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In the theory of operator algebras, the following result is known (cf. [2],
[4], [9], [14]): If θι and θ2 are normal *-homomorphisms from W*-algebras
Mj and M2 onto the other ΐ^*-algebras Nx and N2, then there exists the
unique normal *-homomorphism θ from the T^*-direct product of M2 and M2,
M j φ M s onto that of Nj and N2, N ^ N j such as 0θ(g) y) = θx(x) ® Θ2(y).
Moreover, combining this result with that of Takeda [8], it can be shown
that if θι and θ2 are *-homomorphisms from C*-algebras Mx and M2 onto
the other C*-algebras Nj and N 2 there exists the unique *-homomorphism θ

from the C*-direct product of Mx and M2, Mj ® M2, onto that of Nj and

®N2, 'Ni ® N 2 such as θ{x®y) — ^i( ̂ ) ® Θ2{y)' In both cases, if θ{ and θ2 are

*-isomorphisms θ is a ^-isomorphism, too.

In the present paper we shall show that analogous results also hold for
the projections of norm one in the operator algebras. Namely, for two W*-
algebras Mi and M2 and their ΐί^*-subalgebras N\ and N 2 if TT{ and 7r2 are
normal projections of norm one from Mi and M2 to Nj and N 2 respectively,
there exists the unique normal projection of norm one ΊΓ from Mx (££) M2 to its
W*-subalgebra N2 ® N 2 such as π(x ® y) = v^x) (g) 7r2(y) and similar result
holds for the projections of norm one in C*-algebras. After proving them
we shall show some applications of these results in the next section.

Before going into discussions, the author recalls many valuable conversa-
tions with Mr. M. Takesaki in the presentation of this paper for which he
must thank to him.

1. In the sequel, the algebraic direct product of two operator algebras
Mx and M2 are always denoted by MjQMa For two C*-algebras Mj and

a

M2, the Λ-norm of an element ]>Z x% ® y% of Mi © M 2 is denned as follows :
ί - l

ί ί i - 1
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^aj®θj) \/.Xi\&yi) \ / .a
1 ' M = l ' \-l

= sup

where supremum is taken over all elements Σ Λ* ® &j °f Mx O M2 and all

positive linear functionals φ and ψ* on Mι and M2 respectively and

means the product linear functional of φ and ψ on Mi © M2 which is given

by

u φ> <yi9
i=l 1=1

Notice that the product linear functional φ ® ψ is continuous for the tf-norm

of M2 O M2 defined above, so that we can extend this to the uniform closure

of Mi O M2, Mj ® M2. The extension of φ ® ψ on Mi ® M2 is again deno-
Oύ Ob

ted by φ ® ψ.

A projection of norm one from a C'^-algebra M to its C*-subalgebra N

is called faithful if it is faithful on each positive element of M.

THEOREM 1. Let M, and M2 be C*-algebras and N 2 and N 2 their C*-

subalgebras respectively. If irι and 7r2 are projections of norm one from Mi

and M2 to Nj α/zί/ N 2 , Merc ί/tere exists the unique projection of norm one

TV from Mj ® M2 to Nj ® N 2 such as τr{x(&y) = irj^x) ® *π2(y\ besides if
CC Λ

Ίtγ and 7r2 are faithful on 1S11 and M2 respectively, then TΓ is also a faithful

projection of norm one.

We call this projection IT the product projection of rrrι and 7Γ2 and denote

by 7Γj ® 7Γ2.

n

PROOF. For I ] Λ:t 0 yt € Mx Q M2, we define

7Γ I
v i = l

) - Σ

Since 7Γj and 7r2 are expectations to N\ and N 2 by [10], TΓ is the projection

from Mj O M2 to Nj Q N 2 that satisfies

®dy] = a®b τr(x

for all x ®y € M j Q M s and a ® έ, c ® J € Nj © N2.

Next, consider the product linear functional φ ® ψ where φ and ψ are
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positive linear functionals on Nj and N 2 , respectively. We have

= <7Γ

307

(Σ

= <Σ

= Σ

The last inequality of positivity follows from the positivity of the product
linear functional tffrSsp) ® ^(ψ). Therefore,

Σ

where >̂ and ψ1 are positive linear functionals on N, and N2, respectively.
On the other hand, by the multiplicative property of 7r, one may easily verify
the following identity,

Γ/ n

(Σ - Σ ^(^ί)) ( Σ

) — ^ ( Σ

- Σ î
\1

*)) I

Hence, we get

Now the α:-norm of w2(yt) i n N x O N 2 is given by
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= sup

i))

( n . . rn.

Σ^lUi) ® **hS) ( Σ ^ ® ^)

where supremum is taken over all elements Σ a5 ®^j of Nj Q N 2 and all

positive linear functionals >̂ and ψ on Nj and N 2 respectively. From the
above argument, one can get

m \ * w n m

( ^)) (Σ

= <7Γ fexi ® y.) (Σ

[(Σ

t) fΣ
/ v/=i

Besides, as π is the projection from Mj O M2 to Ni O N 2 we have

= < (Σ a, ® ^ Y(Σ

Therefore,

7Γ .<y )

sup

Σ Λ?i ® yt
i-1
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The last inequality follows from the definition of the tf-norm in

Mj © M2. We have || *π || ^ 1 on Mj © M 2. Hence 7r can be extended to the

mapping iτ from the uniform closure of Mx © M2, Mx ® M2, to that of
a

Nj © N 2, Nj ® N 2, which is easily seen to be the projection of norm one
a,

from Mi & M2 to Nj ® N2 such as π(x ® y) = TΓ^X) ® 7r2(v).
a a

Since the unicity is obvious, this concludes the first half of our proof.

Next, suppose that 7Γχ and τr2 are faithful projections of norm one. From

the assumption, the family {tfrrι{φ)\ where ψ runs over all states on Nj is a

faithful family of Mχ The same result holds for the family \tfrr2{ψ)\ where

ψ runs over all states on N2. Therefore we can conclude that the family

\trrrι{φ)^ tf""JiΨ)\ where φ and ψ run over all states on Nx and N 2 res-

pectively is also faithful on Mi ® M2, which implies the faithfulness of π

constructed above.

REMARK. A slight modification of this proof yields a simple and ele-
mentary alternative proof of the previously quoted results for homomorphisms
of C*-algebras and the method of deducing Theorem 2 from Theorem 1 is
also applicable to get an another proof of those results for normal homo-
morphisms of W^-algebras.

THEOREM 2. Let Mx and M2 be W*-algebras and Nx and N 2 their
W*-subalgebras respectively. If 7Γχ and 7r2 are normal projections of norm
one from M2 and M2 to Nj and N 2, then the?-e exists the unique normal
projection of norm one TΓ from Mx ® M2 to Nj ® N 2 such as 7r(χ ® y) =
Tfiix) ® π2(y). Besides, if the both projections are faithful, so is the projec-
tion of norm one constructed above.

We call this projection ΊΓ the weak product projection of 7Γχ and τr2 and
denote by 7Γχ (g) τr2.

PROOF. By Theorem 1, there exists uniquely a projection of norm one

7Γ from Mi ® M2 to Nj ® N 2 such as π(χ®y) = TΓ^X) ® τr2(y). Mx ® M2

a a a,

and N χ ® N 2 are considered to be σ-weakly dense C*-subalgebras of Mχ®M 2

a

and Nχ®N 2 , respectively. Therefore, by density theorem, (Mχ®M2)J{;, the space

of all σ-weakly continuous linear functionals on Mx ® M2, and (Nχ®N 2) ϊ i <,
that of Nj ® N 2, can be isometrically embedded into (Mx @ M2)* and
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Now, by [14], (M, ® M2)* = M,* ® M2!|c and (N, ® N2)* = N l lK ® N,«
α' α/

where Ml5iί @ M2* means the tensor product of two Banach spaces Ml5iί and
0 5 '

Ma* with the associate norm a for a in the sense of Schatten [7] and

N 1 + ® N 2 * means the similar product of N1Hί and N2*r Consider
tti'

in (Mi ® M2)* where <p and ψ are σ-weakly continuous linear functionals on
CO

Nj and N 2 respectively. Then a usual computation shows that ίψπ{φ ®ψ) =
tr^ι{φ) ® tfπz(ψ). Since ΊΓ1 and 7r2 are σ-weakly continuous tfπ ι{φ) and tfrr2(ψ)
are σ-weakly continuous linear functionals, so that we can conclude tfrrι{

M l 5 K®M 2 ϊ f ί . Hence V N 1 # Q N 2 s | ί ) c M l ψ ® M 2 i f ί where N 1 5 | i QN 2 : j i
<*' a'

means the algebraic tensor product of N 1 + and N 2 * with a -norm. We have,

therefore, M N ^ ® N 2 * ) c : M l ϊ K ® M2 + 7r is σ-weakly continuous on Mj ® M 2 .
a' oc' a,

Thus we can extend ΊΓ to the σ-weak closure of Mj ® M2, Mi ® M2 and one
CO

easily verifies that this extension, which is also denoted by 7Γ, is the normal pro-
jection of norm one from Mi ® M 2 to N\ ® N 2 such as 7r(χ®y) = 7r1(^)®7r2(y).

The unicity is clear as in th case of Theorem 1.
Now, suppose that both irγ and 7r2 are faithful. From the assumption,

the family VΊ = {ίfτr1(<p)\<p € N1Hc and ψ ^ 0} is a faithful family of positive
normal linear functionals on Mi and V2 = {^(VOI ^ ^ N 2 # and ψ ^ 0 | is
also a faithful family on M2.

Assume that Mi and M2 are W*-algebras on some Hubert spaces Hi and
H 2 respectively. By [3], there exists a suitable family {ζι(<p)\ of vectors in

Hj such as <x, tfπ ι{φ)> = X) <χ^i{φ\ ξi(φ)y for every element x € M l β

Put XΊ = \ξi{φ)\tfrrι{φ) €V19 i= 1,2,3, ). We see that the faithfulness of
the family Vx is equivalent to that the above family Kx is a separating
family of vectors for Mj. Similar result holds for 7r2, that is, the family
K2 = Wj(Ψ)lWΨ0 € F2 , i = 1, 2, 3, ) is a separating family of vectors
for M2 where {Vj(Ψ)\ J = 1? 2, } is the family of vectors in H 2 such as

<y, tf^2(Ψ)> = Σ <yVj(Ψ)> * 7 J W > fo r y ^ M2. Hence the family of all

vectors |ξ t{φ) ® ηJtΨ) I ζt(φ) € JKΊ, η&ψ) € K2\ in Hj ® H2 is a separating
family of vectors for Mi ® M2, too. Therefore one may conclude that the
family ['irfo) ® VgCψ1) | V ( ^ ) ^ ^ u W Ψ ) ^ ^2} is a faithful family of
positive normal linear functionals on Mj ® M2. Considering that irπ{φ (g) 'ψ1)
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O* this means the faithfulness of TΓ on M t ® M2. This com-
pletes the proof.

2. With help of the above theorems we get firstly the systematic ex-
planation for the following results which are essentially proved in Sakai [6]
(the case of W*-algebras) and Takesaki [16] (the case of C*-algebras).

THEOREM 3. Let M2 and M2 be C*-algebras, then there exist sufficiently

many projections of norm one from Mx ® M2 to Mi and M2 identifying Mj

with Mx ® 1 and M2 with 1 ® M2. On the other hand, if M{ and M2 are
W*-algebras there exist sufficiently many normal projections of norm one

from Mj ® M2 to both Mi and M2 with the same identification in M2 @ M2.

PROOF. At first, we notice that a state ψ of M2 induces a projection of
norm one 7Γφ from M2 to its trivial subalgebra (λ 1) where λ is an arbitrary
complex number and 1 is the identity of M2. TΓψ is nothing but the mapping
x-* <x, ψ>l for each x € M2.

Then we get the family of product projections of norm one {τr0 ®w,j,}

from Mi ® M2 to M1 ® (λ 1) = Mx ® 1 = Mj where ΊΓQ is the identity map-

ping of Mi and ψ runs over all states of M2.

Take an arbitrary non-zero element x € Mj ® M2. Since M? ® M2* is
a a'

total on Mi ® M2 and M* and M* are linearly spanned by their positive
(A

elements, we can fined a product linear functional φQ ® ψ0 such as <x, <p0

®Ψo> 4= 0 where <pQ and ^ 0 are states on Mi and M2 respectively. Then,

consider the product projection 7ΓO ® τr^0, we have

Ψo>h <po>

®for every element X] ^ ® ^ € Mx © M2, which implies ŴΌ ® τi>0)

® ^ 0 . Therefore <τr0 ® τrψo(.r), φo> = <x, Vo ® π
• \

^ o > =+=0, that is, τr0 ® τrψo(Λ:) =f= 0. Thus, there exist sufficiently many projec-

tions of norm one |7ro®7Γψ} from Mj ® M2 to M! where ψ runs over all
a

states of M2.
The symmetric argument shows that the same result holds for M2, too.
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In case that M1 and M2 are W*-algebras, it suffices only to use a nor-
mal state ψ of M2, in place of a state ψ in the above arguments, recalling

that M ^ ^ M a * is total on Mi ® M2 by [14]. Hence, details are omitted.
Cb'

REMARK. The statement of the last half of Theorem 3 lacks in many
properties of mappings in [6] but it is the existence of the <r-weakly contin-
uous projection of norm one that we need because other properties of map-
pings stated there, are all deduced from the property of the σ-weakly contin-
uous projection of norm one by [10], [11].

The next application is an alternative proof of theorem by Misonou [4:
Theorem 4 and Theorem 6] which we quote here for the convenience.

THEOREM 4. Let M, N be finite W*-algebras and % and % their fcj-
applications. Then M ® N is again a finite W*~algebra and its ^-application
coincides with the weak product projection of % and %2> i- e (x ® yί =

PROOF. A ^-application may be considered to be a faithful normal pro-
jection of norm one from a finite W^-algebra to its center having special
properties. Hence we can consider the weak product projection bji ® tj2 in
M ® N. By Theorem 2, fc^ ® fc|2 is a faithful normal projection of norm one
from M ® N to Zι§§Z2 where Zx and Z2 are centers of M and N respecti-
vely.

Now, Zx ® Z2 coincides with the center of M ® N besides a simple com-
putation shows that (xyf1^ = (yx?1®** for every x, y € M ® N. Hence, by
[1], M ® N is a finite W*-algebra and fc|i ® b|2 coincides with its ^-applica-
tion. This completes the proof.

REMARK. Using Theorem 4, we also get an another short proof of the
fact that if M and N are semi-finite T1^*-algebras then M ® N is semi-finite,
too. Thus, combining with the results of [6] and [12] we have succeeded to
explain all problems of types of the direct product of W^-algebras by the
projection of norm one in them.
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