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1. Introduction.

The theory of norm residue symbol in algebraic number fields has been
variously treated. An explicit formula of the local norm symbol has been given
as the Safarevit symbol by Safarevi¢ [8] Hasse [6] and Kneser improved.
the result of Safarevié and supplied a link for the 27-th symbols.

As for a more special case than that of éafarevié, Yamamoto has
proved the local reciprocity law of Kummer-Hilbert, on which the present
author gave a note [9]

The structure of norm group of Kummer extension of prime degree was
characterized to a certain extent by Hensel-Hasse [6] The specially important
formula of Hasse

(JL) <_f:‘_) — (_1)5('1?‘ 3 , (n=v=1(2),

pe2

is widely known. Here #, v mean two total-positive numbers in an algebraic
number field which are mutually prime, and S denotes the trace from this field
to the field of rational numbers.

Recently Siegel [107] proved the formula of Hasse from the viewpoint of
the Gauss-Hecke sum in the theta function theory.

In this paper it is our purpose to give a local refinement of the formula of
Hasse, from which we also show that the Safarevi¢-Hasse-Kneser formula [51.
in the quadratic case can be readily derived.

Our method is to calculate explicitly the norm elements in the quadratic
case by means of an idea of Yamamoto and the present author [9] In
order to make this paper self-contained we shall prove several lemmas analogous

to those given in [I1], [9]

2. Several preliminary lemmas.

Let % be a local number field of finite degree over the field of rational 2-adic
numbers R,, e its ramification order, f its residue class degree and kr the field
of inertia, i.e., the maximal unramified field, contained in 2 We denote by
Or, O O, the rings of integers in R, &, ky respectively and also by [, =
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the prime ideal, a prime element in &.

We consider K=k(+~/#) with the ramification constant », in which 2 means
a principal unit in k. If ¥ denotes the prime ideal in K, then of course [ =
22, the different of K/k is Dgp =+

LeMMA 1. If K/k is ramified, we can select « suitable unit p such that

Ord(1—)=s, s=1 (2), and then we have s-+-v—=2¢. Therefore the number s is
uniquely determined by K [2).

Proor. If we have K=k g), s=0 (2), then select a number g’
= u(1 —I-b,sjréf)‘z with b = a7 n=14am 4, a = O Because s < 2e in the
2 2
ramified case, we have Ord,(2b = 2) :e—lw% > s, from which k(v 2 )=k 1),
2

Ord,(1—u")>s follows. Here if s’ =0 (2) again occurs, select a unit #” from
4’ as above. By continuing the same process if necessary, we can find some
unit 2@ such that k(v z2)= k(v £®), s =1 (2), because we have s < s’ < - <2e.
Now set s=2d-+1 with the non-negative rational integer d and M=+'#, then
II=Q1—M)x" is a prime element of K. From the definition of the ramifica-
tion constant » =2e—s [2] directly follows.

7

m

Ordg{Z(gt)(fL)}gj—anl for i>2n.
t

Proor. First we have

LeMMA 2. If ( ) denotes a binomial coefficient, then

SEE)=DSE =) 3 (=) 1t 20,

t [2 i=5(2)

Now, the Faa di Bruno formula on successive derivatives gives us immediately

for (E)=¢E%, &=,

o= Sameratar (1)) (3)) - en

in which the summation runs over all partition «: z=a,+2a,+ -
ZyFayt o
Therefore we have

22()0) =2 apmey o avarA-2ra-2a-o - (),

y &=

=31,.

Ord,T, = Ordg( ! ) A (—a—D—a,0rd,G D,
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= Ordy( 7 ) +G—a—D— S ai—1)=Ordy( 7 ) +i-n—1,

=j—n—1.

Finally we obtain Ordy{ > ( J, V(1) =zi—an—1.

We denote by Ngp the norm from K to 2 and by Sk, the trace. Then
we put 7= Ngall, 6;= Sea(T)) G 2 1).
LeMMA 3.

;= zﬂ.—jdﬂ[’g‘] 1y,

Here [x] denotes the Gauss symbol indicating the greatest integer =x and
A=1—p.

PROOF. 0, = x~(1—MY —z~(1+ My =723 ( J, ) M
t
o —dj e Y\ o T :
= 1222(—1) (Zt)( L ),8. Now by we obtain
4

Ordi2ai(~17 2 (5, V(& V892 e—jdrteli—2k—1) ks = —jd -+ ks -+ el —26),

i

from which —jd+ks+e(j—2k)=v is valid if and only if k:[i;f].

PERNCS SR EY - gl 4]
Therefore g;= 2z~ (1)t 2 2[\];] gt v+, Observing that Ord,2z7?8%2):
2

;--~7%U—, we obtain our proposition.

LEMMA 3’. We have
@ if 7=0(02),

J-1

o =0t r (M) if j=1(2).

1—

Iy
PROOF. Because we have y=Ngpll =773 =nr- nsﬂ , wWe see 27r“fdﬁ[2]‘

d-1 5—1

J J J-1 _s-1 )
=2Br2 =2r2 if j=0 () and 2z =2(Br""%) 2 =2 t x ¢ ifj=1(2).
Therefore we obtain similarly
LEMMA 4. For any element a & Oy, we have

J
Nin(l—all?y=Q+ar ) oy g =00,
J-1 _ s-1
Nepl—all))=1+a*r+2ar 2 2 2 () i j=1(2).
LEMMA 5. For any partition n=1iy+i-; - +ip i; 20, of natural number #,

1 P
. . . 7.

it is mecessary and sufficient for ST.T =1 (@) that we have c;=Z4}Jc,‘“,»
Q- M P j=
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t=0, -, 7, with respect to the coefficients of n— ﬁ:} c2t and i;= i}cc‘j’Z‘, 0 =1,
0o =1, t=0 £=0

Proor. If p=1, we have always ¢, O+ Y +d,_, =c,+2d;, with d,=0 or 1
for ¢t=1,--,r—1, and d.,=d,=0.

! 7 r v . .
Because Ordz——z;—’f—i.‘——,r =0 is equivalent to X ¢, =2 ¢+ 2 ¢V, this also is
041+ t=0 t=0 £=0

equivalent to 4,=0 for all ¢, i.e, ¢=¢®+c for all £ For the numbers
p>1, the proposition can be easily verified by induction on p.

3. A formula of Hasse.

We can immediately verify one of the formulas of Hasse from

Let v be another principal unit in %, and denote by (v, #) the quadratic
local Hilbert norm symbol, that is, (v, )= 41 or —1 according to that v is
the norm of an element from K to %2 or not.

THEOREM 1 (Hasse [2], [3]). Under the assumption s+v=2¢, Ord(l—p)
=s, Ord|(1—y) =1,
0, )= (Dl 55
Here Sy, means the tvace from ke to R,.

PROOF. Put 27 8 =71 0(), O4) = i, &€ O then by Lemma 4

Nep(l—all®) =1+ {a*+a@(}r* ("),
for any element @ = ©,,.
Therefore v =1+b7" (1°*Y), b = Oy, is the norm of an element of KX if and
only if b= a®+a&, (2) is valid for some element ¢ in Oy, This condition is
3—~1
equivalent to S,,(£,726) =0 (2). By making use of that £,2=-"5, y"*'= Bl

PE L
(2), this also equals to S,CT(—IE—” —I%ﬁ-) =0 (2). Therefore we obtain our for-

mula.
COROLLARY (Hasse [2], [8]). Ifv=u=1 (2), then

s( ),

v, )=(=1)
Here S denotes the trace from k to R,.
Proor. If Ord,(1—v)>o, then (v, 2)=1. On the other side we also have

S(,Z_ ﬁzw—) =0 (2) and the proposition is valid. If Ord{(1—y)=wv, we see

v>=¢e, s=e, v--s=2¢ by the assumption, from which v=s=¢, e=1 (2) follows.
Thus we have S(x)=eS,(2) = Si,(x) (2). Our proposition is also valid from
Theorem 1.



420 K. SHIRATANI

4. Recursive formulas.

It is our task to obtain an explicit formula for the symbol (v, ) under no
assumption with respect to the orders of 1—y, 1—4.

For convenience’ sake, we put 2-'=4, and then of course we have @?4
=’ =g (2) for any element ¢ € Oy,.

If two principal units A, B in k belong to the same coset with respect to
the multiplicative group of the norms Ng,;K*, i.e., there exists an element X
in K such that A= B Ng,X, which is equivalent to A=B Ng, X (") for
some clement X’ in K, then we shall write A~ B.

By making use of this notation, yields for a natural number
and a € Oy,.

aam g @02
(1) 1+a2 72 1+ 1_1_(17_2”1, 2
4
2) 1 +aurm+1~1+£_'7"i___@(r)
l+ar27rz+l .
s—1 v+1

Here @(y) means an l-adic expansion of 2z~ 2 v~ ? with a prime element 7,
and so a unit in A

In order to simplify our computations, we assume g=1—-=1-iz, 1= T,
where 7" means a system of representatives of Teichmiiller, that is, the multi-
plicatively closed representative system of the residue class field of 4.

If we denote by 2:200}77?-;'" the l-adic expansion of 2 with the coefficients

i=e

Eid N oo §=1 , -1
contained in 7, then we have O()—=—21 2 7‘9:2232 prt4 2t p;= 7. Then
i=e

also from (1), (2) follow after a short calculation,

(3) lfa¥rmals 3 (2 (—Vala'n)rt,

t=¢+m (20+1)m+j=t

) . , s—1
@ lreriels X (3 (Dt T r
t=vtm ot Emee )it j— S; =t
Here we put »*= 0—2’_1 . In the second summation we mean j =¢ and i =0 and

we fix these meaning in this and the next sections. Also the letter / means
always an odd number,
We see
(—ada'y;= = (d'n®? (mod 2),
{

(2i+1)m+j=¢ ERETIEY Eo

s—1
> (—Yala'y2 ¢ = > (a'npAs—1)4 (mod 2).

m+ ()it - 351 =t [Em+ 1)+ 2§ - s=2t
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If we denote the coefficients of Fzéﬂjzrzf and G= infis‘lr”‘s respec-
J=e

7=e

tively by D,F and D,G, we evidently obtain the following formulas.

(5) ]_+(l“7’2mN1+ 2”3 ( E al 'DmnF)ATL,

t=e+m {+2m-rm,=2

©) Ltamiald 3 (5 a DGy

=v*4+m L(2m + 1) +m =2t

Remark that D,FF=0 for p < 2¢, and that our formulas are reduced to the
trivial ones if » <v*--m occurs.

Now we put H= —F-+G and denote its coefficients by D, AH. Observing that
D, H=—D,F for m=0 (2) and D, H=D,G for m=1 (2), we obtain for both
cases = 2m and »=2m-1,

Q) et ~14 3 (3 dDp "
= JJ;;?L Len+my=2t
Here {x} means the symbol indicating the least integer = x and so {x} = —[—x].
REMARK.

(). In the case where 2 = v*, we particularly obtain from (7) the follow-
ing formula.

& I+ar"~1+ 3 }(aDzz—nH)"r‘-
t vtn

2

For, /=3 yields #l+m = 3v*+m > v+ 1+m and we see by our definition D,, H =
0 for my, <v. Therefore 2t=In-+m,>v+1+v=20+1, i.e, t Zv+1. Thus the
terms with the summation 2¢ =In-+m,, [ =3 makes no contribution in (7). On
the other hand we have trivially 1+¢*7" = 14ar” (**) for n = v*. Thus (8)
follows from (7).

(iI). Our definition evidently yields

H= —F4+G=—F+2 7= F = (=147 F

= (U =2 T

By making use of the formula (7), we can transform 1-far’, a <O, as
follows.
1+artNl+aTUy « EQI{T)

in which « is not uniquely determined, but l14+ar’~1+a'y”, a, &’ =Dy, is,
from equivalent to

® () =5e ) @,

Here we shall denote by a =~ «’, that two elements «, «’ satisfy the rela-
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tion (9), and by ¢(a,f) a representative of the equivalence class of «, deter-
mined by 1-}-a7r"

Evidently we have the following propositions.

O If ola, )= (2), then ¢le, H = 4.

() If 1+ar'~1+a’yY, then (e, ) = ¢la, ).

() ola+a’, n) = ¢la, n)+9la’, n) for n=v*.

Now we shall obtain a recursive formula for ¢(g,#) from the formula (7).

Set dta=( X &' -DnpH) (mod 2) (¢=¢,). Then from (7) and the re-

lE+mo=2t,

mark we see

1+a* i~ 1+ Z Lartie~ 11 A+otar™)

t]-_—«{.l’,;ﬁﬁ} le{ﬂzt_}

v

~ T (+e@a ty)~1+ 3 olha, t)r.

h:{i’fzr,t, =1 v;ﬂ }
Consequently we obtain
(10) go(azd: t) = E ‘{9(6%10, tl) H
L={%t)
in particular for ¢ = s*,
(a s~ 3 oo,
=13

Here note that ¢(a,v) = a = (aD,H)“.
By making repeatedly use of (10), (11) with (D), (II), (IID),
v 28y~
@, H~= 2 o ZQH }55255161, £s) .

tﬂ:{j&v{t‘ h-_-{

21 E

Generally we obtain

25~ 2ty —¥

(@, t) = P( 2 2 e X oo e B ty),

R E T G

in which we put %E:{(Zi%)’hii"_}

If we select a sufficiently large ¢ such that #;=» holds, our remark after
(11) shows

v 2~
(12) OIS N S UL gy

ti—1=ug—1  6i=uy

5. An explicit expression for ¢(a, ?).

Our next concern is to give an explicit expression of the member of the
right hand side of (12) by means of 1+a47°.
From our definition we see immediately
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65;55162 = E (dl * DMoH)AE(DZh—hH)l (mOd 2)'

tL+m,=2t,

Generally we have

6:57:“165%':% e Ot = ;aui(thl—tLH)Ai(chg-t;H)ﬂ—l (D2v—zz_1H)d .
Therefore we obtain from (12),

13) ¢@, D= 3 -3 3 @4 Dy aH)* -+ Doty H*

ESESTES I FEDS

) » 2y—v )
=Xad4d 3 e 3 (Dapy—gs YA - (Dzv-cialH)d

2 Li—m1=uUg—t E1=u,

=~ X (Z“i 2 (quH)Ai(Dm:H)Ai_l (Dmi«xH)J -

2ty=ti+m M=o+ IMy+ o+ Imy

Now we define a formal power series H{x)= ( 1)'D,Hx"= 1‘”'(:2@ ——F(xy

by taking an indeterminate x instead of r in the l-adic expansion of H, in-
dicated before. The u(x) denotes the polynomial 1—A'"%x* and the F(x) a formal
power series defined by replacement of y in /. Then

o

e 21
(14) H) 1 = E z( 1) l_i(ﬁ) (D H (D, H Y -
=G -1Dv @
where the second summation runs over all partition «: i,-+i,+ .- =2—1,
042t =
shows for all t= 2%,
(15) {DH@E 4 = ) (Do ) (Do Y™ -+ (D HY*

t=mg+2my 4+ 28" lmg g

(mod 2).

Here DH(x)**-") denotes the coefficient of degree # of the series H (%)L

If we select for ¢ an element belonging to T, we have ¢** =4. So we have

(16) ola = 3 {aDu(HE ),

by=ti+m

in which the suffix s runs over all integers satisfying 2% =t#/+m, (,2)=1,
Qo—v=m = 20— <21,

On the other hand

(A7) DuHGF =D (HEHE D= 3 D, H@" - D, H®)™.

m=n;

If 2[x] denotes the ideal consisting of power series with the coefficients
divisible by 2 in the ring of formal power series of x over D, then

Hw zé (D, H) « 57 (mod 2[x]).

Therefore
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0 (mod 2) if #=0 (29,
(Dn HY (mod 2) if n=0 (29.

ot

Do H(xY =

‘The only remaining term mod 2 of (17) is that of », = 2%, since 7, =2%(v+1)
with n, = —v vields n,+n, = 240w+ —v =204+ —0v) > 20—t =m.
Thus
DM(HQV)QLI) = (DUH)Ei * Dpgin Hx)™ = (DUG)QiDm—%?vH(x)“l (mod 2).
And we obtain finally

(18) ¢an=, > {d DG DumH@},

~(D,G), T {d"+ Duat HGY "},

Loo=ti+m

= .  L—px) ~11 4%

Now we define a polynomial v,(x) = 1+ax* for 1+ay’, and then for (/,2)=1,

1__ A kY — 1—=v()
@' = Dl (1w} = Dal 5 (U@ =Du( 7, [57)  (mod 2).

Thus it follows from the above formula that

@ sw0=00, 3 (P (5EP)L )t

B N e N O N T
~00) - Dol =007 F)

If 2(x)= 374" denotes the power series attached to the [-adic expansion

.Z:E_Zmri of 2, then we readily see
Fx)=2x) (mod 2[x7).

Consequently an explicit expression of ¢(a, £) follows from the formula (19)
as follows.

~ Lv(@ l-p@ 1 e
(20) vla, )= 06) - D5 2 a )}

1—u(x) 1
wx)  2Axy

Therefore for

For an odd number ¢, we need only the terms of odd degree of -

| 1—p(x) 1 A—p 1
and then we may replace W) A by a0 2GR
(t: 2) - 1:

e oo, )= DGHD( LD 1@ L

The formulas and (21) give us a complete solution for our problem.
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6. A local law of reciprocity.

We shall select a system of generators of principal unit group in £ such
as l—ag% =T, t=1,2,---. Then we have to modify slightly the formulas
20}, (21) as follows.

By making use of Ord(2y)=e+t+t= v+s -+ > v¥, a short calculation shows.
@ 1-ar=A+ar(1+240) (e
- 1+art
=(tar) I A+ 3 i) ()
k=e+t m+ (1+ =k

where in the case of #=v%, the second products of the number of the right
hand side become the unity.
Therefore

l—ar'~1+{¢(a, D+ 2 90( Y a' e Rt

m+ (1+Ht=k
In this equivalence we see by [20), (21), for some large number i,
2)axt 1—p(x) 1 4
1+ ~ ; _
@) 2o % e, D~ DD e e 2 )}
Put v(x) =1—ax® for the principal unit v =1—¢y?, then
ey 11— l—p@, 1 1—v@1—p\\ 4.,
@) 1=ar'~ 1+ DO{Dilgs 0 an T oGy B ) Ir-
From we obtain the following fundamental formula.
NS © . 1 1w(x) 1—u(x) 1 1—v(x) 1—pn(x)

@) @o=CD", C=Digig iy ey TED wm A )
Here v=1—ay’, n=1-b7%, a,0 =T and v(x) =1—ax’, u(x)=1-—>bx".
Particularly under the condition (¢, 2)=1 we have
{ 1 1—p(x) 1—pux +*71‘ 1—p(x) 1— u(x)}

2xp v u? 20 v )

_ 1 1) 1—n)
_D°{ 2t v ) }

In this case our formula shows that the norm symbol is symmetric with
respect to v and .

Now we shall take as a system of generators of the principal unit group
in £ the principal units expressed by means of the Artin-Hasse-Safarevic

functions. By this system we can more simply express our local reciprocity
law. *

We shall here recall the Artin-Hasse function E(g,7") for e = T. If p(m)

(26) C=0D,
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denotes the Mobius® function, then

A
@20 Ela, 9 :( 12_)[_1(1——[17”77"3) m = gmLia,rh
oG 1 .
(28) L(a, 1= 5 a7
§=0

Since our norm symbol has evidently the property (v, &)=, ), £)
from the definition, an explicit expression of (E(e, 7", #) can be obtained as
follows.

,,,ﬁ?mimt—: MR ,. MAL
(29) (A —gmymiy = 2 4% (mod 2[x7J),
30) = Dk (mod 2[x]),
@30 @=ammy = =—amy, ) for L0 ),

Our fundamental formula (25) with (29), (30), (31) yields
(Ba, 1), 1) =(—1)°?,

M . ML 1— 1
c=ni{ 3 A D @t

(m,2)=1 (n,2)=1

mk mki 1 1
+(mZ) 1 200, z ﬂ(ﬁatch) Z(x)}

On the other hand, if ¢{/) means Euler’s function, then
E ﬁ,(,,zi) E @ = E - pDa'xt = axt (mod 2[xJ),
(m,2)=1 n, =1 ,2)=1
and similarly

N M) N gt =N gxh (mod 2LeD.
k=1 =0

(m,2)=1

Here we define (g, 2% = iazj Y, Then

=0

(B, 79, 1) = (=1’
B 1—u 1 ~ooad—a@) 1
¢ —Do{‘”" A 2Gy e Ty Z(x)}

Our symbol has the property of symmetry which is easily verified, so that

v, tt) =, 2, 0¥, #,) holds. Therefore the similar discussion as above shows
for (s,2)=1,
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(32) (E@, 7%, E®,r)=(1%",
_ T § 717 7 7 s 1_,
C=D{ax'L, x*) s e 0L, 2505 }.
The exponent S, (C) can be slightly simplified as follows.

(33) Su0) = Ser( D] ax'T, x)ﬁ LT, e, x“)%)g}) (mod 2),

= sk,(Do{?(%; La, L6, 9} (mod 2).

Thus we have obtained our main theorem.
THEOREM 2. Under the assumption (s,2)=1, a,b = T, we have
f(a,x‘) f(b, x%) )

E, ) EGr)=1*, R=So(D] =55t Py

where 2(x) means, as beforve, the formal power sevies defined by replacement of 1
by x in the l-adic expansion of 2 by r, whose coefficients belong to the Teichmiiller
representative system T.

Note that we can regard 7 as an arbitrary prime element in % in this
theorem.

7. The case of ramification constant 2e.

In this section we consider an extension field K=%(+v'z ) over &, and an
explicit formula of the symbol (¥ (a, z"), ) can be derived by the same method
as before.

LEMMA 6. Put I =~'n and Ngull ==, then for a € Oy,

Nep(l—all) = 1 +a*z'—2az®  if =0 (2),
Nep(l—all'y=1+a’r’ if 1=1(2).

The proof is trivial. Moreover it is evident that the ramification constant
of K/k is v=2e¢. From an analogous calculation to (8) gives us for
a natural number ¢,

(34) 1_!_02471.%,\,1_{_ i 2 (alﬁjz)dn.ztl,
. n={FER) e =u,
i.e,
(35) bzt~ 1+ Y Bha at,
={t)
Here of course our equivalence relation ~ means that with respect to the
multiplicative norm group Ng;K*, and we put 6‘xazlc > (@4 (mod 2),

as before.
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Thus we have the following known theorem:.
THEOREM 3. If a principal unit v has the order Ord(1—v)=2e, we have
G m)= (1),
Proor. By making use of above notations,
Nep(l—all*) = 1-+-(@®—n.a)n* ().

Therefore it is necessary and sufficient for v =1-+bz%, b= £y, to be the norm

of an element from K that there exists an element ¢ & Oy, satisfying b= a*—7.a
(2), that is, equivalent to S (b7, %) =0 (2), in other word, S, —V2:2l> =0 @).

We define ¢(¢?4, 2f) the same as before and then (35) becomes

b=

ol@4 2~ S o(ha, ).
ey

In general, we also have

plad, 2t~ ) P(OH" -+ Ona, 21)

Li=ug i

(27 ——l)e—H

where uj-_{ } and m;=e. For a sufficiently large number i,

. 2, ~—¢
ICERHED VIR S TR A

Lt =Ugm1 b=

— 14% at—1_ gi—-2
~ Z a E X Nmo T " Wmg—1 -
2te=tl +m M=y + 2y b e+ 28y g

A quite similar discussion as in previous sections yields for ¢ = 7T,

o2 B (@ DpRr e
te=ti+m

=t 3 (@ Dpegid 220704

2te=tl+m

Ap (Ll 1 A
#AP(SE w )
Here »(x) denotes the polynomial v{(x)=1-+ax? for v =1-+ax¥, and 2(x) has the

same meaning as before, but of course we must use 7 instead of 7.
Thus for an element ¢ = T,

(I +an¥, 7= (— 1)l 5@ |

Now we easily see

1—ar®=(+an™) IT (14 2 a " rt) ren,

k=e+t 2t{1+1) + 5=k
jZe, 120

that is,
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l—agn~(ltas?) TI QA1( 3 al*in;) r¥) .
k={-FE} R OR

Therefore for an element ¢ = 7,

(—az®, z) = (— 1",

_ 1—plx) 1 ax?® 2(x)
c=Dy( SRE Y T itax® 20 (mod 2),
_. 1—v(x) 1 1—v(x) 1
=Dy 0w T 2w) (mod 2),
_ 1 1—v(x)
= DO (—Q(—x)—g* _I;(.;)v) (mod 2) .
Here the same approach as (33) from (26) gives us the following theorem.
THEOREM 4.
(B@, w0, ) =(=1#, R=Su(Dif 50y La 5™)}) (mod 2).

8. The Safarevié-Hasse-Kneser formula.

We shall show in this section that the Safarevi¢-Hasse-Kneser formula
[51 in the quadratic case can be derived from our [Theorem 2, [Theorem 4l

The Safarevic-Hasse-Kneser formula reads:

(E(a, "), £, )= (r, E(sab, z"**) H E((214-27715)a> v, m2ier29syy

i,j=1
in which @, ¥ need not belong to the Teichmiiller representative system 7,
but in the quadratic case we may assume that they belong to 7, and further-
more (¢, 2)=(s,2)=1.

From follows

(TE E(Sdb 7t rs) H E((Zz 1t+2j— S)az'bbzf 2@s+213)) ( 1) kT(C)

i,j=1

1l -~ 1 - T i rod L &5 2 ,0bt+s
C= DO{T(@.Z Ltab, 59+ g B L@, a9 1 g5 B L0, w008 )}

_ Do-z_(lxT 12 x5, 59)—ax b, x)—bx*Ela, x5} ,

_ [ a2 L0, 5%
=D e )
Thus by the Safarevié-Hasse-Kneser formula has been verified.

Now by the canonical decomposition theorem of Safarevié
we can decompose two principal units v, # in k&:
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v= I Ea,=) ), wn= TI Eb,x) ().
1<i=¢ 1gi%2e
(4,2)=1 (iy2)=1

The elements a;, b; in this form belong to £, but in the quadratic case
we can assume that they belong to the Teichmiiller representative system 7.
For the square E(2a,n")= E{a,z%* is a trivial factor in our case.

Let L{v,x), L(x,x) denote the power series defined by L{y,x) = 7(1}—)— > e, xh,
14 52
(#,2)=1

=iz=2e
152y =1

Ly, x)= %1 = f(bi,xi), then our main theorem shows
(

(V /—L) _ (___ l)SkT(Da{L(V;‘T)'L(#:x)})
B =

»

which gives us a slightly more explicit formula of the norm symbol than
Safarevié-Hasse-Kneser symbol.

General Education Department,
Kyushu University
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