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Abstract 

A collision singularity in the N-body problem zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAhas the property 

that all position vectors have finite limits and at least one mutual 

distance approaches zero as  time approaches the instant of the 

shgularity. General properties of a coLision singularity a r e  inves zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 
tigated and it is fowd zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthat they a r e  analogous to those of a collision 

of all bodi-es at  the same point and time. A more  detailed study of 

a simple t y ~ z  of such a singularity, namely that of several simulta- 

neous Binary collisions, is presented. 
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Introduction 

Little is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAknown bout the singularities of the equations of m tion 

of the N-body problem of celestial mechanics, particularly i f  complex 

values of the indepzndent and dependent variables a r e  admitted. Only 

the three simplest cases have received considerable attention, as  

manifested by the bibliography: the binary collision in the three -body 

pi.otlem (e.g., Sundman zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[4]) and in the N-body problem (e.g., 

Wintner [2]), the triple collision in the three-body problem (e. g., 

Sundman [l], Siege1 [ l ] ) ,  and the collision of all  N bodies a t  the 

same point and instant (e. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg., Block zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ 23, Wintner [ 21; ; all  of the above 

studies a r e  restricted to rea l  values of all variables. For a study of 

the binary collision in the N-body problem for complex values of the 

variables, see Sperling [ 33 . 

It is  presently unknown which types of rea l  singularities (in the 

sense of complex analysis a s  well as with regard to their dynamical 

interpretation) a r e  possible in the N-body problem; the only general 

result is a remarkable statement by von Zeipel 121 (cf. 205). 

asserting that a singularity is  a collision singularity (cf. 203) i f  the 

mutual distances remain bounded a s  time approaches the instant of 

the singularity. "Collision singularities" a r e  such that the N bodies 

separate into distinct "clusters" with al l  bodies in each cluster 

colliding at  the instant of the singularity at a well-defined point, 

while the clusters remain apart from each other. Since von Zeipel's 

statement seems to be virtually unknown and particularly in view of 

Wintner's [2, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp. 4311 remark:  'I A note of H. von Zeipel indicates a 

consideration to the effect that, i f  U becomes infinite when t tends 

to a finite value, then J must tend to infinity, unless all bodies tend 

to definite limiting positions. But it seems to be hard to f i l l  in the 



- 2 -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
gaps zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA' I  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA, we will subsequently present a detailed proof, following 

essentially von Zeipel's ideas. Chazy's [6] attempt of a proof is  

only a brief sketch and must be considered a t  least vague. The 

introduction of ' I  cluster coordinates 'I (cf. 103-104) enables us to 

prove in a simple manner that the existence of finite limits of the 

mutual distances implies the existence of the l imits of the positions 

and relative positions as  t approaches a finite value (cf. 216); 

Wintner @, p. 3271 mentions this as an undecided problem (cf. von 

Zeipel [ 2 ,  p. 43). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
IC will be shown that the known important properties of a 

collision of all bodies a t  the same instant hold, with obvious modifi- 

cations, also for a collision singularity, the main result probably 

being that the bodies of each cluster a r e  positioned close to a central 

configuration when the time is close to the instant of the singularity. 

A detailed study of the case of several simultaneous binary 

collisions concludes the paper. This case has already been considered 

by Lahaye [3]; his treatment, however, is a t  least  incomplete: his 

assumption, that the asymptotic behavior of a perturbed two-body prob- 

lem equals that of the two-body problem as the instant of a binary 

collision is approached, is not justified without proof, and he does 

not show that his solutions a r e  the only ones. The main result of the 

investigation is that this singularity gives r i se  to an algebraic branch 

point of the second order on the real  time axis, the same as for - one 

binary collision; in particular, the motion can be analytically continued 

in the real beyond this singularity. 

i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
r 

? 
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While writing this paper, I was informed (an abstract in the 

Notices Amer. Math. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS O C .  15 (1968) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA651 and private communication) 

that H. Pollard has worked in the same field. Details of his work 

have not been zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 ailable to me at the time of the completion of this 

paper. 
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On the notation 

Let t:k # (later t > k  = 0)  be the instant of the (collision) singularity; 

al l  limits a r e  taken a s  t -. ts ( t < t::: ). 

c , denote positive constants 

b denote functions of t or  s = t3 bounded on an interval 
1 

[to, t+[ with suitable to < tg:; 

e & denote functions of t or  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs, with e -. 0 , z- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 a s  t 4 t*. 

The above symbols have fixed meaning, at least within the given 

context, i f  they a r e  indexed; without indexes they a r e  unspecified, 

i. e., they may denote different constants o r  functions f rom one 

occurrence to the next. For example, in 

jbod* = b(t) and in f(t) = b(t) t tb( t )  the b's zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 

occurring in the same equation may denote different 

functions. 

1 
rp 
11.2 absolute value of a vector zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 is z ( = I z zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+(gZyE). 

4cI 

denotes asymptotic behavior as t e t+ (= 0) o r  s -. 0 : f g is 

equivalent to f = g + o(g) . 
Differentiation with respect to time t is denoted by ' : df/dt = f ' .  

Differentiation with respect to s is denoted by ' : df/ds = f '  . 

The gradient of a scalar f with respect to a vector 5 is denoted 

af  - as by grad,f=- . 
Subscript following semicolon: 0: some fixed value; 1, 2, 3: the three 

components of a vector. 
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100 Equations and irttegrals J f  motiun zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

c 

For reference we l ist here the equations and integrals of motion 

and some related concepts and equatims, in the two coordinate systems 

used later. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe geometric zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAbas is  is the 3-dimensional euclidean space. 

101 (Cartesian) inertial coordinates, the center of mass resting a t  the 

origin. N particles (=bodies) with masses m,. A > 0 a r e  moving 

according to Newton's law of gravitation. Let y be the gravitational 

constant, zk the position vector from the origin to the body mk , 

and 

mj to m k *  
the relative position vector f rom 

Set N 

M = z m k  . 
k= 1 

(10 1.2) 

potential energy 

kinetic energy 

N N 

(102.2) 

(102.3a) 
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N N  

j=1  k= l  

polar inertia momentum zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
J zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA=C zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAr p .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2.2 

N N =C m .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz2 
J '"J"'J J J  

j=1 j=1 

(102. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3b) 

(102.4a) 

angular mom en tum 

N N N  

conservation of energy (energy theore-n) 

V t LJ = h ( = constant of energy) , 

conservation of angular momentum 

K = constant 
r . L -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 

center of mass rests  a t  the origin 

j = l  

Lagrange -Jacobi equation 

J" - 2 U  t 4h = 2V t 2h zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt 

(102.6) 

(102.7) 

(102.8) 

, -  

. 
i 

' i  
I 
! 

i 
I 

(102.9) 1 
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. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA103 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA"Cluster coordinates". Partition the set  of al l  N bodies into L 

nonempty disjunct subsets, called "clusters" in the following. Let NA , 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI Na I N , be the number of bodies in the a-th cluster. Obviously, 

Nl t . . . t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN, = N .  (Observe that subscripts are separated by commas 

in cluster coordinates and that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa = 1 - -  L ,  1c = 1 - -  N ),Notation: a 

111 = mass of the k-th body in the 4-th cluster , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L = position vector from the origin to - e ,  
Z = position vector from the origin to the center of mass of the 
-$ 

a ,  k 

a -th cluster, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
f = position vector from the center of m a s s  ?f the a-th cluster 
; A ,  k 

a , k '  
to m 

Obviously, 

(103. 1) 

define Ma and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAZ by -a 
N R  Na 

and '' = m& k%J, k ; (103.2) i - a  
k= 1 

a =Cm k= 1 a,  k 
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, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

N n  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAar' 

104 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEquations of motion 

T zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A ,  k#X, at 

3 

L N. N" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
x#a 

(103. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3) 

(J03.4) 

(104. 1) 

(104.2) 

! -  
9 i 
. 

I ;,?' 

I 

. I  

(104.3a) 
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or 

m 

Define zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthe, potential energy of the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa-:h cluster by 

its kinetic energy by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
* 

its (total) energy by 

h = V  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ f T  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 0. < a  

t 

(104. 3b) 

(104.4) 

(104.5) 

(104.5) 

(observe h t  h is mt i constant in geceral) , a 

its polar jllertia momentum by 

(i04.7aj 
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c 

and its angular momentum by 

N "  

(104.8) 

k= 1 

define further the kiaetic energymf the centers of mass of all 

clusters by 
L 

(104. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2=1 

their polar inertia momentum by 

(104. 10) 

and their angular momentum by 

A = l  

write 

U zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA=t ug -I- u+ = u?': + u+ I 

!. = 1 

(104. 11) 

(104. 12) 

observing that U+ consists exactly of those terms of U which contain 

the difference of coordinates of rriasses in different clusters. 

Using (103 3;, i t  is easy to show that 

L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
F 

a=1 

v + v o = v ; ' : + p  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAv=L a 
9 j l C 4 .  13) 

(1C14, i4) 

. 

. 
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200 Classification and proper ties of real singularities zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(104. 15) 

(104. 16) 

As mentioned before, we restr ict  ourselves (necessarily) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAto real  

values of the independent variable time t and the dependent variables, 

the positions and velocities; consider only rea l  analytic continuation of 

the solution of the equations of motion and exclude the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAtwo cases that 

t = (&)-, or that the finite t is an accumulation point of singularities 

. from both sides: then, i f  there is a singularity at W , this point i s  

the right o r  left 

solution is holornorphic. Without restriction of generality, we wil l  assume 

that t+ 

endpoint of an open inttrval on which the 

is the right endpoint of - such an interval. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

I C  
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201 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFor definiteness, we refer to the equations of motion (102. l ) ,  but 

analogous statements obviously hold for the equations in the form 

( l o 4 O 2 )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI (104*3)* Let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
&;oJ V.k;o zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz' 

z - z .  I # 0 for j f k ;  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5. the existence theorem for analytic I-k;o zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-J;O 

differential equations there exists an interval 

a unique holomorphic sc-.lution zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz (t) 

satisfying 

be used) that an estimate oi 6 

minl_zk;o - zj;,l and =axIzk.oI \ , but not zk;o (cf. Siege1 [3], 

be finite and rea l  such that 

1 t - to] < 6 

zk(t) , k = 1 -- N ,  of (1C2.1) 

and on i t  

\ 

-k 
\ 

zk(to) = &.o , !&(to) = z&;o . It is noteworthy (and soon to 

can be made involving only 

pp. 23 - 25) . Continue thi: solution holomorphically from to for 

increasing t ; the finite point t* is a singularie, ii the solution is 

holomorphic on 

1 -  

E 

i 
i 
s 

. [to, t*[ , but not on [to, t*] . 
i 

202 Theorem zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2): t* is a shguiari ty i f f l iminf(minz ) = 0 a s  t + t* . 
jk 

b): Sk is a singularity i f f l im(minz ) = 0 as t -. t* . 
jk  

Proof: 

1. If t*: is a singularity then liminf(min z .  ) = 0 : assume contrariwise 
Jk 

that l iminf(minz. ) 2 4 > 0 . 
Jk 

Then there exist numbers 4 and 4 , s 4 < W- and O< 4 < 4 , 
such that 

zjk z 4 on [t, , flc[ ; we infer that I zjkzj;k3 1 = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz i z  S 4-" 

and, using the equations of motion (102. l), I$l S yM%-" . From 

t 
P 

ti 

.t. , .*. 
havc finite limits z" and gkq' with \ 

-k it follows that z and sk 

z'l' = 1:: - z?I 2 4 for j#k as t .-, V&. The 2xistencc theorem 

*k 
.*, 
Jk 'J 
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states <: \ 

t:: , :i, -k, 
.Ir 

(cf. 201), applied to initial values very close to 

that the solution remains holomorphic a t  t* , contrary to the assumption. 

\\ 

z k  
2. If liminf(1ninz. ) = 0 , then t:: is a singularity: if at  least one 

Jk 

is unbounded as  t -. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA19 , then there is a singularity a t  t* . Assume 

now that all zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3; remain bounded; then, by integration, al l  z' a r e  

Lauded. In 
-k zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

3 N  

the - au a r e  bounded Ly (102.1) and the 
j=1  k-1 a2k;j 

assumption; thus, U' and therefore U a r e  bounded. This is incon- 

sistent with the fact that l iminf(minz ) = 0 implies l imsupU = - m  . 
jk 

3. If t* is a singularity, then lim(minz. ) = 0: assume contrariwise 

that l imsup(minz. ) 2 d, > 0. There exists a sequence t + t* 

Jk 

Jk V 

such that 

V zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs 4 , implying 

to tV , zk(tv) , ,"\k(tv) as initial values; i f  t is sufficiently close 

to t* , t* is contained in the interval It - t 1 c 6 where the solution 

remains holomorphic, yielding a contradiction (observe that 6 is a 

function of 4 and d4 only, but not of t ). 

zjk(tv) 2 4 > 0 , - U s  4 , and by the energy theorem 

I$(tv)l s d4 . Apply the existence theorem (cf. 201) 

V 

V 

V 

4. If l im(minz. ) = 0 , then t* is a singularity: this is implied by 2. . 
Jk 

Observe that a)  does not require the energy theorem (102.6) for its 

proof. 
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203 Pefinition: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA singularity t* is called a collision singularity if a l l  

have finite limits as t + t* . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
z k  

position vectors 

jk 
Hence, by 202 theorem, a t  least one of the mutual distances zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz 

converges to zero as t - t* for this type of singularity. 

According to tht  original definition, the partition of the bodies into 

clusters (cf. 

always used in conjunction with a collision singularity and assumed to 

be consistent with it, i.e.: two bodies m and a r e  in the same 

cluster iff z i s  very small as t + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfik = instant of the collision 

singdarity, or  in terms of cluster coordinates: 

103) is quite arbitrary; in the followiny, this partition is 

j 

jk 

- c . I a r e  very small compared with 
(203. 1) 

'.!&,k & A , J  

- 2 1 , A f I  , on the considered time k t e r v a l .  I &  "1 

I 

1 

I 

I 

204 Lemma: Let the z = z (t) be holomorphic on to I t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe. 
ck *k 

Then l i m J  s a exists as  t + t+ . 
Proof (cf. Wintner r2] p. 327): 

Let zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt+ be a Singularity, otherwise the statement is trivial; then 

lim(min zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz ) = 0 , hence l im (-U) = -WJ . From J" = 4h - 2U it follows 

that J" i s  ultimately positive; hence, J' is ultimately increasing and 

therefore ultimately does not change sign, and we conclude that J is 

ultimately monotonic (increasing or decreasing), implying the existence 

of the l imit of J . Since 5 2 0 , l i m J  is o r  a nonnegative 

number. 

jk 

_ -  

a 
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205 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATheorem (von Zeipel): If there is a singularity a t  t* and 

l imJ < UJ a s  t - t* , then t* is a collision singularity. 

Proof: Assume that the solution of the N-body problem is holomorphic 

011 -to, t*[ , to < t* . 
206 Let f i rst  be l imJ  = 0 : then zk + 0 and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz .  -L zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 by (102.4), 

implying that zkd 0 and zjk zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 C ; all positioxis zk and al l  relative 

positions 

singularity. All bodies collide at time t* at the center of mass. 

Jk 

have the finite limit zero and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwe have a collision zjk 

r 

\ 

.+? - 

. 

5. 

207 Now let 0 < l imJ  = J(F)  < ; we partition the set of a l l  mutual 

distances zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz into four disjoint subsets as follows: 
j k  

f i rst type: l imz  > 0 exists; 

second type: lim z = 0 exists; 
jk 

jk 

jk jk 

jk  jk 

jk 

third type: l i m z  does not exist and liminf z > 0 ; 

fourth type: l imz  does not exist and l iminfz = 0 , 
l imsupz > O .  

We show in the following that 0 < l imJ < m implies the existence 

and finiteness of all l imz  . In a first case (cf. 208),ws assume 

that there are no mutual distances of the fourth type and prove our 

assertion directly; in a second case (cf. 209-215),we assume that 

there is at  least one distance of the fourth type and lead this 

assumption to a contradiction. 216 lemma then concludes the proof. 

jk 

208 First case: there a r e  no mutual distances of the fourth type. 

There exist a to, , to zz to, < t+ , and two constants al and , 
0 c a, < a2 , such that on [t,,, t*[ 

for all mutual distances of the f i rst  and third type: 

and for al l  mutual distances of the second type: z < 3 . 
z jk>  a, , 

jk 
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! 

We consider now the solution on 

such that two bodies a re  in the same cluster i f f  for their mutual 

[to,,t+[ . Introduce cluster coordinates 

distance zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAzjk < a, holds. 

a re  
jk 

Note: Because the mutual distances zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz 

[too, t*[ and either z < a, < a, or  

separation of the bodies into clusters is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAjk 

continuous on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
z > a, > zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 , the 
jk 
unique on this 

interval; i.e., each body stays in one and the same 

cluster . 
Al l  mutual distances of bodies in the same cluster, say the A-th, a re  

by the definition of the cluster of the second type, Le., - c  . I  - 0  
l h , k  m A , ~  

0 ,  hence CA,k+-2, i.e., 
(4, k a 

as t - t* . By (103.4) this implies 

all l im C exist (and a r e  zero). 

Consider the equation of motion (104.2) for the center of mass 

of the A-th cluster; on the right of this equation only relative positions 

and mutual distances of bodies in different clusters occur, Le., the 

- A s  k zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Z 
-.k 

. 

mutual distances a r e  of the first o r  third type; hence Iz * A ,  k - : I ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN 
I >a,, 

to gether with 

implies that l i m Z  exists and is finite as t 4 V* . We conclude that * a  
l imz  and l i m z  all exist 

k '  jk 
l i m z  = l imZ + limC , l i m z  

-4, k -a & A ,  k *jk ' 
and a re  finite; Le., in this first case all mutual distances have 

finite limits. 
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209 Second case:There is at least one mutual distance of the fourth 

type. The existence of l imJ = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ(W)  > 0 implies that for every zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAj 0 

there exists a to,. , to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 to* < b-l. , such that 
.v 

I J(t) - J(t*)\ < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE or, [to,, t q  . (209. 1) 

Assume without restriction that 

on 

c < 8 J(t*) ; then Jrnh > $ J(t+) 

c to*::' t"[ , and with (102.4) it follows that 

and 

(209.2) 

(209.3) ,! 
i 

and by (102.10) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
z zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe a4 , k = 1 - - N ,  on [to,,t*[ . (209.4) 
k 

210 Define n ( ~ , d )  as the number of miitual distances z for 

which z (7) 2 d holds; consider n(T,d) on the set 

E 71 d : tog: s 7 < W , 0 < d 5 a, 

mutual distances, n(7, d) satisfies 

jk 

jk 

; *N(N-l) being the total number of 

1 s n(T, d) s &N(N-1) on t h i s  . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAx : (210.1) 

the first inequality holding because et' (299.2). 

Define 

. 
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since each n(7,  d) is a natural number satisfying (210. l), their 

greatest lower bound exists and is the minimum of al l  competing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn(7,d). 

9(t, d) satisfies 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI 9(t, d) s $N(N- l )  - 1 on { t, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd : to:: I t < t* , 0 < d zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs a3 'J , 
(210.3) 

the second inequality holding because of l im(minz.  ) = 0 . a(t, d) is 

thus a number such that at every point of the interval [t,t;:[ at least 

9(t, d) mutual distances a r e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 d . Furthermore, 

Jk 

for, ~ ( k ,  +) is a subset of 6(t, d) and hence g.1. b.6(t,, %)> 

g. 1. b.G,(t, d). 

Define 

9;: = 1. U. b. { a(t, d) : zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAio, t < t* , 0 < d s a, ] ; (210.5a) 

since each 9(t, d) is a natural number satisfying i210.3) , their least 

upper bound exists and is the maximum of all competing n(t,d) . 
Let t, and d, , to* s t, < t* , 0 < 4 s a3 , be such that 

a:' = 9(t,, d, ) ; (210. 5b) 

by (210.4) we have 

\n*=!JI(t,,d,) =%(t ,d )  for t, s t < H  , 0 e d . i  d, . (210.6) 

Note:Thers are always at Least !ll(t,d) mutual distances with 

z z d on It, t*[ , but the individual mucual distances satisfying 

this m a y  change from one instant to another. 
jk 
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211 We define now the constants used in the subsequent analysis and 

further restr ict in this context the interval on which we consider the 

solution. First, choose , to* zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs toxcx, < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt* , and a, > 0 such that 

for all mutual distances of the first and of the third type (Le.,  those 

with liminf z .  > 0 ) 
Jk 

ant! that for all mutual distances of the fourth type 

(211.1) 

By (210.6) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd, can 3e replaced by a smaller positive number with- 

out changing ; replace d, by d, (subsequently defined). The= 

at  every point of [to*+, t*[ at least 

'32% mutual distances a r e  2 d, . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Set  

-Q 2M,J ( t s )  
d, = (lo m 2  

min 

and determir,.? the natural number Q such that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- 1  

< 10 d., ; 
1\ 

do, < 8 a51 and 
?- 

set  further 

(211.3) 

(211.4) 

i 

(21 1.5) 

(211.6) 

(211.7) 

(21 1.8) 
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(21  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1.9) 

(211.10) 

(2) a l l  Iriutual distances of the second type satisfy (211.11) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
z < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAG+ , and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
jk 

I 

! 

i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 )  1 J - J(t*)l < G with e from (211. 10) . 
1 

i -  - 

We show: there exist 4 I , t; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 , t, < \* < t; < < H , such that 

(a) every mutual distance of the fourth type is > a5 at least 

1. 

+-- -  
I 

once on [4*,t21 ; 

on c t z s 5 3  

(b) exactly *N(N-1) - % *  rnutual distances a r e  < e:; 

(a): Select a $$; on t*[ and consider the mutu.1 distances 

z of the fourth type for t increasing from %* ; since they 
Pc, 

satisfy l im sup zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz > (cf. (211.2)) for each of them. there is ar 
Pc, 

on [\*, t+[ such that z (t ) > a6 Let G.,, 
1- 

instant t 
Pq P9 Pq 

be such that on [\$J$.,,] for each of them there is t., 1. 5 %* ~‘ 3 1’ 

such an instant t where z (t ) >  as ( 5% = max(t ) will do) . 
P9 P9 Pq Pq 



(b): zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAConsider zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAall mutual distances on [G,, t*[ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAssume that at 

every point of this interval more zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAthan- %* mutual distances 

are zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 e,. P , i.e. that S(T, e+) > I* T [Gt,t*[ ; then !I&*, eJ>9?*, 

a contradiction to the m-aximum property of I* (cf. (210.6), (211.6), 

(211.11)). -3ence t t ( ~  , e+) s I* for idinitely many T~ .in [G,,t*[ , 

and since I(%., d,) =.%* by the choice of t, , e,, and d, , we 

have also zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT E [hs, t*[ . It follows that 

n(Tv, e*) = 9* , i. e. exactly +N(N-l) - %* 

at T ; take one of these for , then there is a nearby 5 >% 

v 

T .r P P 

n(Tr e*) 2 n(7, de) 2 2s for 

mutual distances are c e* 

V W 

such that by their continuity the number of mutual distances -being 

on [b, S ]  still equals +N(N-l) - 9* . < e* 

x 
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212 We have shown that $N(N-l)  -!I?* mutual distances a re  < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 ,  
-,- 

-. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a i -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
p- 

on [t,, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS , while al l  other !I?* mutual distances a r e  2 d, on this 

interval. Set 

(212.1) 

because the mutual distances a r e  contimious functions of time, there 

is no exchange of elements between 6 and 6 . We know that all 
(2 3, 4, 

mutual distances 

and therefore in 

on [ t ,ar ' [  and 

least one mutual 

of the first and of the third type a r e  > d.+ on [t,, t" [ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
6 (cf. (211.1)) arid all of the second type < E;, 

therefore in 6 (cf. (211. 11)) . We prove that at 

distance of the fourth type must be in 6 3 i.e., 

d, 

E* 

e+ 

< E* on [h,5] : assume contrariwise that a l l  (and a t  least one) 

muttial distances of the fourth type are in 6 . None of the mutual 
d* 

distances in 6 (all of them a r e  of the second type) ca.n increase 

beyond Q on [Gr t*[ a i. e. * no mutual distance can change from 
€* 

to Bd a and therefore ilone of the !Ilkk mutual distances in 6 
E .a, 0. ?- d:: 

6 
*- 

can decrease below d* * because then less than !W mutual distances 

would be z d,, : while by the definition of CJkk always at  least 93, 

mutual distances a r e  z d* on [t.,.*t*[ . This last result is contrary 

to the foregoing assumption that there exists a mutual distance of the 

fourth type in 6 , because this must neLessarily decrease below d,,: 

on [h,#[ . Thus we h.ve shown that there is a mutual distance z 

of the fourth type in 6 . 

*' 

*r 

d* 

p4 

e* 
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It follows that there zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi s  a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAha a < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt;+: < V k ,  such that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz (&) = d,:: . 
Consider the mutual distances in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 for  t increasing from & ; 

it follows now that 

w 

;k 

there is  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa t4 a t; < t, < tg: , silch that 

i!) at least one mutual distance of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 equals d* a t  t4 
(212.2) 

E* 
and 

(2) all  mutual distances of 6 G *  a r e  < d* on C b t * C  

Considering the mutual distances in 6 icr t decreasing from t=, , 

we find analogously (cf. 211 (a)) that 

€, 

there is a $ a t, < 4 < & , such that 

(1) a t  least  one mutual distance of 6 equals d, at ti 
8 x; 

and (2 12.3) 
(2) all mutual distances of 6 a r e  < d* on ;I, t; . 

e* 

Obs erve that 

all mutual distances of 6 remain z d, on [\ a t,] . (212.4) 
4. -I’ 

Introduce cluster coordinates such that two bodies a r e  in the same 

cluster i f f  their mutual distance is 

in different clusters iff their mutual distance is B d, , i. e., i t  is 

< c + ,  Le., it is in 6 (, and 

in 6 on [ G a G I -  4.. -I* 

By (104.7) and (10414) w e  have 

(212.5) 

and 2 m 
(212.6) 

min 2 

2M -- J* =. d., at 4 and at t4 ; 

it follows that J* has a minimum on It;, t4[ , and (cf. (211.5)) 
R 

m -  
min 2 -Q-10 

- J *  > 2 M  d,, -* { 1 - 10 1 on [t;,t4] (212.7) J* 
max min zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

t 
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213 Jo has a maximum on 34, t,[ : with Jo = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ - J* zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwe find zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 M e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-2Q-10 1 on ra,s3 J > J(t*) - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 - - 8, = J(t;') (1 - 2. 10 2 -- 

(213, 1) 

and 2 

at $ and at t4 ; (213.2) 

the right side of (213.1) is greater than the right side of (213.2) 

(recall that Q 2 1 , natural). 

214 Let a maximum of J o ,  existing by 213, be at t, , 4 < t, < t4 ; 

then Jo'(t,.) = 0 , J0"(t,) I 0 . (214. i )  

L L 

JoH = 2 x M  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAZ'Z' + 2 D  2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5'' - 
a-a-a a-a a ' 

(214.2) 

A = 1  A=1 

all z are bounded (cf. (209.4)), therefore,all Z are bounded 
k a 

by (103.2) : 

Z A < a 4  on C4d*I 

Estimate o i  2" (cf. (212,4)) : zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-1 

-2 

I (za, k - 51, %)I:& k - -1, 2 H ! - " I  d* for  a f x  

and from the equation of motion (104.2) for 2 -a w e  find 

I < yMd.z2 -I- . 
Estimate of 2' : 

at t,. , (214. 1) and (214.2) imply that 

- a  

* 

(214.3) 

(214.4) 

(214.5) 
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hence (cf. (211.7)) 

thus finally (cf. (211.9)) 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJo"1 < 2M(a: f y Ma, di2)  = a, on 

215 W r i t e  (cf. (209. 1)) 

J =  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ(W) + e, Ie11 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA< e  

and t 

8 (214.6) 

(215.1) 

tc 
(215.2) 

Hence, 

J;; = J - J zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 = J(H) - Jo(t+) 4- el - e, 8 (215.3) 
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and 2 

m 
-Q-10 rnin 2 

M zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-4- 

(215.4) 4, * J:: - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ':' < 4 e  = ~ M c , ,  = 2- 10 max mi;l -I. 

this being inconsistent with the inequality zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(2 12.7). 

Thus, the assumption that there is a mutual distance of the fourth 

type is false, and taking 208 into account, we deduce that all mutual 

distances have finite limits. The proof is concluded by the following 

216 Lemma: Let the N-body motion be holornorphic on 

to < t* , and let  all mutual distances zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz have finite 

limits a s  t + W Then all relative positions z 

and all positions 

[to, t:':[ , 

jk 

bjk 
have finite l imits as t -. r* 

zk 

I.e., a t  t+ the motion remains holornorphic, o r  there occurs a 

collision singularity. The proof is analogous to that in 208, observing 

that the set of mutual distances of the third type is empty. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
c 
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300 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAProperties of a collision singularity 

301 

collision of al l  bodies ("simultaneous collision"), to each cluster of 

the configuration developicg prior to a collision singularity. The 

principal result is that, for t close to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt* , the configuration of 

each clcster is close to a central configuration. Our proofs a re  

similar to those of Wintner, with some extensions and modifications. 

This part generalizes results which have been established for a 

302 Observe that a collision singularity at t* is characterized by: 

at least one mutual distance converges to zero, and J zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 0 remains 

bounded and has a limit as t -, thk . Without restriction of generality 

we may assume that fl = 0 and that the approach is from t < 0 . 
Also, without mentioning it always, we assume that t < 0 is very 

close to the instant of collision singularity 

cluster coordinates holds: 

t = 0 , such that for the 

C + 0 is very small on [t, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAO[ , and ;& k 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAga - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz a certain positive constant on [t, O[ , A # A  . 4 1  

It follows also that 

and l imza , and finally l imzA exist as t - 0 , as Seen 

$ is bounded (cf. (104.2)), consequently limgi 
\ \\ 

303 Differentid equation and ultimate behavior of J* : 

Using (102. 9): J"= 4h - 2U , (104. 12): U 2 U* t U+ , and (104. 14): 

J = Jtc t Jo , we find 

i 
- 1  

both U+ and Jo" (cf. 214) a re  bounded on the considered interval, 

and w e  write 

- 2 W  i b . (303.2)  Jg:\b = 
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. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAFrom J::” = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-2U* t b and -U* -, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA03 as t-0 we conclude that: 

J::\’ ~ +a, 

J*\ is monotonically increasing and ultimately does not zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 0 3 .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3) 
change sign, and 

Jhk is ultimately monotonically decreasing. 

The last statement follows from the facts that J* is ultimately 

monotonic (since J+’ does not change sign) and J g c  > C , J* -. 0. 

304 Estimate of 5:: : 
The differential equation (104. 3) for C and the definition (104.8) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA,a, * 

k=i k= 1 

Write, expanding in a binomial series, 

’ZA? - ZX zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA,$A,s - G A l  c zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs 1-3 = - ~~1 -3 ( 1 + wQXrs) a (304.2) 

is an absolutely convergent ser ies,  each te rm of which WgXrs where 

contains a cpp or  a component of a c, as a factor; it is eis i ly  

s e a  that the terms in 

i. e. P = 0 i f  all c ~ , ~  = 2 , and we conclude that each term of 

Y. 0 

,Pa,k not containing such a factor cancel out, 

wa lk  k y. 

contains a factor of the typer mentioned above. EL k 

From the definition (104.7) of JZc and (10414) 

CP, 9 e cJ*<’ , C P , q C r , s  < cJhk (304.3) 

and the same inequalities for the components of CPIq  ; hence, 
-b 

< c J *  and 5; = Jhkb . (304.4) - 
Integrating from t to t = 0 and observing that (cf. (303.3)) 

J* = J*(t) = maxJhk(T) T E [t, O[ , (304. 5) 
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4 = 1  k= l  

the inequality 

we find 

and sim.ilarly 

Using (ab)2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt (axb)a = a2b2 , addition yields * *  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAY I Y  

(305.1) 

(cf. (104. 5) , (104.13)) . 
Substitute for K+2 from (304.7) and from (104. 13): V = V* t , 
from (104. 14): J = J X c  t J" , and (102. 9): Je8' = 2h t 2V ; then .. . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

' I 



- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA29 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
and since -2h t Jo\'- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2V0 - t b  is bounded 011 [t, O[ , we finally get 

i 

306 The inequality (305.2) implies that K* = 0 and that 

lim J:;, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 J :;.\2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 0 exists: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw o  - -* 

(306. 1)  
1 1 

define Q = dJ*2 + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(4 J 4 c \ 2  + K*Z)/ i*z Y 

0 

then 
1 
4 0 

( - Jr\2 + K*2)/J% 

L 

and since {. . ')& 0 , we see t k t  Jhk' and Q' a r e  of the same sign, 

implying that Q ultimztely cannot increase, since .J* ultimateiy 

decreases; hence, Q has a l imit Q as t .-) 0 , 0 sQo < =,  and 

tilis implies because of J* 4 0 that 
0 

(307. 1) 

now 

therefore A 
J*'(-Ur) > c > 0 . The second term in (307.1) goes to 

zero, and the desired inequality 

(307.2) 



- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA30 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
t 

= dJ4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt h [ J*\J*"dt zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
J 
0 

, since J* + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA0 Sy (306, 2) . 

and this implies 

I 

Q z d J * ' t  c , 
i. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe., zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

-1 
ILl11Q = -1im J% 'J-P\~ = ~ 1 %  > 0 . 1308. 1) 

1 
4 

353 F r o n  (308. 1) asymptotic expressions for J* aad ,P' as t - 0 

are  easily derived: 

(308. 1)  is equivalent to 

- 1 

J<<z J$::'a = 4u.;; + e , e = e(t) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 0 ; (309. 1)  

separating and integrating w e  find 

or 

Substitution into (309. 1) yields 

(309.2) 
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(309.3) 

differentiation of (303. 1) yields 

by (104, 10) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ0"' is a linear combination of terms zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2' Z" and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAZ Z"', - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa*a *- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 -a 
I 

1 
for Za s 

with botnded cnefficiepts, plus a bounded function. Since I C' I < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA~7%~ ! 

za , g i  , and Z" a r e  bounded, and by the equation of motion (104.21 - a  
is a l inear combination of the components of the r' .p\ 

@ a  LP+L 

-Pa q 
and this inequality holds also for the components of c' we get i 

WPY 9 1 
(310. 2) i 

k 1 J0"'/ < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc V*cG . 
Similarly, U+ is a l inear combination of the components of the C' 

with boundcd coefficients, plus a bounded function, hence 
'4PS 9 

'310. 3) 

this term's absoluzs value bein2 , since 

(3 10.4) 

By means of the energy equation 

Lagrange-Jacobi equation (303.2): J*" = -2U* t b , both Vtc 

Utc t V* = h - U+ - and the 

and U* 
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can be replaced by J:>",and we finally get the desired in%quality 

I J::\bk 1 < c J:& . (310. 5) 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1 

311 Asymptotic expression for J::" . W e  prove J*::" J:k\\- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAb ~ k  : 

1 - J*\2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 J* (J*" t d! (cf. (305.2), (306.2) ) implies 
4 

A. -- 
(311. 1) 

1 
4 

- 1 

l iminf J$:2 J$\b r- l im J;, 2 J:>\Z = I? ;k 

i t  remains to be shown that 

and as consequence of (309.3) we have 

F - 12k*'t . (311.4) 

- 1 

Consider now F \  ( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 0 obviously) instead of J*'J*'\ : we get 

(311.5) 

limsupF'; 1Lp,xc2 . (311.6) 

Case 1: Assume that liminf F\= i imsupF\=  l imF\= d < 03 ; integration 

of this relation F'- d to F d t  yields by comparison with 

(311.4) d = 12p,:c2 , and the proof is complete. 

Case 2: Assume that l imF\= +a and let d > 0 be arbitrari ly large; 

then ultimately F'> d and by integration F > d zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt , contra- 

dicting (31 1.4). 



- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA33 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
d i m  inf zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAF\< zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt m j  

l im inf F'< l im supF\,  implying that--'t'-- . Case 3: Assume finally that 

There exist two positive numbers d, and d, and an 

both i and t going 
B '  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa B 

infinite sequence of intervals t e t  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc t 

to zero, such that 

(Y 

Write 

and use (310.5) and (311.4) ; then 

and on It,, tar , since F's 4 : 

C 
1F"l < - 

t 

Integration over [t , t ] yields 
C r B  

t t 
B e 

0 < d, - 4 = F'(tg) - F'(t ) = s  F"(t)dt S I  IF"(t))dt 
a 

t t 
cy cf 

1 
t -t 

-t I 0 

< c  : o g B J  = clog- [Y 

(observe that t < t < 0 ) ; this implies 
a 8  

, i. cy 4 - 4  -t 

-t C 
log - > 

B 

From (311.7) it follows that 
t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

k-0 
F(tg) - F(t ) = F'(t)dt 

CY J 
L 

cy 

-t 

-t 
e. ,  ultimately - a 2 T > 1 . (311.8) 

B 
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implying 

this last inequality is ultimately inconsistent, since 

Ftt ) 
both -. -12~ : :~  , U t A )  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACY 

by (311.4) - and - 
-t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-t 

9 CY 

by (311.7) 1 2 ~ : : ~  # dl , and 

-t 

-t 
CY 

by (311.8) ultimately - > 1  . 
9 

1 - 
Thus, J*"JX:"- u* is true, and it follows that 

(311.9) 

of the a-th 
hA 

312 he remains bounded a s  t -, 0 : the energy 

cluster is by ( 104.5) and (104.6) 

(312. 1) 

and by differentiation we get 

NA 

substitute from the equation of motion (104. 3): then 

h ' zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa = - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 tau,/aL,, k)Li, t2m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA ,  k;A, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc' k-4, P k i- u; ¶ 

k= 1 k= 1 

the iirst and last term on the right cancel each 2ther, thus 
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1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
k= 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

and by integration 
NQ 

h = const. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+E m A,k zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ C :  wa,k*ask P dt zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa . 
k= 1 

and since P is 'bounded on [ t ,O[  , we get 
- a l a  k 

(312.2) 

(312.3) 

(312.4) 

h2 ' 
together with (312.2) implying the boundedness of 

313 The Lagrange-Jacobi equation for : 

from the definition (104.7) we get 
J A  

Na 
J r  = 2 2 r n  A, kwA, 5' kuA, C' k ' 2x m A , k s A , k d , k  c 6" 

k= 1 k= 1 

\\ 
and substituting V from (104.5) and for f rom the equation a l a ,  k 
of motion (104.3), 

NQ N A  

k)  +- 2C m zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4, k-4, 5 k o a ,  P k a 

k= 1 

Jr = 4 v ~  - ' C i , , k  

k= 1 

on the right,the third term is boundedaand the second term equals 

+2U (by Euler's theorem about homogeneous functions), and using 

hQ = V t UA , where hA is bounded (cf. 312), we find zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe 
a 



- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA36 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
J; = -2U  + b (313. 1) a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

As in (303.3) we conclude (observing that 

of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa collision singularity): 

Ja + 0 by the assumption 

JT = -2UA + b and UQ -+ -a as t 4 0 imply: 

J Y  -++a 

J i  
(3 13.2) 

ultimately does not change sign (and is negative) 

is ultimately monotonically decreasing ta zero. Ja 

314 Estimate of K (cf. 304) : 

(304. 1) , together with 
.-e 

1 

<cJ '  , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
CA,  k a 

yields 
1 1 

1.; I < zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc JF or equivalently * a  K'=J" e.* b ' 

(314. 1) 

(314.2) 

and integrating f rom t to t = 0 , observing that by (313.2) 

J = J (t) = maxJ (7) , T E [t, O[ , we have a e  a 
1 1 

+ J Z t b  . (314.3) a K = K  + J Z t b  and K" = K 2  
- A  -A;o a -  a a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA;0 

1 
4 a  a ;0 

315 -J'2 t K2 5 Ja(J: t d) : 

analogous to the process used in 305 leading to (305.1), we arr ive at 

9 (315. 1) 
1 
4 a  a a a  -J'" t K2 s 2J V 

- 2U = Jf t 2h - b ; using (314.3), a a by (313.1): 2Va = Zha 

and observing that h is bounded, we get a 
1 1 

4 . 4  ;0 
-p + K i  < J (J" t 4 )  t Jf(- t )$ a a  . (315.2) 



- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA37 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A s  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAin 307 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAfor J:: , i t  can be shown that (313. 1): JY = -2U t b 

2 
1 - 

implies J 4  J" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 c > 0 , hence J zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 c,T J" ; substitute this into the zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a 2  a 2 2  

last term of (315.2): 

1 
4 2  a ;0 4 . 4  a -J '2  + K2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC J (J" t 4 t cJ"*(-t)) . (315.3) 

2 

Finally, with J; zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI J*\'tc , J;:\\5; ~ t - ~  (cf. (31 1.9) ): 

(-t)J; c(-t)' , and we get 

1 
4 2  a ;0 a a  - J'2 + K 2  5 J (J" t d) . (315.4) 

316 

can be derived: 

In full analogy to the development in 306 - 311, the following results 

= o  * or K = O  
k?;0 -5 ;0 a 

- 1 

lim J -2J\ 2 = 4  > 0 exists a a  , 

(316. 1) 

(316.2) 

(316.3) 

2 2  

J" a (fe,) ' t - . (316. 5) 

317 Direct proof of K = 0 : 
u+a;0 iy. 

we had seen that (cf. (312.3) )  

and by integration from t to t = 0 



- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
c = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt 3 b  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

W i J  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk- 4 

r e zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs ul t s . The r e fo 1: e zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 3 1 7 .  L) 

k= 1 

i.e., K - 0  a s  t - 0  . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- a  - 
(317. 3) 

(3 17.4) 

( 3  17.4) together with ( 3  14. 3) implies 

1 K 2  =J, t .?b  j 

a K = J ' t b  and *a a * 
leading to a simple derivation of the inequality (315.4). 

318 Corollary. The estimate of K (cf. 314) can be dc.. eioped in 

f u l l  analogy with that of (cf. 304) : indeed, 
" A  

(318. 1) 

and writing 

z - 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- c  t c  = w  -a -1 + X , K  +;a,v 'Xu + & , w  

and 

where R is bounded on [to, t*[ , to sufficiently close to Uc , 

(318. 1) shows that all terms in P not containing a factor 

or cancel out. Since 

x X V  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5, v -4, k 

5, v 

1 

< cJ' <a, v a ¶ 

it follows that 

and K ' = J b  a -a a- iK'1 < c J  -a I 

for the further steps see (304.4) ff. . 
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319 

close to a central configuration i f  t < 0 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis close to the instant 

t = 0 of a collision singularity; more precisely: the N bodies of 

the A-th cluster a r e  close to a central configuration in the 

problem. 

We consider throughout the following an arbitrary, but fixed cluster, 

say the A-th. 

In 3 1 9 - 3 2 3  we will show that each cluster’s configuration is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a 

Ne-body 

Let $ be one of the components of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI: ; the conditions that the 

1-th cluster form a central configrlration are 

.-A, k 

for all $ . aJ, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- 3 U a z  

a uA J - =  
a a$ 

320 W e  introduce new dependent variables c’” by 
,k 

(319. 1) 

(320. 1) 
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then zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

e- = t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 3  
8 (320. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc.t, k 'k 

- 9  
J A  

J- = t > 

and 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a u- = t 3  u . 

(320. 3) 

(320.4) 

The conditions (319. 1) for a central configuration transform into 

the Lagrange-Jacobi equation J" = -2U  t ba into a a 
2 8 4 

3 9 
PJ-" t -tJ-\ t - J- = -2U- t t 3  b (320.6) 

and the equation of motion (104.3b) into 

differentiating this last equation we get 

(320.8) 

k *  

321 From (316.3) - (316.5) it follows that 

- 5  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 4 
3 

t J "=-  - t - 3  JA  t t J i  - 0  , 

and similarly 

t" J-"- 0 9 

(321. 1) 

(321.2) 
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these relations together with (320.6) imply that zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

2 

9 
-J* zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-U- (321. 3) 

c" into the energy equation (312. 1); zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd 2 l  = t  <-\ + - t - 3  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L;, k zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAwk 3 thk 

Substitute 

we get 

implying by (321.2) and (321.3) that 

t"' - 0 . (321. 5) 

By (316.5) o r  (316.3) and (321.3) U" is bounded, therefore 

liminf f'" > U ; hence also - is bounded, and from (320.7) it 

follows that 

k ac" 
*k zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

t" C-" is bounded as t 4 0 
-k 

. (321. 6) 

In {320.8) the first and second term on the right are bounded since 

t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBACi' + 0 by (321.5), and the third term is obviously bounded; therefore 
u 

t" zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6" "' is bounded as t -. 0 
,k 

. (32 1.7) 

322 (Tauberian) Lemma: If t f ' ( t)  has a finite limit zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA'0 and t"f"yt) 

2 \\ remains bounded as t -. 0 , then lim t f (t) = -0  

as t 0 (cf. Wintner [ 2 3 pp. 279 - 280) 

323 Applying 322 to (321.51, (321.6), and (321.71, we conclude that 

(323. 1) 

using this, together with (321.5) in the equation of motion (320.7), the 

asymptotic relation 
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results, The left side is zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-J- # 0 and using (321.3), the desired result (cf. (323.5)) 

-- - "- and, multiplying both sides by 
9 a$- 

a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ- -$u- - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa t N  a q- 
J- - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 u- 

(323. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3) 

follows 
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400 Simultaneous binary collisions 

W e  shall consider the situation that there zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAzre  L, pairs of bodies 

such that the two bodies in each pair collide at t = 0 , while the centers 

of mass of the pairs and the remaining & bodies approach distinct 

positions; thus 

t & = L = number of clusters, 

ZL, t L2 = N = number of bodies. 

401 Change to a new coordinate system such that the motion of thc 

second body in each cluster is referred to its first body. Introduce 

the new coordinate zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
a (401. 1) 5 4  = L a , 2  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- c  j ra,  1 

t m  = 0 (cf. (103.3)) w e  find zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAe ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 L ,  2 *.* 
using m C a,  li8al 1 

and 

origin 

(40 1.2) 

402 The transformeL equations of moLm (104.3) read 

(402. 1) 



the energy equation (104.6) changes into 

observing that 

mQ,1ml! ,2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs c  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ =  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
2 m t m  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= L  I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

21 3 a1 2 

the Lagrange-Jacobi equation reads 

(402.3) 

(402.4) 

403 

asymptotic expression 

From the Lagrange-Jacobi equation (402.4) we derive now the 

(403. 1) 

A bbr eviate tempo r a r ill 

(3 13.2) in-plies that = -ultimately decreases monotonically to zero, 

and (316.3) that 

-a 

4 

= b t 3  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- e  e (403.2) 

From the energy expression (402.2) follows 

K -. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 ,  w e  find - a  - a  A'E 

5'5' 5' -. 0 , and since 
A - I:aA 

=' = 4 5 F' -+ 0 by means -f the identity 
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-..\ - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis not identically zero zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsince is not constant. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- a  - a  
Multiply the Lagrange -Jacobi equation 

5y zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc' and integrate from t=O to t , t<O ; w e  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAg t t  -a 
c 

(403.3) 

Y 

the last integral can be written as b: ; hence, a 

and s.Lbstituting into the last term from zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(403.2), we get 

yielding (403. 1) by integration. 
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404 hi order to get an asymptotic expression for F as t - 0 , 

we f irst introduce a new independent variable s by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA.s zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 

(404. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 s = t  

into the equations of motion (402. 1); denoting differentiation with 

respect to s by a prime ' and substituting for sa from (403. l), 

we get 

Introduce further new dependent variabies u by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-2 

E = s u  
; A  -a 3 

(404.2) 

(404.3) 

2 
= s2 b by (403. l), both u 5 ,  it follows that 5 = s u  and since 

and. u remain bounded and u can be written as u = s k  . 
The application of (404.3) transforr-2 

a a '  

-a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-e "2 

t -04.2) into 

u t ' =  b u  + s 3 Q  
-a  -a -a > (404.4) 

substitute u = s 5 and integrate u"  = s b + s3 Q twice; then -a - -a .LI -a 

u = s a  + s3b t (404.5) '2 -a n 

= s 2 a  + s4b -a -a U 
1 

and by comparison with (403. 1) 

f 0  . 

(404.6) 

(404.7) 
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405 

many) components of the 

be achieved by a constant rotation of the coordinates. We now trans- 

form the equations of motion (104.2) and (402. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1) into a standard form 

of a s y s t e m  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof diffecntial equations of the first order, using again 

Without restriction of generality, we can assume that all (finitely 

a r e  different from zero; this can always zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBApa 

* s = t 

1- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA:I. ria ble zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs w w , VIr , and R by 

as the independent variablz a d  introducing new Aependent zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- - a a  -A - a  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 

2 
= s  a . ( l + s w  ) , IL~ = s w' j=1,2, 3 . (405.2) 

' A  ,j a ;.l i? ;j 4? -1 

3 6 
Since Z = Z + s Z' + s  b ,  wehave  Iv' - 0  as s 4 0 ,  

and (404.6) implies that w -. 0 . 
-a -A;o -1 ;o (YI - 2  - 

* A  * 
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Write for the further discussion zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(104.2)  as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

Z'' = B zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
- a  *.e 

and (402. 1) as  

I 
(405. 3) 

I 
! 
I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
i 
I 

(405.4j  
! 

i 
i where Ei and b a r e  bounded as  s,t-r 0 and can be expanded 

into power series of s, W , and w , which converge for 
: 

a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA;j Q,;j i 

4 

I 

sufficiently small absolute values of those quantities. ! 
I 

406 

407 

Transformation of (405.3) by (405.1) gives 

sin' = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-9 + 2 W  + 9s4 B -a -a - 2  -a 
(406. 1) 

From the first equation of (405.2) we find 

= s 4 (  a2 a + 2 s x  a i- s 2 b )  9 

where 

', 
! 

t a2 t a" a ; l W a ; l  a;zWa;2 a ;3  wA;3 
2 = a  

x.e S 

(407. 1) 

(407.2) 

Introduction of s and w into (405.4) and substitution from (407.2) 

lead to 
-a 

(407. 3) 



- 49 - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
where b::: has the same properties a s  b in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA405. With w 

(cf. (405.2)) we finally get the following system: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-a ...a -a zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
-2 + sb* 

a ; j  L ; j  A;j e xe zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA ;j 
S W ~  = - 3 w  - 2w t 6 a  

j=1,2, 3 (407.4) 

408 

and (407.4) reads 

The f u l l  system of the transformed equations of motion (406. 1) 

t 2w + s B *  
A;j A ;j zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA; j  

= -R 

SW' = n  
a;j a;j 

(408. la) 
j=1,2, 3 
a=1 -- 4 tr, 

the nonlinear parts sBkk and sb*  are power series in al l  

variables, converging i f  their absolute values a r e  sufficiently small  . zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA ;j t?;j 

It is apparent that the matrix of the coefficients of the linear 

pzrt on the right of (408. 1) is in "block form"; consequently, the set  

of its elementary divisors is the union of the sets of the elementary 

divisors of the individual blocks ( a  block is the 6x6 matrix for a 

particular zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA in (408. la)  o r  (408. lb) ). 

The eigenvalues of a block in (408. la )  a r e  t1, $1, +1, -2, -2, -2 , 
and al l  elementary divisors a r e  l inzar; similarly, the eigenvalues of 
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a block in (408. lb) a r e  t1,  -1, -1, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-2 :  -2, - 4 ,  and again all 

eletnentary divisors a r e  linear. 

B y  a well-knowntheorem about systems of differential equations of the 

type (408. 1) it follows that the solution with the property that all , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0 , w , and converge to zero as s -. 0 can be expanded into zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-a - a  
power series of s , which converge for sufficiently small  1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAS I  ; the 

solution depends on 4 4  + zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3% parameters. 

409 

Reihenentwicklung der Integrale eines Systems von Differentialgleichun- 

gen in der Umgebung gewisser singul'drer Stellen. J. Reine Angew. 

Math. 116 (1896) 265 - 306 ; 117 (1897) 104 - 128 ; 252 - 266. For 

details and a survey of this and related problems see H. Dulac: 

Points singuliers des Cquations diffkrentielles. Gauthier -Vi l lars,  

Paris 1934. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA modern simpie proof (of a special case) can be found 

in Siege1 [ 1 ] pp. 156 - 165. 

The theorem used in 408 has been proved by J. Horn: Ueber die 
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. The principal tool ha 410 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
for the study of the multiple binary collisions is the Lagrange-Jacobi 

equation (cf. (402.4)), enabling us to derive the asymptotic expression 

(403. 1) for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 its applicability, in turn, is based on the boundedness 

of the energy h as t approaches the instant of collision. We deduced 

this boundedness from general results abou ;.llisions (cf. 312). In the 

Alternate proof of the boundedness of 

a '  
a 

following we shall 

independent of the 

Arenstorf [ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA31. 

According to 

ha ' give a direct proof of thr boundedness of 

previous general results; for the method see 

318, Q in equation (402. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1) cafl be written as -a 
5 b , provided that f is sufficiently small, i. e., that t is 

sufficiently close to the instant of collision t = 0 .  From 

a- a 

(cf. 312) 

(410. 1) 

= 

we get 

( b2, to indicate EGtiie- bounded fUIlctiGi1) a 

and substituting for 5' 5' from (402.2) , * a 4  

and because of 5 4 0 : a 

(for sufficiently small 5 ) . a h;" 5 1 t ( h  I a 
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Denote zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby H zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(4 ) the maximum of I ha I on [to, \ 3 ; then zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAby 

integration from to to t and then to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 , to < t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs 5 : zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 

hence 

and 

1 

For nonnegative a , b,  x the inequality x 5 a t b( 1 t x)' implies 

1 2 $  A zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
X S  2 t +b2 t b( l  t a t T b  ) < a t b t b a 2  t b" ; applying this, 

and it is obvious that the right side remains bounded as 5 4 0 . 

411 

Theorem: Let all variables be real and let the solution of the N-body 

W e  finally formulate the following 

problem be holomorphic on 

a t  t = 0 

collisions (and only these) take place at this instant. Then 

the position vectors, distances, ana the products 

t' '(velocity vector) can be expanded into power ser ies of 

t 3  . Therefore, the solution can be analytically continued 

in the real  beyond t = 0 into t > 0 . 

[to, O[ , to < 0 ; let there be 

a collision singularity such that several binary 

1 
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Bibliography on the singularities 

of the equations of motion of celestial mechanics 

This bibliography is intended to be a complete listing of papers 

on the title subject; the major part of the papers deals with the 

classical N-body problem (with newtonktn gravitational forces acting 

on particles), but ublications on the following topics have been 

included: regularization of the equations of motion, non-newtonian 

forces, and central configurations and homographic solutions, these 

last ones in view of their ix-riportance for the collision problem, 

The only publications zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAknown to me a s  containing more than just 

a few references a r e  (Sokolov [30],) Szebehely [13] , Verni6 [3] , 
and Wintner zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA[ Z ]  . Being a first attempt a t  collecting the pertinent 

literature, this bibliography will have its share of e r ro rs  and 

omissions; particularly, no systematic search could be made for the 

Jbssian literature. Also, since to many of the included papers I do 

not have access, there will be listings which are only marginally or 

not at all connected with the topics intended to be covered. No attempt 

has been made to include all publications on collision and regularization 

in (1) the two-body problem and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(2) in Euler's problem of two fixed 

cefiters; likewise, papers only applying regularizing transformations 

to other problems have not been listed systematically. 

An effort has been made to provide references to review 

journals; the publications and the abbreviations used are: 

AJ Astronomischar Jahresbericht [ 1899 -1 
JFM Jahrbuch Uber die Fortschritte der Mathematik [ 1868 - 19441 

MR Mathematical Reviews [ 1940 -1 
27 Zentralblatt fir Mathematik und ihre Grenzgebiete [ 1931 -3;  



- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA 2  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
other review publications (and most of J F M )  a r e  not available to me 

a t  present. The abbreviations of names of journals have been chosen 

as much as possible as in MR 32 (1966). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Iin asterisk * preceding the page number of a reference to a review 

publication indicates that the paper is l isted only, but not reviewed. A 

tilde - indicates that the name of the journal is the same as in the 

foregoing reference. 

I shall be grateful for any comments as to e r ro rs ,  omissions, 

etc., that will lead to an improvement of this bibliography. In 

particular, I would appreciate receiving reprints of new papers 

dealing with the singularity problem and/or related topics. 



- B 1  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
&os t i ne l  1 i , Ca t a ldo  

[ l ]  S u l  problema d e i  t re corp i .  
Rend. Sem. Mat. F is .  Milano 2 1  (1950) 165-195 (1951) 
AJ51 >\lo1 MR13 698 ZM44 388 
I1 problema d e i  t re  c o r p i  da l l ’epoca d i  Lagrange a i  g i o r n i  
nos t r  i. 
A t t i  Convegno Lagrangian0 (Torino, 1963). ( A t t i  Accad. Sc i .  
Torino 98 (1963/64), suppl.) 304-326 Accad. S c i .  Torino 1964 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
MR32 110 #621 

[2] 

A l tav i s ta ,  C.  A.  
[ l ]  Some considerat ions on the  homographic so lu t i ons  of the th ree  

body problem. 
As.  Argentina A s t r .  Bol. Nr .4  93 pp 52-57. 
Actas de l a  Cuarta Reuni6n C l e n t i f i c a  de la  As/sociacio/n, 
rea l i zada  en e l  Observatorio Astron6mico de Cordobo, 10s d&s 
20, 21 y 22 de Octubre de 1961 (ed. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC. Jaschek, C. Hernandez, 
L. Milone). 
AJS2 9:204, 9:82(tit le) 

1 aw of at t rac t  ion. 
As .  Argentina A s t r .  Bol. N r .  6 117 pp 94. 
Actas de la  sexta reuni6n c i e n t i f i c a  d e  la Associacion Argentina d e  
As tronomia, rea l i zada  en la Univers idad d e  Tucw’n (Horoco 
Molle) 10s dfas  22, 23, 24 y 25 de  Mayo de 1963. 
AJ64 *19i 

[2] Homographic so lu t i ons  i n  the  n body problezl w i tb  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI? a r b i t r a r y  

d ’ h b l y ,  Carl -L in te r  
[l] Kol l ineare  Zentralkonf igurat ionen des n-KGrperproblems. 

Astronom. Nachr. 288 (1964) 81-85 
AJ64 1971198 MR30 852 84574 

Amoroso, L. 
[l] La soluzione d e l  problema d e i  t re  c o r p i  second0 Sundman. 

Bol l .  d e l l a  Mathesis 6 (1914) 14-22 
AJ16 9~96 JFM45 1174; *1182 

Andoyer, H. 
[ l ] Sur l ’e ‘qu i l ibre r e l a t i f  de n corps. 

Bu l l ,  Astronom. 23 (1906) 50-59 
AJ8 169 
Sur les so lu t i ons  p&iodiques vo i s  ines  des pos i t i ons  d ’gqu i l ib re  
r z l a t i f ,  dans l e  problsme des n Porps. 
Bull. Astronom. 23 (1906) 129-146. 

[2] 
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Arenstorf Richaro zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAT. = Schulz-Arens t o r f f ,  Richard F. 

i 1 ] [Sclul zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs-.ar:ns t or f  f J 
On :he representa t ion  of the  so lu t ions  of the r e s t r i c t e d  
problem of th ree  bodies by p m e r  r e r i e s .  
Army Bal l is t ic  N i s s i l e  Agency, Redstone Arsenal, Alabama. 
Report DC-TR-1-59 Narch 30, 1959 29pp 
New Rcgular izat ion of the  RcstrLcted Problem of Three Bodies. 
Astronom. J. 68 (1963) 548-555 
AJ63 1311182 
Reguiar izat ion theory f o r  the  2 l l i p t l c  r e s t r i c t e d  th ree  body 
pr  ob 1 em. 
George C. Plarshal l  Space F l i gh t  Center , Huntsv i l le ,  Alabama. 
R-COW-IN-6-68 Ju ly  1, 1968 57 pp ( t o  be publ ished i n  
J. g i f f e r e n t i a l  Equations) 

[2] 

[3] 

A m e l l i n i ,  G. 
[l! Su l  mot0 d i  un punto attret to da pis. c e n t r i  f iss i .  

A t t i  Accad. Naz. Llncei .  Repd. C1. Sci .  F is .  B k t .  Katur. 
(5) 221 (1913) 672-678 
AT15 1621163 5?3144 8271828 
Sopra la soluz ione d e l l e  equazionr d i f f e r e n z i a l i  c k i m o t i  d i  un 
punto a t t r a t t o  da zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 5 ;  c e n t r i  f i s s i  p o s t i  i n  l i n e a  re t ta .  - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 5 )  231 (1914) i70-776 
AJ16 97 
Estensione d e l l a  s o l u z i m e  d e l  Sundman d a l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAc a s 0  dF co rp i  i d e a l i  
a1 cas0 d i  s f e r r e t t e  eldstiche omogenee. - (5; 241 (1915) 18&19@ 
~ 1 7  62163 JF'bI45 1176 
Sur la s o l u t i o n  ana ly t ique du proSl6me r e s t r e i n t  des t ro is corps. 
C. R. Acad. Sci.  Pa r i s  158 (1914) 253-255 
AJ15 1631163 AJ16 97 Jn145 1175 
Un thkorsme g&n&al s u r  l e  p r o b l b e  des n corps. 

AJ16 96/97 JIM45 1175 
Ricerche sopra la prev is ione d e l l ' u r t o  u e l  problema d e l  tre 
corp i . 
A t t i  Accad. Naz. Lincei .  Rend. C1. Sci .  F is .  F i t .  Natur. 
(5) 271 (1919) 87-91 
AJ21 *120 Jl3146 1375 

[2] 

[3] 

[GI  

[j] - 158 (1914) 6PC-683 

[6] zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Barn ch iewi t z , Thad ee 

[ I ]  Sur un cas p a r t i c u l i e r  du problsme des  n corps. 
C. R. Acad. Sc i .  Pa r i s  142 (1906) 510-512 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
U 8  170 Jl3137 739 
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mrdon,  Jose Kobla 

[ l ]  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBARegularizaci6n de l  p rob lem plano de 10s tres cuerpos. 
Rev. C i .  (Lima) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA38 (1937) No. 420 99-133 
AJ43 "73 JFX63 1295 ZN18 280 

Car t k y  , I h 1  te r  
[ l ]  = NacXiLlan, W, u .  [2 ]  

n,. Dcrbhenow, G. 31. = Eagenov, G. El. 

[ 13 Einige Spezislfa!.le des n-Korperproblew. 
Charkow Bul l .  N r ,  6 (1946) 3-5 
kJ46 56 

Belorizky, !kvid 
Sur la convergence de5 sgries d a x  la s o l u t i c n  du problgmz 
des t r o i s  corps doMge par  El. Sundmm. 
C. R. Acad. Sc i .  Pa r i s  193 (1931) 314-317 
AJ33 *56 zEI2 212 
Sur la s o l u t i o n  du problsme des t ro is corps,  doun& par  
M. Sundman. 

AJ34 242 ZEI3 134 
Sur l ' a p p l i c a t i o n  des mdthodes de zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA$1. Sundman aux problenes zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAda 
la mecanique ce/les te .  

BJ34 42 2243 234 
Appl icat ion pra t ique des me'thodes de M. Sundun  a un cas 

p a r t i c u l i e r  des t r o i s  ccrps.  
5u l l .  Astronom. (2) I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 (1931) 417-434 
XJ33 -;:56 
Sur la n a t u r e  des chocs dans l e  p r o b l h e  des trois corps 2 
trois degrds d e  l i b e r t g .  
C. R. Acad. Sc i .  Pa r i s  194 (1932' 769-771 
AJ34 *42 zE4 373 
Sur ?e rayor. de convergence des se'ries clans l e  problGme de 

deux c o ~ p s ,  trait6 par  la me'thode de  Levi-Civita. 

AJ34 *42 zElS 31 
Sur l ' i n t 6 g r a t i o n  du p r o b l h e  dks deux corps. 
Bul l .  S c i .  $kith. <2) 57 (1933) 45-49 
JFM59 812 zK7 35 
Recherches s u r  l ' app l i ca t i on  pra t ique des s o l u t  'oris ge'ne'rales 
du probl6me des t r o i s  corps. 
These Par i s  1933 Gauth ier -Vi l lars  72 pp 
AJ35 49 

--., 153 (1Y31) 766-768 

--., 193 (1931) 1321-1323 

* 194 (1932) 1449-1452 
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Recherches s u r  l ' a p p l  i c a t i o n  pra t ique d e s  so lu t i ons  ggne'rales 
du  probl&me des t r o i s  corps. 
J. des Observateurs 16 (1933) 1G9-132; 149-172; 189-211 
BJ35 49 
S u r  la s t a b i l i t e '  dans l e  p r o b l h e  des t r o i s  corps. 
B u l l .  Sci .  Elath (2) 62 (1938) 271-288 
zZ.122 414 
Les points zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs ingul iers dans l e  problzme res treinic des t r o i s  
corps. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
C. R. Acad, Sc i .  P a r i s  207 (1938) 1382-1384 
AJ40 *73 ZN20 *175 
Chocs t r i p l e s  imaginaires dans l e  problsme plan des t r o i s  
corps. 

Dl21 165 
Les chocs dans l e  problame des t r o i s  corps e t  dans l 'espace.  

23121 165 
Chocs d'me nouvelle espgce dans le probl&nne des t r o i s  corps. 

8543 *51 ELR5 79 ,23126 76 
Les chocs t r i p l e s  imaginaires e t  la r g g u l a r i s a t i o n  des 
i n tgg ra les  dans l e  problame des t r o i s  corps. 
J. des  Observateurs (Ehrseille) 25 (1942) 81-127 
AJ46 56/57 
Sur aeux cas p a r t i c u l i e r s  du problgme des t r o i s  corps. 
C. R. Acad. Sc i .  Pa r i s  223 (1946) 193-196 
AJ46 *57 Im8 291 
Sur l a  r i g u l a r i s a t i o n  d u  problGme des t r o i s  corps. - 231 (1950) 1428-1429 
AJ50 91 ElRl9 550 zM40 395 
Sur la  r g g u l a r i s a t i o n  du problsme des t r o i s  corps p a r  la 
v a r i a b l e  de Sundman. 
B u l l .  Astronom. 16 (1952) 327-331 
A552 88 FIR14 802 
Sur l a  re 'gu lar isat ion du mouvement dans l e  ; roblgme r e s t r e i n t .  
Notes Traveaux Sect ion  A s t r .  I n s t .  Math. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAEt?. .grad 2 (1958) 7-10 
AJ58 127 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
La rggu la r i sa t i on  du mouveaent dans l e  probl.zme ge'ngral des 
t r o i s  corps p a r  la v a r i a b l e  de Sundman. 
C. R. Acad. Sci. Par i s  Ser. A 262 (196ii) 1133-1136 

'v 208 (1939) 5S8-560 

- 208 (1939) 966-969 

.., 213 (1941) 558-560 

Benedikt, E l l i o t  T. 
[l] Co l l i s i on  t r a j e c t o r i e s  i n  the three-body problem. 

J. Astronaut. Sci .  6 (1959) 17-24, 30. 
AJ59 75; *145 



Einige p a r t i k u l a r c  LGiungen des Problems d e r  n Korper. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
As tronom. Nachr. 189 (1911) c181-cl86 
A513 142 
0 nekim spec i ja ln im sluyajevima problema n tela. 
(iiber e in ige  S p e z i a l f a l l e  des Problems d e r  n Korper) 
Glas Srpske zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAkr. akademije natika (Ber icnte der  Serbischen Kgl, 
Akademie de r  Wssenschaften. Belgrad) 59 Erste Abt. (1927) 17-43 
AJ31 46 JFl-I54 832 
[Bi l imovitch, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA; Pet ran iev i tch ,  B. ] 
Bei t rag zur elementaren Losung d e r  zwei spez ie l l en  F a l l e  d e s  
Dreikcrperproblems . 
Astronom. Nachr. 258 (1936) 209 
AJ38 73/74 ZM13 325 
Uber d i c  Rol le L 2 r  Archimedischen g le icheck igen Polyeder im 
n-Korperprobleme. 
Bul l .  Acad. Serbe Sci .  A r t s  C1. S c i .  Nath, Natur. Sc i .  Math. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
A. 7 (1941) 197-212 (15 p l a t e s )  
AJ50 *91 FIR10 746 
iiber einen Sonder fa l l  des Vierkorperproblems. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
AJ50 *91 NR10 746 
- A .  7 (1941) 213-227 

Bi rkhof f ,  George David 
[l] The r e s t r i c t e d  problem of th ree  bodies.  

Rend. Circ. Mat. Palermo 391 (1915) 265-334 
= Col lected Works 1 682-751 

121 Recent advances i n  dynamics. 
Science N. S. 51 (1920) 51-55 = Col lected Works 2 106-110 

[ 3 1 Dynamical Sys tems . 
American Math. SOC. 1927 ( rev ised Zd. 1966) 

[4] Sur l e  probl&me r e s t r e i n t  des t r o i s  corps.  I, 11. 
Ann, Scuola Norm. Sup. P i sa  I: (2)4 (1935) 267-306 
11: (2)5 (1936) 1-42 (ZM: 9-50) = Col lected Works 2 466- 
505; 668-709 
I: JFM61 1480-1483 ZM12 1281129 II: ZM14 84/85 

Bisconcini ,  G iu l io  
[ l ]  Sul problema d e i  t r e  corpi .  

A t t i  Accad. Naz. L incei  Rend. C1. Sci .  F is .  Nat. Natur. 
(5) 122 (1903) 552-557 
AJ6 181 J m 3 4  769 
Sur l e  problame des  t r o i s  corps. 
deux au moins d e s  t r o i s  corps se choquent. Condit ions q u i  
en t ra fnent  un choc. 
Acta Math. 30 (1905/06) 49-92 

Condizioni d ' u r t 9  d i  due d i  e s s i .  

[2] T ra jec to i res  l e  long desquel les 
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Block, Henrik 
[ i ]  Sur  l e s  chocs dans l e  probl2me des t r o i s  corps. 

Ariciv f o r  Ehtematik, As t ronmi  och Fysik zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAvo l  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 no 9 (1909) 32 pp 
= Lunds EIedd. N r .  42 
AJlO 194 
Sur  une c l a s s e  de s i n g u l a r i t g s  dans l e  probl\eme de n corps. 
Lunds Neddel. Se'r. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA11, N r .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 ,  Lund 1909 
AJ l l  266 

[2] 
5 7  pp 

Boas, Ralph P h i l i p  , Jr . 
[ l ] A Tailberian Theorem Connected w i th  the Problem of Three Bodies. 

Amer. J. >lath. 61 (1939) 161-164 
BIZ0 17 

Bohlin, K. 
[l] Note s u r  l e  problsme des deux corps e t  s u r  une in tgg ra t i on  

nouvelle dans l e  problsme des t r o i s  corps. 
Bul l .  Astronom. 28 (1911) 113-119 
AJ13 1411142 

Bourget, H. 
[ l ] Le problzme des t r o i s  corps. 

L'Astronomie. 
Pa r i s  28 (1914) 65-69 
A316 96 

B u l l e t i n  de la  socie't; astronomique de France. 

Breg l ia ,  E m i l i a  
[ l ] Su a l c u n i  casi p a r t i c o l a r i  d e l  p rob lem d e i  tre corpi .  

Giorn. Hat.  B a t t a g l i n i  54 (1916) 151-173 
AJ18 159 

Brendel, El. 
[ l ] Neue Methode zur Berechnung der Storungen. 

Astronom. Xachr. 224 (1925) c229-c23G 
AJ27 55 

Monatsh. Math. PIiys. 43 (1936) 298-304 
AJ38 74 a114 233 

[2] Uber d i e  Lagrangeschen s trengen Losungen des Dreikorperproblems. 

Brocard, H. 
[l] Pour la  bib l iography du problhne des t r o i s  corps. 

Intermid. des math. 27 (1919) 99 
JFM47 835 
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Brouckt3, Roger A. - 
Recherches d '  o r b i t e s  pgr iodique d;;.; l e  probl'eme res  t r e i n t  
p lan (sys tsme Terre-Lurk: . 
D r .  Sci .  d i s s e r t s t i o n ,  Univ. of Louv::in 1962 
= Depr i t ,  ..+?dr& [ 2 ]  
Regular izai ions of t he  Plane Res t r i c ted  Three-Body Problem. 
J e t  Propuls ion Laboratory, Ca l i f o rn ia  I n s t i t u t e  of Technology 
Pasadena, Ca l i f . ,  February 28, 1964 14pp 
Regular izat ions of t he  plane restr icted three-body problem. 
Icarus zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 (1965) 8-18 
AJ65 196 PIR30 852 +I4575 
Symmetrization of the Two-Body Prcblem. 
Jet  Propuls ion Laboratory, Space Progr?m Summary, No. 37-33, 
Vol. I V .  June 30, 1965 
A p r i l  1 - Nay 31, 1965 23-28,32 
Regularized Specia l  Per tu rba t ion  Techniques Using Levi-Civita 
Var i ab  1 es  . 
American I n s t i t u t e  of Aeronaut ics and Ast ronaut ics  
Aerospace Sciences Meeting, 3rd,  New York, N. Y. Jan. 24-26, 
1966. AUA Paper No. 66-8 l l p p  
On changes of Icdependent Var iab le i n  Dynamical zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASystems and 
Appl icat ions t o  Regular izat ion.  
Icarus 7 (1967) 221-232 

Brumberg, W. A. (V. A.) 
[ l ] Constant conf igurat ions i n  t h e  problem of four  bodies and t h e i r  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

s tab il i t y  . (Rus s i an  , Eng 1 ish sum. ) 
Astronom. z. 34 (1957) 55-74 
AJ57 125 MR19 1141 

th ree  bodies. (Russian; Engl ish zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsum.) 
Bul l .  d e s  I n s t i t u t s  f u r  theoret. Bstron., Leningrad 7(1960) 

AJ60 188 

[2 ]  Tra jec tor ies  of double c o l l i s i o n  i n  the  r e s t r i c t e d  problem of 

833-843 

Bruns, H. 
[ 13 Bemerkungen zur Theorie d e r  al lgemeinen Storungen. 

As t r onm.  Nachr . 109 (1884) c215-c222 
~ m 1 6  1100 

Buchanan, D. 
[ l ]  A new i sosce les  t r i a n g l e  s o l u t i o n  of the  tkee-body  problem. 

Trans. h e r .  Math. SOC. 16 (1915) 259-274 
AJ18 168/169 JIM45 1177 

Rend. Circ. Mat. Palermo 62 (1938/39) 239-248 
A J 4 3  50 Ea1 124 

[2] Asymptotic i sosce les  t r i a n g l e  so lu t i ons  f o r  unequal llliisses. 
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Burdet ~ Claude Alain 
111 = S t i e f e l ,  Eduard [6] 
[ ? I  Regular izat ion of the Two 3ody Problem. 

Z.  Angew. Math. Phys. (ZAIIP) 18 (1967) 534-538 
[3] Theory of Kepler Motion: The General Perturbed Two Body 

Problt zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 .  

Disse r ta t i on  No. 4010 Swiss Federal I n s t i t u t e  of Technology 
Zurich 1968 
= Z. Angew. Math. Phys. (ZAMP) 19 (1368) 345-368 

B u r r a u ,  Carl 
[ l ]  Recherches numgriques concernant d e s  so lu t i ons  pgriodiques d' un 

cas spgcial  du  problsme d e s  t r o i s  corps. I, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA11. 
Astronom. Nachr. I: 135 (1894) No. 3230 c233-c240 

JFM25 1872/1873 
iiber e in ige  i n  Aussicht  genommene Berechnungen, be t re f fend 
einen S p e c i a l f a l l  des Dreikorperproblems. 
V ie r te l  j sch r .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAs tronorn. Ges. 41 (1906) 261-266 
A J 8  170 JFM37 968 

11: 136 (1854) NO. 3251 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA~ ; 6 1 - ~ 1 7 4  

[2]  

Carathgodory, Cons t a n t i n  
[ l ]  Uber d i e  strengen Lbsungen des Dreikorpcrproblems . 

Bayer. Akad.  Wiss. Math.-Natur. K 1 .  S.-B. 257-267 (1933) 
= Plathematische Schr i f t en  2 387-396 
JFM 592 1614 zM8 134 

Cesco, R. P. 
[ l ]  Sobre las soluciones homogrif icas d e l  p r o b l e m  \le 10s tres 

cuerpos . (English summary) 
Observ. as t ron .  Univ. nac. La P l a t a ,  Ser. as t ron .  25, N r .  2,  
l l p  (1959) 
AJ60 188 MR28 193 #988 a1113 392 

A s .  Argentina A s t r .  Bol. N r .  2 23 
Actas d e  la Segunda reunidn s c i e n t i f i c a  d e  la Associaci6n 
Argentina de As tronomia, 
Astron6mico d e  La P l a t a ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA10s d i a s  23, 24 y 25 de Setiembre 
d e  1959 
AJ60 *188, *77 ( t i t l e )  

Proc. In te rn .  Meet.int Problems Astrometry and C e l e s t i a l  Mech., 
La Plata 1960. Astron. Obs., N a t l .  Univ. of La P l a t a ,  
Argentina 1961. 81-92 

[2]  On the  homographic so lu t i ons  of the thres-body prcjblem. 

rea l i zada  en e l  Observatorio 

[3] Some t k = r e m s  and r e s u l t s  i n  the  three-body problem. 



On the exact so lu t i ons  of the problem of t h ree  bodies. 
U n i v .  Nac. Tucudn Rev. Ser. A 14 (1962) 253-261 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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On zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa new form of the i n e q u a l i t i e s  of K. Sundman i n  the problem 
of three bodies. (Spanish) 
Actas Acad. C i .  Lima 5 (1942) 117-121 
XR4 174 
Genera l izat ion of the formula of Lagrange. 
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MacMillan, l ' i l l i a m  Duncar 
[l] A proof of Nilczyn&k.i 's TLeorem. (abs t rac t )  

Bul l .  h e r .  Math. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASOC. (2) 19  (1912/13) 300-301 
A J 1 8  178 JFM44 +e841 

Trans. h e r .  Pfath. SOC.  34 (1932) 838-875 
AS35 *50 ZM5 418 

[3] Dynamics of r i g i d  bodies.  
McGraw-Hill 1936. Dover Publ., New York, r e p r i n t  1960. 

[2] Permanent conf igurat ions i n  the  proolem of four bodies.  
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?langad , Nos zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAhe 
[ l ]  Regularized Solut ions of the Two-Body Problem and  the 

Rest r i c ted  Problem. 
Xstronom. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAJ. 72 (1967) 467-471 

' .h i t iof f ,  And&, Jr. = Ilarkcw, A. jr. 
[ l ]  L a  l o i  des d i x  t iers  e t  la c l a s s i f i c a t i o n  des chocs dans le  

problkme des t r o i s  c a p s .  
Byul leten' A s  tronomicheskogo I n s t i t u t a  no. 14  (1927) 159-169 
AJ28 45/46 

[2] The law of ten  t l l i r2s and the c l a s s i f i c a t i o n  of c o l l i s i o n s  i n  
the  general  problem of t h ree  bodies. (Russian; English sum.) 
j. SOC. Phys. Leningrad 22 (1929) 81-97 
JFk! 57 1550 
Uber e in ige  Beeegungsfal le zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAiS Dreikorperproblem. 
B u l l e t i n  de 1 ' I n s t i t u t  astronomiqae (Leningrad) N r .  21, 
2 (1928) 5-10 
AJ30 54 

irn 
[3] 

Narcolongo, R. 
Ll] Le r e c e n t i  r i ce rche  d i  K. Sundman s u l  prcblema matematico d e i  

t r e  corp i .  
Giorn. F l a t .  B a t t a g l i n i  52 (1914) 171-186 
~ ~ 1 6  *95 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASFN45 ''2174 

A t t i  Acrad. Sc i .  F is .  F ia t .  Napoli (2) 16 no. 6 
= Elanuali Hoepli 1919 166pp 
= Nuovo Cimento ( 5 )  9 (1915) 339-367; 10 (191?) 89-130 
M17 64/65 A318 2170; *178 JFN45 1174 JFM47 834 

[2] I1 prob lem d e i  t re  cn rp i  da Hewton (1686) a1 n o s t r i  g i o r n i .  

Narkovic', 2. 
[l] Duh n o v i j i h  i s t rax i van ja  u pro3lemu t r i j u  t i je la .  

Glasnik Hrv. P r i r .  Druxtva 31 (1919) 1-24 

Matukuma, T. 
[ l ]  Singular points i n  the  problem of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAtwo bodies. 

Tokyo Phys, Math. S O C .  Proc. Ser. 2, 9 (1917) 116-128 
AJ19 112 

\ 
Neffroy, Jean 

[ I ]  Sur un nouveau cas p a r t i c u l i e r  du probieme des trois corps. 
C. R. Acad. Sc i .  Far;; 254 (1962) 818-82@ 
A562 203 MR24B 182 BB1200 ZM102 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA400/401 
Sur un cas p a r t i c u l i e r  du mouvement r e c t i l i g n e  du probl\eme 
des n corps. - 255 (1962) 477-479 
AJ62 208 MR26 671 #3505 224114 152 

[2] 
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N L ~ I l L l ~ S ,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAPI. 

[ I ]  kcherches  su r  l e  probl>me des  n corps 2 masses va r iab les .  
Ann. Fac. Sic.  Univ. Toulouse 111,s. 27 1-170 (1935) 
iw38 ::77 JFT1612 1485 ZE.115 183/ 184 

Merman, G. A .  
[ l ] On Chazy's i nves t i ga t i ons  i n  the problem of t h ree  bodies. 

(Rus s ian)  
B y u l l .  I n s t .  Theoret. Astronoru. 5 (1954) 594-605 
NR17 905 
Zu Arbeiten von R. Vernic uber d i e  Regular is ierung und a i e  
per iodischen Losungen des Dreikorperproblems. (Zussian, 
German sum.) - 6,  no. 6 (1956) 408-415 
(English t rans la t i on :  NASA N67 13573 December 5, 1966) 
EN19 227 
Recherches q u a l i t a t i v e s  dans l e  problLme de t r o t s  corps. 
(Russian, k e n c h  sum. ) - 6 no. 10 (1958) 687-712 
AJ58 130 FIR20 940 15684 FIR21 1440 #7786 
S u r  la  rep r&ec ta t i on  de l a  s o l u t i o n  ge'ndrale du problgme 
des t r o i s  corps p a r  des se'r ies convergentes. ( R s s i a n ,  
French sum.) - 6 no. 10 (1958) 713-732 
AT58 130 MR20 940 f5685 MR21 14401 1441 /I7787 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

[ 2 ]  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[3] 

[4] 

Nihajlo\rLd, Dobrivoje = Mihailovic/, D. = Michai lov i tch,  D. 
[l] Les inte 'grales premigres dans IC probl'eme d'entrechoc de 

t r o i s  corps. (Serbian; Russian, French sum.) 
Vesnik Drugtva mat. f i z .  S r b i j e  1 no. 1 (1949) 45-61 
AJ49 *88 MR11 465, 872 (corr)  Dl39 *402 
S u r  l e s  d i rec t i ons  des mouvements instantangs r e l a t i f s  dans 
l e  probl'eme d'entre-choc de t r o i s  corps d e  la me'canique 
cg les te .  (Serbian; Russian, French sum.) - 1 no. 2 (1949) 11-16 
AJ49 *88 MR11 445, 872(corr . )  ZM35 114 
Re'duction du systzme des dquations d i f f g r e n t i e l l e s  du 
mouvement dans un cas spgc ia l  du probl2me des trcis corps. 
(Serbo-Croatian; French sum.) - 2 no. 1-2 (1950) 81-97 

MR12 550 ZM39 402 
I n t e r p r g t a t i o n  d e  quelques r g s u l t a t s  dans un cas spgc ia l  du 
problzme des t r o i s  corps (Serbo-Croatian; French sum.) - 2 no. 3-4 (1950) 27-34 
AJ52 *93 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAMR14 101 ZM54 76 

[2! 

[3] 

[4] 
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[ 5 ]  Contr ibut ion a l ' k tude d'un problgme p a r t i c u l i e r  de n corps. 

(Serbian; 33-34 French sum.) 
Vesnilc Drugtva mat. f i z .  S r b i j e  3 no. 1-2 (1951) 11-34 
N U 4  101 ZP143 390 
G&&alLsation d e  ce r ta ins  rdsu l ta ts  dans le  probl\eme d u  choc zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
.;e t r a i s  corps. (Serbo-Croatian; French sum. ) 
Univ. Beogradu. Publ. Elektrotehn. Fak. Ser. Mat. Fiz.  
nc,. 1 2  (1957) 32 pp 
AJ58 *131 NR20 258 K1576 a177 374 

[ 6 ]  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
P I i  lankovid, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAPI. = Milankowitha, N. = Hi lankovi tsch,  M. 

[ l ]  Nebaska mehanika . (Ce les t ia l  mechanics) (Serbian) 
Beograd 1935 333pp 
AJ38 *77 JEN612 1480 Zt-114 233 

Pf i t tag-Lef f 1 er , G. 
[l] see: Ueierstrass, K a r l  

I Ion t i l l e ,  H. 
b ib l iograph ie  du prablzme des t r o i s  corps. 
Intermgd. d e s  Math. (2) 1 (1922) 39 
JFFI48 1083 

Fores t  Ray 
On a c lass  of p a r t i c u l a r  so lu t i ons  of t he  problem of four  
bodies.  
Trans. h e r .  Math. SOC. 1 (1900) 17-29 
JF'M31 889 
On a class of p a r t i c u l a r  so lu t i ons  of t h e  problem of four 
bodies. 
Popular Astronomy zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8 (1900) 224 
AJ2 180 
On s t r a i g h t  l i n e  so lu t i ons  of t he  problem of n bodies.  
Pu l l .  h e r .  Math. SOC. 7 (1900/01) 249-250 
The s t r a i g h t  l i n e  so lu t i ons  of t he  problem of N bodies.  
Ann. of Math. (2) 12 (1910) 1-17 
AJ16 98 JFK41 794 
On o r b i t s  of e j e c t i o n  and c o l l i s i o n  i n  the  problem of t h ree  
bodies. (abs t rac t )  
Bul l .  Amer. Math. SOC. (2) 19 (1912/13) 450 
JFM44 W341 
Closed o r b i t s  of e j e c t i o n  and r e l a t e d  per iod ic  o r b i t s .  
Pa in1  ev& ' s t heor zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAen. 

Proc. London Math. SOC. (2) 11 (1913) 367-397 
AJ16 99 JFM43 1083 

(abs t rac t )  
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[7 ]  The problem of  th ree  bodies. 
Popular Astronomy 22 (1914) 197-207 
AJ16 96 

chapter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAVI11 p. 285-298 of: Ploulton, F. R. ( e t  a l . )  Periodic 
OrhCts Carnegie Ins t i t u t i c n  of Washington, Washington 1920 
Pub;. i ca t i on  No. 161. Reprint:  Johnson Reprint  Corp. 1963 

[8 ]  The S t ra igh t - l i ne  Solut ions of the  Problem of n Bodies. 

Pluncz, Ch. H. 
[ l ]  D i e  Ahnlichke5tsbewegungen beim al lgemeinen n-Korperproblem. 

Path.  Z. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA15 (1922) 169-187 

N i k  1 i b  o r  c , .. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAWl a d ys zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAI aw 
[11 

Pa i n  1 eve', 
[ I 1  

E2 1 

~ 3 1  

[41 

Paul, E. 
11 1 

Uber das al lgemeine Dreikorperproblem. I. Diskussion e i n e r  
Ungleichung; 11. Grundlegende Formeln f u r  d i e  Geschwindigkeits- 
komponenten. 
S tud ia  ?.lath. 8 (1939) 28-67; 92-128 
AJGl $:64 ZM20 3181319 

Paul 
Sur l e s  s ingu la r i t ga  des Lquations de la Dynamique. 
C. R. Acad. Sc i ,  P a r i s  123 (1896) 636-639 
JFk127 6071 608 
Sur les s i n g u l a r i t &  des iquat ions  de la DyMmiqUe e t  s u r  
?e problsme des t r o i s  corps. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
JFM27 608 
Sur les cas du probl\eme des t r o i s  corps ( e t  de n corps) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAob 
deux des corps se choquent au  bout d 'un temps f i n i .  

JFM28 652 
Lefons s u r  la thgor ie  ana ly t ique des gquations d i f f g r e n t i e l l e s ,  
profess e'es & Stockholm 1895. 
A .  Hermann. P a r i s  1897 
JFN28 262J 266 

'V 123 (1896) 871-873 

'V 125 (1897) 1078-1081 

W. 
Function-Theoretic Analysis of Kepler' s Equation. 
Wes tinghouse E l e c t r i c  Corp. AFOSR Document Number 1123 
( for  A i r  Force O f f i ce  of S c i e n t i f i c  Research) 1961 

Pedersen, Peder 
[ l ]  D i e  Erweiterung der  Lagrangeschen Dreickslosungen i m  

allgemeinen DreikErperproblem. 
Astronom. Nachr. 211 (1.920) c33-c42 
AJ22 102 
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Perron, Osltar 
(11 Uber e ine  Schar per iod ischer  Losungen des ebenen 

Dre ikorperproblems (Nondbahnen) . 
Bayer.  Akad. Wiss. Nath.-Natur. K1.  S.-B. H . l  (1936) 157-176 
3114 333 

Pe t ron iev i t c h ,  B . 
[ l ]  = Bil imovi tch,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA. [3] 

/ 

Picard , E m i l e  
[ l ]  L e  problzme d e s  t r o i s  corps. propos des recherches rgcentes 

de zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAM. Sundman. 
Bul l .  Sc i .  Math. (2) 37 (1913) 313-320 
= Rev. ge'n. Sci .24 (1913) 
= Trait6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd'Analyse T. I11 (1928) Note 1 p. 601-608 
AJ16 96 JFM44 824 

722-725 

Pierce,  David A. 
111 = Szebehely, V ic tor  [5] 
[2] A Solut ion of the  Regularized Equations of Motion of the  

Rest r i c ted  Problem. 
Astronom. J. 71 (1966) 545-561 
Appl icat ions of a Solu t ion  of the  Regularized Equations of 
Notion of the Res t r i c ted  Problem. 

[3] 

- 71 (1966) 562-565 
[41 = Szebehely, V. [9] 
[5] [& Standish,  E. Myles Jr.] 

Family of Consecutive Co l l i s i on  Earth-to-Moon Trajectories. 
AIAA J. 4 (1966) 709-711 

[6] = Szebehely, V ic tor  f121 

P i t k in ,  Edward T. 
[I] = Czuchry, A. J. [ l ] 

P i z z e t t i ,  Paolo 
[ l ] Sopra alcune equazioni  fondamental i  ne1 problema d e g l i  n corp i .  

A t t i  Accad. Sc i .  Tor ino C1.  Sci.  F is .  Mat. Natur. 38 (1903: 
954-961 
JFM34 7701771 

A t t i  Accad. Naz. L ince i  Rend. C1. S c i .  Fis. Mat. Natur. (5) 
131 (1904) 17-26 
AJ6 181 JFM35 7241725 

[3] General izzazione d i  a lcune foi-rtole d i  Sundman. 
Giorn. Mat. B a t t a g l i n i  53 (1915) 276-283 
AJ18 *170 JFM45 *1182 

[2] Casi p a r t i c o l a r i  d e l  problema d e i  t re  corp i .  
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Plummsr, H. C. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

[I] Sate  on the u s e  of conjugate funct ions i n  some dynamical 
s ys t e m s  . 
Proc. Roy. I r i s h  Acad. Sect .  A 32 (1914) 7-14 
An In t roductory  T rea t i se  on Dynamical Astronomy. 
Cambridge U .  P. 1918. Dover Publ icat ions r e p r i n t  1960 

[2] 

Po l la rd ,  Harry  
[ l ]  Mathematical in t roduc t ion  t o  c e l e s t i a l  mechanics. 

Prent ice-Hal l .  Englewood C l i f f s ,  N. J. 1966 
Dl141 2381 239 

Proc. Amer. Math. SOC. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA18 (1967) 399-401 
[2] Some nonl inear  Tauberian theorems. 

Popoff, Ky r i l l e  
[l] 

[2]  

[L: 

Sur la  convergence des s&ies d e  la Ba l i s t i que  extdr ieure.  
C. R. Acad. Sc i .  Pa r i s  183 (1926) 266-267 
S u r  la convergence des se/r ies de la Me'canique cg les te .  

Sur l e  probl2me des t r o i s  corps. 
A t t i  de l  Congress0 In te rnaz iona le  d e i  Matematici Bologna 
3-10 settembre 1928 (V I )  tom0 V 49-53 

Math. Ann. 101 (1929) 579-590 
AJ31 46 JFM552 l l c l  

- 183 (1926) 472-474 

[4] Sur l e  problgme des t r o i s  corps. 

Pu t ia ta ,  T. V. 
[l] = Sokolov [30] 

F'ylarinos, 0. 
[l] Zum Dreikorperproblem. 

Math. Ann. 114 (1937) 150-160 
AJ39 3.65 ZM16 237 
Uber d i e  Lagrangeschen F a l l e  im vera l lgemeiner ten 
D r  e i korper  p r  ob 1 em. 
Nath. 2. 47 (1942) 357-372 

[3] Uber das Dreikorperproblem. 

[2] 

AJ43 *52 MR3 2&1 a126 23/24 

Acta Math. 81 (IQ49) 257-263 
AJ49 *89 MR11 545 zM34 406 

Rauch, L. M. 
[l] [& R i d d e l l ,  W. C.] 

The i t e r a t i v e  so lu t i ons  of the  a n a l y t i c a l  N-body problem. 
J. SOC. Indust .  Appl. Math. 8 (1960) 568-581 
MR22 1825 #lo744 ZM101 233 
The Algebraic S t ruc tu re  of the  N-Body problem. 
NASA CR-111 October 1964 32 pp 

[2] 
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[31 The Regularized E x p l i c i t  So lu t ion  of the Analy t ic  N-Body 

Prob 1 em. 
NASA CR-123 October 1964 28pp 

Richards, Pau l  B. 
[ l l  Lectures on regu la r i za t i on .  

in: Space Mathematics, p a r t  1. Lectures i n  Applied Mathematics, 

American Mathematical Society,  Providence, Rhode Is land 1966 
vo l .  5. pp 100-118 

Riddel l ,  W. C. 
111 = Rauch, L. M. [ l ]  

Rivera Ciavo = Clavo Rivera 

Rosenblatt,  A l f  redo zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[I] Sur l e  cas de la c o l l i s i o n  ge'ne'rale dans l e  problGme des t r o i s  

corps. 
A t t i  Accad. Naz. L inca i  Rend. C1.  Sci .  F is .  Mat. Natur .  (6) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
3 (1926) 69-75 
Sur la  r6gu la r i sa t i on  du probl'eme p lan  des t r o i s .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
N zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA( 6 )  3 (1926) 271-274 
Sur l a  r 6 g u l a r i s a t i o n  du probl*eme p lan  des t r o i s  corps. 
Bul l .  Sci .  Math. (2) 52 (1928) 195-202 
JF'Ff5L 836 

On the movement of a cosmic cloud. 
Amer. J. Math. 66 (1944) 268-280 
MR6 75 ZM60 *465 

[2] 

[31 

[ 4 ]  = Garcia, Godofredo [2] 
[SI 

Roserithal , Jenny E.  
[l] The equat ion of s t a b i l i t y  of per iod i c  o r b i t s  of t he  r e s t r i c t e d  

problem of th ree  bodies i n  Thie le 's  regu la r i z ing  coordinates.  
Amer. J. Math. 53 (1931) 626-530 
ZM2 211 

Rossler,  Max 
[ l ] Numerische Erfahrungen b e i  der Storungsrechnung i n  der 

Himelsmechanik m i t  der Methc.de de r  Spinor-Regularisierung. 
Z. Angew. Math. Phys. (ZAMP) 16 (1965) 395-402 
AJ65 203 

von regu la r is ie renden Variablen. 
D isse r ta t i on  N r .  3772 (1966) 71pp 
Eidgenoss ische Technische Hochschule Zurich 

[2]  Analyt ische Storungsthcor ie  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAim Dreikorperproblem m i t  Hi l fe  

[3] = S t i e f e l ,  E. [ 6 ]  
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Sam0 i 1 owa - Ja chon t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAowa , N . 

Die zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs ingularen Punkte d e r  Dif ferent ia lg le ichungen des 
Zwe i-Korperprobl ems . 
Byul leten'  Astronomicheskogo I n s t i t u t a  no. 15 (1927) 165-176 
AJ29 54/55 
iiber d i e  Anwendung e i n e r  regu la r i s  ierenden Veranderl ichen zur 
Berechnung der Storungen. ( G e m n ;  Russian sum. 
-no .  24 (1929) 35-44 
AJ31 50 
Sur l e  ca lcu l  des per tu rba t ions  p l a n i t a i r e s  au  moyen d'une 
nouve 1 l e  va r iab le  ind6pendante. 
C. R. Acad. Sc i .  Pa r i s  190 (1930) 1544-1546 
AJ32 49 JFM562 1349 
Die Storungen de r  k le inen Planeten als Funlctionen de r  
r e g u l a r i s  ierenden Veranderl ichen. 
Byul leten'  Astronomicheskogo I n s t i t d t a  no. 27 (1931) 75-86 
AJ33 57 
iiber d i e  Anwendung e i n e r  regu la r i s  ierenden Veranderl ichen zur 
gruppenweisen Berechnung der  Planeten-S torungen. (Russ ian ,  
German sum.) 

AJ39 67 

1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
N zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAPJ. 41 (1936) 4-10 

Samter, H. 
[ l ]  Das Zveizentren-Problem i n  d e r  Storungstheor ie .  

Astronom. Nachr. 217 (1922) c129-cl52 
AJ24 67/68 

[2] Spez ie l l e  Storungen der  Planeten und Korneten, numerische 
Behandlung besonderer Faille des Dreikorperproblems. 
Encykl. Math. Wiss. V I  2B 1 9  (1922) 

Schanzle, A l lan F. 
[l] Regular izat ion and power series s o l u t i o n  f o r  t he  t h i r d  order  

representa t ion  of the r e s t r i c t e d  3 body problem. 
Frank J. S e i l e r  Research Laboratory SRL 65-0009 Dec. 1965 
DDC: AD627 653 

Schubart,  Joachim 
[l] Zur Regular is ierung des Zweiers tosses  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAim Dreikorperproblem. 

Astronom. Nachr. 282 (1955) 262-264 
AJ55 133 MR17 906 

Schulze-Arenstorff ,  Kichard F. = Arenstor f ,  Richard F. 

Sconzo, Pasquale 
[l] A h e u r i s t i c  approach t o  the  i n t roduc t i on  of a universa l  va r iab le .  

Mem. SOC. Astronom. Ital. 38 (1967) 21 pp 
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121 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAAn Algorithm t o  Obtain Ser iez Expansions i n  the Three-Boiy 
P r  ob 1 e m .  
in:  F i r s t  Compilation of Papers OIL Trajectory  Analysis and 
Guidance Theory NASA SP 141 (1967) 97-120 

Selder ,  Helmut 
[ l ] h e r  s ingu la re  S t e l l e n  i n  den Differentialgleichui lgen des 

D r  e ikorperprob 1 ems. 
Bayer. Akad. Wiss. Math.-Natur. K1. S.-B. 1964, Abt .  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBATI, 

AJ65 ;?203 MR32 1346 8;852 
(1965) 13-48 

See l iger ,  H. 
Uber den neuen Stern  i m  Andromedanebel (? j .  
Astronom. Nachr. 113 (18.25) c358 
iiber einen Fehler i n  den Jacobischen Vorlesungen uber Dynamik. 
Astronom. Nachr. 212 (1920/21) c l -c4 
AJ22 103 

P ie r re  
Appl icat ion de la t ransformat ion de Sundman au probl2me 
d' Euler.  
C. R. Acad. Sc i .  P a r i s  212 (1941) 848-850 
AJ43 a52 MR3 215 zM25 113 
Chocs imaginaires dans l e  problhme des t r o i s  cclrfs. - 212 (1941) 974-977 
AJ43 *52 MU5 79 ZN25 270 
Chocs e t  so lu t i ons  p6r iodiques dans i e  probizme des t r o i s  
corps. 
These Par i s  1943 301p 
= Annales d e  1 '0bserva to i re  de Bordeaux 18 fasc.  1, lOlpp, 
9 Fig. 1943 
AJ45 63 MR8 1761177 
Condit ions d e  choc dans l e  probl&ne de., t r o i s  corps. 
C. R. .!cad. Sc i .  P a r i s  218 (1944) 389-391 
MR7 224 ZM61 9~418 
Chocs t r i p l e s  imaginaires d a w  ?e probleme d e s  t r o i s  corps. 
Mathematica, Timi3oara 23 (1948) 85-87 
AJ48 *78 MR10 333 zN31 40 

\ 

Siege1 , Carl Ludwig 
[l] Der Dre iers toss.  

Ann. of Math. (2) 42 (1941) 127-168 
= Gesamelte Abhancilungen 11, 169-210 
AJ43 >?52 JFM67 785 PIR2 263 ZM24 3u4/365 
On the modern development of c e l e s t f a l  mechanics. 
h e r .  Math. Monthly 46 (1941) 436-435 
= Gesammelte Abhandlungen 11, 211-216 
MP.3 21.5 

[2] 
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Springci.-Verlag Ber l i n  1956 
iiJ56 9~124 A257 $:~29 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA>iF!1f. 178 ZN7G 4541455 

Sk!janski?, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-4. L.  = Sk l jansk l j  = Skl iansk i i '  = Sk l iansk i  
[I1 

121 

[31 

[41 

[5 1 

S luds ky , zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
[I 1 

On t ra jec to iLes  of a dauble c o l l i s i o n  i n  Lie problem of th ree  
bodies i n t e r a c t i n g  w i th  fo rces  propor t iona l  t o  the logarithms 

Ukrain. Mat. Z zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 (1954) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA348-365 
AJ55 n133 ; G l 7  198 zi.I37 161/162 
Oil t5e theory of pairwise cQl1 is  io;c i n  the genera l i zed  th rec-  
body problem. (i iussian) 

AJ55 +:133 XR17 542 ZM65 395 
Sur la ques t ion  de la  c l a s s i f i c a t i o n  des co in tonat ions  dans 
l e  pi-obl&e ge/n&alis& des t ro iE corps. (Xuss Tan; 80-81 
French sum.) 

MR19 368/369 
Sur les t r a j e c t o i r e s  s ingul i&es du nrobl2me ge/ne'ral des 
t r o i s  corps avec l e  choc b i a a i r e .  (Russian; French sum.> 

m 1 9  754 
On the app l i ca t i on  of Sundinan's and Chazy's methods t o  the  
general ized three-body problern. (Russian; English sum.) - 11 (1959) 380-392 
MR2Q 55/56 #5359 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

c1 L~ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1: the rnatualVdist.ai.ces. (F.ussian) 

.U 7 (1455) 160-166 

* 9 (1S57) 66-81 

4 (1957) 163-175 

Th. = Sludski? = Sloudsky 
Sur l e  problame de F lus ieurs  corps. (Russian) 
Mat. Sboriiik 9 (1878 (7??)) 536-545 
JEW11 *646 

Sokolov, Jri. (Yu. ) = Sokolof f ,  George 
111 Sur la  l i m i t e  in fe ' r ieure des rayocs de convergence d e s  

dgvelopments des coorcionnkes dans l e  problsme des t r o i s  
cozps . 
Kiev Bul l .  Ac.  Sc, = Zapyski 1& (1925) 12-14 
JFM3l 779 
Condi.tions d'une c o l l i s i o n  ggngrale des t r o i s  corps q u i  
s ' a t t i r e n t  inutuellement Euivant l a  l o i  de Newton. 
Acadgmie des Sciences de 1'Ukraine. 
des Sciences Physiq~ms e t  Mathha t iques  tome I X ,  l i v r .  1 
(1928) 1-64 
J i 6 7  785 

[2] 

Idmoires de la  cLasse 
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i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

SL-L' !a c o l l i s i o n  ge'ngrale dans l e  cas symitr ique du problgme 
des t r o i s  C O T ~ S .  (Ukranian;Fte!-ch sum.) 
J .  I n s t .  Math. Acad. Sc i .  Ukraine 1 (1934/35) 27-33 
AJ37 7~63 JiT4612 1433 id12 38/39 
SLr l e  choc dans IC prohl&iLe r e s t r e i n t  des t r o i s  corps q u i  
s ' a t t l r e n t  (ou se repoussent)  mutuellement proport ionneliement 
.?i Leurs masses e t  2 une fonc t ion  de la distance.(Ukrainian; 
154-155 French sum.)  - N r .  3/4 (1934/35) 133-155 

Sur ce r ta ines  s i ngu la r i t 6s  dans l e  probl'eme res treict des 
t r o i s  corps (Ukrainian; French sum. ) 

JFM612 1484 
Sur l e  choc danr l e  probl2me des t r o i s  corps q u i  s ' a t t i r c n t  
proport ionel lement 2 l e u r s  masses e t  ?i une ionc t i on  de la. 
d is tance.  
Acad. Roy. Belg. 3~11. C1. Sci .  (5) 22 (1936) 295-305 
AJ38 5~73 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAa 1 4  85 
Sur les t r a j e c t o i r e s  singul i2re.s dans l e  probl ;me des trcis 
corps qui s ' a t t i r e n t  mutuellement proport ionel lement 2 l e u r s  
nlilsses e t  ulie fonc t ion  de la d is tance.  - (5) 22 (1936) 540-551 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
W38 5~79 ~ M 1 4  233 
Sv.r dn thdorsme de Weiers trass. (Ukrainian; 51 French sum.) 
J. I n s t .  Math. Acad. Sc i .  U k r e i x  N r .  2 47-51 
ZM14 332 
Sur une g&ne/ral isat ion d 'un  thgor'eme de M. J. CSazy. 
(Ukrainian; 7 French sum.) - (1937) N r .  1 3-7 
ZM18 9~94 
Rzmarques s u r  le probl'eme des n corps ge'ne'ralisg. (Uhrainian; 
100 E'rench sum.) - (1937) N r .  3 95-100 
AJ39 *66 ZMl8 96 
Sur un m6moire de Kivel iovi tch.  (Ukrainian) - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 (1938) 69-72 
ZM18 280 
Stir les po in ts  s i n g u l i e r s  des i n t6g ra l zs  du probl'eme 
r e c t i l i g n e  des t r o i s  carps ,  q u i  s ' a t t i r e n t  proport ionel lement 

(Ukrainian; 15-16 French sum.) 
Acad Sc i .  RSS Ukraine. Rec. Trav: (Zbirnik Prace) I ns t .  
Mat. 1938, no. 1, 3-16 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
AJ40 9~76 ZM21 1641'165 

.4J37 ik63 Jm612 1484 ZM12 128 

(1935/36) 107-118 

1' inverse d'une puissance quelconque de la d is tance .  
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S u r  les points  s i n g u l i e r s  des i n t i g r a l e s  dans l e  cas 
syme'trique 2u probl'eme des t r o i s  corps ge'n6ralise'. 
(Ukrainian; 19-20 French sum.) 
Acad Sci .  RSS Ukraine Rec. Trav. (Zbirnik Prace) I n s t .  Y a t .  
1940, no. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 ,  3-20 
ZM25 113 
Sur la c o l l i s i o n  ge/n&ale d e s  t r o i s  corps q u i  c ' a t t i r e n t  
mutuellement propor t ionnel lemmt & 1' inverse d '  une puissance 
quelconque d e  la  d is tance . (Ukrainian; 45 French sum. ) - 19'+0, no. 4 ,  7-45 (1940) 
MR2 207 zM23 408 
Sur  l e  mouvement symgtrique d'un systzme cies po in ts  mater ie ls  
q u i  ag i ssen t  avec des io rces  de'pendants des d is tances  
mutuel les.  (Ukrainian; 114-115 French sum.) 
-- 1940, no. 5, 99-115 
MR2 207 ZM25 113/114 
Sur l e s  p6les des coordonnLea dans l e  mouvement symi t r iqee 
d 'un s y s t h e  de points  matdr ie ls  q u i  s ' a g i s s e n t  aT*ec des 
forces ddpendantes des distarices mutuel les.  (Ukrainian; 
49-50 French sum.) - 1941, no. 6, 33-50 
MR2 326 ZM24 363 
Sur l e s  t r a j e c t o i r e s  d e  c o l l i s i o n  s imu l tan ie  d e  t r o i s  po ints  
matiriels dont l e s  forces attiiactives on i epu ls  ives ddpcndent 
de l eu rs  d i s  tacces m u t u e l l e s .  
C. R. (Doklady) Acad. S c i .  URSS <N.S.j 33 (1941) 112-115 
MR5 190/191 
Sur un nouveau cas d '  in te 'g rab i l i td  dane l e  prJbl&me r e c t i l i g n e  
des t r o i s  corps. - 46 (1945) 95-98 
MR7 224 
On a spat ia l  homographic motion of a system of th ree  material 
po in ts  .(Russian) 
Doklady Akad. Nauk. SSSB (N.S.)  58 (1947) 369-371 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
AJ47 $44 AJ49 *89 MR9 310 m30 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA83 
On the t r a j e c t o r i e s  of the  r e j e c t i o n  t o  i n f i n i t y  of th ree  
material points  moving under the in f luence of t h e i r  m u t u a l  
i n te rac t ion .  (Russian) - 58 (1947) 539-542 
AJ49 $e89 XR9 625 ZM30 83 
On i n f i n i t t .  t r a j e c t o r i e s  of a system of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAmass points  under 
the  in f luence of their mutual ac t i ons .  (Ukrainian; Zussran 

Akad. Nauk. Ukrain. RSR. (Zbirnik Prace) Ir~st. Mat. 1948, 

MR12 136 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASUm.)  

NO. 10, 142-164 (1948) 
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1231 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
~ 4 1  

125 1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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c27 1 

1281 

[29] 

1303 

Speiser,  
c13 

On the motion of a system of th ree  ma te r ia l  po in ts  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA03 a 
s t r a i g h t  1 ine.,(Russ ian)  
Ukrain. Pkt. 2. 1 (1949) no. 3, 3-40 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
KR13 996 2s.149 ;\406 zN59 1701171 
On a general case of symmetric motion of a system of th ree  
m t e r i a l  points. (Russian) - 2 (1950) no. 3, 7-44 
FBI3 996 ZN54 76 
Cn r e c t i l i n e a r  motion wi th  a common c o l l i s i o n  of a system of 
th ree  mater ia l  po in ts  mutually a t t r a c t i n g  according t o  a n  
exponential lav. (Russian) - 2 (1950) no. 4 ,  18-24 
IN13 996 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAZM54 *76 I3159 1 7 1  
On the motion on a s t r a i g h t  l i n e  of a system of th ree  mater ia l  
po ints ,  each a c t i n g  wi th  forces propor t iona l  t o  the logarithms 
of t h e i r  mutual d is tances  . (Russian) - 2 (1950) no. 4 ,  25-36 
FIR13 996 zEI54 *76 B159 1 7 1  
Osobye t r a e k t o r i i  sys temy svobodnyh mate r ia l  nyh tozek. 
(Singular t r a j e c t o r i e s  of a system of €ree material po in ts )  
(Rus s ian)  
Nonografi i  Ins t i t u t a  Xatematiki ,  vyp. I. Akad. Nauk. 
Ukrainskoi SSR Kiev, 1951 126pp 

On some general  c h a r a c t e r i s t i c s  of the beha* .o r  of a material 
system i n  the neighborhood of a s ingu la r  i m - a n t  of time. 
(Ukrainian; Russian sum. j 
Dopovidi Akad. Nauk Ukrain. RSR 1951, 227-231 (1951) 
MRi5 748 
On a case of h t e g r a b i l i t y  of the equations of symnetric 
motion of a system of th ree  material po in ts  .(Russian) 
Ukrain. N a t .  x. 3(1951) 347-380 
MR15 163 B145 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 6 3 / 2 6 t  
Recherches s u r  la the/,rie des t r a j e c t o i r e s  singu1i;res d' un 
s v s t a e  des po in ts  aa te ' r i e l s  l ibres.  (Russian, French sum.) - 11 (1959) 3-15 
NR22 10'+1 ik6109 
[a: Put ia ta ,  T. V., Sr Frad l in ,  B. N.]  
iJorks of Uk.rair.ian S c i e n t i s t s  on Ana ly t i ca l  and C e l e s t i a l  
Mechanics. 
Prikladnaj-a lkkhanika 3 (1967) 89-99 
(rev. in: In ternat ior ia l  AerosQace Abstracts A68-13238) 

NR14 910/912 

hndreas 
Topologische Frag;..n ;us der Himmelsmechanik. 
V ie r te l j sch r .  Naturforsch. Gcs. Zurich 85 (194@), 
Be ib la t t  32 (Rudolf Fueter F e s t s c h r i f t )  204-:!13 
A ~ 4 2  *5i MR2 326 22123 273 
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Sperl ing,  Hans J. 

[ l ]  

[2]  

Computation of Keplerian Conic Sections. 

The binary c o l l i s i o n  i n  the N-body problem of c e l e s t i a l  
mechanics 
George C.  Narshall Space F l i g h t  Center, Huntsv i l le ,  Alabama, 
R-AERO-IN-11-6b Ju ly  27, 1966 43pp 
The Binary Co l l i s i on  i n  the N-Body Problem. 
Icarus 9 (1968) 305-314 
On the real s i n g u l a r i t i e s  of the B-body problem. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
AKS -I. 31 (1961) 660-661 

[3]  

[41 

Standish, E. Myles Jr. 
[ I . ]  = Szebchely, V. [5] 
[21 = Pierce ,  D. A. 151 

Steffensen,. J. F. 
[l] Uber d i e  In teg ra t i on  des Dreikorperproblems i n  de r  Ebene. 

Astrorim. Nachr. 176 (1907) c221-c%36 
AJ9 167 
(cf. voc Z e i p e l  111) 

S t i e f e l ,  Eduard 
[l] Many-Body Prob lem and In te rp lane ta ry  F l i g h t .  

in: Groves, G. V. (Ed.): Dynamics of Rockets and S a t e l l i t e s .  
p .  71-112 
North-Hollard Publ. Co. Amsterdam 1965 
Koordinatens torungen i n  r e g u l a r i s i e r t e n  Variablen. 
in: ( S t i e f e l ,  E.: Ed.) Hathematische Methoden der  
Hinrmelsmechanik und As  t r onau t i k  87-95 
Bibl iographisches Ins titiit, Mannheim 1966 350pp 
Nathematisches Forschungs ins  t i t u t  Oberwolfach. Ber ich te  1 
(Tagung 15.-21. G r z  1964) 
FIR34 723 #3979 

Probl&me r e s t r e i n t  des t r o i s  corps. 
d g u l a r i s a t i o n  de Birkhoff pour l e  mouvement du mobile dans 
1 ' espace t r o i s  d h e n s  ions. 
C. K. Acad. Sci.  Pa r i s  260 (1965) 805 
AJ65 203 MR30 852 V4572 34123 *182 
Neuere numerische Methoden i n  der Himmelsmechanik. 
Nordisk Tidskr. Informatiom-Behardling 5 (1965) 51-GO 
AJ65 2203 

[Z] 

131 [& Waldvugei, J.] 
G6ndra i isat ion de la 

[4] 

[5] = Kustaanheimo, P. [4] 
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[b] [& Rossler,  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAPI. & Waidvogel, J. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 Tlurdet, C. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAA . ]  

Report t o  NASA on: 
o r b i t s  i n  c e l c s c i a l  mechanics. 1966 124 pp 
I n s t i t u t e  f o r  Applied Mathenliitics of the Swiss Federal 
I n s t i t u t e  of Technology. = NASA CR-769 

Merrhods of r e g u l a r i z a t i o n  fo r  computing 

StrCmgren, E. 
A new c lass  of per iod ic  so lu t i ons  i n  the general  problem of 
th ree  bodies. 
Pionthty Notices of the R.A.S. 80 (1919!20) 12-22 
Zusatz zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAzcl: Pedersen, P. (Astronom. Nachr. 211 (1920) 
~ 3 3 - ~ 4 2 ) .  
Astronom. Nachr. 211 (1920) c41-c44 
L ibrat ionen und Ejektionsbahnen zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAim al lgrmeinen Dreikorper- 
problem, nebs t  einen Be isp ie le  per iod ischer  Bahnen im 
Vierkorperprcblem. 
Astronom. Nachr. 214 (1921) c26-c28 
A523 109/110 

Karl 
Eine einfache symmetrische Ableitung der Lagrangeschen 
pa r t i ku la ren  Losungen des Dreikorperproblems . 
Astronom. Nachr. 280 (1951) 91-93 
a t 4 4  204 
Hinrmelsmechanik. I 

VEB Deutscher Verlag der  Wissenschaften Ber l in  
I1 1965 
I: ZM92 2391240 
A new s o l u t i o n  of H i l l ' s  lunar problem. 
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