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The problem of determining the refractivity profile of a planetary atmosphere from optical 
or ra?io .occulta~i?n ~ata is identical in principle to the problem of determining the variation 
o~ se1sm1c veloc1t1es m the earth from the observed travel times of seismic body. waves. In 
either case, a complete set of data can be inverted uniquely, the only constraints being those 
fundam~ntal to geomet~ic optics. Expr:ssions are given for converting observed Doppler shifts 
to the mdex of refract10n as a funct10n of depth in the atmosphere. The effect of various 
appro~ima~ions on the analy~is is discussed; it is found that a 'thin atmosphere' approxima
tion s1mphfies the mathematics and preserves the singularity at the critical ray curvature. 

INTRODUCTION 

The purpose of this paper is to point out a 

direct method of transforming radar Doppler 

data from an occultation experiment directly 

into a profile of refractive index versus radius. 

Fjeldbo and Eshleman [1965] discuss in some 

detail the types of information contained in the 

phase and amplitude of a radio signal occulted 

by a planet. Their method of determining the 

refractive index profile is approximate, but it 

should give good results without iteration for 

a planet with a thin atmosphere. They applied 

their technique to the interpretation of the 

Mariner 4 occultation experiment on Mars. 

Cain et al. [1966] analyzed the same data using 

a model-fitting method, which must assume an 

analytical description of the model but is not 

restricted to small bending angles. Kliore et al. 

[1966], Kliore et al. [1965a, b] Cain et al. 

[1965], Fjeldbo et al. [1965], and Fjeldbo et al. 

[1966a, b] describe the analysis and interpreta

tion of that experiment. · 

A more general method of analysis is available, 

based on the Herglotz-Wiechert method for 

interpreting seismic data. This technique is used 

.to determine velocity-depth profiles in the earth 

from the observed variation of travel time with 

arc distance between source and receiver. We 

describe a form of this theory that is suitable 

for the radio occultation problem. In the first 

section, we derive the inversion relations that 

permit the refractive index profile to be de

duced from either the phase shift or the angular 

path in the atmosphere. In the second section, 

we show how two kinds of Doppler residuals are 

used as inputs to the inversion relations. In the 

following sections, we discuss the analytical 

form of the ray integrals and review some of the 

ray-optical constraints on the use of these tech

niques. For further discussion of such effects as 

focusing and defocusing, shadow formation, etc., 

we recommend Bullen's [1963] text. 

The geometry of the occultation experiment 

is summarized in Figure 1. The coordinates are 

referred to the center of mass of the planet. The 

refractive index n is a function of r in a shell 

R ~ r ~ ro, where r0 is an arbitrary level lying 

effectively above all the mass of the atmosphere, 

and R is the radius of the solid planet. The ray 

path is a straight line outside the atmosphere. It 

is assumed that the trajectories of the space

craft and the earth are known with respect to 

the center of mass of the planet. The indicated 

spacecraft trajectory is the projection of the 

actual trajectory in the plane defined· by the 

centers of mass of the spacecraft, earth, and 

planet. If the properties of the atmosphere 

depend only on r, then only components of ve-
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to Earth 

Spacecratt 

Trajectory 

Ray 

Fig. 1. C:f·onwl ry of oc<:ultation <'Xp1~ri1tw11l. 

Iocity in the plane of the figure contribute to 

the observed Doppler shift. 

In sei.;;:mology, the central angle (j snbtenderl 

by a ray is observed; the theory is consequently 

arranged ::;o that the refractive index profile is 

obtained by operations on e. In the radio

occultation experiment, the data are obtained in 

the form of Doppler shift and integrated Dop

pler phase. The theory given below leads to ::m 

expression for the refracfrve index profile in 

terms of Doppler residuals. It is shown that two 

different residual functions are require(! :ls input 

as input to the analysis. 

TnAKSFOR~IATIOK OF fJ A~D <I> TO A REFnACTIVE 

IxnEx PnoFILE 

A ray par.'.lmeter p is defined 

p = nr sin i (1) 

and serves as a label of the ray. In the absence 

of an atmosphere, p would be the radius of 

closest npproach and may be called the impact· 

parameter of the r[ly. We lrnn immediately: 

(2) 

where the subscript p refers to the turning point 

of the ray. As an auxiliary v:-triable, 've define 'f/, 

which varies [llong a ray, taking the value r
0 

:-tt t = r" and the value p :1t r = r,, :1S 

'Y/ = nr = p/sin i (3) 

?] is Lhe s:nne function of r for all ray~ and is 

the v:ilue of the impact parameter of the ray, 

which is horizontal at a given r. Integrating 

along the ray giYes the total arc subtended: 

') 
[

ro p ( 2 2)-(1/2) rlr d 
=.., -'YJ-p -'Y/ 

•p r d'Y/ 
( 4) 

Likewi::;e, phase shift along the ray (in the at

mosphere) is (all angular measures will be in 

cycles) 

2ko c· 'Y/2 ('YJ2 2)- 012 ) dr d (5) -- p d'f} ,'Y/ 
• v r 

Where ko = f /c. 
Now set 

2 
y 'Y/ - ro 

(6) 
2 2 

w p - ro 

tlwn 

e(r)) = 9 (

0 

( )--c1;2) d In rd 
-P ?J - w -i- !! 

• w (; y 
(7) 

This integral cq11:1tion for In r(y) is in the form 

of the Abel integr:ll equation .rnd mny be solved 

by refere11ce to the Abel transform pair 

f( w) = - J( Lv g'(y) (y - w)- 012> dy 

g(u) = (K1r)- 1 {1
1 

f(w)(w - y)- 012
> dw 

.I 0 

(8) 

which is constant along a ray, by Snell's law, By inspection: 
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In [r(y)/ro] and integration by parts transforms (14) to 

(9) In (~) 
or 

1 111 
B(p) dp 

In [r(17)/ro] = - ( 2 2 i;2 
7r ro P - 1J } 

The right-hand side is transformed hy integra

tion by parts: 

1 (
11 -le / ) ao - - cosh p 17 -d dp 

7r • ro P 
(IO) 

The first term on the right-hand side vanishes, 

and exponentials can be taken: 

r(~) = r, exp [ - ; J: cosh- 1 (p/~) ~: dp J 
= r0 exp (-M) (11) 

The integral is always positive; ro > YJ, and 

d()/dp is normally negative. It is possible to 

make dB /dp positive over certain ranges of p, 

owing to sharp gr[ldients in n(n > I), but tho 

integral must always be positive. 

The refractive index profile r(n) follows from 

equation 11 and from the definition of 'fJ (equa

tion 3). 

Transform:-ttion of the phase ( 5) follows simi

lar lines, but involves slightly more manipula

tion. Applying the substitution (G), we find that 

the Abel pair ( S) is again useful, but g ( y) is 

not apparent by inspection. We find: 

g'(y) = (y + ro2) d dln r 
y 

d [ 1 1" = - -,.. f(w)('w -
dy l\..7r 0 

2 d Jn r 
'f]--

d17 

)
- (1/2) d J y 'W (12) 

d [ 1 (1/ ( ) " " - (!I•>) J = -d -k p<'P p (Jf - 17-) , - dp (13) 
1] o7r • r o 

Integration of (13) yields 

ln - - -- --(r) 1 fro 1 d 

ro - ko'lr 
11 

'U
2 

du 

2 ., - (I ") [J u J ' ro pif?(p)(p - u-) I- dp du (14) 

1 [ 1 fro 
= --- 2 p<'P(p)(p2 

ko7r 1] 11 

The second term can be simplified by inter

changing the order of integration and integrat

ing by parts: 

1 ( 2 2 l /2 1] '1 - 1 (p) J ' 
- --2 P - 17) - -:i cosh - dp (lb) 

p p 11 

This expression is a formal solution to the in

version problem using the phase as a data input. 

A simpler expression is obtainable by manipulat

ing p:-trtial intcgr[ltions to bring out a cosh-1 

factor in the first two terms: 

r( rJ) = ro exp [- _kl t cosh-
1 (p_) ~ ~:! dp] 

u7r .t 1] p dp 

= r 0 exp (-N) (17) 

By successfully solving the integral equation 

in the phase (5), we have demonstrated a 

method for determining tho seismic velocity

depth function, using the travel time and the 

tr~wel-time derivative dT/d6. as inputs. 

In both (17) and (11), one is effectively cal

culating the radius of maximum penetration of 

the ray with impact parameter 'fJ· Since it is 

<lesir.:1ble to work with small quantities where 

possible, we transform these expressions to a 

more useful form. Let Bu and <Pu be appropriate 

to a ray \vitli° the given impact parameter if the 

atmosphere is missing. Then define residuals 

Ba and <I>": 

Since both JI and N operate linearly on the 

data, ·we may divide them into two terms in 

the same way, giving 
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r(ri) r0 exp ( - Ji,,) exp ( - Jfa) 

r(7J) r0 exp ( - :.V,,) exp ( - Na) 

If there is no :11n1osphere, r.,(ry) == 17, so th~1t 

rJ exp (- M,,) 

Tf e~qi (-.VJ 

(18) 

(rn) 

which give, independently, the reir:1ctive index 

profile in terms of :m anomalous con1ponPnt of 

the data. It is to he emphasized that lp and 

<I>
11 

refrr 1 o different r:ty;:;, with the :<tmc impact 

paramett•r, for different alrnosphere::3. <l),, i8 a 

residw1l that is 11ot :t:::soci:1tcd with a single r:ty. 

It is :11.so po~;:;iblc to choo;:;<-', :is :t refcrencP 1.'.:1s<.', 

some stnndnnl :lirnopslwre, for which /',,(17) == 
f (r1) is known. The resi'<lnn[ ph:u:::(~ is compntC'd 

with re::3ped to this rnnni11:t1 pk1se, giving 

r(rJ) = f(rJ) C'Xp ( - J}f 11 ) 

= f(rJ) exp (- .Y,J (20) 

Since an atmosphere is thin compared ·with 

the planetary radins, (lD) rn:ty be approximated 

by 

(21) 

At the bottom of a putn tive 100-km Cythere:u1 

atmosphere, the tutnl error would be le::3s than 

1 km. 

HEDCCTIOX OJ<' DOPPLER DATA 

We now show how an impact parameter p is 

associated with each ray,. permitting use of one 

of the invf:'rsion formnbs for the refractive 

index. Fjcldho O)i(l Eshlcmon [HJ();')] descriLc an 

approximation to dei:ennine 1 he angle of the 

ray. Thi:-: information is eo11tained without 

~m1biguity in tlw Dorlpler data in the following 

way. 

The observed Doppler 8hift is corrected for 

the re1ati,,e rnotion of the earth-based receiver 

:.md the planet:uy eenic·r of mns,.:.;. The residual 

Doppler shift is rhc11 cunn·rted into ~l tutd 

phase by 

<P( t) = r !::.!( t) dt 
' t 0 

(22) 

where the zero of lime is t:1ken shortly before 

occultation. In the ray-optical description of 

the experiment, one can set up a family of 

constant phase surfaet:s and orthogonal mys. 

The selPction of :t time zero provides a uniqne 

value to the phase funrtion as a function of the 

sp:Hi:1l coonlinntes. The spacecr:lft trajectory 

provides :1 s:unpling of the ph:i;;;e along an arc. 

Tlii::: iut'onn:ttion cktermines the :rngle of emis

sion of the r:1y from the sp:wecraft and, evcn

tunlly, 1 he refraetive index profile. 

The (•icon:tl (-·qnation for the plrnse is 

(23) 

(Sp:h~t 1 tr:1 lt ph:ist~ is denoted b>· ¢. 'The phase 

:dong :1 cuned :dmosplwric p:tth reforred to a 

lnp Jevcd uf !', iu denoted by <[>.) .\ssuming the 

sp:tc·e<' rat' t i.-o a.hove r he atm( 1s1il1<~re 

(24) 

From the Doppler data, tlw diredion:d deriva

tivr~ B<f>/cls i~ determined along the spacecraft 

trajeetory. 'Ihe angle lwtween the r:1y :rnd the 

tr:ljeC'tory then heconw;:; 

C08 t/; = ~P./ !Y'<PI = ~ Qp_ (25) 
iJB I J as 

where f m:-1y without error be faken as constant 

during the occnltation. Since a + if; is known, 

tt follows inun<'.di:1 rely. Let the snhseript e refer 

ro an UllJit'dml icd r:1y, dr:nrn :ls :1 straight line 

from spaeeer:ift to en rth. Then, setting time as 

the independent variable 

~ (d</>e + rl<Po tm) 
s dt dt 

(26) 

Thr first term is due to the knmvn relative 

motion in planetoc<'ntric coorrlinntes, ancl the 

second is due to the ;1trno:'lphere. Let D signify 

an in;:;t :w t:rneuus Doppler ::oh i ft: then 

D<P - .! ( D + D ) - D (2 ) as - s e atm - s 7 

where D" 1"' is the residual normally used in 

discus:-:ious uf the :1.tmosphere [Kriote et al,., 

19tH3]. 

cos if; 

Now 

c 
COS t/!e = fe De 

so that 1 he devi~1tion angle is 
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tan !(if; - 1/;,,) 

-Dntm ---
(De + Datm)

2 J1 12 + jD,
2 

- De
2

] 

(28) 

where Da = (f.s/c), and Da ~ De. Equation 28 

is general, but it can normally be approximated. 

When 1/; - 1/;r « 1, Datm « D,, Datm « D.,, 
then to first order 

,f, ,f, ,f, - [)n.tm 
'I" - 'I" e = .6. 'I" :::::::; ( D 2 _ -D 2) i/2 

" e 

(29) 

(36) 

The natural time origin for the measured phase 

¢ is at occult::Ltion by r == r0 \Vhen p == r0 • 

Tht~n the atmospheric phase shift <I> is derind 

from ¢ by (Figure 2) : 

cp = cf> - cf>ss' + cf>EE' + cf>AA 1 

1,vlwre the hst, time-independent term is adde<l 

to make <f> = 0 at p = ro. Now, 4>a = 4> -

<I>u, hence 

which applies as long as Ds is not close to D... \vhere 

The impact parameter follows, by application 

of (28): </>1rn' 

p = rs sin(\'. = rs sin (ae + fli/;) 

when the npproxjmation (29) is snitilhlc, 

(30) 

(31) 

The values of <I> and <I>,, or of (J 3nd (),, are 

needed. The ray is projected to a reference 

sphere ro, which lies sensibly above the atmos

phere. The angle of incidence at this surface is 

sin i 0 = (rs sin a)/r0 (32) 

(the sn bscript s refers to spacccr:1 ft coordi

nates). Solution of the tri:rnglcs in Fignrc 1 

giYcs the entry point rmg1c 

sin (no - n.,) 

sin a ( ) 
= -- r cos a - ro cos io 

ro a 
(33) 

and the angle subtended by the portion of tbc 

r3y in the ntmosphcre is 

8 = 7r - io' - !10 (3·1) 

The rays to e:uth n re sufficiently parnllcl that 

\Ve c:rn fake i,/- =i(l'· ()u == 2 co.~- 1 (p/ro) follows, 

by inspection of the figure. 

cf>AA' 

2kor0 cos io 

giving 

1~ 
----------- s I I ~ 

I\ 

, E' 

Before redncing the ohsernd ph:1sc to !l func- ..__ ________ _ 

tion approprinte for input to (19) or (21), we 

transform the expressiou for N,,. Using fone as 

an independent Yarin hle 

l\T () __ 1 rt h-1[P( 7)] _l_ D 
Ha f - 1• COS ( ) ( ) a dr 

ho'Tr • o p t p T. 

(35) 

\Yhere 
Fig. 2. G1:omctry for conyersion of observed 

plia:-c to atmospheric ph:tse. 
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(37) 

= <P - ko[SS" - AA.'] = <P - <l>c· 

(see Figure 3). The reduced Doppler function 

Da, in equation 36, is thus obfained from the 

data by 

Da = D - De = D - d; (38) 

In summary of this section, we find that the 

Doppler residual Datm (equation 27) is used to 

determine the deflection of the ray and, conse

quently, its impact parameter. The Doppler 

residual Da (equation 38) is used in conjunction 

with the inversion formula 35 to determine the 

refractive_ index profile. 

APPROXIMATION OF THE RAY INTEGRALS 

We now discuss the integrals ( 4) and ( 5), for 

() and <I> in terms of refractivity variations. An 

expansion parameter is chosen that provides a 

perturbation expansion when the ray curvature 

is slight, and which causes the integrals to 

diverge, as required when the ray curvature at 

the bottom of the ray is equal to the curvature 

of a level surface. 

Set 

n = 1 + E 
(29) 

n"[ 1 - ·y,g:(r) (r - r") J 
where 

rp (dE) 'Y = -- -
p - np dr r=rv 

is the appropriate expansion parameter. From 

the definition of ray curvature 1/ p, we can show 

that 

r 
"Y = -1!. 

p p ( 40) 

The function gp(r) is used to absorb the remain

ing variability of n with r. It is considered to be 

continuously differentiable. At the limits 

gp(ro) 0 

gp(rp) 1 

(For brevity, we will write aAr) ns g
1
,.) 

Fig. 3. Geometrical interpretation of phase con
version (37). 

Now we write out the integrals ( 4) and (5) in 

terms of (39). Without approximation, 

[ 
1 ]}- (1/Z) 

· 1 - 2 "Y~gp (r - rv) dr ( 41) 

and 

(42) 

If yp ==, 1, then the integrals will diverge, owing 

to the vanishing of the argument of the second 

square root as r ~ rv. 

By assuming a thin atmosphere [ (r - rl') « 
rpl, (41) an<l (42) reduce to 
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2 J
•ro (r2 e - r/)- 012

) 

Tp 

·[I - %9vr 
012

) dr ( 43) 

(

ro 

'.> " -- (I/"' 
2k-n (r- - r -) · _, 

'IJ p JI 

.. '/'p 

both of which divt>rge, as appropri:Lie, :d ti' = l. 

In this approximation, 

(45) 

The fractional error in ( 4.5) \Yill be ahou t 

(r0 - rv) /rv and can be made to vanish by an 

appropriate choice of the 
1nw:u1 rndim~' r"'. The 

atmospheric perturbation~ ill () and <P are nor

mally small compared ·with the nominal ndues _: 

it is not obvious whether this approximation, i11 

general, will preserve the pertnrha tions with the 

desired fractional error. 

If ( 45) is valid, we can base an inversion 

procedure on (11) with the phase as input: 

· ( ) [ 1 [" I --1 (P) d<P d J r 1J = r0 exp - -- cos l - --- ,p 
7r kor m • r 0 1J dp 

(46) 

A thin atmosphere npproxinrntion applied to 

(17) is p ~ r,,.. We can thus obtain (46) di

rectly from the phase inversion formula. 

The approximation of a 'thin, weak' atmos

phere is of some interest. It may be assumed in 

( 43) and ( 44) that y v « 1. The square root 

may be expanded in power series in yp, and the 

resulting expressions form a perturbation series 

for the functions of interest: 

fl flu+ 81 + ··· 

-1 (rP) 2 cos --
ro 

( 47) 

f) 1 r 

0 

r P ( :! :!) - ( 1 ; '.!) ( ) 
1 = "f p - r - rp gp r dr 

rp r 

<I> = <Po + <P1 + · · · 
2k ( 2 - 2)- (1/2) 

o ro rP (48) 

ku'Yp r· r(r
2 

- rp
2r (l/'2) 9-v(r) dr 

• Tp 

Some of the hazards in an inversion procedure 

like (11) are discussed in Jeffreys [1959] and 

Bidlen [1963]. Being due to the nature of the 

optical problem rather than the method of 

analysis, these considerations are equally appli

cable whatever method is used to derive the 

refractive index profile. In s1m1mar~y (1) d()jdp 

may Le positive for a JimitC'd range of p (Fig

ure 4). The function p(fJ) is then multirnlued 

for certain ranges, owing to multipath propaga

tion. The spacecrnft must Le able to distinguish 

all multiple rays in order for an interpretation 

to be correct. 

(2) In a neutral atmosphere, the increase of 

refractive index with depth causes the rays to 

be curved downward. So that a ray may emerge 

from the atmosphere by a direct refraction path, 

1he radius of cnrvature of tlw ray must exceed 

that of ihe tangent sphere. Since the dowmyard 

cmvature of a ray is given by 

p 

this condition i::l 

d In 11 
----------

dr 

dn n 1 
<-~-

dr r r 

( 49) 

(.50) 

I 11 the lower atmosphere of a planet like Venus, 

(50) may not be satisfied, and rays with p below 

a critical value can emerge from the atmosphere 

only by reflection from the solid surface. The 

epsence of this, or any equivalent inversion 

method, is tlrnt the turning points (rp) of the 

rays considered nrn.:;:t range continuous1~· through 

the atmosphere. Since this is true only from ro 

down to the critical level, (11) or (17) cannot 

Le applied to the atmosphere below the critical 

level. In seismology, refractive index decreases 

at great depth results in the eventual emergence 

of the down.ward refracted rays, but this is ex

tremely unlikely in atmospheric studies. 

A slightly diff ercnt condition defines when a 

ray having the accessible range of p, 0 < p < 
r0 , can have a turnin,g point at depth r: 

nr < ro (51) 

If a screening region of low index (ionosphere) 

lies above the neutral atmosphere, equation 14 

is replaced by the more stringent condition. 
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nr < n*r* (52) 

where * refers to the ionospheric level of maxi

mum nr. For an ionosphere ·with the .sc:de de

termined for ::\fars by }farincr 4, about G X 10
8 

electrons/cm3 '\vould be required. Consequently, 

equation 52 is unlikely to be oi concern in a real 

case. 

The intensity variation of the refracted signal 

due to focusing and defocusing c:m be st~tted 

in the nofotion of this pnper. :\eglectfng diffrac

tion eff ccts at caustic;-:;, 

1
w I 

f( ·w) = -K - g'(·y)(y. )- 012
> d () 'A(y) - w y 

where l/A.(y) is :.t weighting function. Carrying 

the analysis to the stage of ( 15) gives ~1 formal 

;::;olution: 

!/(!!) -~ {J~v f(w)[t.(y)(w 
1f A. 1) 

I( exit) 

I( entry) 

sin8 [ d()/ dp _ 
1 
J-i 

sin (fJ + 8) I [(tan i 0 - tan a) sin a/ro cos 0] +(tan 8/r0 sin i 0)} (

53
) 

where 0 no - Q,,. If 'l's is nearly equal to ro, 
the expression in braces is small and positive; 

/(exit) will be very large (focusing) if d()/dp = 
0 + { } --3'- 0. If r, --3'- co, a --3'- 0, 0 --3'- io, and 

focusing will occnr if dfJ / dp ::::: tan 1~. In the 

study of atmospheres, io is always near .r/2, and 

that condition will not be s:ttisfied (Figure 4). 

Rays that are refracted downwurd at nearly 

the curvature of the planet have large d() /dp 

and arc severely defocused. 

APPEKDIX 

In solving tlw integral equation .5, we have 

demonstrated :rn approach to the solutiou uf 

the general integral equation 

Fig. 4. Sch('matic O(p) curves for different at
mospheres: (a) no atmosphere: o = 2 cos-1 (p/r0 ); 

p > R; (b) strongly rrfraeting neutral atmos
phere; (c) weakly refraehng ionosphere and 
weakly refracting atmosphere; (d) strongly re
fracting ionosphere and strongly refracting at
mosphere. (a) and (c) end by occultation; (b) 

and (d) enrl as:vmptotieally at nn optical shadow. 
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