. Then T is a centered operator if and only if the operators
{Um) T}

n=—o0o
commute with one another.

In this section, we show the following characterization of centered operators
which is an extension of (ii) of Theorem E and Theorem F.

THEOREM 4.1. Let T = U|T| be the polar decomposition. Then the following
assertions are mutually equivalent:
(i) T is centered;
(i) [|T™], |(T™)*|] = 0 for all natural numbers n and m;
(iii) [|T™],|T*]] = 0 for all natural number n;
) operators {(U™)*|T|U™, U™ |T|(U™)*,|T|}5%, commute with one another;
) [U™T(U™)*,|T]] =0 for all natural number n;

(vi) T, is binormal for all non-negative integer n.
To prove Theorem 4.1, we will prepare the following lemmas.

LEMMA 4.2. Let T be the polar decomposition. For each natural numbers n
and m, if

4.1 UKIT|(USY*,IT|| =0 forallk=0,1,2,...,m+n—2,
(4.1) [

then the following assertions are equivalent:
(i) [U™T|u™)”, (1] = 0;
(i) [Um+r=HT|(UmHnh)s T = 0.

Proof. We prove Lemma 4.2 by induction on n. The case n =1 is obvious.

Assume that Lemma 4.2 holds for some natural number n and each natural
number m. Then we prove that it holds for n + 1 and each natural number m.

Here, let m be a natural number and suppose that (4.1) holds for n+1, i.e.,

(4.2) [UMT|(U")*,|T]] =0 forallk=0,1,2,...,m+n— 1.
Then
(4.3) wirus, 1] = [vU*,|T"] = 0

holds by the inductive assumption and Lemma C, and also we have
[T = |TUT| T PU T
=U*-U|T|U*-|T"* - U|T|

(4.4)
=U*-|T"? -UIT|U* -U|T| by (4.3)
=U*|T"|*U|T .
Therefore, we have
[T U T (U™ = Ut TPOIT) - U T (0 by (4.4)
(4.5) = U*|T")?U - U™T|(U™)* - |T|? by (4.2)

— U* {|Tn|2 . Um+1|T|(Um+1)*} U‘T|2
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and
Um|Tiumy - T
(4.6) =U™T|(U™)* - U*|T"|*U|T)? by (4.4)
=Uu{umt (U™t TP} UITI? by Lemma 3.7 (ii).
Proof of (ii) = (i). Assume that (ii) holds for n + 1. Since
Lo A TC 7 B A | SR AR VA (A A M VAT

we have

[T T = 0
by the inductive assumption. Hence we obtain
[T, umT|(U™)*] =0,

that is, (i) holds for n + 1 by (4.5) and (4.6).
Proof of (i) = (ii). Assume that (i) holds for n 4+ 1. Then we have

Ut Tt T UT
—out {ur | o
—UU* {|T"\2 U T (U }U|T|2 by (4.5) and (4.6)
= |72 UU* - U™t (U™ UIT? by (4.3)
=T Ut Tt UITPR,
that is,
U T\ TP = (TP o T (ot
holds on
R(U|T]?) = N(IT|*U*)* = N(UU")" = R(UU").
Then we have
(4.7) Ut o™ty 2 Ut = [T umtt T om Tt oo,
S0 we obtain
gt Tt = ot ot oo )
=ymt (U™t T ? - UU* by (4.3)
= T2 - U™t (U™ . UU* by (4.7)
=T - Ut T|(UT)

*

Hence we have

[U(m+1)+n—1|T|(U(m+1)+n—l)*’ |T|] — [Um+(n+1)—1|T|(Um—i—(n—&-l)—l)*’ |TH =0

that is, (ii) holds for n + 1 by the inductive assumption.
Therefore the proof is complete. &
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LEMMA 4.3. Let T = U|T| be the polar decomposition. For each natural
number n, if

[U*T|(U*)",|T] =0 forallk=0,1,2,....,n—1,
then
(T™)*| = U|T|U™ - U|T|(U?)" - - UM|T|(U™)"

Proof. We prove Lemma 4.3 by induction on n.

The case n = 1 is obvious. Assume that Lemma 4.3 holds for some natural
number n. Then we show that it holds for n + 1.

By the inductive assumption, we have

(4.8) (T™)*| = UIT|U* - U2|T|(U?)" - U T| (U™
Then we obtain

(T4

=(U|T]-|(T™)"* - |T|U")?

{U|T| (U|T|U* LU T|(U - U”|T\(U”)*)2 |T|U*}2 by (4.8)

[N

- {U|T| U|ITPU* - UXT2U?)" - U™ T2 (U™)" - \T|U*} by Lemma 3.7 (iv)

N

- {UITI(U"U)"+1 UITPU - U TP - UM TPU™)” - |T|U*}
={U|T| - U*U -U[T)*U* - U*U - U*|T(U?)" - U*U---U*U
UMTRUTY U - [ TIU) by Lemma 3.7 (ii)

1
2

— {U|T|U* . U2|T|2(U2)* . U3|T|2(U3)* L. Un+1|T|2(Un+1)* . U|T‘U*}
=U|T|U* - UT|(U?)* - U3 T|(U)" - U T (U™ by Lemma 3.7 (iv).
Therefore the proof is complete. &

Proof of Theorem 4.1. Proofs of (i) = (ii), (ii) = (iii) and (iv) = (v) are
obvious, and also the equivalence relation between (v) and (vi) was already proved
in Theorem 3.6. Thus, we have only to prove (iii) = (v), (v) = (iv), (v) = (i)
and (ii) = (i).

Proof of (iii) = (v). Firstly [U|T|U*,|T|] = 0 and [U|T|U*, |T?|] = 0 ensures
[U?|T|(U*)*,|T|] = 0 by Lemma 4.2. Secondly [U*|T|(U*)*,|T|] =0 for k = 1,2
and [U|T|U*,|T3|] = 0 ensures [U3|T|(U?)*,|T|] = 0 by Lemma 4.2. By repeating
this method, we have (v).

Proof of (v) = (iv). By (v), [U™|T|(U™)*,|T|] = 0 holds for all natural
numbers n. Then we have

(4.9) (U =) |T|(Un ), UITIU*] = 0
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by (v) of Lemma 3.7. Hence
o™ Tun - |r| = v {urHHriunt - ulriuru
=U{U|T|U* - (U ")*|T|U" '} U by (4.9)
= |T]-(u")r[rjo,

that is, [((U™)*|T|U™, |T|] = 0 holds for all natural numbers n.
Moreover we obtain

@™ |- umTiwn)
= U™*{|T|- U™™|T|(U™™)*} U™ by Lemma 3.7 (iii)
= Um) {urtmT|@rtTy - TR UT by (v)
=U™T|(u™* - (um*|rier by Lemma 3.7 (iii),
that is, [((U™)*|T|U™, U™|T|(U™)*] = 0 holds for all natural numbers n and m.

Hence we have (iv).
Proof of (v) = (ii). By (v) and Lemma 4.3, we have

™ *
(4.10) )] 5 5
=U|T\U* - U T|(U*)"---U™|T|(U™)* for all natural number m,
and also by (v) and Lemma 4.2, we have
(4.11) [O™T(U™)*,|T"|] =0 for all natural numbers m and n.

Hence we obtain (ii) from (4.10) and (4.11).
Finally, we show (ii) = (i). For s > ¢, we have

|TS|2‘Tt|2 _ (Tf)* . |Ts—t|2 . |(Tt)*‘2 -Tt
= ()" (1) TP Tt by (i)
— |Tt|2‘TS|2
and *|2 t\* |2 t —t\*|2 t|2 T *
() F[(T) 7 =T - [(T°=)" [ - [T - (T7)
=T (TP (T P (1) by (i)
= (T PIT*) P,
so that we have (i).
Therefore the proof is complete. &
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