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I n t r o d u c t o r y .

The problem  of te stin g  s ta tis tic a l hypotheses is an  old one. I ts  origin is usually  

connected w ith  th e  nam e of T h o m a s  B a y e s , who gave th e  w ell-know n theorem  on 2

2 RV O L . c c x x x i.— a  702. [P u b lish ed  February 16, 1933.
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2 9 0 J .  N E Y M A N  A N D  E . S. P E A R S O N  ON T H E  P R O B L E M  O F

th e  pro b ab ilitie s a 'posteriori of th e  possible “ causes of a g iven  ev en t.*  Since th e n  

i t  h as  been d iscussed b y  m an y  w rite rs of w hom  we sha ll here  m en tio n  tw o on ly , 

Be r t r a n d ]* an d  Bo r e l ,{ whose differing view s serve well to  illu s tra te  th e  p o in t fro m  

w hich we shall ap p ro ach  th e  su b ject.

Be r t r a n d  p u t in to  s ta tis tic a l fo rm  a v a r ie ty  of hy po theses, as fo r exam ple th e  

hy po thesis  th a t  a g iven group  of s ta rs  w ith  re la tiv e ly  sm all an g u la r d is tan ces b etw een  

th e m  as seen from  th e  e a rth , fo rm  a “ sy stem  ” or g roup  in  space. H is m e th o d  of 

a tta c k , w hich  is th a t  in  com m on use, consisted  essen tia lly  in  ca lcu la tin g  th e  p ro b ab ility , 

P , th a t  a ce rta in  ch a rac te r, x, of th e  obse rved  fac ts  w ould arise if th e  h y

were tru e . I f  P  were v e ry  sm all, th is  w ould genera lly  be considered  as an  in d ica tio n  

th a t  th e  hypothesis, H , was p ro b ab ly  false, a n d  vice versa. Be r t r a n d  expressed  th e  

pessim istic view  th a t  no te s t  of th is  k in d  could give reliab le  resu lts.

Bo r e l , how ever, in  a  la te r  discussion, considered  th a t  th e  m e th o d  described  could  be 

applied  w ith  success p ro v id ed  th a t  th e  ch a ra c te r, x, of th e  observed  fac ts  w ere p ro p erly  

chosen— were, in  fact, a  c h a ra c te r  w hich he te rm s  “  en  quelque so rte  re m a rq u a b le .”

W e ap p e ar to  find d isagreem en t here , b u t  a re  inclined  to  th in k  th a t ,  as is so 

o ften  th e  case, th e  difference arises because th e  tw o w rite rs are  n o t rea lly  considering  

precisely  th e  sam e problem . In  general te rm s th e  prob lem  is th is  : Is  i t  possible th a t  

th e re  are  a n y  efficient te s ts  of hy po theses based  u p o n  th e  th e o ry  of p ro b ab ility , an d  if 

so, w h a t is th e ir  n a tu re  ? B efore try in g  to  answ er th is  qu estio n , we m u st a t te m p t  to  

g e t closer to  its  ex ac t m eaning . I n  th e  firs t place, i t  is ev id en t th a t  th e  h y p o th eses 

to  be te s te d  b y  m eans of th e  th e o ry  of p ro b a b ility  m u s t concern  in  som e w ay  th e  

prob ab ilitie s of th e  d ifferen t k in ds of resu lts  of ce rta in  tr ia ls . T h a t is to  say, th e y  m u st 

be of a  s ta tis tic a l n a tu re , o r as we shall say  la te r  on, th e y  m u st be s ta tis t ic a l hyp otheses.

N ow  w h a t is th e  precise m eaning  of th e  w ords “  an  efficient te s t  of a h y p o th esis ? ”  

T here m ay  be several m eanings. F o r  exam ple, we m ay  consider som e specified 

hyp othesis, as th a t  concern ing  th e  group  of s ta rs , and  look for a m e th o d  w hich we 

should hope to  te ll us, w ith  reg a rd  to  a p a r tic u la r  g roup  of s ta rs , w h eth e r th e y  form  a 

system , or are  g rouped  “ b y  ch ance ,”  th e ir  m u tu a l d is tances a p a r t  being  enorm ous 

an d  th e ir  re la tiv e  m ovem ents u n re la ted .

If  th is  w ere w h a t is req u ired  of “ an  efficient te s t ,” we should  agree w ith  Be r t r a n d  

in  his pessim istic view. F o r how ever sm all be th e  p ro b ab ility  th a t  a p a r tic u la r  g roup ing  

of a num ber of s ta rs  is due to  “ chance ,”  does th is  in  itself p rov ide an y  evidence of 

an o th e r “ cause ” for th is  g rouping  b u t  “ chance ? ” “ C om m ent definir, d ’ailleurs,

la  singularity  d o n t on juge le h asa rd  incapab le  ? ” § Indeed , if £ is a con tinuo us  

v ariab le— as for exam ple is th e  an g u la r d is tance  betw een  tw o s ta rs— th e n  an y  v alu e of 

a? is a s in gularity  of re la tiv e  p ro b ab ility  equa l to  zero. W e are  inclined  to  th in k  th a t  * * * §

* ‘ P h il. T r a n s .,’ v o l. 5 3 , p . 3 7 0  (1763).

t  “  C alcul d es P r o b a b i l i ty ,”  P aris  (1907).

% ‘L e H a sa rd ,’ P aris  (1920).

§ B e r t r a n d , loc. cit., p . 165.
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as fa r  as a  p a r tic u la r  hy p o th esis is concerned , no te s t  based  up o n  th e  th e o ry  of 

p ro b ab ility *  can  b y  itself p rov ide  an y  valu ab le  ev idence of th e  t r u th  or falsehood  of 

th a t  hypothesis.

B u t we m a y  look a t  th e  purpose of te s ts  from  a n o th e r v iew -poin t. W ith o u t hoping  

to  know  w h eth er each  sep ara te  h ypo thesis is tru e  or false, we m ay  search  for ru les to  

govern  ou r b eh av io u r w ith  reg a rd  to  th em , in  follow ing w hich we in su re  th a t ,  in  th e  

long ru n  of experience, we shall n o t be too  o ften  w rong. H ere, for exam ple, w ould be 

such  a  “ ru le  of b eh av io u r ”  : to  decide w h eth e r a  hy po thesis, H , of a  g iven  ty p e  be 

re je c te d  or n o t, ca lcu la te  a specified ch a rac te r, x, of th e  observed  fac ts  ; if >  re je c t 

H , if x  <  x Q accep t H . Such a  ru le  te lls  us n o th in g  as to  w h eth e r in  a  p a r tic u la r  case 

H  is tru e  w hen x ^  xQ ov false w hen x >  x0. B u t i t  m ay  o ften  be p roved  th a t  if we 

behave  accord ing to  such  a  ru le, th e n  in  th e  long ru n  we shall re je c t H  w hen  i t  is tru e  

n o t m ore, say, th a n  once in  a h u n d red  tim es, an d  in  ad d itio n  we m ay  hav e evidence 

th a t  we shall re je c t H  sufficiently o ften  w hen i t  is false.

If  we accep t th e  w ords “ an  efficient te s t  of th e  h ypo thesis I I  ”  to  m ean  sim ply  such  

a ru le of beh av iour as ju s t  described, th e n  we agree w ith  Bo r e l  t h a t  efficient te s ts  

are  possible. W e agree also th a t  n o t an y  ch arac te r, , w hatev er is equally  su itab le  to  

be a basis for an  efficient te s t , f  an d  th e  m ain  purpose of th e  p resen t p ap er is to  find 

a general m ethod  of determ in ing  te s ts , w hich, from  th e  above p o in t of view  w ould 

be th e  m ost efficient.

In  com m on s ta tis tica l p rac tice , w hen th e  observed facts are  described as “ sam ples,” 

an d  th e  hypotheses concern th e  “ popu la tio ns ” from  w hich th e  sam ples have been 

draw n, th e  ch aracte rs  of th e  sam ples, or as we shall te rm  th em  criteria , w hich have 

been used for te s tin g  hypotheses, ap p ear o ften  to  have been fixed b y  a h ap p y  in tu itio n . 

T hey  are generally functions of th e  m om en t coefficients of th e  sam ple, an d  as long as 

th e  v a ria tio n  am ong th e  observations is ap p ro x im ate ly  rep resen ted  b y  th e  no rm al 

frequency law, m om ents ap p ear to  be th e  m ost ap p ro p ria te  sam ple m easures th a t  we 

can  use. B u t as F is h e r  ̂ has po in ted  o u t in  th e  closely allied prob lem  of 

E stim atio n , th e  m om ents cease to  be efficient m easures w hen th e  v a ria tio n  d ep a rts  

w idely from  norm ality . F u rth e r, even  th o u g h  th e  m om ents are  efficient, th e re  is 

considerable choice in th e  p a rtic u la r function  of these m om ents th a t  is m ost ap p ro p ria te  

to  te s t  a  given hypothesis, an d  s ta tis tica l lite ra tu re  is full of exam ples of confusion of 

th o u g h t on th is  choice.

A b lind  ad option  of th e  rule,

* Cases w ill, o f course, arise w here th e  v erd ict o f a te s t  is  based  on  cer ta in ty . T he q u estio n  “ Is  th ere  

a black  b a ll in  th is  bag  ? ” m a y  be answ ered  w ith  cer ta in ty  if  w e  find one in  a sam ple  from  th e  b ag .

t  T his p o in t h as b een  d iscussed  in  earlier papers. See (a) N e y m a n  an d  P e a r s o n . ‘ B io m etr ik a ,’ 

v o l. 20a , p p . 175 and  263 (1 9 2 8 ); (6) N e y m a n . ‘ C. R . P rem ier Congr&s M ath., P a y s  S la v e s /  

W arsaw , p . 355 (1 9 2 9 ); (c) P e a r s o n  and  N e y m a n . ‘ B ull. A cad. P o lon a ise  Sci. L ettres ,’ Serie A , p . 73  

(1930).

X * Ph il. T ran s.,’ vol. 222, A, p . 326 (1921). 2

2 R  2
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S ta n d a rd  E rro r  of

[x — y ) =  \ / ( S ta n d a rd  E rro r  of )2 -f- (S ta n d a rd  E rro r  of . . .  

has lead  to  freq u en t inconsistencies. Consider, for exam ple, th e  p rob lem  of te s tin g  

th e  significance of a  difference betw een  tw o p ercen tages or p ro p o r t io n s ; a  sam ple  

of nx con ta ins  tx ind iv id ua ls w ith  a  g iven ch a ra c te r  an d  an  in d ep en d en t sam ple of

contain s t2. Follow ing th e  ru le  (1), th e  s ta n d a rd  erro r of th e  d ifference d —

is o ften  given as

B u t in  using
ti

1 ---- - ) an d
n j

U l

l 1

u as th e  sq uares  of th e  e s tim a te s  of th e  tw o_2

n 2‘ \  

s ta n d a rd  errors, we a re  p roceeding on  th e  sup positio n  th a t  sam ple e s tim a te s  m u s t be 

m ade of tw o d ifferen t p o p u la tio n  p ro p o rtio n s  p x an d  p 2. A ctu a lly , i t  is desired  to  

te s t  th e  hyp othesis th a t  p x — p 2 — V> an<f  i t  follows th a

ob ta in ed  b y  com bin ing to g e th e r  th e  tw o sam ples, w hence we o b ta in  

E s tim a te  of

V
- f -12 tx - j - 12

nx - f -  t i 2 \nx - | -
+

1

A ra th e r  sim ilar s itu a tio n  arises in  th e  case of th e  s ta n d a rd  erro r of th e  difference 

betw een  tw o m eans. In  th e  case of large sam ples th e re  are  tw o form s of e s tim a te— *

The use of th e  first fo rm  is justified  if we believe th a t  in  th e  p o p u la tio n s sam pled  th e re  

are  d ifferen t s ta n d a rd  dev iations, ax an d  ct2 ; w hile if ax — <r2 th e  second  form  should  

be tak en . The hyp othesis concerning th e  tw o m eans h as  n o t, in  fac t, a lw ays to  be 

te s te d  u n d er th e  sam e conditions, an d  w hich form  of th e  crite rio n  is m o st a p p ro p ria te  

is a m a tte r  for ju d g m en t based  u p o n  th e  evidence ava ilab le  regard ing  th o se  conditions.

The role of sound  ju d g m en t in  s ta tis tic a l ana lysis is of g rea t im p o rtan ce  a n d  in  a 

large num ber of p rob lem s com m on sense m ay  alone suffice to  d eterm ine th e  a p p ro p ria te  

m ethod  of a tta c k . B u t th e re  is am ple evidence to  show  th a t  th is  has  n o t an d  c a n n o t 

alw ays be enough, an d  th a t  i t  is the re fo re  essen tia l th a t  th e  ideas involved  in  th e  

process of te s tin g  hypotheses should be m ore clearly  unders tood .

* Si an d  s 2 are th e  ob served  stan d ard  d e v ia tio n s  in  in d ep en d en t sa m p les o f  n x a n d  n 2. T h e ex p ressio n

(5) is  th e  lim itin g  form  o f a / ” **1 +  ( — 4-  — ^ w h en  an d  w2 are larg
n x -f- n z — 2 vru njr

estim a te  o f  th e  u n k n ow n  p o p u la tio n  v arian ce cr2.
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In  earlier pap ers  we h av e  suggested  t h a t  th e  crite rio n  a p p ro p ria te  fo r te s tin g  a g iven 

hy po thesis  could be o b ta in ed  b y  ap p ly in g  th e  princip le  of likelihood .*  T his p rinc ip le  

was p u t  fo rw ard  on  in tu itiv e  grounds a f te r  th e  con sidera tion  of a v a rie ty  of sim ple 

cases. I t  w as su b se q u en tly  found  to  link  to g e th e r  a g rea t n u m b er of s ta tis tic a l te s ts  

a lread y  in  use, besides suggesting  ce rta in  new  m ethods of a t ta c k . I t  w as clear, 

how ever, in  using i t  t h a t  we w ere still hand ling  a too l n o t fu lly  un d ersto o d , an d  i t  is 

th e  purpose  of th e  p resen t in v estig a tio n  to  w iden, an d  we believe sim plify, ce rta in  of 

th e  conceptions prev iously  in tro du ced .

W e shall p roceed  to  give a review  of som e of th e  m ore im p o r ta n t aspec ts  of th e  

su b jec t as a  p relim in ary  to  a m ore form al tre a tm e n t.

I I .— Ou t l in e  o f  Ge n e r a l  Th e o r y .

Suppose th a t  th e  n a tu re  of an  event, E , is ex ac tly  described b y  th e  values of n  v a ria te s ,

xu  x 2,... 

F o r exam ple, th e  series (6 ) m ay  rep rese n t th e  value of a ce rta in  ch a rac te r observed 

in  a  sam ple of n  ind iv iduals  d raw n a t  ran d o m  from  a given population . O r again , 

th e  aj’s m ay  be th e  p ropo rtions or frequencies of ind iv iduals  in  a ran d o m  sam ple falling  

in to  nou t of th e  n-f- 1 categories in to  w hich th e  sam pled p o p u la tio n  is d ivided. In  an

case, th e  even t, E , m ay  be rep resen ted  by  a p o in t in  a space of n  d im ensions hav ing  (6 ) 

as its  co-ord inates ; such a p o in t m igh t be te rm ed  an  E v e n t P o in t, b u t  we shall here  

speak  of i t  in  s ta tis tica l te rm s as a Sam ple P o in t, an d  th e  space in  w hich i t  lies as th e  

Sam ple Space. Suppose now  th a t  th e re  exists a ce rta in  hypo thesis, H 0, concerning th e  

origin of th e  ev en t w hich is such as to  determ ine th e  p ro b ab ility  of occurrence of every  

possible event E . L e t

Po =  Po (̂ i ,  ••• 

be th is  p ro b ab ility — or if th e  sam ple p o in t can v a ry  continuously, th e  elem en tary  

p ro b ab ility  of such a poin t. To o b ta in  th e  p ro b ab ility  th a t  th e  even t will give a sam ple 

p o in t falling in to  a p articu la r region, say  w, we shall have either to  ta k e  th e  sum  of 

(7) over all sam ple po in ts included  in  w, or to  calcu late th e  in teg ra l

Po M  =  ... Po {xx, x. . .  xn) dxx dxn
J J tv

The tw o cases are qu ite  analogous as far as th e  general arg um en t is concerned, and  we 

shall consider only th e  la tte r . T h a t is to  say, we shall assum e th a t  th e  sam ple po in ts 

m ay  fall anyw here w ith in  a continuous sam ple space (which m ay be lim ited or no t), 

which we shall denote b y  W . I t  will follow th a t

Po (W ) =  l . . .

* ‘ B iom etr ik a ,’ vo l. 20a .

(9 )

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

8
 A

u
g
u
st

 2
0
2
2
 



2 9 4 J .  N E Y M A N  A N D  E . S. P E A R S O N  ON T H E  P R O B L E M  O F

W e shall be concerned  w ith  tw o ty p es  of h y po theses, (a) sim ple a n d  ( ) com posite . 

T he h y p o th esis th a t  a n  ev en t E  has occurred  su b je c t to  a  com ple te ly  specified p ro b a b ility  

law  p 0 (x1,#2, ... xn)is a  sim ple o n e ; w hile if th e  fu n c tio n a l fo rm  of is g iven,

th o u g h  i t  depends u p o n  th e  value of c unspecified p a ram e te rs , H 0 w ill be called a  com ­

posite  h ypothesis w ith  c degrees of freedom .*  T he d is tin c tio n  m ay  be illu s tra te d  in  

th e  case w here H 0 concerns th e  p o p u la tio n  II from  w hich a sam ple, 2 , has  been  d raw n  a t  

ran do m . F o r exam ple, th e  n o rm al frequen cy  law ,

1 (*-«)*
p  (x) 

G \/ 2lZ

represen ts an  in fin ite  se t of p o p u la tio n  d is trib u tio n s. A  sim ple h y p o th esis is th a t  2  

has been sam pled  from  a defin ite  m em ber of th is  se t fo r w hich =  a 0.

A com posite h ypothesis w ith  one degree of freedom  is th a t  th e  sam pled  p o p u la tio n , I I , 

is one of th e  su b -se t for w hich a — a0b u t fo r w hich  a m a y  h av e  a

“ St u d e n t ’s ” orig inal p rob lem  consisted  in  te s tin g  th is  com posite hypothesis.*)*

T he p rac tice  of using  o b se rv a tio n a l d a ta  to  te s t  a  com posite  h y p o th esis  is a fam ilia r 

one. W e ask  w h eth e r th e  v a r ia tio n  in  a  c e rta in  ch a ra c te r  m a y  be considered  as 

follow ing th e  n o rm al l a w ; w h eth e r tw o sam ples a re  like ly  to  hav e  com e from  a 

com m on p o p u la tio n  ; w h eth e r regression is lin ear ; w h e th e r th e  v arian ce  in  a n u m b er 

of sam ples differs significan tly. I n  th ese  cases we are  n o t concerned  w ith  th e  ex a c t 

va lu e of p a r tic u la r  p aram ete rs , b u t  seek for in fo rm atio n  reg ard in g  th e  cond itions a n d  

fac to rs  con tro lling  th e  events.

I t  is clear th a t  besides H 0 in  w hich we a re  p a r tic u la r ly  in te re s te d , th e re  will ex is t 

ce rta in  adm issib le a lte rn a tiv e  hypo theses. D en o te  b y  D th e  se t of a ll sim ple hyp otheses, 

w hich in  a p a r tic u la r  p rob lem  we consider as adm issible . I f  H 0 is a sim ple hy p o th esis, 

i t  w ill c learly  belong  to  O. I f  H 0 is a  com posite  hy p o th esis, th e n  i t  w ill be possible to  

specify a p a r t  of th e  se t Q, say  co, such th a t  every  sim ple h y p o th esis belonging to  th e  

su b -set to will be a  p a r tic u la r  case of th e  com posite h y p o th esis H 0. W e could sa y  also 

th a t  th e  sim ple hy po theses belonging  to  th e  sub -se t co, m ay  be o b ta in ed  from  H 0 b y  

m eans of som e ad d itio n a l conditions specifying  th e  p a ram e te rs  of th e  fu n c tio n  (7) 

w hich are  n o t specified b y  th e  h y p o th esis H 0.

In  m an y  s ta tis tic a l p rob lem s th e  hypo theses concern  d iffe ren t p o p u la tio n s from  

w hich th e  sam ple, 2 , m ay  hav e  been  d raw n. T herefore, in s tead  of speak ing  of th e  sets 

D or (o of sim ple hypotheses, i t  w ill be som etim es co nv en ien t to  sp eak  of th e  se ts O 

or to of popula tions. A com posite  hypo thesis , H 0, will th e n  refer to  p o p u la tio n s  

belonging to  th e  sub -set to, of th e  se t D. E v e ry  te s t  of a s ta tis tic a l h y p o th esis in  th e  

sense described above, consists in  a  ru le  of re jec tin g  th e  h ypo thesis w hen  a specified

* T h e  id ea  o f degrees o f  freed om  a s  defin ed  a b o v e , th o u g h  c lear ly  a n a lo g o u s, is  n o t  to  be con fu sed  w ith  

th a t  in trod u ced  b y  F i s h e r .

|  £ B io m etr ik a ,’ v o l. 6, p . 1 (1908).

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

8
 A

u
g
u
st

 2
0
2
2
 



T H E  M OST E F F IC IE N T  T E ST S  O F  ST A T IST IC A L  H Y P O T H E S E S . 2 9 5

ch a rac te r, x, of th e  sam ple lies w ith in  ce rta in  c ritica l lim its , an d  accep tin g  i t  or 

rem ain ing  in  d o u b t in  a ll o th e r  cases. In  th e  n-d im ensiona l sam ple space, W ,  th e  

c ritica l lim its  for x will correspond  to  a  ce rta in  critica l reg ion  w, an d  w hen  th e  sam ple 

p o in t falls w ith in  th is  region  we re je c t th e  hypo thesis . I f  th e re  are  tw o a lte rn a tiv e  

te s ts  fo r th e  sam e hypo thesis , th e  difference betw een  th e m  consists in  th e  difference 

in  critica l regions.

W e can  now  s ta te  briefly  how  th e  crite rio n  of likelihood  is o b ta in ed . T ake  a n y  

sam ple po in t, 23, w ith  co-ord inates (aq, ... xn) an d  consider th e  se t A 2 of 

p rob ab ilitie s p H (xl5 x2, . . .  xn) corresponding to  th is  sam ple p o in t an d  d e te rm in ed  b y  

d ifferen t sim ple hypotheses belonging to  i l .  W e shall suppose th a t  w h atev er be th e  

sam ple p o in t th e  se t A 2 is bounded . D eno te b y  (xx, . . .  xn) th e  u p p er bo u n d  

of th e  se t A 2, th e n  if H 0 is a sim ple hypothesis, d e te rm in ing  th e  e lem en ta ry  

p ro b ab ility  p 0 (xx, x2, . . .  xn), we have defined its  likelihood to  be

X Vo (3g, x 

P a  ( » 1 , X

i i
2 ?

Xn)

. . .  xn) ( I I )

I f  H 0 is a com posite hypothesis, den ote  b y  A 2 (co) th e  su b-se t of A 2 corresponding  

to  th e  se t co of sim ple hypo theses belonging to  H 0 an d  b y  p0)(x1, x 2, . . .  xn) th e  

up p er bo un d  of A 2 (co) . T he likelihood of th e  com posite hypothesis is th e n

x _  P» {xy, ••• x n)

Pa {xx, . . .  xn)
. (1 2)

In  m ost cases m et w ith  in  p rac tice , th e  elem entary  probabilities, corresponding to  

d ifferen t sim ple hypotheses of th e  se t Q are  continuous and  d ifferen tiable functio ns

P (a l? a 2> ••• a c> ac+i, ••• j , ... ), (13)

of th e  ce rta in  num ber, k, of p aram ete rs  a l5 a 2, ... a c, a c+1, ... v.k ; an d  each sim ple 

hypothesis specifies th e  values of these param ete rs. U nder these conditions th e  

upp er bound , pa(x1:x2, . . .xn), is o ften  a m axim um  of (13) (for fixed values of th e  

a?’s), w ith  reg ard  to  all possible system s of th e  a ’s. If  H 0 is a com posite hypothesis 

w ith  c degrees of freedom , i t  specifies th e  values of & — p aram eters, say ac+1, a c+2, ... a*, 

and  leaves th e  o thers unspecified. Then  (xx, x2, . . .  xn) is o ften  a m axim um  of (13) 

(for fixed values of th e  x ’sand  of a c+1, ac+2, ... a*.) w ith  reg ard  to  all possible value

of Otj, 0̂ 2, ... QCc*

The use of th e  principle of likelihood in te stin g  hypotheses, consists in accep ting 

for critical regions those determ ined  by  th e  inequality

X <  C =  co n st................................................ (14)

L et us now for a m om ent consider th e  form  in  w hich judgm en ts are m ade in  p rac tica l 

experience. W e m ay accep t or we m ay reject a hypothesis w ith  vary ing  degrees of
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confidence ; or we m ay  decide to  rem ain  in  d o u b t. B ut w h atev er conclusion is reached  

th e  follow ing position  m u st be recognised. I f  we re je c t H 0, we m ay  re je c t i t  w hen  i t  

is tru e  ; if we accep t H 0, we m a y  be accep tin g  i t  w hen i t  is false, t h a t  is to  say , w hen  

really  som e a lte rn a tiv e  is tru e . These tw o sources of erro r can  ra re ly  be e lim in a ted  

c o m p le te ly ; in  som e cases i t  w ill be m ore im p o r ta n t to  avo id  th e  first, in  o th e rs  th e  

second. W e are  rem inded  of th e  o ld  p ro b lem  considered  b y  La pl a c e  of th e  n u m b e r of 

vo tes in  a co u rt of judges th a t  should  be needed  to  co n v ic t a p risoner. Is  i t  m ore serious 

to  convict an  in n o cen t m an  or to  a c q u it a g u ilty  ? T h a t will dep en d  u p o n  th e  con­

sequences of th e  e r r o r ; is th e  p u n ish m en t d e a th  or f in e ; w h a t is th e  d an g e r to  th e  

com m unity  of released crim inals ; w h a t are  th e  c u rre n t e th ica l view s on p u n ish m en t ? 

F ro m  th e  p o in t of view  of m a th em a tic a l th e o ry  all t h a t  we can  do is to  show  how  th e  

risk  of th e  errors m ay  be co ntro lled  an d  m inim ised. T he use of th ese  s ta tis t ic a l too ls 

in  an y  g iven case, in  d e te rm in in g  ju s t  how  th e  ba lance shou ld  be s tru ck , m u s t be le ft 

to  th e  in v estig a to r.

The princip le  u p o n  w hich th e  choice of th e  critica l reg ion  is d e te rm in ed  so th a t  th e  

tw o sources of errors m ay  be contro lled  is of firs t im p o rtan ce . Suppose for sim p lic ity  

th a t  th e  sam ple space is of tw o d im ensions, so th a t  th e  sam ple p o in ts  lie on  a p lane. 

Suppose fu r th e r  th a t  besides th e  h y p o th esis H 0 to  be te s te d , th e re  a re  on ly  tw o 

a lte rn a tiv es  H j an d  H 2. The s itu a tio n  is illu s tra te d  in  fig. 1 , w here th e  clu ste r of sp o ts  

ro u n d  th e  p o in t 0 ,  of circles ro u n d  A l3 an d  of crosses ro u n d  A 2 m ay  be ta k e n  to

F i g . 1.

rep resen t th e  p ro b ab ility  o r d en s ity  field a p p ro p ria te  to  th e  th ree  hypo theses. The 

spots, circles an d  crosses in  th e  figure suggest d iag ram m atica lly  th e  b eh av io u r of th e  

functions P i(x1} x 2), i  — 0 , 1 , 2 , in  th e  sense th a t  th e  n u m b er of sp o ts  inc luded  in  a n y  

reg ion w is p ro p o rtio n a l to  th e  in teg ra l of (x1} x 2) ta k e n  over th is  region , e tc . 

L ooking a t  th e  d iag ram  we see th a t ,  if th e  process of sam pling  w as rep ea ted  m an y  

tim es, th en , were th e  h ypothesis H 0 tru e , m o st sam ple p o in ts  w ould lie som ew here 

n ea r th e  p o in t 0 .  On th e  co n tra ry , if H x or H 2 w ere tru e , th e  sam ple p o in ts  w ould 

be close to  0  in  co m parative ly  ra re  cases only.
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In  try in g  to  choose a  p ro p er critica l region, we no tice  a t  once th a t  i t  is v e ry  easy  to  

co n tro l errors of th e  firs t k in d  re fe rred  to  above. In  fac t, th e  chance of re je c tin g  th e  

hy p o th esis H 0 w hen i t  is tru e  m ay  be reduced  to  as low a level as we please. F o r if w  

is an y  reg ion  in  th e  sam ple space, w hich we in te n d  to  use as a critica l region, th e  

chance, P 0 (w ), of re je c tin g  th e  h ypo thesis H 0 w hen i t  is tru e , is m erely  th e  chance 

de te rm in ed  b y  H 0 of hav in g  a sam ple p o in t inside of an d  is equa l e ith e r to  th e  

sum  (when th e  sam ple p o in ts  do n o t fo rm  a continuous region) or to  th e  in teg ra l 

(w hen th e y  do) of p 0 (aq, x 2) ta k e n  over th e  region I t  m ay  be easily  m ade <  e, 

b y  chosing iv sufficiently sm all.

F o u r possible regions are  suggested on th e  figure ; (1) wx ; (2 ) th e  reg ion to

th e  r ig h t of th e  line BC ; (3) w 3, th e  region w ith in  th e  circle cen tred  a t  A 2

th e  reg ion betw een  th e  s tra ig h t lines OD, OE.

If  th e  in teg ra ls  of p 0 ( x x, x 2) over these regions, o r th e  nu

th em , are  equal, we know  th a t  th e y  are  all of equa l value in  reg ard  to  th e  firs t source 

of erro r ; for as far as our ju d g m en t on th e  t r u th  or falsehood of H 0 is concerned, if 

an  erro r can n o t be avoided  i t  does n o t m a tte r  on w hich sam ple we m ak e it.*  I t  is th e  

frequency  of these errors th a t  m a tte rs , and  th is— for errors of th e  first k in d — is equal 

in  a ll four cases.

I t  is w hen we tu rn  to  consider th e  second source of e rror— th a t  of accep ting  H 0 w hen 

i t  is false— th a t  we see th e  im p ortance  of d istinguish ing  betw een d ifferen t critical regions. 

If  H x were th e  on ly adm issible a lte rn a tiv e  to  H 0, i t  is ev id en t th a t  we should choose 

from  wx, w 2, w 3 an d  wx th a t  region in  w hich th e  chance of a sam ple p o in t f

were tru e , is g r e a te s t ; th a t  is to  say  th e  region in th e  d iag ram  con ta in in g  th e  g rea tes t 

num ber of th e  sm all circles form ing th e  cluster ro und  A x. This w ould be th e  region 

iv2, because for exam ple,

P i M  >  P i K )  or P x (W  -  w %) <  P t (W  -

This we do since in accepting  H 0 w hen th e  sam ple p o in t lies in  (W  — we shall be 

accep ting i t  w hen H* is, in  fact, tru e , less o ften  th a n  if we used need indeed to

'pick out from, all possible regions fo r  which P 0 =  s, that region, which P x

is a m axim um  and P x (W — w0) consequently a m in im u m ; th is  region (or regions if 

m ore th a n  one sa tisfy  th e  condition) we shall te rm  th e  B est C ritical Region for H 0 

w ith  regard  to  H*. There will be a fam ily of such regions, each m em ber corresponding 

to  a different value of e. The conception is sim ple b u t fun dam en tal.

I t  is clear th a t  in  th e  s itu a tio n  p resen ted  in th e  d iagram  th e  best critical region w ith  

reg ard  to  H x will no t be th e  bes t critical region w ith  regard  to  H 2. W hile th e  first m ay  

be iv2, th e  second m ay be w3. B u t i t  will be shown below th a t  in  ce rta in  prob

th ere is a com m on fam ily of bes t critical regions for H 0 w ith  regard  to  th e  whole class

* If th e  sam ples for w hich H 0 is accep ted  are to  be used for som e purpose and  th ose  for w hich it  is  rejected  

to  be discard ed, it  is possib le th a t oth er  con cep tio n s o f re la tive  va lu e  m ay  be in trod uced . B u t th e  problem  

is th en  no longer th e sim ple one o f d iscrim in ating  betw een  h yp oth eses.

2 sV O L . C C X X X I .— A .
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of adm issib le a lte rn a tiv e  hy po theses fl.*  In  th ese  prob lem s we h av e  fo u n d  th a t  th e  

reg ions are  also those g iven b y  using  th e  princip le  of likelihood , a lth o u g h  a  general 

p roof of th is  re su lt has  n o t so fa r been  o b ta in ed , w hen H 0 is com posite .

In  th e  problem s w here th e re  is a different b e s t critica l reg ion  for H 0 w ith  re g a rd  to  

each of th e  a lte rn a tiv es  c o n s titu tin g  Q, som e fu r th e r  p rincip le  m u s t be in tro d u ce d  in  

fixing w h a t m ay  be te rm ed  a Good C ritica l K egion  w ith  reg a rd  to  th e  se t G. W e 

have found  here th a t  th e  reg ion  p icked  o u t b y  th e  likelihood  m e th o d  is th e  envelope of 

th e  b es t critica l regions w ith  reg a rd  to  th e  in d iv id u a l hy p o th eses of th e  set. T h is 

region ap pears to  sa tis fy  our in tu itiv e  req u irem en ts  for a  good critica l region , b u t  we 

are  n o t clear th a t  i t  has  th e  un ique s ta tu s  of th e  com m on b es t critica l region  of th e  

form er case.

W e have referred  in  an  earlier section  to  th e  d is tin c tio n  betw een  sim ple an d  com posite 

hypotheses, an d  i t  w ill be show n th a t  th e  b es t c ritica l regions m a y  be fo un d  in  b o th  

cases, a lth o u g h  in  th e  la t te r  case th e y  m u st sa tisfy  c e rta in  ad d itio n a l conditions. 

If, for exam ple in  fig. 1 , H 0 w ere a  com posite h y p o th esis w ith  one degree of freedom  

such th a t  w hile th e  cen tre  of th e  clu ster  of sp o ts  w ere fixed a t  0 , th e  scale o r m easure 

of rad ia l expansion  were unspecified, i t  is c lear th a t  wx could be used  as a critica l region , 

since P 0 (wx) =  e w ould rem ain  c o n s ta n t for an y  ra d ia l expansio n  or co n tra c tio n  of th e

field. N e ith e r wlt w 2 no r w z sa tisfy  th is  condition . “ St u d e n t ’s ” te s t  is a  case in  w hich 

a  hyp ercon ical reg ion of th is  ty p e  is used.

I I I .—Simpl e  Hy po t h e s e s .

(a) General Theory.

W e shall now  consider how  to  find th e  b es t c ritica l region  for H 0 w ith  reg a rd  to  a 

single a lte rn a tiv e  H x ; th is  will be th e  region w 0 for w hich J>1 ( ) is a m ax im u m  su b jec t

to  th e  condition  th a t

Po (WQ) *.................................................... (15)

W e shall suppose th a t  th e  p ro b ab ility  law s for H 0 an d  H 1? nam ely , p 0 (aq, aq, ... xn) 

and  Pi{%i, x2, ... xn), ex ist, are  co ntinuous an d  n o t n eg a tiv e th ro u g h o u t th

sam ple space W  ; fu rth e r  th a t

Po (W) =  P x (W) =  1 .............................................(16)

Follow ing th e  o rd in ary  m eth o d  of th e  Calculus of V ariations, th e  prob lem  will consist- 

in  finding an  unconditioned  m in im um  of th e  expression

Po (w0) — &Pi K )  =  ... {po (aq, aq,, ... xn) — (aq, aq,, ... )} ... (17)
J J \J0%

k  being  a co n s tan t a fte rw ard s to  be dete rm in ed  b y  th e  condition  (15). Suppose th a t  

th e  region  w;0 has been determ ined  an d  th a t  S is th e  hy persu rface  lim iting  it. L e t ^

* A gain  as ab o v e , each m em ber o f th e  fa m ily  is  d ete rm in ed  b y  a d ifferen t v a lu e  o f  e.
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be an y  p o rtio n  of S such th a t  every  s tra ig h t line para lle l to  th e  ax is O xn cu ts  s1 n o t 

m ore th a n  once ; d en ote  b y  th e  o rthogo nal p ro jec tio n  of on th e  p rim e or h y p erp la n e  

xn =  0 . C learly  will be a region  in  th e  (n  — 1) d im ensioned  space of

% i , x 2, . . .  .......................................... ( I S )

for w hich  th e re  will ex is t a  un iform  fun ction

sftn ==1 ?  (^15 ••• i ) } .......... ( i^ )

whose value to g e th e r w ith  th e  corresponding  values of (18) will dete rm in e  th e  p o in ts  

on th e  h y persu rface  s±.

Consider now  a reg ion w0( a )  bound ed  by

(1) T he hy persu rface s2 w ith  eq u a tio n

s Xn =  ( X l ,  X2> ••• ^ n - l )  +  ••• ® »

w here a  is a p a ram ete r in d ep en d en t of th e  an d  0 an y  un iform  and  con tinuo us 

function .

(2 ) B y  th e  hy percy lind er p ro jec tin g  on to  c^.

(3) B y  an y  hypersu rface s3 w ith  equ ation ,

$sX n $  {. Xl )  • • •  ^ » —l ) >  ......................... ( 2

having th e  following p ro perties :—

(a) I t  is n o t c u t m ore th a n  once b y  an y  s tra ig h t line paralle l to  th e  axis Qxn.

(b) I t  lies en tire ly  inside th e  region iv0.

(c) E v ery  p o in t on a s tra ig h t line para lle l to  Oxn ly ing  betw een  th e  po in ts of its

in tersection  w ith  Sj and  s3 belongs to  iv0.

F or th e  case of n — 2, th e  s itu a tio n  can be p ic tu red  in  tw o dim ensions as show n in 

fig. 2 .  H ere iv0 ( a )  is th e  shaded  region bounded  b y  th e  curves s2 and  and  th e  tw o 

v ertical lines th ro u g h  A and  B. ctj is th e  po rtio n  AB of th e  axis Oaq. In  general

F i g . 2.

2 s 2
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3 0 0 J .  N EY M A N  A N D  E . S. P E A R S O N  ON T H E  P R O B L E M  O F

" A

if th e  region iv0 is such as to  give a m in im um  value to  th e  expression  (17), i t  follows th a t

I (a) =  P 0 (w0 (a)) — kP 1 (w0 (a)) =  ( . . . [  dxn_x f*' —  (2 2 )
J  J«r,  J s xn

considered as a fu nction  of th e  v ary in g  p a ra m e te r  a m u s t be a  m in im um  for a =  0 . 

H ence d ifferen tia tin g

d l

da.
±  j  . . .  J Q {p 0 (xx, ... Hxn) — kpy (x1 5 '*2 5 % n-i,«,»»)} dx , ... 0, (23)

w ha tever be th e  form  of th e  fu n c tio n  0 . T his is know n  to  be possible on ly  if th e  

expression  w ith in  curled b rack e ts  on th e  r ig h t h an d  side of (23) is id en tica lly  zero. 

I t  follows th a t  if w0 is th e  b es t critica l region  for H 0 w ith  reg a rd  to  H 1} th e n  a t  eve ry  

p o in t on th e  hy persu rface  sx an d  co n seq u en tly  a t  every  p o in t on th e  com plete

S, we m u st h av e

Po (xl9 x 2i ... xn) =  kpx (#1, 

k  being  a  co n stan t. This re su lt gives th e  necessary  b o u n d a ry  condition . W e shall 

now  show  th a t  th e  necessary  an d  sufficient co nd ition  for a reg ion  , being  th e  b es t 

critica l region  for H 0 w ith  reg ard  to  th e  a lte rn a tiv e  hy po thesis , H 1? consists in  th e  

fu lfilm ent of th e  in eq u a lity  p 0(aq, x2, ... 

a t  an y  p o in t ou tside w0 ; t h a t  is to  say  th a t  w0 is defined b y  th e  in e q u a lity

p 0 (aq, x2, ... xn) <  kp x (xx, xn)................................... (25)

D en o te  b y  w 0 th e  region defined b y  (25) an d  le t wx be  an y  o th e r  region  sa tisfy in g  

th e  condition  P 0 (w}) =  P 0 (w0) =  e (say). These regions m ay  h av e  a com m

t0ol. T he s itu a tio n  is rep rese n ted  d iag ram m atica lly  in fig. 3 .

F i g . 3.

I t  will follow th a t ,

P 0 {w0 — w 01) =  e — P 0 ( =  P 0 — w01) , ..

an d  consequently

(26)

kP x (w0 — w01)>  P 0 (w0 — w01) =  P 0 (wx — w01) >  kP x (wx — iv01). . (27
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T H E  M OST E F F IC IE N T  T E ST S  O F S T A T IS T IC A L  H Y P O T H E S E S . 3 0 1

If  we ad d  (w01) to  b o th  sides of th e  in eq u a lity , we o b ta in

&Pi (w0) >  &PX (wx) 

or

P , (w„) >  P , (w ,)............................................... (28) '

F ro m  th e  considerations ad v an ced  above i t  follows th a t  is less sa tis fac to ry  as a 

c ritica l reg ion  th a n  ivQ. T h a t is to  say, of th e  regions for w hich  P 0 (w) =  e, sa tis fy ing  

th e  b o u n d a ry  cond ition  (24), th e  region  w0 defined b y  th e  in e q u a lity  (25) is th e  b es t 

c ritica l region  w ith  reg ard  to  th e  a lte rn a tiv e  H x. T here wfill be a fam ily  of such b es t 

critica l regions, each m em ber of w hich corresponds to  a d ifferen t value of e.

As will ap p e ar below  w hen d iscussing illu s tra tiv e  exam ples, in  ce rta in  cases th e  fam ily  

of b es t c ritica l regions is n o t th e  sam e for each of th e  adm issible a lte rn a tiv es  H x, H 2, ... ; 

w hile in o th e r cases a single com m on fam ily  ex ists for th e  whole se t of a lte rn a tiv es .

In  th e  la tte r  ev en t th e  basis of th e  te s t  is rem ark ab ly  sim ple. If  we re je c t H 0 w hen 

th e  sam ple po in t, S , falls in to  w0, th e  chance of re jectin g  i t  w hen i t  is tru e  is an d  th e  

risk  involved can  be contro lled  b y  choosing from  th e  fam ily  of b es t critica l regions to  

w hich w0 belongs, a region for w hich s is as sm all as we please. O n th e  o th e r hand , if 

we accep t H 0 w hen S falls ou tside w 0,we shall som etim es be do ing th i

of th e  se t of a lte rn a tiv es  is really  tru e . B u t we know  th a t  w h atev er be H t, th e  reg ion 

w 0 has been  so chosen as to  reduce th is  risk  to  a m inim um . In  th is  case even if we h ad  

precise in fo rm ation  as to  th e  a 'priori p robab ilitie s of th e  a lte rn a tiv es  H x, H 2, ... we could 

n o t o b ta in  an y  im prov ed  te st.*

I t  is now possible to  see th e  rela tio n  betw een  b es t critical regions an d  th e  region 

defined b y  th e  principle of likelihood described above. Suppose th a t  for a hy po thesis 

H* belonging to  th e  se t of a lte rn a tiv es  O, th e  p ro b ab ility  law  for a  given sam ple is 

defined by

(1) an  expression of given functional ty p  e pcr2, ... )

(2 ) th e  values of c p aram eters  con tained  in  th is  expression, say

* P \  a /2>, ... a /c>.................................................. (29)

This law  for H t m ay be w ritten  as p t =  ... 

m axim um  likelihood, H  ( Q m ax.), is ob ta ined  b y  m axim ising p t w ith  reg ard  to  these 

c param ete rs, or in  fac t from  a so lu tion of th e  equations,

^ z .  =  0 ,  i  =  l , 2 ,  ... c...................................... (30)

The values of th e  a ’s so ob tained  are th e n  su b stitu ted  in to  p  to  give p  ( Q m ax.). T hen

* For prop erties o f cr itica l region s g iv en  b y  th e  p rincip le  o f lik e lih ood  from  th e  p o in t o f v iew  of  

prob ab ilities a posteriori,see N e y m a n , “ C ontribu tion to  th e  T heory  o f C ertain  T est C riteria ,” ‘ B ull. In st, 

in t . S ta t is t . ,’ vo l. 24, pp. 44 (1928).
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3 0 2 J .  N E Y M A N  A N D  E . S. P E A R S O N  O N  T H E  P R O B L E M  O F

th e  fam ily  of surfaces of c o n s ta n t likelihood, X, a p p ro p ria te  for te s tin g  a  sim ple h y p o th esis  

H 0 is defined b y

p 0 =  

I t  will be seen th a t  th e  m em bers of th is  fam ily  are  id en tica l w ith  th e  envelopes of th e  

fam ily

Po — k p i , ..............................................

w hich  bo und  th e  b es t c ritica l regions. F ro m  th is  i t  follows th a t ,

(a) If for a given s a  com m on b es t critica l reg ion  ex is ts  w ith  reg a rd  to  th e  w hole se t 

of a lte rn a tiv es , i t  w ill correspond  to  its  envelope w ith  reg a rd  to  th ese  a lte rn a tiv e s , 

and  i t  will th ere fo re  be id en tica l w ith  a reg ion  b o u n d ed  b y  a surface (31). 

F u rth e r , in  th is  case, th e  reg ion  in  w hich X <  X0 =  const, w ill correspon d  to  

th e  region  in  w hich  p 0 <  X0p t. T he 

leads, in  fac t, to  th e  use of b es t c ritica l regions.

(b) If th e re  is n o t a com m on b e s t critica l region, th e  likelihood of H 0 w ith  reg ard

to  a p a r tic u la r  a lte rn a tiv e  H* will equal th e  c o n s tan t, of eq u a tio n  (32). I t  

follows th a t  th e  surface (31) u p o n  w hich th e  likelihood  of H 0 w ith  reg a rd  to  th e  

w hole se t of a lte rn a tiv e s  is co n s tan t, will be th e  envelope of (32) for w hich X =  

T he in te rp re ta tio n  of th is  re su lt will be seen m ore clearly  in  som e of th e  exam p les 

w hich follow.

(6) Illustrative Exam ples.

(1) Sam ple Space U nlim ited; Case o f the N orm al P opulation.— E xam ple {l). Suppose 

th a t  i t  is know n th a t  a sam ple of n  in d iv id uals , aq, x 2, . . .  xn has  been  d raw n  

ran d o m ly  from  some n o rm ally  d is tr ib u te d  p o p u la tio n  w ith  s ta n d a rd  d ev ia tio n  a o 0, 

b u t  i t  is desired to  te s t  th e  h y p o th esis H 0 t h a t  th e  m ean  in  th e  sam pled  p o p u la tio n  is 

a =  a0. T hen  th e  adm issib le hy po theses concern  th e  se t of p o p u la tio n s  for w hich

1 (•£-«)*
V ( x ) =  — 73=  e , ....................

th e  m ean, a , being  unspecified, b u t  a a lw ays equa l to  cr0. L e t H x re la te  to  th e  m em ber 

of th is  se t for w hich a — %. L e t x  an d  s be th e  m ean  an d  s ta n d a rd  d ev ia tio

sam ple. The p ro b ab ilitie s of its  occurrence dete rm in ed  b y  H 0 an d  b y  H 2 will th e n  be

P o & i, ... xn) =  

Pi t e ,  ®») =

(£~Oo)M-£2
e 2<7_»

(5—a l)‘ +  s2

e w  ,

an d  th e  eq u a tio n  (24) becom es

( x - a j X -^ e - a ^

(34)

(35)
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T H E  M OST E F F IC IE N T  T E ST S  O F  S T A T IS T IC A L  H Y P O T H E S E S . 3 0 3

F ro m  th is  i t  follows th a t  th e  b es t critica l reg ion  for H 0 w ith  reg a rd  to  H 1} defined 

b y  th e  in eq u a lity  (25), becom es

(a0 — ax) x<  J  (a02 — a?) - f l o g  h =  (aQ — ax) (say). 
7b

Two cases will now  arise,

(a) ax <  a 0, th e n  th e  region  is defined b y

x =  -S <  x0.... (38)
Ui= l

(b) ax >  a 0, th en  th e  region is defined b y
♦

x >  Xq.................................

W e see th a t  w ha tever be H j an d  ax, th e  fam ily  of hypersurfaces corresponding  to  

d ifferen t values of k, bound ing  th e  b est critical region, will be th e  sam e, nam ely ,

i  n

x  — -  S  (a?d =  ....... ..................
n i = i

These are prim es in th e  ^-d im ensioned space ly ing  a t  r ig h t angles to  th e  line,

Xj_ — x <2 ... —1 xn. .......................... .................. (41)

If, how ever, th e  class of adm issible a lte rn a tiv es  includes b o th  those  for w hich 

a <  aQ and  a >  a0, th e re  will n o t be a single b es t critica l r e g io n ; for th e  firs t i t  will 

be defined b y  x< x Qand  for th e  second b y  >: x0, w here x Q is to  be chosen so th a

Vo (® >  *o) =  £-* This s itu a tio n  will n o t p resen t an y  difficulty in  p ractice . Suppose 

x >  a0 as in  fig. 4. W e deal first w ith  th e  class of a lte rn a tiv e s  for w hich >

If  e =  0*05 ; x 0 — a0 1-6449 a 0/ \ / w ,  and  if ^  <  *0, we shall p ro b ab ly  decide to  

accep t th e  hypothesis H 0 as fa r as th is  class of a lte rn a tiv es  is concerned. T h a t being 

so, we shall ce rta in ly  n o t re je c t H 0 in  favour of th e  class for which a <  a0, for th e  risk  

of re jection  w hen H 0 were tru e  w ould be too  grea t.

F i g . 4.

1 /  n f’r° _«i£z£n}2 i / —  r+oo n ( x —a„Y
* In  th is  ex am ple  P„ (x S: cr0) =  _  a /  —  e 2<r“* dx,  P 0 ( x ^ . x 0) =  — a  /  — e 2°u2

a  0v  2 t c J _ oo cr0 v  2 7 1TU
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T he te s t  o b ta in ed  b y  finding th e  b es t c ritica l reg ion  is in  fa c t th e  o rd in a ry  te s t  for 

th e  significance of. a  v a ria tio n  in  th e  m ean  of a  sam ple ; b u t  th e  m e th o d  of ap p ro ac h  

helps to  b ring  o u t c learly  th e  re la tio n  of th e  tw o critica l regions <  an d  >  

F u rth e r , i t  has been  estab lish ed  th a t  s ta r t in g  from  th e  sam e in fo rm atio n , th e  te s t  of 

th is  hy pothesis  cou ld n o t be im proved  b y  using  an y  o th e r  fo rm  of c rite rio n  or c r itic a l 

reg ion.

E xam ple  (2 ).— T he adm issib le h y p otheses are  as before g iven  b y  (33), b u t  in  th is  

case th e  m eans are  know n to  hav e  a  g iven  com m on v alu e a0, w hile a is unspecified. 

W e m ay suppose th e  origin  to  be ta k e n  a t  th e  com m on m ean , so th a t  a =  a0 — 0. 

H 0 is th e  hy po thesis  th a t  g  =  g 0 ,an d  an  a lte rn a tiv e  H* is th a t  =  

i t  is easy  to  show th a t  th e  b es t critica l reg ion  w ith  reg a rd  to  is defined b y  th e  

ineq u ality ,

-  S (xf) (g 2 —  a*)  =  (x2 +  
n i = i

w here v is a c o n s ta n t depending  only on e, a 0, q .  A gain tw o cases will arise ,

(a)cq <  g0; th e n  th e  reg ion  is defined b y

?  +  s2 <  ................................................... (43)

(b) Gj>  cr0 w hen i t  is defined b y

x 2-j~ 

T he b es t critica l regions in  th e  ^-d im ensioned  space are  th e re fo re  th e  regions (a) 

inside an d  (6) ou tside hyp ersp he res of rad iu s  v v/ n  w hose cen tres  a re  a t  th e  origin of 

co-ord inates. T his fam ily  of hyperspheres will be th e  sam e w h a tev er be th e  a lte rn a tiv e  

value cq ; th e re  will be a com m on fam ily  of b es t c ritica l regions for th e  class of 

a lte rn a tiv es  <q <  g 0,an d  a n o th e r  com m on fam ily  for th e  class g 1 >  ct0 .

I t  will be seen th a t  th e  c rite rion  is th e  second m o m en t coefficient of th e  sam ple a b o u t 

th e  know n p o p u la tio n  m ean,

w ' 2 =  x2- f   

an d  n o t th e  sam ple variance s2. A lthough  a  lit tle  reflection m ig h t have suggested  th is  

re su lt as in tu itiv e ly  sound, i t  is p ro bab le  th a t  s2 has o ften  been used as th e  crite rion  in  

cases w here th e  m ean  is know n. T he p ro b ab ility  in te g ra l of th e  sam pling  d is trib u tio n s

of m!2 an(i  s2 m ay be o b ta in ed  from  th e  d is trib u tio n  of =  x2? nam ely ,

p(<];) =  e " 4* , ..........................................
b y  w riting

m ' 2 = g 2 ...................................... (4 7 )
and

s2 — G02<\>/n, — — 1.................... (48)
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I t  is of in te re s t to  com pare tlie  re la tiv e  efficiency of th e  c rite ria  m '2 an d  s2 in  avo id ing  

errors of th e  second ty p e , th a t  is of accep ting  H 0 w hen  i t  is false. If  i t  is false, suppose 

th e  tru e  h y p o th esis to  be H L re la tin g  to  a  p o p u la tio n  in  w hich

ax =  

I n  te s tin g  H 0 w ith  reg a rd  to  th e  class of a lte rn a tiv e s  fo r w hich  a >■ a 0, we sho uld  

d e te rm in e  th e  c ritica l v alu e of so th a t

P .  ( 4- + 0)  =  f + * 3» ( + )  <*+ =  e . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ( 5 0 >
ho

an d  w ould accep t H 0 if 4* <  ^o- B u t if H x is tru e , th e  chance of find ing  ^ 4*o

being  de te rm in ed  from  (50), t h a t  is of accep tin g  H 0 (th oug h  i t  is false), w ill be

Px (* -  * . ) « r  .................................... ^
Jo

T he position  is show n in  fig. 5 . Suppose th a t  for th e  pu rpose  of illu s tra tio n  we ta k e  

s =  0*01  an d  n  =  5 .

CRITICAL \J/Q

F i g . 5.

(а ) U sing m '2 an d  th u s  th e  b es t critical region, we shall p u t  /  =  5 in  (46), an d  from  

(50) en tering  th e  tab le s of th e  x2 in teg ra l w ith  5 degrees of freedom , find th a t  =  

15-086. H ence from  (51),

C iih  — 2, (<?! =  2cr0), P i (^ <  <I>0) =  0*42

\ i f &  =  3, (<?! =  3a0), P i (<I <  4*0) =  0-11 .

(б ) On th e  o th e r hand , if th e  variance, s2, is used as criterion , we m u st p u t / =  4 

in  (46) an d  find th a t  =  13-277. H ence

f if /& =  2, ((?! =  2a0), P x (<J> <  <b) =  0-49  

if h =  3, (<?! =  3ct0), P x (41 rS 'ho) =  0-17 .

In  fac t for h =  2, 3 or any  o th e r value, i t  is found th a t  th e  second te s t  has less pow er 

of d iscrim ination betw een th e  false and  th e  tru e  th a n  th e  te s t  associated w ith  th e  

b es t critical region.

2  TV O L . C C X X X I.— A .
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E xam ple  (3 ).— T he adm issible  h y p otheses a re  g iven  b y  (33), b o th  a a n d  being  in  th is  

case unspecified. W e hav e  to  te s t  th e  sim ple h y p o th esis  H 0, th a t  =  c 0.

T he b es t critica l region  w ith  reg a rd  to  a  single a lte rn a tiv e  H l5 w ith  %, =

will be defined b y

a  =  ................................ (5 2 )
V i \ a 0 /

T his in e q u a lity  m ay  be show n to  re su lt in  th e  follow ing

(а ) I f  cr1 <  ct0

-  S  f a — a )2 == (x  — a )2 +  S2 <  ... (5
n t=i

( б ) I f  a1 >  a 0

-  S  (Xi — a )2 =  (x — a )2 -j~ s2 >  
n i=i

w here

a  =  a oCTi2 ~ „ a i g o2 .....................................................( 5 5 )

—  s o 2

an d  v is a co n s tan t, w hose v alu e will dep end  u p o n  , a 0, a n d  e. I t  w ill be  seen

th a t  a b es t critica l reg ion  in  th e  ^-d im ensioned  space is b o u n d ed  b y  a  h y p ersp h ere  of 

rad iu s  V y/n  w ith  cen tre  a t  th e  p o in t (xx — x 2 =  ... =  =  a). 

space inside or ou ts ide th e  hy p ersp h ere  accord ing  as ax <  a 0 or >  ct0. I f  =  0

th e  case becom es th a t  of exam ple  (2 ).

U nless th e  se t of adm issib le hy po theses can  be lim ited  to  those  for w hich a — c o n s tan t, 

th e re  will n o t be a com m on fam ily  of b e s t critica l regions. T he p o sitio n  can  be seen 

m ost c learly  b y  ta k in g  x  an d  s as v ariab les  ; th e  b es t critica l regions are  th e n  seen to  

be b o u nd ed  b y  th e  circles

(x  — a)2 -f- s2 =  ■y2.............................................. (56)

I f  p 0 ( v )be th e  p ro b ab ility  law  for v, th e n  th e  re la tio n  b etw een  e an d  v0, th e  rad iu s  

of th e  lim iting  circles is g iven b y

I p 0 (v)dv  =  e if <  <j0, . . . ....................... (57)
Jo

an d
r+  oo

p 0 (v) dv =  e if g x >  g 0 ........................
J v§

B y ap ply ing  th e  tran sfo rm a tio n

x  — a -f- vcos (/>, — sin  <
to

i t  will be found  th a t
p 0 ( x , s) =  c sn 2

p 0 {v) — c e 4n“8 1 * —  f ta V C O S  $ sm M —2

JO
(f> d(

(60)

(61)

T his in teg ra l m ay  be expressed as a  series in  ascending pow ers of v,* b u t  no sim ple 

m e th o d  of finding v0 for a given value of e h as  been  evolved.

* I t  is a  series co n ta in in g  a fin ite  n um ber o f te rm s if  n  be od d , a n d  an  in fin ite  series i f  n  be ev en .
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T he re la tio n  b etw een  ce rta in  p o p u la tio n  p o in ts  , cr), an d  th e  asso cia ted  b e s t critica l 

reg ions is show n in  fig. 6 . A  single curve of th e  fam ily  b o u n d in g  th e  b es t critica l 

regions is show n in  each case.

A X I S  O F  M E A N S .

F i g . 6.

N .B .— T h e sa m e  n u m b er is  a ss ig n ed  to  a p o in t ( a , a) an d  to  th e  b o u n d a ry  

cr itica l reg ion.

Cases (1) an d  (2 ). <j 1 =  c 0, th e n  a =  db °o . T he B .C .R . (best critica l region) will 

to  th e  rig h t of s tra ig h t line (1), (ax >  a0), or to  th e  le ft of s tra ig h t line (2

Case (3 ). ox <  aQ. Suppose cx — %<y0} th e n  a =  +  f  (

lies inside th e  sem i-circle (3).

Case (4 ). a1 <  g 0 an d  ax =  a0.a — a0. The B .C .R

Case (5 ). <sx >  a 0 and  ax =  a0.a =  a0. The B .C .R

Case (6). >  a0. Suppose ax =  f a 0, th e n  a =  — f  (% — a0), and

a >  cj0. In  th e  d iagram  th e  B .C .R. lies ou tside th e  large sem i-circle, p a r t  of w hich is 

show n as curve (6 ).

I t  is ev id en t th a t  th e re  is no approach  to  a com m on b est critical region w ith  reg ard  

to  all th e  a lte rn a tiv es  H*, of th e  set Q rep resen ted  b y  equ a tio n  (33). If  w0 ( is th e  b es t 

critical region for H,, th e n  W  — w0 ( t) m ay  be te rm ed  th e  region of 

w ith  rega rd  to  H<. The d iagram  shows how  these regions of accep tance will hav e a 

large com m on p a rt, nam ely, th e  cen tral space aro und  th e  p o in t , — a 0. This is

th e  region of accep tance picked o u t b y  th e  criterion  of likelihood. I t  has been p o in ted  o u t 

above th a t  if X be th e  likelihood of H 0 w ith  regard  to  th e  set Q , th e n  th e  hypersurfaces 

X =  kare th e  envelopes of th e  hypersurfaces p 0/p t & =  X considered as vary ing  w ith  

reg ard  to  at and  at. The equa tio n  of these envelopes we have show n elsew here to  be,*

* ‘ B iom etr ik a ,’ vo l. 20a , p. 188 (1928). T he ratio  p 0/p t is  g iv en  b y  eq u ation  (52) if  w e  w rite  at and  c t for  

a x and  or,. I t  should  be n o ted  th a t  th e  en velop e is  o b ta in ed  b y  k eep ing  X =  =  co n sta n t, an d  since

is a fu n ction  o f at and  a t, th is  w ill n o t m ean th a t e =  co n sta n t for th e  m em b ers o f th e  sy stem  g iv in g  th e  

en velop e.

2 T  2
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3 0 8 J .  N E Y M A N  A N D  E . S. P E A R S O N  O N  T H E  P R O B L E M  O F

T he d o tte d  curve show n in  fig. 6 rep resen ts  one such  envelope. T he reg ion  in  th e  

(x, s) p lan e ou tside th is  curve an d  th e  correspond ing  reg ion  in  th e  ^-d im ension ed  space 

m ay  be te rm e d  good c ritica l regions, b u t  h av e  n o t th e  un iq u e  s ta tu s  of th e  b e s t c ritica l 

region  com m on for all H*. Such a reg ion  is essen tia lly  one of com prom ise, since i t  

includes a p a r t  of th e  b es t c ritica l regions w ith  reg a rd  to  each  of th e  adm issib le  

a lte rn a tiv es .

I t  is also clear th a t  considerations of a prio ri p ro b a b ility  

in to  acco un t in  te s tin g  H 0. I f  a ce rta in  group  of a lte rn a tiv e s  w ere m ore p ro b ab le  th a n  

o th e rs  a priori, we m ig h t be inclined  to  choose a c ritica l reg ion  m ore in  accordance  w ith  

th e  b es t c ritica l regions associated  w ith  th e  h y p o th eses  of th a t  g roup  th a n  th e  X 

region. O ccasionally i t  h ap p en s th a t  a prio ri p ro b ab ilitie s  can  be expressed  in  ex a c t 

num erical form ,* an d  if th is  is so, i t  w ould a t  an y  ra te  be possible th e o re tica lly  to  p ick  

o u t th e  region  w 0 fo r w hich P 0 (w0) == e, such  th a t  th e  chance of accep tin g  H 0 w hen  one 

of th e  w eighted  a lte rn a tiv e s  H* is tru e  is a m in im um . B u t in  general, we are  d o u b tfu l 

of th e  value of a t te m p ts  to  com bine m easures of th e  p ro b a b ility  of a n  e v e n t if a h y p o th esis  

be tru e , w ith  m easures of th e  a priori p ro b a b ility  of th a t  hy po thesi

seem s to  v an ish  in  th is  as in  th e  o th e r cases, if we reg a rd  th e  X surfaces as p ro v id in g  

(1) a co n tro l b y  th e  choice of s of th e  firs t source of erro r (th e  re je c tio n  of H 0 w hen  

t r u e ) ; an d  (2 ) a good com prom ise in  th e  co ntro l of th e  second source of e rro r (th e  

accep tance of H 0 w hen som e H* is tru e ). T he vague a prio ri g ro und s on  w hich  we a re  

in tu itiv e ly  m ore confident in  som e a lte rn a tiv es  th a n  in  o th e rs  m u s t be ta k e n  in to  

acco u n t in  th e  final ju d g m en t, b u t  can n o t be in tro d u ced  in to  th e  te s t  to  give a single 

p ro b a b ility  m easure, j*

(2 ) The Sam ple Space L im ite d ; Case o f the Rectangular Population.— H ith e rto  we 

hav e  supposed  th a t  th e re  is a com m on sam ple space, W , for all adm issible  hy p o th eses, 

an d  in  th e  prev ious exam ples th is  has been  th e  u n lim ited  ^-d im ensioned  space. W e 

m u st, how ever, consider th e  case in  w hich th e  space W 0, in  w hich  p 0 >  0 , asso cia ted  

w ith  H 0, does n o t correspond  ex ac tly  w ith  th e  space W 1? associated  w ith  an  a lte rn a tiv e  

H i w here p x >  0 . Should W 0 an d  W 1 h av e  no com m on p a r t ,  th e n  we a re  ab le  to  d is ­

crim in ate  ab so lu te ly  b etw een  H 0 an d  H x. Such w ould be th e  case for exam ple if 

Vt{x ) — 0 w hen x< ator x  >  bt,an d  i t  h ap p en ed  th a

an d  W x will have a com m on p a r t , say  W 01. T hen  i t  is c lear th a t  W x — W 01 shou ld  be 

included  in  th e  b es t critica l region for IT0 w ith  reg a rd  to  H x. I f  th is  w ere th e  w hole 

critica l region, w 0, we should  never re je c t H 0 w hen  i t  is tru e , for P 0 ( ) — 0 , b u t  i t

is possible th a t  we should accep t H 0 too  o ften  w hen  Hj  ̂ is tru e . C onsequently  we m ay  

wish to  m ake up  w0 b y  ad d in g  to  W j — W 01 a  reg ion  w 00 w hich is a p a r t  of W 01 for 

w hich P 0 (w00) — P 0 (w0) =  e. T he m eth o d  of choosing th e  ap p ro p ria te  w 00 w ith  

rega rd  to  H x will be as before, excep t th a t  th e  sam ple space for w hich i t  m a y  be chosen

* A s for ex a m p le  in  certa in  M end elian  p rob lem s.

t  T ables and  d iagram s to  a ss ist in  u sin g  th is  X -test h a v e  been  g iv e n  in  ‘ B io m e tr ik a ,’ v o l. 20a , p . 233  

(1928), an d  are reproduced  in  “ T ables for S ta t is t ic ia n s  an d  B io m e tr ic ia n s ,” P a r t  I I .
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T H E  M OST E F F IC IE N T  T E ST S  O F  S T A T IS T IC A L  H Y P O T H E S E S . 3 0 9

is now  lim ited  to  W 01. If, how ever, a class of a lte rn a tiv e s  ex is ts  for w hich  th e  space 

W 0< varies  w ith  t, th e re  will p ro b ab ly  be no com m on b e s t c ritica l region. T he p o sitio n  

m ay  be illu s tra te d  in  th e  case of th e  so-called rec tan g u la r  d is trib u tio n , for w hich  th e  

p ro b a b ility  law  can  be w ritten ,

p  (x) = 1 /6  fo r a — |6  <  <  -f-

p  (x) —  0 for x  <  a — \b  an d  x  >  -f- |6

(63)

a w ill be te rm e d  th e  m id -p o in t an d  6 th e  ran ge of th e  d is trib u tio n .

E xam ple  (4).— Suppose th a t  a sam ple of n  ind iv id u a ls  aq, ... is know n 

to  h av e  been  d raw n  a t  ran d o m  from  some p o p u la tio n  w ith  d is tr ib u tio n  follow ing 

(63), in  w hich 6 =  60, an d  i t  is w ished to  te s t  th e  sim ple hypo thesis H 0 t h a t  in  th e  

sam pled  po p u la tio n , a =  a0. F o r  th e  adm issib le se t of a lte rn a tiv es , 6 =  60, b u t  a is 

unspecified. F o r H 0 th e  sam ple space W 0 is th e  region  w ith in  th e  hypercube , defined b y

ao — i  ^  Xi < o “h (64)

I f  H i be a  m em ber of th e  se t of a lte rn a tiv es  for w hich th e n

Po (x ! , x 2, . . . x n) = p x(% ,a 2, . . . x n) .

p rov ided  th e  sam ple p o in t lies w ith in  W 01. I t  follows th a t  a t  every  p o in t in  W 01 

Po/Pi =  1c =  1,an d  th a t  P 0 ( w0) — z for an y  region  w hatsoever w ith in

of w hich equals e tim es th e  co n ten t, b0n, of th e  hypercu be W 0.

T here is in  fac t no single b es t critica l region w ith  regard  to  H i. F ig. 7 illu s tra te s  th e

F i g . 7.

position for th e  case of sam ples of 2 . The sam ple spaces W 0 an d  W x are th e  squares 

At A 2 A 3 A4 and  B x B 2 B 3 B 4 respectively. A critical region for H 0 w ith  reg ard  to  Hj 

will consist of—

(1) The space W x — W 0i =  A 3CB2B 3B4D ;

 D
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3 1 0 J .  N E Y M A N  A N D  E . S. P E A R S O N  ON T H E  P R O B L E M  O F

(2 ) A ny  reg ion  such as w '00 ly ing  w holly  inside th e  com m on sq u a re  W 01 =  B 4CA3D , 

co n ta in in g  an  area  e b02.

T he va lu e of e is a t  our choice an d  m ay  ran g e  from  0  to  (a0— -f- acco rd ing

to  th e  balance i t  is w ished to  s tr ik e  b e tw een  th e  tw o k in d s of erro r. W e sh all n o t 

allow  an y  p a r t  of w 0 to  lie o u ts id e B 4CA3D in  th e  space W 0 — W 01, fo r th is  w ould  

lead  to  th e  re jec tio n  of H 0 in  cases w here th e  a lte rn a tiv e  could  n o t be tru e .

F o r  d iffe ren t a lte rn a tiv es , H*, of th e  set, th e  m id -p o in t of th e  sq u are  B 1B 2B 3B 4 w ill 

sh if t a long th e  d iagonal OA4A 3. F o r  a  fixed  e we ca n n o t find a reg ion  th a t  w ill be 

included  in  W 0< for ev e ry  H*, b u t  we sha ll ach ieve th is  re su lt as n ea rly  as possib le if 

we can  d iv ide th e  a lte rn a tiv e s  in to  tw o classes—

(u) a1 >  a0. T ake w 00 as th e  sq u are  G E A 3F  w ith  le n g th  of side =  b0\ / z  ly ing  

th e  u p p er le ft h a n d  corner of W 0.

(6) % <  a0.Take a sim ilar sq u are  w ith  corner a t  A x.

In  b o th  cases th e  w hole space o u ts id e W 0 m u s t be ad d ed  to  m ak e u p  th e  c ritica l 

reg ion w0. I n  th e  general case of sam ples of n, th e  reg ion  w 00 w ill be a h y p ercu b e  w ith  

le n g th  of side b0\Z z  f ittin g  in to  one or o th e r  of th e  tw o corners of th e  h y p ercu b e  of 

W 0 w hich lie on  th e  ax is aq == x 2 =  ... =  

w ith in  w hich sam ple p o in ts  can  fall w ill also be ad d ed  to  w00 to  m ake up

E xam ple  (5). Suppose th a t  th e  se t of a lte rn a tiv e s  consists of d is trib u tio n s  of fo rm  

(63), fo r a ll of w hich a — a0,but b m ay  v ary . H 0 is th e  

sam ple spaces, W*, are  now  h ypercu bes of v a ry in g  size all cen tred  a t  th e  p o in t 

(aq =  x 2 — ... =  xn=  «0). A  little  co n sideratio n  suggests th a t  we shou ld  m ak e th e  

c ritica l region w 0 consist of—

(1) T he w hole space ou tside th e  h y p ercu b e  W 0.

(2 ) The region  w00 inside a hy p ercu b e w ith  cen tre  a t  (aq =  ... =  a0), sides

p ara lle l to  th e  co-ord inate  axes an d  of volum e eb0n. T his reg ion  w 00 is chosen  

because i t  w ill lie com pletely  w ith in  th e  sam ple space W 0< com m on to  H 0 an d  

H , for a la rger n u m b er of th e  se t of a lte rn a tiv e s  th a n  a n y  o th e r  reg ion  of eq ua l 

co n ten t.

Exam ple  (6 ).— H 0 is th e  h y p o th esis th a t  a =  a0, =  60, an d  th e  se t of adm issib le

a lte rn a tiv es  is given b y  (63) in  w hich  b o th  a an d  b are  now  unspecified. B o th  th e  

m id -po in t (aq =  x 2 = ... — xn =  at) an d  th e  le n g th  of side, bt, of th e  a lte rn a tiv e  sam ple 

spaces W* can  th ere fo re  v a ry . C learly  we sh all ag a in  include in  w0 th e  w hole space 

ou ts ide W 0, b u t  th e re  can  be no com m on reg ion w 00 w ith in  W 0.

Fig. 8a  rep rese n ts  th e  position  for n — 2. F o u r  squa

correspond to  th e  sam ple spaces of possible a lte rn a tiv e s  H l5 H 2, H 3, an d  H 4, an d  th e  

sm aller shaded  squares  wl3 w 2,w 3, an d  w4 rep resen t possible critica l regions for H 0 w ith  

reg ard  to  these. W h a t com prom ise shall we m ake in  choosing a c ritica l reg ion w ith

* I f  th e  se t is lim ited  to  d is tr ib u tio n s  for w h ich  b — b0, n o sam p le  p o in t  can  lie  o u ts id e  th e  en v e lo p e  o f  

h y p ercu b es w h ose cen tres  lie  on  th e  a x is  x l —  x i =  . . . = x n.
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T H E  M OST E F F IC IE N T  T E ST S  O F  ST A T IS T IC A L  H Y P O T H E S E S . 3 1 1

reg a rd  to  th e  w hole se t O ? As we hav e  show n elsew here* th e  m e th o d  of likelihood  

fixes fo r th e  critica l reg ion  th a t  p a r t  of th e  space th a t  rep resen ts  sam ples fo r w hich 

th e  ran g e  (th e  difference betw een  ex trem e v a ria te s) is less th a n  a g iven  value, say  

l <  l0.For sam ples of 2 , l =  xx — x 2 if >  an d  — x x if

c ritica l region  w00 w ill th e re fo re  lie betw een  tw o s tra ig h t lines p a ra lle l to  an d  e q u id is ta n t 

from  th e  ax is xx =  x 2. A  p a ir  of such  lines will be th e  envelope of th e  sm all sq u are s wx, 

w 2, e tc ., of fig. 8 a . In  fac t, th e  com plete  c ritica l region  will be as show n in  fig. 8 b , th e  

b e lt Wqq being  chosen so th a t  i ts  a rea  is eb02.

(a.)

( b )

F i g . 8.

F o r n  — 3 th e  surface l — l0 is a, p rism  of hexagonal cross-section, whose gen

lines are  para lle l to  th e  ax is xx =  x2 =  x 3.The space, w00, w ith in  th

space ou tside th e  cube W 0 will form  th e  critical region w0. In  general fo r sam ples 

of n  th e  critical region of th e  likelihood m ethod  will consist of th e  space ou tside th e  

h yp ercu be  W 0, and  th e  space of co n ten t eb0n w ith in  th e  envelope of hypercubes hav ing  

cen tres on th e  ax is xx =  x 2 =  ... == xn, and  edges paralle l 

I t  will have  been n o ted  th a t  a correspondence exists betw een th e  hypotheses te s ted  

in exam ples (1) and  (4), (2) and  (5), (3) and  (6 ), an d  betw een th e  resu ltin g  critical 

regions. Consider for instance th e  position for =  3 in  exam ple (3 ) ;  th e  b o u n d ary  

of th e  critical region m ay be ob ta ined  b y  ro ta tin g  fig. 6 in  3-dim ensioned space ab o u t 

th e  ax is of m eans. The region of accep tance of H 0 is th e n  bounded  b y  a surface 

analogous to  an  anchor ring  surrounding  th e  axis traced  o u t b y  th e  ro ta tio n

of th e  d o tte d  curve X =  con stan t. I ts  co u n te rp a rt in  exam ple (6 ) is th e  region inside 

a cube from  w hich th e  hexagonal sectioned prism  w00 su rrounding  th e  diagonal

* ‘ B io m e tn k a ,’ vo l. 20a , p . 208 (1928). S ectio n  on S am p les from  a R ecta n g u la r  P op u la tion .
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3 1 2 J .  N E Y M A N  A N D  E . S. P E A R S O N  O N  T H E  P R O B L E M  O F

xx — x 2 =  x3 lias been  rem oved . A  sim ilar correspondence m a y  be tra c e d  in  th e  case 

of sam pling  from  a d is tr ib u tio n  follow ing th e  ex p o n en tia l law . I t  co n tin u es to  ho ld  

in  th e  h igher dim ensioned spaces w ith  n  >  3.

T he difference betw een  th e  norm al, rec ta n g u la r  a n d  ex p o n en tia l law s is of course, 

v e ry  g rea t, b u t  th e  q ues tio n  of w h a t m ay  be te rm e d  th e  s ta b ili ty  in  fo rm  of b e s t c ritica l 

reg ions for sm aller changes in  th e  freq u en cy  law , p (%, ... xn), is of cons iderab le

p rac tica l im po rtance .

I V .— C o m p o s i t e  H y p o t h e s e s .

(a) Introductory.

In  th e  p resen t in v es tig a tio n  we sh all suppose th a t  th e  se t O of adm issib le  h y p o th eses  

defines th e  fu n c tio n a l fo rm  of th e  p ro b a b ility  law  for a g iven  sam ple, n am ely —

P  (xx, x 2,... 

b u t  th a t  th is  law  is d ep e n d en t u p o n  th e  values of -J- p a ra m e te rs

,<o ,<C+1) r (c + ̂ ) (67)

A com posite  hy po thesis, H '0, of c degrees of freedom  is one for w hich th e  va lu es  of 

d of these  p a ram e te rs  are  specified a n d  cunspecified. W e sha ll de

b y

r<«> r (C +  l )  
“0 ?

(c+d)
( 6 8 )

T his com posite h y p o th esis consists of a  su b -se t co (of th e  se t *Q) of sim ple hy p o th eses. 

W e sha ll d en ote  th e  p ro b a b ility  law  for H ' 0 b y

Po =2>o ( x ! ,x 2,.. .  

associating  w ith  (69) in  a n y  g iven case th e  series (6 8 ). A n  a lte rn a tiv e  sim ple h y p o th esis  

w hich is defin ite ly  specified will be w ritte n  as H*, a n d  w ith  th is  w ill be associa ted

(1) a p ro b ab ility  law

Pt =  P t(x1, x 2, ....................... (70)

(2 ) a series of p a ram ete rs

a <(1), a / 2), ... a/*+«..............................................  (71)

W e shall suppose th a t  th e re  is a  com m on sam ple space W  fo r an y  adm issib le  h y p o th esis  

IT*, a lth o u g h  its  p ro b ab ility  law  p t m ay  be zero in  som e p a r ts  of W .

As w hen dealing w ith  sim ple hy po theses we m u st now  d e te rm in e  a fam ily  of c ritica l 

regions in  th e  sam ple space, W , h av in g  reg a rd  to  th e  tw o sources of erro r in  ju d g m en t. 

In  th e  first p lace i t  is ev id en t th a t  a necessary  co nd ition  for a critica l reg ion , w, su itab le  

for te s tin g  H ' 0 is th a t

P 0 (w) =  ... po ••• xn) 1 dx2 ... dxn =  c o n s ta n t =  s . . (72)
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for ev ery  sim ple h y p o th esis of th e  su b -se t co. T h a t is to  say, i t  is necessary  for P 0 

to  be in d ep en d en t of th e  values of a (1), a (2), ... a (c). If  th is  co n ditio n  is satisfied  

we sha ll speak  of w as a reg ion  of “ size ”  e, sim ilar to  W  w ith  reg a rd  to  th e  c p a ram e te rs  

<x(1), a (2), ... a (A

O ur firs t p rob lem  is to  express th e  co nd ition  for s im ila rity  in  an a ly tic a l form . A fte r­

w ards i t  will be necessary  to  p ick  o u t from  th e  regions sa tis fy ing  th is  co nd ition  th a t  one 

w hich  reduces to  a  m in im um  th e  chance of accep tin g  H ' 0 w hen a sim ple a lte rn a tiv e  

h yp othesis H* is tru e . If  th is  region is th e  sam e for all th e  a lte rn a tiv e s  H< of th e  

se t Q, th e n  we shall hav e  a  com m on b es t c ritica l reg ion for I T 0 w ith  reg a rd  to  th e  

whole se t of a lte rn a tiv es . The fu n d am en ta l position  from  w hich we s ta r t  should  be 

n o ted  a t  th is  p o in t. I t  is assum ed th a t  th e  only  possible c ritica l regions th a t  can  be 

used are  sim ilar regions ; t h a t  is to  say  regions such th a t  P  (w — £ for every  sim ple 

hy pothesis  of th e  sub -set co. I t  is clear th a t  were i t  possible to  assign differing m easures 

of a priori p ro b ab ility  to  these sim ple hypo theses, a p rincip le  m ig h t be la id  dow n for 

d e te rm in ing  critica l regions, w, for w hich P  (w) w ould v a ry  from  one sim ple h y p o th esis  

to  an o th er. B u t i t  w ould seem  h a rd ly  possible to  p u t  such a  te s t  in to  w orking form .

W e have, in  fac t, no h es ita tio n  in  p referring  to  re ta in  th e  sim ple conception of con tro l 

of th e  first source of erro r (re jection  of H ' 0 w hen i t  is tru e) b y  th e  choice of e, w hich 

follows from  th e  use of sim ilar regions. T his course seems necessary  as a m a tte r  of 

p rac tica l policy, a p a r t  from  an y  th eo re tica l ob jections to  th e  in tro d u c tio n  of m easures 

of a priori  p ro b ab ility .

(b) S im ilar Regions fo r  Case in  which  H ' 0 has One

We shall com m ence w ith  th is  sim ple case for w hich th e  series (6 8 ) becom es

a ( i ) .
5 a ( i + r f )

o (73)

W e have been able to  solve th e  prob lem  of sim ilar regions only under very  lim iting  

conditions concerning p 0. These are as follows :—

(a)p0 is indefinitely  differen tiable w ith  reg ard  to  a (1) for all values of a (1) and  in  

every  p o in t of W , except perhaps in  po in ts form ing a set of m easure zero. T h a t is to

say, we suppose th a t  exists for any  1 , 2 , ... and  is in teg rab le  over th e
c (a )

region W .

D enote by

^ _  9 log Po _  1 o .

0 a (1)
(74)

9 a (1) p 0 8 a a)

(b) The function p 0 satisfies th e  equation

* ' =  A +  B .........................................  (75)

where th e  coefficients A and  B are functions of a (1)b u ta re  in dependent of x  ••• x n-

2  uV O L . C C X X X I.— A .
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3 1 4 J .  N E Y M A N  A N D  E . S. P E A R S O N  ON T H E  P R O B L E M  O F

T his la s t cond ition  could be so m ew hat generalised  b y  ad d in g  th e  te rm  C </>2 to  th e  

r ig h t-h a n d  side of (7 5 ), b u t th is  w ould in tro d u ce  som e com plicatio n  an d  we h av e  n o t 

found  an y  p rac tica l case in w hich  p 0 does sa tisfy  (75) in  th is  m ore genera l fo rm  an d  

does n o t in  th e  sim ple form . W e have, how ever, m e t in s tan ces  in  w hich n e ith e r  of th e  

tw o form s of th e  co nd ition  (b)is satisfied b y  p 0.

I f  th e  p ro b ab ility  law  p 0 satisfies th e  tw o con ditio ns (a) a n d  (6), th e n  i t  follow s th a t  

a necessary  and  sufficient co nd ition  for w  to  be sim ilar to  W  w ith  reg ard  to  a (1) is th a t

d*Pp (w)

0 ( a (1))* 0 ( a (1)) k
dxx dx2 • • • dxn — 0 , k =  1 , 2 , (76)

T aking  in  (76) k =  1 an d  2  an d  w ritin g

..................................................................... (77)

3 (a a“)2 =  =  Po (<t>- +  <!>'),..................................  (78)

it  will be found  th a t

8 Pggy  =  [ | — \ p 0<t>dxl dx ........  (79

S2P » ( « > )

a ( a 11
... p 0 (<f)2-j- (f>')dxx 2 ••• 0 .

U sing (75) we m ay  tran sfo rm  th is  la s t eq u a tio n  in to  th e  follow ing

3 (a<i))2̂  — [j ••• j Po +  A -f* B <f>) dxx d x2 ... —

H av in g  regard  to  (72) and  (79) i t  follows from  (81) th a t

(80)

. . (81)

p 0 ‘A2 dxx... dxn =  — As = |s 4i2 (a(1)) (say ).(82)

T he condition  (76) for k — 3 m ay  now  be o b ta in ed  b y  d iffe ren tia tin

shall have

03 p  (w \ff r
“ a # y  = J  I - j / »  (f>  +  3 B ^  -)- (3A +  B ” +  B') t  +  A' +  A B ) d x , . . .  dx„ =  0, (83)

w hich, owing to  (72), (79) an d  (82) is eq u iv a len t to  th e  condition

J f ••• £ p o  V  dx,... dx„ =  (3AB -  A ' — AB) t  =  s +3 (a '11) (say). (84)
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As i t  is easy  to  show , using th e  m e th o d  of ind u c tio n , th is  process m ay  be co n tin u ed  

indefin ite ly  an d  we sha ll find

| f ... j p 0 (f>k dxx d x2... dxH — (a(1)) 1 , 2 , .

w here <J/4 (a(1)) is a fu n c tio n  of a (1) b u t  in d ep en d en t of th e  sam ple ic’s, since th e  q u a n titie s  

A, B an d  th e ir  d eriv a tiv es  w ith  reg ard  to  a (1) are  in d ep en d en t of th e  a?’s. ^ A.(a (1)) is

also in d ep en d en t of th e  reg ion  w, an d  i t  follows th a t  w h a te v er be an d  its  size s, if i t  

be sim ilar to  W  w ith  reg ard  to  a (1), th e  eq u a tio n  (85) m u s t hold tru e  for every  va lu e of

k, i.e., 1 , 2 , ... . Since th e  com plete  sam ple space W  is c learly  sim ilar to  W  an d  of

size u n ity , i t  follows th a t

i  j j ... | p 0 <f>k dxx dx2 ... dxa =  J | . . .  |  Po (f>k... dxn, 

N ow  p 0 (xx, x2, ... x n) is a p ro b ab ility  law  of v a ria te s  x 2, ... xm defined in

th e  region W ;  sim ilarly  -  p  (aq, x 2, ... xn) m ay  be considered as a p ro b ab ility  law
£

for th e  sam e v a ria te s  u n d er th e  condition  th a t  th e ir  v a ria tio n  is lim ited  to  th e  region w. 

W e m ay regard  $ as a dep en d en t v a ria te  w hich is a know n fu nc tio n  of th e  n  

in d ep en d en t v aria te s  x{.The in teg ra l on th e  rig h t-h an d  side of (8 6 ) is th e  &

m om ent coefficient of th is  v a ria te  (f> ob ta in ed  on th e  assu m p tio n  th a t  th e  v a ria tio n  in 

th e  sam ple p o in t xx, x 2, ... xnis lim ited  to  th e  region W , while th e  in tegr

le ft-hand  side is th e  sam e m om en t coefficient ob ta in ed  for v a r ia tio n  of th e  sam ple 

p o in t, lim ited  to  th e  region w. D eno ting  these m o m en t coefficients by  [x* (W) and  

fx* (w),we m ay rew rite  (8 6 ) in th e  form —

(w) =  !Lfc (W ), 1 , 2, 3 , ....... (87)

I t  is know n th a t  if th e  set of m om ent coefficients satisfy  ce rta in  conditions, th e  

corresponding  frequency d is trib u tio n  is com pletely defined.* Such, for instance, is th e  

case w hen th e  series S { jxA.(^)fc/^ !} is convergent, and  it th en  rep resen ts th e  ch a rac te r­

istic function  of th e  d istrib u tion .

W e do n o t, how ever, propose to  go m ore closely in to  th is  question , and  shall 

consider only th e  cases in w hich th e  m om ents coefficients of cf> sa tisfy  th e  conditions 

of H . HAMBURGERf. In  these cases, to  which th e  th eo ry  developed below only 

applies^, it follows from  (87) th a t  w hen <f>, w hich is re la ted  to  x 2, ... ) by

* H a m b u r g e r ; ‘ M ath. A n n .,’ vo l. 81, p. i  (1920).

t  W e are in d eb ted  to  Dr. R . A . F i s h e r  for k in d ly  ca llin g  our a tte n tio n  to  th e  fa c t  th a t  w e had  

orig in a lly  o m itted  to  refer to  th is  re str iction .

t  I t  m ay  ea sily  be p ro ved  th a t  th ese  co n d itio n s are sa tisfied  in  th e  case of E x a m p les  (7), (8), (9), (10) 

and (11) d iscussed  below . 2
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2  u  2
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3 1 6 J .  N E Y M A N  A N D  E . S. P E A R S O N  ON T H E  P R O B L E M  O F

(74), is such as to  sa tisfy  th e  eq u a tio n  (75), th e  id e n tity  of th e  tw o d is tr ib u tio n s  

of <f> is th e  necessary  (and  clearly  also sufficient) co n ditio n  for w  being sim ila r to  

W w ith  reg ard  to  th e  p a ra m e te r  a (1).

T he significance of th is  re su lt m ay  be g rasped  m ore clearly  from  th e  follow ing 

consideration . E v e ry  p o in t of th e  sam ple space W  will fall on to  one or o th e r  of th e

fam ily  of hypersurfaces

(f> =  c o n s ta n t =  <f>x............................................. (8 8 )

T hen  if

P o M 0 ) ) =  f f  . . .  f ................................. (89)
J J J W  (</>L)

P o ( W W )  =  f f  . . .  f ( * ,)  ............................. (90)
J J J W (fo)

rep resen t th e  in te g ra l of p0 ta k e n  over th e  com m on p a r ts , w  (</>)an d  W  (<£)

and  w an d  W  respective ly , i t  follows th a t  if w  be sim ilar to  W  an d  of size e,

Po(t*  W )  =  e P 0 ( W ( * ) ) , .................................. (91)

w ha tev er be (f>1.

W h a tev e r be e, a  sim ilar region is, in  fac t, b u ilt up  of pieces of th e  hy p ersu rfaces (8 8 ) 

for w hich (91) is tru e .

W e shall give a t  th is  stage only  a  single exam ple of th is  resu lt, w hich will be illu s tra te d  

m ore fu lly  w hen dealing  w ith  th e  b es t c ritica l regions.

Exam ple  (7).— A  single sample o f n  fro m  a normal population  ; a 

F o r H '0,

/ 1 \ H ~ *0*+ ,s8
P (xu  X2,... xn) =  \(T 6 2ff2 •

a (1) =  a ,  a 0(2) —  a0 . . .

± =  s log Po _If _l_ r  &  — ^o)2 +  s 2

co o 4cr3

(92)

(93)

(94)

,, n

*
3 n

{x — a0f  +  s2
. . (95)

Liquation (95) shows th a t  th e  condition  (7 5 ) is satisfied. F u rth e r , (f> is c o n s ta n t on 

an y  one of th e  fam ily  of hyp ersurfaces

n {(x — a0)2 -j- s2} =  S (xi — a f f  c o n s t........................... (96)

C onsequently  th e  m ost general region w sim ilar to  W  (which in  th is  case is th e  

whole ^-dim ensioned  space of th e  a?’s) is b u ilt up  of pieces of th e  hy p ersp h eres (96) 

w hich sa tisfy  th e  re la tio n  (91). Since p 0 (xx, x 2, ... xn) is c o n s ta n t upon each 

hypersphere , th e  co n ten t of th e  “ p i e c e ” w (<f>) m u s t be in  a c o n s ta n t p ro p o rtio n , 

s : 1 to  th e  c o n ten t of th e  com plete  hy persp herical shell W  (</>). The possible sim ilar
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regions m ay be of in fin ite  v a r ie ty  in  form . T hey  need n o t be liypercones, b u t  m ay  be 

of irreg u la r shape as suggested  in  fig. 9 for th e  case — 3. I t  is o u t of th ese  possible 

form s th a t  th e  b es t critica l region has to  be chosen.

F i g . 9.

(c) Choice o f the Best Critical Region.

L e t Lb be an  a lte rn a tiv e  sim ple hy po thesis  defined b y  th e  re la tio ns (70) an d  (71). 

W e shall assum e th a t  regions sim ilar to  W  w ith  reg ard  to  a (1) do ex ist. T hen  th e  b es t 

critical region for H 0 w ith  reg ard  to  Hu, m u st be d e te rm ined  to  m axim ise

P t (W0) = f f  ... I Pt (fJi, ••• x n) ... dxn, ................... (97)

su b jec t to  th e  condition (91) holding for all values of , w hich im plies th e  condition  

(72). W e shall now prove th a t  if w0 is chosen to  m axim ise (w0) un d er th e  condition  

(72), th e n  except perh aps for a set of values of <f> of m easure zero, th e  region w 0 (<f>) will 

m axim ise

P< (w =  | . . .  | p t . . .  .....
J * W ((f))

un der th e  condition (91). T h a t is to  say, wTe shall p rove th a t  w hatever be th e  (n — 1 )- 

d im ensioned region, say  v ((f)),being a p a r t  of th e  hypersurface <f> const, and  satisfy ing  

th e  condition

P 0 («(*) )  =  e P 0 (W ( * ) ) ,  ................................. (9 9 )
we should have

P * ( t ? ( ^ ) ) < P  t(w 0 (<f>)),..... (100 )

except perhaps for a se t of values of 4> of m easure zero.

Suppose in fac t th a t  th e  proposition is n o t tru e  and  th a t  th e re  ex ists a set E  of 

values of <j> of positive m easure for which i t  is possible to  define th e  regions v 

sa tisfying  (99), and  such th a t

P t ( v  (<!>)) >  P< (u>o (<£))• . ( 1 0 1 )
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D en o te  b y  CE th e  se t of values of </> co m p lem en ta ry  to  E . W e shall now  define 

a region, say  v, w hich will be sim ilar to  W  w ith  reg a rd  to  oc(1) an d  such  th a t

P 4 («) >  P , K ) , .......................................... (1 0 2 )

w hich will c o n tra d ic t th e  a ssu m p tio n  th a t  w 0 is th e  b es t c ritica l reg ion  w ith  reg a rd  to  

H ,

T he region v will consist of p a r ts  of hypersu rfaces (f> =  const. F o r  </>’s in c lu d ed  

in  CE, these p a rts , v (<£), will be id en tica l w ith  w 0 (</>) an d  for </>’s belonging to  E , th e y  

will b e v ((f>)satisfying (1 0 1 ). Now,

P , M =  f P
J e + c e

p* K )  =  f P * ( w 0 (</>)) dcf>,
J e + c e

and , ow ing to  th e  p ro p erties  of v,

P, {v) — P* (w0) =  I 
JE

I t  follows th a t  if w 0 is th e  b es t critica l region, th e n  (10 1 ) m ay  be tru e  a t  m o st fo r a se t 

of <£’s of m easure zero. I t  follows also th a t  if (100 ) be tru e  for ev ery  </> a n d  every  

satisfy ing  (99), th e n  th e  region  w0, b u ilt up  of p a r ts  of hypersu rfaces (f> =  const, 

sa tis fy ing  (91), is th e  b es t c ritica l region requ ired .

H av in g  estab lish ed  th is  re su lt th e  prob lem  of finding th e  b es t c ritica l reg ion, w 0, 

is reduced  to  th a t  of find ing  p a r ts , w0(</>), of W  (<£), w hich

su b jec t to  th e  condition

P o ( « U * ) )  =  e P 0 (W W).......... (104)

w here <f> is fixed. T his is th e  sam e problem  th a t  we hav e  tre a te d  a lread y  w hen  dealing  

w ith  th e  case of a sim ple h ypo thesis ( seepp. 298-301), ex c

regions w 0an d  W , we h av e  th e  regions w0 (<f>)an d  W  (</

less. The in eq u a lity

p t >k(<l>)po .........................................

will the refore  d eterm ine th e  region w0(<£), w here k (<j>) is a c o n

depend  upon  <j>) chosen su b jec t to  th e  co ndition  (104).

The exam ples w hich follow illu s tra te  th e  w ay  in  w hich th e  re la tio n s (104) an d  (105) 

com bine to  give th e  b es t critica l region. I t  will be n o ted  th a t  if th e  fam ily  of surfaces 

bo unding  th e  pieces w0 (<f>) conditioned  b y  (105) is in d ep en d en t of th e  p a ram e te rs  

at(1), a /2) ... y.t(1+d\  th e n  a  com m on b es t critica l region will ex is t for H 0 w ith  reg ard  to  

all hypotheses H< of th e  se t O .
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(d) Illustrative  .

( 1 )  Exam ple  ( 8 ) .— The H ypothesis concerning the Population M ean  ( ‘' S t u d e n t 's  

Problem ).— A sam ple of n  has been  d raw n  a t  ran d o m  from  som e n o rm al p o p u la tio n , and  

H '0 is th e  com posite  h y p o th esis th a t  th e  m ean  in  th is  p o p u la tio n  is a =  a0, a  being 

unspecified. W e hav e  a lread y  d iscussed th e  prob lem  of d e te rm in in g  sim ilar reg ions 

for H 'o in  exam ple  (7). H* is an  a lte rn a tiv e  for w hich

a t x) — a/ 2) =  at. (106)

The fam ily  of hyp ersurfaces, $ =  co n s tan t, in  th e  ^-d im ensioned  space are  h y p e r­

spheres (96) cen tred  a t  (xx — x 2 =  ... =  

th e  pieces defined b y  condition  (105), to  be ta k e n  from  th ese  to  b u ild  up  th e  b es t c ritica l 

region  for H '0 w ith  reg ard  to  H<.

U sing  (92), i t  is seen th a t  th e  condition  p, >  becom es

1 k [(* — a i f+ s* ]  i  n i i z  — ao^ +  s*]

— e~ 2,7,1 > k \  2ct*  
Gt a

As we are  dealing w ith  regions sim ilar w ith  regard  to  a (1), th a t  is, essen tia lly  

in d ep en d en t of th e  value of th e  p a ram e te r a (1) =  a, we m ay  p u t  and  find th a t

(107) reduces to ,

x(at —  a0)>  log k  +  \(a? — a02) (at — a 0) {<f>) (say). . 
lb

Two cases m u st be d is tinguished  in determ in ing  w 0 —

(i a) at >  a0, th e n  x  >  .(109)

(b) at <  a0, th e n  <  kx (< /> ),.............................. (116)

w here kx (cf>)has to  be chosen so th a t  (91) is satisfied. C onditions (109) and  (11 0 ) 

will determ ine th e  pieces of th e  hyperspheres to  be used. In  th e  case n — 3, 

x =  J  (xx x2 x3) is a p lane perpend icu lar to  th e  axis x1 an d  it

follows th a t  w0 ((f)) will be a “ po lar cap ” on th e  surface of th e  sphere su rro unding  th is  

axis. The pole is determ ined  b y  th e  condition >  a0 or <  The condition  (91) 

im plies th a t  th e  area of th is  cap m u st be e tim es th e  surface area of th e  whole sphere. 

The position is ind ica ted  in  fig. 10 . F o r all values of cf>, th a t  is to  say, for all th e  

concentric spherical shells m aking  up  th e  com plete space, these caps m u st su b tend  a 

co n stan t angle a t  th e  centre. H ence th e  pieces, w0 ((f>), will build  up  in to  a cone of 

circu lar cross-section, w ith  v ertex  a t  ( a0, a0, a3) and  axis xx =  

value of s th ere  will be a cone of different vertical angle. There will be tw o fam ilies of 

these cones contain ing th e  b es t critical regions—

(a) F o r th e  class of hypotheses at > a 0 ; th e  cones will be in th e  q u a d ra n t of positive

x ’s.

(b) F or th e  class of hypotheses at<  a0 ; th e  cones will lie in t

negative x ’s.
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I t  is of in te re s t to  com pare th e  general ty p e  of sim ilar region  suggested  in  fig. 9 w ith  

th e  special b es t critica l region of fig. 1 0 .

F i g . 10.

F o r th e  cases w >  3 we m ay  e ith er ap p ea l to  th e  geo m etry  of m u ltip le  space, o r p roceed  

an a ly tica lly  as follows.

If =  (xQ — a0)2 +  s2, th e n  i t  can  be deduced  from  th e  p ro b a b ility  law  (92) th a t

n — 3 _  nm \

Vo (x, m '2) =  {m'2 —

71 — 2 _ 7im' 2

Vo(w'a) =  c2G-n(m'2)~lr e.............

w here cx an d  c2 are  co n stan ts  depend ing  on n  only. T ak ing  th e  class of a lte rn a tiv e s

at >  a0, w 0 ((f>) is th a t  p o rtio n  of th e  hy p ersp h ere  on  w hich  m ' 2 — c o n s tan t, fo r w hich 

x  2 : ((f>). C onsequently  th e  expression  (91) becom es

fa, 4- ■Jm'2 _______  _______

Vo w '2) dx  sp 0 (m '2 ), • •
I ki

or
fao +  Vm'. r

| (m ' 2 — (x  — n0)2} 2 £ — (m '2) 2 .
J 1 c1

M ake now  th e  tran sfo rm atio n

-  z \ /  m ' 2
=  .. , ...........................

a/  1 +  z2
from  w hich i t  follows th a t

dx — , ...............
v / ( i  +  z*y

and  th e  re la tio n  (114) becom es

f  “ _ r  ( 7 p n
\ (1 +  z2) t

(113)

(114)

(115)

( 1 1 0 )

7
(117)
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th e  c o n s ta n t m u ltip ly in g  e  necessarily  assu m in g  th is  value so th a t  e =  1 w hen oo .

tIC (J(j
B u t i t  is seen from  (115) th a t  z — '---- -  ; co n seq u en tly  th e  b o u n d a ry  o

s

region  w 0(<f>) lies on th e  in te rsec tio n  of th e  hy p ersp h ere , m \  co n s tan t, an d  th e  h y p e r­

cone, ( i  — aQ)/s  — Zq.This is in d ep en d en t of (J>; its  ax is is th e  line ... =

an d  its  v e rtic a l angle is 2 0 =  2  c o t -1 z0.

If  th e  adm issible  a lte rn a tiv es  are  d iv ided  in to  tw o classes, th e re  will th e re fo re  be for 

each a com m on b es t c ritica l reg ion  of size s.

tJC -- (Jl
(a) Class at >  a0; region w0 defined b y  z — -—- >  z0

(b) Class at<  a0; region w 0 defined b y  z

s

x  — a

(118)

-  —  Z  Q ------  Z q  , . . . (119)

w here z0 is re la ted  to  e b y  (117), an d  z \  b y  a sim ilar expression in  w hich th e  lim its  of 

th e  in te g ra l are  — oo an d  z \  — — z0.

T his is “ S t u d e n t ’s  ” te s t.*  I t  is also th e  te s t  reached  b y  using th e  princip le  of 

likelihood. F u rth e r , i t  has now  been  show n th a t  s ta r tin g  w ith  in fo rm atio n  in  th e  

form  supposed, th e re  can  be no b e tte r  te s t  for th e  hypothesis  u n d er consideration .

(2 ) E xam ple  (9).— -TheHypothesis concerning the Variance in  the Sam pled Population .—  

T he sam ple has been  draw n  from  some no rm al p o p u la tio n  and  H ' 0 is th e  hyp o thesis  th a t  

a =  a 0, th e  m ean  a being unspecified. W e shall have for H ' 0

-,(1) — n . (2) — -  a  —  a 3 a 0 —  a 0? ( 1 2 0 )

while for an  a lte rn a tiv e  H, th e  param ete rs  are as in  (106). 

F u rth e r

, 8 log Pq _  n (x — a) ................................. / 121)

d a  <7n2

<f>' — — V a o2 ( 1 2 2 )

satisfy ing  th e  condition (75) w ith  B =  0 . W e m u st therefore  determ ine on each of th e  

fam ily of hypersurfaces (f> =  <f>1 ( th a t is, from  (121), x  =  con stan t) regions w

w ith in  which p t >  k (̂ i)  p 0,where k(<^j) is chosen so th a t

P o (w .(* i) )  =  « P o ( W  ( M ) ..................................... (123)

Since we are dealing w ith  regions sim ilar w ith  regard  to  th e  m ean a, we m ay p u t 

a — a(, and  consequently  find th a t

s2 (a02 — <r(2) <  — (x — atf  (a02 — a?) +  2a 02 a? (log ^  — log k}
at n

= (<?02 — ^ 2) (0C  (

* ‘ B iom etr ik a ,’ vo l. 6, p . 1 (1908).

2 xV O L . C C X X X I .---- A
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The adm issib le a lte rn a tiv es  m u s t ag a in  be b ro k en  in to  tw o classes accord ing  as 

g, >  g 0 or <  ff05 an d  since x  is c o n s ta n t on <f> =  <£l5 th e  reg ions w0 (<

th e  follow ing inequalities  :—

(а ) Case at >  a 0, s2 >  (<f>).................................. (125)

( б ) Case at <  ar0, s2 <  k ' (</>)...................................... (126)

B u t since for sam ples from  a n o rm al d is tr ib u tio n  an d  2 are  com ple te ly  in d e p e n d e n t 

th e  values of k' ($)  t h a t  d e te rm in e  th e  reg ions w0 (<f>) so as to  sa tisfy  (123), w ill be 

functions of e an d  nonly. I t  follows th a t  th e  b e s t c ritica l reg ions, w 0, fo r H ' 0 w ill 

(a) for th e  class of a lte rn a tiv e s  Gt >  g 0 , defined b y  s2 >  s02............... (127)

( b) for th e  class of a lte rn a tiv e s  Gt<

These regions lie resp ectiv e ly  o u ts id e an d  inside h y p ercy lin d ers  in  th e  ^-d im ensioned  

space. T he re la tio n  betw een  e an d  th e  c ritica l va lu es  s02 an d  s ' 02 m ay  be fo u n d  from  

eq ua tio ns (46), (48) an d  (50) of exam ple  2.*

V .— C o m p o s i t e  H y p o t h e s e s  w i t h  C D e g r e e s  o f  F r e e d o m .

(a) S im ilar Regions.

W e shall now  consider a p ro b ab ility  fu n c tio n  depen d ing  u p o n  c p a ram e te rs  a

V (xi

( a (1), a (2),

. xn)

... a<c)}
(129)

T his will correspond to  a com posite h ypo thesis H ' 0 w ith  c degrees of freedom .

E v e ry  fu n c tio n  (129) hav in g  specified values of th e  a ’s, will corresp ond  to  som e 

sim ple hy p o th esis belonging to  H '0. L e t w  be  an y  reg ion  in  th e  sam ple space W , 

an d  d en ote  b y  P  ({a(1), a (2), ... a (c)} w) th e  in teg ra l of (129) over th e  region  w. 

G enerally  i t  w ill depend  upon  th e  values of th e  a ’s.

F ix  an y  sy stem  of values of th e  a ’s

a A(1), a A(2), ... a /> .  ( A ) .................................. (130)

If  th e  region w has th e  p ro p erty , th a t

P ({<*a(1\  ••• a A-c)} w) — z — c o n s tan t, .......................... (131)

w hatever be th e  system  A, we shall say  th a t  i t  is sim ilar to  th e  sam ple space W  w ith  

reg ard  to  th e  se t of p a ram ete rs  a (1), a (2), ... a (c) an d  of size e .

* T he difference b etw een  th e  tw o  cases sh ou ld  be n o ted  : In  ex a m p le  (2) th e  p o p u la tio n  m ean  is  

specified , H 0 is a  sim p le  h y p o th esis  an d  m \  is  th e  cr iterion . In  ex a m p le  (9) th e  m ean  is n o t  sp ecified , 

H '0 is com p osite  and  th e  cr iter ion  is  s *,
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T his is th e  n a tu ra l  g en era lisa tio n  of th e  n o tio n  of s im ila rity  w ith  reg a rd  to  one single 

p a ra m e te r  p rev iously  in tro d u ced .

L e t us firs t consider regions w, w hich are  sim ilar to  W  w ith  reg ard  to  som e single 

p a ram e te r, a (t), for som e fixed values of o th e r p a ram e te rs  a 0) ( j  =  1 , 2 , ... c, b u t^  5̂  

C learly  th e re  m ay  be regions w hich are  sim ilar to  W  w ith  reg a rd  to  a (r) w hen th e  o th e r  

a ’s have  som e defin ite  values, b u t  w hich cease to  be sim ilar w hen th ese  values are  

changed .

W e shall now  prove th e  follow ing proposition .

T he necessary  an d  sufficient cond ition  for w  being  sim ilar to  W  w ith  reg a rd  to  th e  

se t of p a ram e te rs  a (1), a (2), ... a (c), is th a t  i t  should be[ sim ilar w ith  reg a rd  to  each  

one of th e m  sep ara te ly  for every  possible sy stem  of values of th e  o th e r  p a ram ete rs .

T he necessity  of th is  condition  is ev id en t. W e sha ll hav e  to  p ro ve th a t  i t  is also 

sufficient. This we shall do assum ing c =  2 , since th e  generalisa tion  follows a t  once 

from  th is .

T he conditions of th e  th eo rem  m ean  th a t ,  (a), w h atev er be th e  values of a A(1), a B(1)

an d  a c<2) we shall have

P  ( { a A ( 1 ) , a c (2)}  w ) =  P  ( { a B <i>, a 0 <2 >) =  e , .. ( 1 3

and  (6), w ha tever be a B(1), a c(2), a D ( 2 ) , th e n

P  ({aB(1), a c(2)} W) =  P  ( { a B ( 1 >, a D <2 >) =  e...... ( 1 3

I t  follows th a t  w ha tever be a A ( 1 ) , a B ( 1 ) ; a c ( 2 ) , a D (2) we shall have

P  ({*a(1), a c(2)} W) =  P  ({aB(i>, a D(2)} e , .. (134

and  th u s  th a t  th e  region w is sim ilar to  W  w ith  reg ard  to  th e  se t a (1), a (2).

We shall now in trod uce  a conception w hich m ay be te rm ed  th a t  of th e  independence 

of a fam ily of hypersurfaces from  a p aram eter.

L e t

fi (a ,  aq , x 2, . . .  x n) =  C i =  1

be th e  equa tions of ce rta in  hypersurfaces in  th e  ^-d im ensioned  space, a  and Q  being- 

p aram ete rs. D enote b y  S ( a ,  Cl5 C2, ... Ĉ .) th e  in te rsec tion  of these hypersurfaces, 

or if k =  1, th e  hypersurface corresponding to  th e  eq u a tio n  ( 1 3 5 ) .  Consider th e  

fam ily of hypersurfaces S ( a ,  C1} C2, ... C*) corresponding to  a  fixed value of a  and  to  

all possible values of C1} C2, ... C*. This will be denoted  b y  F  ( a ) .  T ake an y  

hypersurface S ( a l5 C^, ... C'^) from  an y  fam ily  F  ( a x). If w hatever be a 2 i t  is 

possible to  find su itab le  values of th e  C’s, for exam ple C" 15 C "2, ... such th a t  

th e  hypersurface S ( a 2 , C" l5 C "2, ... C "A.) is iden tical w ith  S ( a x, C ' l5 ... C 'A.), th en  wre 

shall say th a t  th e  fam ily F  ( a )  is independent of a .  A  sim ple illu stra tio n  in 3-dim en- 

sioned space m ay be helpful. L et

f i  (a > ^3 ) —  (^1 —  a )2 +  (^2  —  a )2 “h  (®3 —  a )2 =  P i  • • • (1 ^ 6 )

/ 2 ( a ,  xlt x 2, x 3) =  x k +  x 2- f  x3 =  C

2 x 2
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These eq u a tio n s rep resen t fam ilies of spheres a n d  of p lanes. F o r  g iven  va lu es  of 

a, Ci an d  C2, S (a, C1} C2) will be a circle ly ing  a t  r ig h t angles to  th e  line — 

an d  hav in g  its  cen tre  on th a t  line. T he fam ily  F  (a) o b ta in ed  b y  v a ry in g  Cx an d  C2 

consists of th e  se t of all possible circles sa tisfy in g  th ese  cond itions. T his fam ily  is 

c learly  in d ep en d en t of a — th a t  is, of th e  p o sitio n  of th e  cen tre  of th e  sphere on th e  line 

x l — x i =  x 3— so th a t  F  (a) m ay  be described  as in d e p en d en t of a.

I t  is now  possible to  solve th e  prob lem  of find ing regions sim ilar to  W  w ith  reg a rd  

to  a se t of p aram ete rs  a (1), a (2), .. .  a (r), b u t  we are  a t  p re se n t on ly  ab le  to  do so u n d e r 

ra th e r  lim iting  conditions. In  th e  firs t p lace we sha ll hav e  conditions analogous to  

those  assum ed w hen dealing  w ith  th e  case c — 1 ( p . 3 1 3

(A) W e shall assum e th e  ex istence of in  ev ery  p o in t of th e  sam ple space ex cep t

perhaps in  a se t of m easure zero, an d  for a ll values of th e  a ’s.

(B) W ritin g

=  d log Po _  1 Spo .

1 0 a (i) p o 0 a ( i ) ’ 9 i  0 a (i>
( 1 3 8 )

i t  will be assum ed th a t  for every  i  — 1 , 2 , ... c.

<f>'i ~  A j -{- B (139)

A £ an d  B £ being in d ep en d en t of th e  x ’s.

(C) F u r th e r  th e re  will need to  be cond itions concern ing  th e  hypersu rfaces (f>i —  const. 

D eno te b y  S (a(t), Cl5 C2, ... Q . j )  th e  in te rsec tio n  of th e  hypersurfaces

<f>j —  Q*, i * = l , 2 ,  .. .  ..................

corresponding  to  fixed values of th e  a ’s an d  C’s. F  (a(<)) will den o te  th e  fam ily  of liyper- 

surfaces S (a(t), Cu ... C i- i)corresponding to  fixed values of th e  a ’s an d  to  

system s of values of th e  C’s.

W e shall assum e th a t  a n y  fam ily  F  (aw) is in d ep en d en t of a (i) fo r 2 , 3 , . . .  c.

I t  will be n o te d  th a t  th e  o rder in  w hich  th e  p a ram e te rs  a  are n u m b ered  is of no 

im po rtance  an d  th ere fo re  th a t  th e  above cond ition  m eans sim ply  th a t  i t  is possib le  

to  find an  order of th e  p a ram e te rs  a ,  such th a t  each fam ily  F  ( a (i)) is in d ep en d en t of a (i). 

A n illu s tra tio n  of th ese  p o in ts  will be given in  exam ples (10 ) an d  (11 ) below.

W e shall now  prove th a t  if th e  above conditions are  satisfied,* th e n  regions sim ila r 

to  W  w ith  regard  to  th e  se t of p a ram ete rs  a (1), a <2), . . .  a (c), an d  of an y  g iven  size e, 

do exist. In  doing  so, we shall show th e  ac tu a l process of co n stru c tio n  of th e  m o st 

general region sim ilar to  W  for an y  value of e.

A ssum e th a t  th e  fu n c tio n  p 0 satisfies th e  above conditions an d  th a t  is a reg ion  

sim ilar to  W w ith  reg ard  to  a (1), a (2), . . .  a (c) an d  of th e  size e, so th a t

P  ( { a (1), a<2>, . . . a  =  e , ........................................( 1 4 1 )

* W e are aw are th a t  th ese  co n d itio n s  are m ore str in g en t th a n  is  n ecessary  for th e  ex is te n c e  o f  sim ilar  

region s ; th is  is  a p o in t requ ir in g  fu rther in v e s tig a tio n .
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w h atev er be th e  values of th e  a ’s. As we h av e  seen above, th e  s im ila rity  w ith  reg ard  

to  th e  se t of p a ram e te rs  m eans th e  s im ila rity  w ith  re g a rd  to  a n y  one of th e m  sep a ra te ly , 

as fo r exam ple  a (1), fo r an y  se t of values of th e  o th e rs . I t  follows from  th e  re su lts  p ro v ed  

in  th e  case c =  1, t h a t  w is b u ilt up  of p a r ts , w of hy persu rfaces (f>1 — Cx corr

to  fixed values of p a ram e te rs  a an d  to  d ifferen t values of (V  E a c h  reg ion  ( 9̂ )  m u s t 

sa tis fy  th e  cond ition

P ( w ( W )  =  « P ( W ( W ) ,  ...................................... (142)

being o therw ise u n restr ic ted . W e hav e assum ed th a t  th e  fam ily  F  (oC2)) of hypersu rfaces 

S (a(2), Cx) corresponding  to  th e  eq u a tio n s </>! =  Cx is in d ep en d en t of a (2). T his of 

course does n o t m ean  th a t  a  p a r tic u la r  hy persu rface  S (a(2), Cx) is in d e p en d en t of 

a (2), b u t  W  ( <f>!)an d  consequently  w  (<j^) will m ean  a specified 

in  th e  space W  an d  in d ep en d en t of a (2). I t  w ill correspond  to  som e definite com plex  of 

values of a ’s an d  of Cx ; if a (2) is changed, th e n  W  ((f>x) will rem ain  unchanged , th o u g h  

i t  w ill correspond  to  som e o th e r value of C^. T he possib ility  of decom position  of W  

and  w  in to  such regions W  (<£j), an d  w (<f>x)which do n o t change w

g u aran teed  b y  th e  condition  th a t  F  ( a (2)) is in d ep en d en t of a (2).

W e sha ll now  use th e  cond ition  th a t  w is sim ilar to  W  w ith  reg ard  to  a (1) w h atev er 

be th e  values of o th e r param ete rs , an d  th u s  of a (2). This m eans th a t  th e  v a ria tio n  of 

a (2) does n o t d es tro y  th e  eq u a tio n  (142).

I t  follows th a t

a*P (w ( M  = .  (W
d (a(2)f  w 3 (a(2))*

k  =  1, 2, 3 ....... (143)

As th e  regions W  (<f>x) and  w ((f>x)are in depen den t of 

w ritten  in  th e  form

=  .................... ( 1 4 4 )

W e m ay now  use th e  condition (139) for i  =  2 , an d  app ly ing  th e  m ethod  used w hen 

dealing  w ith  th e  case c =  1, show th a t  (144) is eq u ivalen t to

i  f ... | p<f>2kdw(<f>x) — [ . . .  | ( 0 X).(145)
£ J •.' *<’(<*>,) J J W (4>y)

Follow ing th e  sam e m ethod  of arg um en t we find im m ediately  th a t  th e  necessary 

(and  clearly also sufficient) condition  for w being sim ilar to  W  w ith  regard  to  a (1) an d  

a <2) is th a t

| ... I pdw  (<£15 4>%) =  tI ... f pdW  {cf>1, 0 2).. (1

w here W  <f>2) m eans th e  in tersection  in th e  sam ple space W  of th e  hypersurfaces 

and  <f>.2 =  C2 for any  values of C2 and  C2, and  w ((f)l , ^ 2)— th e  p a r t  of th e  sam e, 

contained  in w.
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I t  is easily  seen th a t  th e  sam e a rg u m en t m ay  be rep e a te d  c — 1 tim es an d  th a t  

finally we shall find th a t  th e  necessary  an d  sufficient co n d itio n  for w being  sim ila r to  

W  w ith  reg ard  to  th e  w hole se t of p a ram e te rs  a (1), a (2), . . .  a (0) is th a t

I . . .  I pdw  (<£,, <f>2, . . .  <f>r) =  £ I .
I ^  ,k. . k )  W (*„ </>s, ... *c)W (</>], ••• (/>c) (147)

P  (W ( 0 15 <£2, . . .  <f>r)) -  s P  ( W  ( fa ,  <£2, . . .  <£,))

H ere W  (<£1; <£2, ... </>,.) m eans th e  in te rsec tio n  in  W  of hy p ersu rfaces <f>i =  Ci, 

(i =  1 , 2 , . . .  c) for fixed values of th e  a ’s an d  for a n y  sy stem  of values of th e  C’s. 

T he sym bol w (cf>1,<f>2, ... (f)c) m eans th e  p a r t  of W  (</>l5 </>2, ... (f>c) in c luded  in  w.

H av ing  estab lished  th is  re su lt i t  is now  easy  to  c o n s tru c t th e  m o st general region  w, 

sim ilar to  W  w ith  reg a rd  to  a (1), a (2), ... a (b) (c), p ro v id ed  th a t  th e  fu n c tio n  p  satisfies th e  

above conditions.

W e fix an y  sy stem  of values of p a ram e te rs  a (1), a (2), ... a (c) an d  consider th e  h y p e r­

surface W  (<f>L, <f>2, ... (f>c) corresponding  to  som e sy stem  of val

th is  hy persu rface  we ta k e  an  a rb itra ry  p a r t  w lf <f>2 , ... 4>,) sa tisfy in g  on ly  th e  

condition  (147). T he ag g reg ate  of w ((/>x,̂ 2, ... correspon

system s of values of Cl5 C2, ... C,. w ill be th e  reg ion  w req u ired , sim ilar to  W  an d  of 

th e  size e.

In  th e  section  w hich follows i t  will be assum ed th a t  th e  fu n c tio n  p  satisfies th e  

cond itions (A), (B) an d  (C) u n d er w hich  we are  ab le  to  co n s tru c t th e  m o st general sim ila r 

region. T hough th ese  cond itions seem  to  be v e ry  lim iting , th e re  are  m a n y  im p o r ta n t 

cases in  w hich th e y  are  satisfied, and  in  w hich i t  is th e re fo re  possible to  t r e a t  th e  

prob lem  of b es t c ritica l regions b y  th is  m e th o d .

(b) The Determination o f the Best Critical Region.

T he se t O of adm issib le hy po theses will be defined  b y  th e  p ro b a b ility  law  (6 6 ), 

depend ing  on  th e  c-f  dpa ram e te rs  (67), each sim ple h y p o th esis 

of all p aram ete rs . F o r  th e  com posite  h y p o th esis H ' 0 w ith  c degrees of freedo m  th e  

law , p 0, will be g iven b y  (69) an d  th e  p a ram e te rs  w ill fall in to  tw o groups as in  (6 8 ). 

The b es t c ritica l region w0 of size e w ith  reg a rd  to  a  sim ple a lte rn a tiv e  H , defined b y  

(70) an d  (71), m u st sa tis fy  th e  follow ing cond itions :—

(1) wQ m u s t be sim ilar to  W  w ith  reg ard  to  th e  c p a ram e te rs  a (1), a (2) . . .  a (<>); th a t  

is to  say

P 0 (w0) =  e , ............................................. (148)

m u st be in d ep en d en t of th e  values of th e  a ’s. T his we hav e show n in th e  preced ing  

section  is eq u iv alen t u n d er ce rta in  assu m ptio ns to  th e  co ndition  (147).

(2 ) If  v be any  o th e r region  of size e sim ilar to  W  w ith  reg ard  to  th e  sam e p a ram ete rs ,

P ,  (w0) >  P t (v) ........................................................... ( 1 4 9 )
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As in  th e  case w here th e  p ro b ab ility  law  dep en ded  on ly  u p o n  th e  v alu e of one 

unspecified p a ra m e te r  a (1), we can  prove th a t  if w0 is a  region  m axim ising  P< ( ), th e n  

ex cep t p erh ap s for a se t of values of (f>x, ... <f>c of m easu re zero, th e  region

tvQ((f>i, <f> 2, ... <f>c) will h av e  th e  p ro p e rty  of m axim ising  Vt (w ( ^ l5 .. .  ). T

is to  say, V t (w0 (<£l5 4>2, . . .  <f>c))  w ill be g rea te r th a n  or a t  le as t equa l to  th e  in te g r

of p t ta k e n  over an y  o th e r  p a r t  of th e  reg ion W  (</>l5 ... sa tis fy in g  (147). T he

proof is id en tica l to  th a t  g iven  in  Section IV  (c) an d  will n o t be rep ea ted .

In  th is  w ay  th e  prob lem  of finding th e  b e s t critical region  for te s tin g  H '0 is reduced

to  th a t  of m axim ising

* „  . . . * « , ) ) ......................................... (150)

u n d er th e  condition  (147) for every  se t of values,

* i — Ci, (f>2 =  C2, ... <f>c  —  c u .......... (1^1)

T he prob lem  does n o t differ essen tia lly  from  th a t  d ea lt w ith  w hen considering  a 

sim ple hypothesis (Section I I I  (a)), an d  th e  resu lting  so lu tion  is as follows. T he 

necessary  an d  sufficient condition  th a t  w 0 (f>2, . . .  m u st sa

m axim ise (150) is th a t  inside th e  region we should have

Pt — k  (0i> 

k  being possibly a functio n  of th e  values of </>’s, w hich m u st be determ ined  to  sa tisfy

(147).

F inally , therefore , th e  m ethod  a t  p resen t advanced  of finding a b es t critical region  

for te s tin g  a com posite hypothesis H '0 w ith  c degrees of freedom  m ay  be sum m ed up  

as follows.

W e s ta r t  b y  exam ining  w hether th e  lim iting conditions assum ed un d er th e  above 

th eo ry  are  satisfied :

(A) The first condition  concerns th e  indefinite d ifferen tiab ility  of p 0 w ith  regard  to  

an y  p aram ete r a (1), a (2), ... a(c).

(B) N ex t we calcu late

, _  dlog p„
V 1 0 » ...... ...........(1°°)

an d  see w hether

t'*  =  =  Ai +  fa  ... (154)

th e  coefficients and  B t being in dependent of th e  sam ple varia te s  x 1; x 2, ... xn.

(C) U p to  th is  stage th e  order in  w hich th e  c p aram eters  a (0 are num bered  is in ­

different. Now we m ust consider w hether i t  is possible to  arrang e th is  order in  such 

a  way, th a t  (1) th e  fam ily F  (a(2)) of hypersurfaces S (a(2), Cj), corresponding to  th e  

equation

* 1 = 0 ,  . . (1 5 5 )
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is in d ep en d en t of oc<2>; (2 ) th a t  th e  fam ily  F  (a(3)) of hypersu rfaces S (a(3), Cl5 C2), each 

of w hich is an  in te rsec tio n  of tw o hypersu rfaces

&  =  Cx ; ' * , = =  C „  ...................................... (156)

is in d ep en d en t of a (3); an d  so on in  general fo r a (i) u n til  la s tly  we find th a t  th e  fam ily  

F  (a(c)) of hypersurfaces S (a(c), Cl5 C2, ... Cc_i), fo rm ed  of p o in ts  sa tisfy in g  1 

eq ua tio ns

<Pi —  h i ,  <p2 —  h-2, . . .  C c_ 1 ? .

is ind ep en d en t of a (c).

If a ll these conditions a re  satisfied, th e n  th e  b es t critica l reg ion  w0 of size £ w ith  reg a rd  

to  a  sim ple a lte rn a tiv e , H*, d e te rm in in g  a fre q u en cy  law  m u s t be b u ilt  u p  of pieces, 

wQ (cf>1, (f>2, ... (f>c), of th e  hypersu rfaces W  (<f> ... <f>

holds, th e  coefficient k (<f>x, (f>2, .. .  <f>c) 

W e n o te  th a t  if th e  bo u n d arie s of th e  regions ^r0 . . .  (f>c) are  in d e p en d en t of

th e  d ad d itio n a l p a ram ete rs ,

a (c+1), a (c+2), . . .  a (c+rf), ...................................... (158)

specified in  (67), th e n  iv0 w ill be a com m on b es t critica l reg ion  w ith  reg a rd  to  every  H* 

of th e  se t Q,.

(c ) Illustrative Exam ples.

W e shall give tw o illu s tra tio n s  in  w hich  we suppose th a t  tw o sam ples,

(1) S j of size nx,m ean  — 

(2) H2 of size n 2, m ean  =  x 2, s ta n d a rd  d ev ia tio n  =  s2.

have been  d raw n  a t  ran d o m  from  some no rm al po p u la tio n s. If  th is  is so, th e  m o st 

general p ro b ab ility  law  for th e  observed  ev e n t m ay  be w ritte n

( l  \ N  1  ( 5 . - « , ) ■+ « , »  f e - a . P + V

V  (» 1 »  • • •  % n x ; % n l + l ,. . .  % n )  = ( ^ 7 ^ )  e  Wl a<T|S "* 

w here % -f- n 2 — N, an d  ax , <yx are  th e  m ean  an d  s ta n d a rd  d ev ia tio n  of t

a2 , a 2 of th e  second sam pled pop u la tio n .

(1) Exam ple  (10 ).— The test fo r  the significance o f the difference between two 

variances.— The adm issib le sim ple hy po theses include p a irs  of sam pled  p o p u la tio n s  

for w hich ax, a2, ax>  Qx, o2>  0 m ay  hav e an y  values w h atev er. H

hypothesis  th a t  <jx — a2. T his is th e  te s t  for th e  significance of th e  difference be tw een  

th e  variances in  tw o in d ep en d en t sam ples. T he p a ram ete rs  m ay  be defined as  

follows :

F o r a  sim ple a lte rn a tiv e  H t :

a,<l)  =  a ,  ; a / 2) =  a ,  -  a ,  == b , ; « ,,3> =  <7, ; a ,<4)=  0 , =  

 D
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F o r th e  hy pothe sis  to  be te s ted , H '0 :

a (1) =  a ; a (2) — b ; a (3) — a ; a 0(4> =  1 . .............................. ( 1 6 1 )
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H ' 0 i t  will be seen, is a com posite hyp othesis w ith  3 degrees of freedom , , b and  a being 

unspecified.

W e shall now  consider w hether th e  cond itions (A), (B) an d  (C) of th e  ab ove  th e o ry  

a re  satisfied.

(A) T he cond ition  of d iffe ren tiab ility  of p 0 w ith  reg ard  to  a ll p a ram ete rs , fo r all

values of a (1) an d  a(2) an d  for a (3) >  0 , is obviously  satisfied.

(B) M aking use of (159), we find th a t

log Vo =  —  N  log y /2 n  — N  log a — ^  {n —  +  

+  n +  . . . .  (162)

<f>i =  -= ~2 K  (®i — a) - f  n 2 (x2 — a — 6) } , .(163)

0 2 =  ------- -------- 0̂ ^ °  — (^2 a f y , .................................. ...  (164)

<f>3 =  ° ?  -|- _L _  a f  - f w 2 (x2 - ( { -  6)2 +  n^ 2 - f  w2s22}. (165)
OC (J CT°

W e see th a t
0 i  — A1? cf>'2 =  A 2, 0 ;3 =  A 3 -f- B 30 3, ................... (166)

w here th e  A ’s and  B ’s are  in depend en t of th e  sam ple v aria tes, so th a t  th e  condition  (B) 

is satisfied.

(C) The equa tio n  of th e  hypersu rface S (a(2), Cj), nam ely,

0 i  =  Cj ........................................................ ( 1 6 7 )

where Cj is an  a rb itra ry  co n stan t, is obviously equ iv alen t to  th e  following,

nxx x +  

depending on ly upon  one a rb itra ry  p aram ete r CV H ence th e  fam ily of these h y p er­

surfaces, F  (a(2)), is indepen den t of a (2).

S im ilarly th e  equa tio n  0 2 =  C2, in  w hich C2 is a rb itra ry , is equ iv alen t to

x2 =  C'2....................................

in  which C '2 is a rb itra ry . The intersections S (<x(3), C1; C2) of (168) and  (169), w hich 

satisfy  also th e  equations

x x —  const.; =  co n st..................................

form  a fam ily, F  (a(3)), w hich is indep enden t of a (3).

2 YV O L . C C X X X I — A .
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H ence also th e  cond ition  (0) is fulfilled, an d  we m ay  now  a t te m p t  to  c o n s tru c t 

th e  b es t c ritica l region  w0. I ts  e lem ents w 0 a re  p a r ts  of th e  h y p ersu rfaces

W  (^ j, <f>2, (f>3), sa tisfy ing  th e  sy stem  of th re e  eq u a tio n s fa C< =  1 , 2 , 3), con­

ta in in g  ce rta in  fixed values of th e  a (i) an d  a rb itra ry  va lu es  of th e  c o n s tan ts  C<. In s te a d  

of th is  system  of eq ua tio ns  we m a y  use th e  follow ing w hich is eq u iv a len t

x x =  const. ........................................... (171)

x 2 — const. ...................... (172)

^  (%«i2 +  n 2s22) — s 2 =  c o n s t......... (173)

T he elem ent w0 ( ^ x, (f>2, (f>3) is th e  p a r t  of W  cf>2, w ith in  w hich

Pt S: h {xu  sa) p 0 

th e  value of k  being  d e te rm in ed  for each sy stem  of values of x 2, sa, so th a t

Po (Wo (^1> M )  =  £ P o ( W  (<£i, 02J t a ) ) .............................. ( 1 7 5 )

T he conditio n  (174) becom es

1 1̂ [(*̂1—&)* “("̂1*3 4*̂3 [(̂ 2 — ® — 6)2”f"̂22] _ k tl] [( i—ftj)2 -{“̂ 2̂ —2 [(2*2 1̂ l̂)2“f*®22l /1
2̂  ^ • • • (176^

Since th e  region d eterm in ed  b y  (175) will be sim ilar to  W  w ith  reg a rd  to  , an d  a 

we m ay  p u t  a =  <q, b =  &l5 a =  <t 15 an d  th e  co nd ition  (176) w ill 

lo g arith m s to  red uce to

n 2 {(*2 — — 6x)2 +  s22} (1 — 02) <  2 a j2 02 (log log 0). . . (177)

Since th is  in e q u a lity  m u s t ho ld  good on th e  hy p ersu rface  on  w hich x 2 is c o n s tan t, i t  

con tain s only  one variab le , nam ely , s22. Solving w ith  reg a rd  to  s22 we find  th a t  th e  

so lu tion  will depend  u p o n  th e  sign of th e  difference 1 — 02. A ccordingly  we shall 

hav e  to  consider sep ara te ly  th e  tw o classes of a lte rn a tiv es ,

(a) 0 =  T? >  i  • th e  B .C .R . will be defined b y  s22 >  k \  (aq, x 2,

(6) 0 =  — <  1 ; th e  B .C .R . will be defined b y  s22 <  k!2 (aq, x 2,
Gi

w here k' s ta n d s for

2 <j]262 (log k  » 2 log 8 )

», (i -  e*)---------“l 6l)'

• (178)

• (179)

( 1 8 0 )

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

8
 A

u
g
u
st

 2
0
2
2
 



T H E  M OST E F F IC IE N T  T E ST S  O F S T A T IS T IC A L  H Y P O T H E S E S . 3 3 1

T he problem  of finding th e  b es t c ritica l reg ion  w 0 of size e consists now  in  d e te r ­

m in ing  k ' so as to  sa tisfy  (175). T his co nd ition  m ay  be expressed  as follows : 

Since W  (0 l5 0 2, ^ 3) is th e  locus of p o in ts  in  w hich an d  hav e  ce rta in  fixed

values, th e  rig h t-h a n d  side of (175) is th e  p ro d u c t of £ an d  th e  correspond ing  v alu e of 

th e  frequ en cy  fu n c tio n  of th e  th re e  v a ria te s  2^, an d  s 2 or Vo (x1, x 2, T he left- 

h an d  side of th e  sam e eq u a tio n  is th e  in teg ra l of p 0 over th a t  p a r t  of W  (0 l5 0 2, 0 3) 

u p o n  w hich s22 satisfies e ith er (178) o r (179). To ca lcu late  th is  expression, we m ay  

s ta r t  w ith  th e  frequency  fu n c tio n  p 0 (2^, x 2, s 2, s22). T hen

r k ”  _  _

P 0 (w (</>!, 0 2, 0 3)) =  I p 0 (oju x 2, s 2, s22) ds22, in  th e  case (a), . . (
Jfc',

r*'» _  _

P 0 (w (<f> 1 ,<f>2 , 0 3)) =  Vo (jci, x 2, s 2, in  th e  c a s e (6). . . (182)
J  k " '

H ere k "  an d  k " ' are  th e  u p p er an d  th e  low er lim its  of v a ria tio n  of s22 for fixed values 

of xx, x 2 an d  s 2. F u rth e r , we shall have

rk"

Po 0 ^  (015 025 0 3)) =  Po (*̂ 15 ^25 f̂fl2)) ~  I Po (#15 5 s22) ds2 . . . (183)

I t  is know n th a t

V  ( X  X  ~ 2  „  2^  _  c o n s t -  ,  . , - 3  n  , i . —3 +
p 0 v ^ l >  *^2 5 * 1  5 * 2  /  —  ~  * 1  * 2  6  2ol  .

In tro d u c in g  s 2 in s tead  of sp  as a  new v aria te , we have

sp =  — (Nsa2 — n 2 s22) ..............................
n i

an d
^  „  ” i ~ 3  „  « i  ( * i - a i ) ! + « 2 ( ^ s - o 2 ) 2 + K 8 (1s

Po{Xi, X2, s 2, s22) =  const. (Nsa2 — n 2 s2~) 2 s2n‘~3 e 2<  ,

I t  is easily seen th a t

£ "  =  - s „ 2, k ’" =  0  ..............................
n.

(185)

(186) 

(187)

Therefore, using (181), (183) and  (186) we have from  (175), a fte r c a n c e llin g  equal 

m ultip liers on b o th  sides,

(N s«2 — n 2s22) 2 s2 J ds22 =  e (Nsa2 — n 2s22) ~  8 ° d s 2 (188)

for case (a), and  an  analogous eq ua tion  for case ( ). W rite

n 2 s2 =  Nsa2 u  ..........  (189)

2  y  2
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3 3 2 J .  N E Y M A N  A N D  E . S. P E A R S O N  ON T H E  P R O B L E M  O F

w here u  is th e  new v aria te . T hen  in s tead  of (188) we sha ll h av e

Til — 3 ft2 — 3

(1 — u )2 u2 du  s B ( ^  , —
1 \  Cu 'o — 3

-  J =  J (1 —  u) 2 u

w here

%2^ 2 
N s,2

(190)

(191)

I t  follows from  (190) th a t  u 0 a n d  u '0 dep en d  on ly  u p o n  an d  s. T herefore, w h a t­

ever be x x, x 2 an d  sa2, th e  elem en t w (4>i, <f>2 , </»3) of th e  b es t c ritica l reg ion  is defined 

b y  th e  in e q u a lity

s22 2: h \  =  u 0 , in  case ( a ) ...
n 2

or

<  =  u \
N s,2

in  case (6). (193)

These tw o ineq u alities  are  eq u iv a le n t to  th e  follow ing—

(a) F o r a lte rn a tiv e s  a2>  a, ; u —     >  
ni si +  n 2s2

(b) F o r  a lte rn a tiv es  a 2 <  a, ; u =-- -------- --------  <  
!2 - f  w2s22

w hich define th e  b es t critica l regions in  th e  tw o cases. W e see th a t  th e y  are  com m on 

for all th e  a lte rn a tiv es , includ ed  in  each class (a) an d  (b). T he c o n s ta n t u 0 depends 

only  u p o n  nx an d  n 2 an d  th e  va lu e of s c h o s e n ; i t  m ay  be fo und  from  th e  incom ple te  

b e ta -fu n c tio n  in teg ra l (190), o r from  an y  su itab le  tran sfo rm a tio n , as fo r exam ple, 

th a t  to  F i s h e r ’s  ^-function.*

A pproaching  th e  prob lem  of te s tin g  w h eth e r th e  variances in  tw o sam ples a re  

significan tly  d ifferen t, from  th e  p o in t of view  of th e  b es t c ritica l region, we hav e  reached  

th e  c rite rion  u, w hich is eq u iv a len t to  th a t  suggested  on in tu itiv e  grounds b y  

F i s h e r . T his crite rio n  is also th a t  o b ta in ed  b y  ap p ly in g  th e  princip le  of likelihood, 

b u t  th a t  m e th o d  d id  n o t b ring  o u t c learly  th e  need for d is tin c tio n  b etw een  th e  tw o 

classes of a lte rn a tiv es , since X <  X0 a t  b o th  ends of th e  w-distribution.*)'

(2) E xam ple  (11).— The test fo r  the significance o f the difference between two m eans .— 

W e have aga in  tw o ran d o m  an d  in d ep en d en t sam ples, an d  S 2, from  n o rm al p o p u la ­

tions , an d  th e  se t D. of adm issible hy po theses includes p a irs  of p o p u la tio n s in  w hich 

th e  s ta n d a rd  dev ia tions  ax an d  ar2 have th e  sam e (b u t unspecified) value >  0, w hile 

th e  m eans ax an d  a2 =  ax- f  b, m ay  h av e  an y  values w hatever. H '0 is th e  com p

hy po thesis  w ith  2 degrees of freedom , th a t  — 0.

* F i s h e r . “ S ta tis t ic a l M eth ods for R esearch  W ork ers,”  L on d on , 1932. T h is  co n ta in s  ta b le s  g iv in g

Zq (a fu n ctio n  o f u 0) for e =  O’05  an d  0*01 .

t  P e a r s o n  an d  N e y m a n . “ On th e  P rob lem  o f T w o S a m p le s .”  ‘ B u ll. A cad . P o lo n . S ci. L e ttre s  ’ (1930).
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T he te s t  of th e  h y p o th esis H '0 is th e  te s t  fo r significance of a  difference betw een  tw o  

m eans, in  th e  case w here i t  is know n th a t  th e  sam p led  p o p u la tio n s  h av e  com m on 

variances .

A ny sim ple a lte rn a tiv e , H* , of th e  se t Q specifies th e  p a ram e te rs

a,(1) =  ax(t); a /2) =  a t ; a /3) =  — V 0 =  bt ................... (196)

H '0, th e  com posite  hyp othesis to  be te s ted , specifies on ly  one p a ra m e te r

a 0(3) =  K  =  0, ... (197)

th e  o thers, a (1) =  ax an d  a(2) =  a , being  a rb itra ry .

Besides th e  sym bols p rev iously  defined, x u  sx ; s2 (m ean an d  s ta n d a rd  d ev ia tio n  

of each sam ple), we shall need th e  fo llo w ing : x 0, th e  m ean, an d  s0f th e  s ta n d a rd  d ev ia tio n  

of th e  sam ple of N  =  nx -f- n 2 ind iv id uals fo rm ed b y  p u ttin g  to g e th e r th e  tw o sam ples 

S j an d  S 2.

T he p ro b ab ility  law  p 0 w ill be given by

lo g p 0 =  — N  log v/2 t7 — N  log o — p 0 — axf  +  s02}* . . (198)

T he cond ition  (A) is obviously satisfied b y  , an d  follow ing th e  sam e line of arg u m en t 

as in  exam ple (10) we find th a t  th e  o th e r conditions (B) an d  (C) are  satisfied  also. 

I n  fac t,

, a log p „ 
a«“ >

3 log 

2 3a(2)

N  -
=  - { x Q — a1) .......................

N  N  _
= ------- 1— - p o  — -j- s02},

(7 <7

(199)

( 2 0 0 )

and  i t  is easy to  see th a t  <f>\ and  <£'2 are linear functions of th e  corresponding  

Now th e  equation , <f>x =  constan t, is equ ivalen t to

Xo=*Cl 9 ................................................ (201)

Cx being an  a rb itra ry  constan t. C learly th e  fam ily F  (a(2)) of hypersurfaces W  (</>j) 

corresponding to  th is  la s t equa tion  is independen t of a (2), and  hence we conclude th a t  

th e  b es t critical region w0 of size s m ay  be b u ilt up  of elem ents w0 (<f>1, <f>2). To o b ta in  

such an  elem ent, we have to  find th e  hypersurface W  <f>2), w hich is th e  locus of 

po in ts in  w hich
<f>i =  const., (f>2 — co nst....................................

and  to  determ ine its  p a rt, sa tisfying th e  conditions

Pt >  k { K  <f>*) Po,• •

| ••• I Po dw0 {<f>L, <f>2) =  e I ... j
J J Jw  (</>„«,)

2  Y  3

Po dW{4>lt 0 2). . .

. (203)

. (204)
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334 J. NEYMAN AND E. S. PEARSON ON THE PROBLEM OP

N ow  th e  sy stem  of equation s (202) d eterm in in g  W  is eq u iv a len t to  th e

fo llow in g—
io  =  Cx . . ...............................................(205)

s02 -  C2 >  0 ......................................................... (206)

A s th e  b est critical region is in d ep en d en t of ax and a w e m ay  p u t in to  p 0

ax = a x{t\  o — at, ...........................

and tak in g  in to  accou nt th e  fa c t th a t  (205) and (206) m u st hold  good  on  th e  h yp er­

surface, W  (</>!, </>2), th e  con d ition  (203) m a y  be tran sform ed  in to  th e  eq u iv a len t

bt {xx — 

kf being a new  co n sta n t depend ing  up on x0 and s02 (th a t is  to  sa y  u p on  <f>x an d  <f>2), 

and upon s.

A gain  tw o classes o f a ltern a tiv es m u st be consid ered s e p a r a te ly : (a) if  

bt =  a2{t) — ax{t)>  0, th en  th e  region w0 (<j>x, w il

v — xx — x2 <  k " x 6*02)..................

(b) if, how ever, bt =  a2{t) — ax(t) <  0, th en  in stead  of th e  ab ove  in eq u a lity , w e sh all 

h ave

v — xx x2 ^  k  2 ($ o, ô̂ )* • • • • • • • • •  (210)

The so lu tion s in  b o th  cases are ana logous, so w e sh all consider o n ly  th e  case  (a). 

The problem  con sists in  determ in in g k"x (x0, s02) so as to  sa tis fy  th e  co n d itio n  (204). 

T h is is  eq u iva len t to  th e  eq uation

(*". _  f*iV
Vo {%o,s02, v ) d v  =  £ (£o> ............ 

J k ' "

w here p 0 (x0, s02, v) is th e  frequ en cy  fu n ction  of th e  v ar ia tes x0, 2 and an d

and klv are th e  low er and th e  upper lim its, resp ectively , o f th e  var ia tion  in  v for fixed  

va lu es of x0 and s02.

T hus w e h ave to  find p 0 (x0, 6*02, v). W e start w ith  th e  frequ en cy  fu

variates xx, x 2, sx2, s 22, n am ely  :

_ _  _^ (#0 fli)"'4~*o2
Vo {%i> %2> sx2, s22) — C sxn'~3 s2n*~3 e2<r' , ....... (212)

C being  a co n stan t. S u b stitu tin g  in  (212)
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an d  m u ltip ly in g  b y  th e  abso lu te  value of th e  Ja c o b ia n

d (#!, ff2, g22

a (*0,

N

2
(216)

we o b ta in  th e  frequ en cy  fu n c tio n  of , v, nam ely ,

Vo (®o> s02, sx2, v) =  (W * 1 3 ( N s02 —
2 _  ^1^2 n&

2 •* _  U() d\ )2 -f- Sp-

(217)

W e n ote  th a t  for fixed values of s02 an d  v, th e  v a ria te  m ay  lie betw een  lim its  zero an d

* V = ( N V (218)

The frequency  function  p 0 (x0, s02, v )is found  from  p 0 (x0, s02, sx2,

i t  w ith  reg ard  to  sx2, betw een  th e  lim its zero an d  s^2. W e have th u s

Vo (a?o> s02, v ) —  C2 (  502 _  % n 2 „2 W
_ yj- (J’q— ^ j )*1 ~|-Sq2

.................. (219)

P u ttin g  th is  in to  th e  eq u a tio n  (211), an d  cancelling on b o th  sides equa l co n stan ts , 

we find

k" '/  2 nxn2 2\ h t 4
Sn2 ---- Jr-=- t)2 ) 2 (W =  £

A"' N 2

„*.iv

J kf,f

kly /

y So
2 _  ^ 2  ^

w here

=  2s (s ,*  -  M s  V * ) V  efo,

( 2 2 0 )

_ __  N s0 .̂iv __ _j_ N*0
V!" =  -

\ / v

Make now th e  tran sfo rm atio n

_  N s0

x/WjWj \ / l  +  s2 ’

z being a new variab le. Since s0 is co n stan t o n W  <f>2)

( 2 2 1 )

( 2 2 2 )

and  th e  eq ua tion  (220) becomes

%z 0

N s0 dz 

v /% ^2 (1 +  Z2)3/2 ’

'N  — 2

(223)

N - l

(1 +  z2) 2 dz =  Z^/v:

Sim ilarly

(1  -f-  Z2) 2 dz =  S-yAt

N - l

2

N  — 2

for case (a). (224)

N - l
for case (b)................ (225)

2
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z '0 an d  z ' \  are  fu nctions of k'\an d  k ' \  defined b y  (209) an d  (222

(224) a n d  (225) th a t  th e y  can  depend  only  on N  a n d  e. T h u s th e  b e s t critica l reg ion  is 

defined as fo llo w s:

(a) F o r  a lte rn a tiv es  bt>  0 ;

z =
\ A h Sl2 +

a / ^ - 2 <V  AT ~
(226)

(b) F o r a lte rn a tiv es  <  0 ;

y /vh s  i2 +  n 2s22

^ 2  >
°

(227)

w ha tever be x 0 an d  s0, w here z0 m ay  be found  from  p u b lish ed  ta b le s  fo r a n y  e chosen.* 

W e th u s  reach  th e  w ell-know n ex tensio n  of “ S t u d e n t ’s ” te s t  g iven b y  F i s h e r ,f  w ho, 

how ever, uses in stead  of z,

t =  zv /N  — 2 ..........................

I t  also follows from  th e  princip le  of likelihood. A gain  i t  has  been  show n th a t  on  th e  

basis of th e  in fo rm atio n  av ailab le  no b e tte r  te s t  could be devised for th e  h y p o th esis  

u n d er consideration .

V I . — S u m m a r y  o f  R e s u l t s .

1. A new  basis has been  in tro d u ced  for choosing am ong c rite ria  su itab le  fo r te s tin g  

an y  given s ta tis tic a l hypothesis , H 0, w ith  reg a rd  to  a n  a lte rn a tiv e  H t. I f  6a a n d  02 

are  tw o such possible c rite ria  an d  if in  using  th e m  th e re  is th e  sam e chance, e, of re je c tin g  

H 0 w hen  i t  is in  fa c t tru e , we should choose th a t  one of th e  tw o w hich assures th e  

m in im um  chance of accep ting  H 0 w hen  th e  tru e  h y p o th esis is H*.

2. S ta rtin g  from  th is  p o in t of view , since th e  choice of a  c rite rio n  is e q u iv a le n t to  

th e  choice of a c ritica l region  in  m u ltip le  space, i t  w as possible to  in tro d u ce  th e  con­

cep tion  of th e  b e s t critica l reg ion  w ith  reg a rd  to  th e  a lte rn a tiv e  h y p o th esis  H,. T his 

is th e  region, th e  use of w hich, for a fixed value of s, assures th e  m in im um  chance  of 

accep ting  H 0 w hen  th e  tru e  h y p o th esis is H*. T he crite rio n , b ased  on th e  b e s t c ritica l 

region, m ay  be refe rred  to  as to  th e  m ost efficient crite rio n  w ith  reg ard  to  th e  a lte rn a tiv e  

H t.

3. I t  has  been  show n th a t  th e  choice of th e  m o st efficient c rite rion , or of th e  b es t 

c ritica l region, is eq u iv a len t to  th e  so lu tion  of a  p rob lem  in  th e  Calculus of V aria tio n s. 

W e give th e  so lu tion  of th is  p rob lem  for th e  case of te s tin g  a  sim ple hypothesis .

To solve th e  sam e prob lem  in  th e  case w here th e  h y p o th esis te s te d  is com posite, th e  

so lu tion  of a fu rth e r  p rob lem  is r e q u ir e d ; th is  consists in  d e te rm in in g  w h a t h as  been  

called a region sim ilar to  th e  sam ple space w ith  reg a rd  to  a p a ram ete r.

* F o r  z  : “  T ables for S ta tis t ic ia n s  an d  B io m etr ic ia n s ,”  P a r t  I , T a b le  X X Y  ; P a r t  I I ,  T a b le  X X V .

f  F o r  t : ‘M etron ,’ v o l. 5 , p . 114  (1 9 2 6 ) ;  F i s h e r , “ S ta t is t ic a l M eth od s for R esea rch  W ork ers,” p . 139.
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W e have been  ab le  to  solve th is  au x ilia ry  prob lem  only  u n d er c e rta in  lim itin g  con ­

d ition s ; a t  p rese n t, the re fo re , th ese  conditions also re s tr ic t th e  g en e ra lity  of th e  

so lu tion  g iven to  th e  prob lem  of th e  b es t c ritica l reg ion  for te s tin g  com posite  h ypo theses.

4. A n im p o r ta n t case arises, w hen  th e  b es t c ritica l regions a re  id en tica l w ith  reg ard  

to  a ce rta in  class of a lte rn a tiv es , w hich  m ay  be considered to  include all adm issib le  

hyp otheses. In  th is  case— w hich, as has  been  show n b y  several exam ples, is n o t an  

uncom m on one— unless we are  in  a position  to  assign precise  m easures of a priori 

p ro b ab ility  to  th e  sim ple hy po theses co n ta in ed  in th e  com posite  H 0, i t  ap p ears  th a t  

no m ore efficient te s t  th a n  th a t  g iven b y  th e  b es t critica l reg ion  can  be devised .

5. T he q u es tio n  of th e  choice of a “  good critica l reg ion  ”  for te s tin g  a hy po thesis, 

w hen  th e re  is no com m on b es t critica l region w ith  reg ard  to  ev ery  a lte rn a tiv e  adm issib le  

hy po thesis , rem ains open. I t  has, how ever, been  show n th a t  th e  critical reg ion based  

on  th e  princip le of likelihood satisfies our in tu itiv e  req u irem en ts  of a “  good c ritica l 

reg io n .”

6. T he m ethod  of finding b es t critica l regions for te s tin g  b o th  sim ple an d  com posite 

hypotheses has been illu s tra te d  for several im p o r ta n t p rob lem s com m only m e t in  

s ta tis tic a l analysis. Owing to  th e  considerab le  size w hich  th e  p ap e r has  a lread y  reac h ed , 

th e  so lu tion  of th e  sam e prob lem  for o th e r im p o r ta n t ty p es  of hy po theses m u s t be le ft 

for se p ara te  publication .
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