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1. Introduction

Given two topological spaces A and B, a cost function ¢: Ax B—R and two probability
measures po and j1, respectively on A and B, Monge’s problem of optimal transportation
consists in finding, among all measurable maps T: A— B that push forward g onto pu

(hereafter T po=p1), in the sense that
p1(E)=po(T~H(E)) for all EC B Borel, (1)

a map that realizes
win [ e, 7)) duolie): Tyia =1 . )
A

Optimal transportation has undergone a rapid and important development since the
pioneering work of Brenier, who discovered that when A=B=R" and the cost is the
distance squared, optimal maps for the problem (2) are gradients of convex functions [1]
(see also [21] where the connection with gradients was first proved). Following this result
and its subsequent extensions, the theory of optimal transportation has flourished, with
generalizations to other cost functions [8], [16], more general spaces such as Riemannian
manifolds [25], applications in many other areas of mathematics such as geometric analy-
sis, functional inequalities, fluid mechanics, dynamical systems, and other more concrete
applications such as irrigation and cosmology.

When A and B are domains of the Euclidean space R™, or of a Riemannian man-
ifold, a common feature to all optimal transportation problems is that optimal maps
derive from a (cost-convex) potential, which, assuming some smoothness, is in turn a
solution to a fully non-linear elliptic PDE: the Monge-Ampere equation. In all cases, the
Monge-Ampere equation arising from an optimal transportation problem reads in local

coordinates

det(D*¢—A(z, Vo)) = f(, V), 3)

where (z,p)—A(z,p) is a symmetric matrix-valued function, that depends on the cost

function ¢(x,y) through the formula
A(z,p)=—D? c(z,y) for y such that —Vc(z,y) =p. (4)

That there is indeed a unique y such that —V c(x, y)=p will be guaranteed by condition
(A1) given hereafter. The optimal map will then be

x+——y such that —V,c(x,y) =Vo(z).
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In the case A=0, equation (3) was well known and studied before optimal transportation
since it appears in Minkowski’s problem: find a convex hypersurface with prescribed
Gauss curvature. In the case of optimal transportation, the boundary condition consists
in prescribing that the image of the optimal map equals a certain domain. It is known
as the second boundary value problem.

Until recently, except in the particular case of the so-called reflector antenna, treated
by Wang [37] (see also [11] for C! regularity), the regularity of optimal maps was
only known in the case where the cost function is the (Euclidean) squared distance
c(x,y)=|z—y|?, which is the cost considered by Brenier in [1], for which the matrix A
in (3) is the identity (which is trivially equivalent to the case A=0). Those results have
involved several authors, among them Caffarelli, Urbas and Delanoé. An important step
was made recently by Ma, Trudinger and Wang [24], and Trudinger and Wang [30], who
introduced a condition (named (A3) and (A3w) in their papers) on the cost function
under which they could show existence of smooth solutions to (3). Let us give right away
this condition that will play a central role in the present paper. Let A= and B=¢
be bounded domains of R™ on which the initial and final measures will be supported.
Assume that ¢ belongs to C*4(Q2x€'). For (z,y)eQx and (§,v)ER" xR"™, we define

Sc(z,y) (& v):= Dikpz‘Aij &i&jvrvi (z,p), p=—Vac(z,y). (5)

Whenever £ and v are orthogonal unit vectors, we will say that S.(z,y)(, v) defines the
cost-sectional curvature from x to y in the directions (§,v). As we will see in Defini-
tion 2.13, this definition is intrinsic. Note that this map is in general not symmetric, and
that it depends on two points z and y. The reason why we use the word sectional cur-
vature will be clear in a few lines. We will say that the cost function ¢ has non-negative

cost-sectional curvature on Qx Q' if
S.(z,y)(&§,v) =0 forall (z,y) € 2xQ and all (§,v) e R" xR™ such that £ Lv. (6)

A cost function satisfies condition (Aw) on Qx ' if and only if it has non-negative
cost-sectional curvature on Qx €, i.e. if it satisfies (6).

Under condition (Aw) and natural requirements on the domains 2 and €', Trudinger
and Wang [30] showed that the solution to (3) is globally smooth for smooth positive
measures g and p1. They showed that (Aw) is satisfied by a large class of cost functions,
that we will give as examples later on. Note that the quadratic cost satisfies assumption
(Aw). This result is achieved by the so-called continuity method, for which a key ingre-
dient is to obtain a priori estimates on the second derivatives of the solution. At this

stage, condition (Aw) was used in a crucial way. However, even if it was known that not
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all cost functions can lead to smooth optimal maps, it was unclear whether the condition
(Aw) was necessary, or just a technical condition for the a priori estimates to go through.

In this paper we show that the condition (Aw) is indeed the necessary and sufficient
condition for reqularity: one cannot expect regularity without this condition, and more
precisely, if &.(z,y) (&, v) <0 for (z,y) €Qx Q' and £ Ly €R™, one can immediately build a
pair of C*° strictly positive measures, supported on sets that satisfy the usual smoothness
and convexity assumptions, so that the optimal potential is not even C!, and the optimal
map is therefore discontinuous. This result is obtained by analyzing the geometric nature
of condition (6). Let us first recall that the solution ¢ of the Monge-Ampere equation is
a priori known to be cost-convex (in short c-convex), meaning that at each point z€€,
there exist y€Q’ and a value ¢°(y) such that

—¢°(y) —c(z,y) = d(z),
—¢°(y)—c(z',y) < p(z') for all 2’ € Q.

The function —¢°(y)—c(z,y) is called a supporting function, and the function y— ¢°(y)

is called the cost-transform (in short the c-transform) of ¢, also defined by

¢°(y) = sup(—c(z, y) —o(x)).
e
(These notions will be recalled in greater details hereafter.) We prove that condition (Aw)
can be reformulated as a property of cost-convex functions, which we call connectedness

of the contact set:
For all x € Q, the contact set Gy(z) :={y: ¢°(y) = —p(x)—c(x,y)} is connected. (7)

Assuming a natural condition on ' (namely its c-convexity, see Definition 2.9) this
condition involves only the cost function, since it must hold for any ¢¢ defined through
a c-transform.

A case of special interest for applications is the generalization of Brenier’s cost
1]z—y[? to Riemannian manifolds, namely c(z,y)=3d*(z,y). Existence and uniqueness
of optimal maps in that case was established by McCann [25], and further examined by
several authors, with many interesting applications in geometric and functional analysis
(for example [12] and [26]). The optimal map takes the form z+—exp,(V¢(x)) for a
c-convex potential ¢ and is called a gradient map. Then, a natural question is the
interpretation of condition (Aw) and of the cost-sectional curvature in this context. We

show that for some universal constant K,

cost-sectional curvature from x to x = K- Riemannian sectional curvature at x.
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(We mean there that the equality holds for every 2-plane and actually K :%) As a direct
consequence of the previous result, the optimal (gradient) map will not be continuous
for arbitrary smooth positive data if the manifold does not have non-negative sectional
curvature everywhere. Although the techniques are totally different, it is interesting
to notice that in recent works, Lott and Villani [23], and Sturm [27] have recovered
the Ricci curvature through a property of optimal transport maps (namely through the
displacement convexity of some functionals). Here, we somehow recover the sectional
curvature through the continuity of optimal maps.

We next investigate the continuity of optimal maps under the stronger condition of

uniformly positive cost-sectional curvature, or condition (As):

there exists Cy > 0 such that

S (w,y,&v) = Colé]?v|? for all (z,y) €Q2xQ and all (§,v) ER"xR™, ¢ Lv. ®)
We obtain that the (weak) solution of (3) is C' or C1* under quite mild assumptions
on the measures. Namely, for B,(x) the ball of radius r and center z, and p; being
bounded away from 0, we need po(B,(x))=0(r""!) to show that the solution of (3) is
C*, and po(B,(x))=0(r""P), p<1, to show that it is C1*, for a=a(n, p)€(0,1). Those
conditions allow pg and g to be singular with respect to the Lebesgue measure and pg
to vanish.

This result can be seen as analogous to Caffarelli’s C1® estimate [5] for a large class
of cost functions and related Monge—Ampeére equations. It also shows that the partial
regularity results are better under (As) than under (Aw), since Caffarelli’s O regularity
result required po and gy to have densities bounded away from 0 and infinity, and it is
known to be close to optimal [35].

In a forthcoming work [22] we shall prove that the quadratic cost on the sphere
has uniformly positive cost-sectional curvature, i.e. satisfies (As). We obtain therefore
regularity of optimal (gradient) maps under adequate conditions.

The rest of the paper is organized as follows: in §2 we gather all definitions and
results that we will need throughout the paper. In §3 we state our results. Then each of
the subsequent sections is devoted to the proof of a theorem. The reader knowledgeable

about the subject might skip directly to §3.
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2. Preliminaries

2.1. Notation

Hereafter dVol denotes the Lebesgue measure of R™ and B,.(z) denotes the ball of radius
r centered at x. For §>0, we set classically Qs={xeQ:d(x,00Q)>5}. When we say
that a function (resp. a measure) is smooth without stating the degree of smoothness,
we assume that it is C*°-smooth (resp. has a C°°-smooth density with respect to the

Lebesgue measure).

2.2. Kantorovitch duality and c-convex potentials

In this section, we recall how to obtain the optimal map from a c-convex potential in the
general case. This allows us to introduce definitions that we will be using throughout
the paper. References concerning the existence of optimal map by Monge—Kantorovitch
duality are [1] for the cost |x—y|?, [16] and [8] for general costs, [25] for the Riemannian
case, otherwise the book [33] offers a rather complete reference on the topic.

Monge’s problem (2) is first relaxed to become a problem of linear programming;

one seeks now

Tint] [ clo)dnto)im e Mo . 9)

where II(po, pt1) is the set of positive measures on R™ x R™ whose marginals are respec-
tively po and pp. Note that the (Kantorovitch) infimum (9) is smaller than the (Monge)
infimum of the cost (2), since whenever a map T pushes forward o onto 1, the measure
7 (2):=po(2) ®d7(2) (y) belongs to TI(x, 1).

Then, the dual Monge-Kantorovitch problem is to find an optimal pair of potentials
(¢,7) that realizes

j:sup{— [ #@ o) [ 6 () e +00) > et} (10)

The constraint on ¢ and v leads to the definition of ¢- and c*-transforms.
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Definition 2.1. Given a lower semi-continuous function ¢: QCR™ —>RU{+oc0}, we

define its c-transform at ye€Q)' by

¢“(y) =sup(—c(z,y)—d(z)). (11)

€N

For ¢: Q' CR™ —R also lower semi-continuous, define its ¢*-transform at x€Q by

Y () = sup (—c(z,y) —(y)). (12)

yeQ

A function is cost-convex, or, in short, c-convez, if it is the c*-transform of another
function ¢: Q' =R, ie. for z€Q, ¢(x)=sup,cq (—c(z,y)—1(y)) for some lower semi-
continuous : ' —R. Moreover in this case (¢°)°*=¢ on Q (see [33]).

Our first assumption on ¢ will be:
(A0) The cost-function ¢ belongs to C*(Qx Q).

We will also always assume that € and Q' are bounded. These assumptions are not

the weakest possible for the existence/uniqueness theory.

PROPOSITION 2.2. If ¢ is Lipschitz and semi-concave with respect to x, locally uni-
formly with respect to y, and ' is bounded, then ¢¢ is locally semi-convex and Lipschitz.

In particular, this holds under assumption (A0). The symmetric statement holds for 1p°*.

By Fenchel-Rockafellar’s duality theorem, we have Z=.7. One can then easily show
that the supremum (10) and the infimum (9) are achieved. Since ¢(z)+¢(y)=—c(z,y)
implies ¢ > ¢°, we can assume that for the optimal pair in J we have )=¢° and ¢p=(¢°)*.
Writing the equality of the integrals in (9) and (10) for any optimal v and any optimal
pair (¢, ¢°), we obtain that v is supported in {(z,y):¢(x)+¢°(y)+c(x,y)=0}. This leads
us to the following definition.

Definition 2.3. (Gradient mapping) Let ¢ be a c-convex function. We define the
set-valued mapping G by

Gy(z) ={y € Q' ¢(x)+¢°(y) = —c(z,y)}.
For all x€Q, G4(x) is the contact set between ¢° and its supporting function
—o(x)—c(z, ).

Noticing that for all ye G (x), the function ¢(-)+c(-,y) has a global minimum at x,
we introduce/recall the following definitions:
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Definition 2.4. (Subdifferential) For a semi-convex function ¢, the subdifferential of
¢ at x, that we denote by d¢(x), is the set

9¢(x) ={peR": ¢(y) = d(z) +p-(y—z)+o(lz—y[)}.
The subdifferential is always a convex set, and is always non-empty for a semi-convex
function.
Definition 2.5. (c-subdifferential) If ¢ is c-convex, the c-subdifferential of ¢ at x,
that we denote by 9°¢(x), is the set
a¢¢($) = {—VIC(LL', y) RS G¢(l‘)}
The inclusion @#0°¢(z) CI¢p(x) always holds.

We now introduce two assumptions on the cost-function, which are the usual assump-
tions made in order to obtain an optimal map. For x=(z1,...,x,) and y=(y1, ..., Yn), let

us first introduce the notation
D?cyc(mv y) = [arzayj C(x» y)]?,j:l'

(A1) For all x€€), the mapping y+——Vc(x,y) is injective on .
(A2) The cost function ¢ satisfies det D2, c#£0 for all (z,y)eQx Q.
This leads us to the definition of the c-exponential map.

Definition 2.6. Under assumption (Al), for x€Q we define the c-exponential map
at z, which we denote by ¥, such that

To(=Vze(z,y))=y forall (z,y)eQxQ.

Moreover, under assumptions (A0), (A1) and (A2), and assuming that ' is connected,
there exists a constant Cz >0 that depends on ¢,  and ', such that for all z€Q and

all py,pe€—V,e(z, ),
1 < |‘Zz(p2)—‘II(p1)\

— < <Cs. 13
Cx |p2 —p1] * (13)

Remark 1. The definition of c-exponential map is again motivated by the case where
cost = distance squared, where the c-exponential map is the exponential map. Moreover,

notice the important identity

[Dr%yc}il = 7Dp{zz|a:,p:—vmc(x,y)' (14)
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Remark 2. Anticipating the extension to Riemannian manifolds, we mention at this
point that this definition is intrinsic, i.e. it defines the map ¥ as a map going from
M xTM to M in a coordinate independent way. In this setting, the gradients should be

computed with respect to the metric g of the manifold.

Under assumptions (Al) and (A2), the mapping G, is single-valued outside of a
set of Hausdorff dimension less than or equal to n—1, hence, if py does not give mass
to sets of Hausdorff dimension less than n—1, G will be the optimal map for Monge’s
problem while the optimal measure in (9) will be m=0®0¢,(«)- So, after having relaxed
the constraint that the optimal 7 should be supported on the graph of a map, one still
obtains a minimizer that satisfies this constraint.

Notice that Monge’s historical cost was equal to the distance itself: ¢(z,y)=|z—yl.
One sees immediately that for this cost function, there is not a unique y such that
—Vc(x,y)=Vé(z), hence assumption (Al) is not satisfied and, indeed, there is in gen-
eral no uniqueness of the optimal map.

We now state a general existence theorem, under assumptions that are clearly not
minimal, but that will suffice for the scope of this paper, where we deal with regularity
issues.

THEOREM 2.7. Let Q and ' be two bounded domains of R™. Let c€C*(QxY)
satisfy assumptions (A0)—(A2). Let po and uy be two probability measures on Q and Q.
Assume that pg does not give mass to sets of Hausdorff dimension less than or equal to
n—1. Then there exists a pg-a.e. unique minimizer T of Monge’s optimal transportation
problem (2). Moreover, there is a c-convex ¢ on ) such that T=G (see Definition 2.3).
Finally, if 1 is c-conver and satisfies (Gy)spto=p1, then

Vi=V¢ pp-a.e

2.3. Notion of c-convexity for sets

Following [24] and [30], we here introduce the notions that extend naturally the notions

of convexity /strict convexity for a set.

Definition 2.8. (c-segment) Let p—T,(p) be the mapping given in Definition 2.6.
The point x being held fixed, a c-segment with respect to x is the image by ¥, of a
segment of R™.

If for v, v1 ER™ we have T, (v;)=y;, i=0, 1, the c-segment with respect to x joining
yo to y1 will be {yg:0€[0,1]}, where yg=F,(6v1+(1—0)vg). It will be denoted [yo, y1]x-

Definition 2.9. (c-convex sets) Let Q,Q' CR™. We say that Q' is c-conver with
respect to  if for all yo,y; €Q' and z€Q, the c-segment [yg, y1]. is contained in .
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Remark. Note that this can be said in the following way: for all z€(), the set

—Ve(z, ) is convex.

Definition 2.10. (Uniform strict c-convexity of sets) Given two subsets © and
of R, we say that ' is uniformly strictly c-convex with respect to Q if the sets
{=Vac(z, ) }zeq are uniformly strictly convex, uniformly with respect to . We say

that Q is uniformly strictly ¢*-convex with respect to Q' if the dual assertion holds true.

Remark 1. In local coordinates, € is uniformly strictly c*-convex with respect to €/

reads

[D;vj(x)—Dp, Aij(z,p)yi|TiTj 2 €0 >0 for some gy >0, (15)
for all x€dQ, pe —Vc(z, '), unit tangent vector 7 and outer unit normal ~.
Remark 2. When A does not depend on p, one recovers the usual convexity.

Remarks on the sub-differential and c-sub-differential. The question is to know if we
have, for all c-convex ¢ on  and all €, 9¢p(x)=0°¢(x). Clearly, when ¢ is c-convex
and differentiable at x, the equality holds. For an extremal point p of ¢(x), there will be
a sequence x,, converging to  such that ¢ is differentiable at x,, and lim,, o, V$(x,)=p.
Hence, extremal points of d¢(z) belong to 9°¢(x). Then it is not hard to show the

following result.

PROPOSITION 2.11. Assume that ' is c-convex with respect to Q. Then the follow-
ing assertions are equivalent:
1) For all c-conver ¢ on Q and all z€Q, 9°¢(
2) For all c-convex ¢ on Q and all x€Q), 0°¢(x) is conve.
3) For all c-conver ¢ on Q and all x€Q, G4(x
4) For all c-conver ¢ on Q and all x€Q, G4(x

x)=0¢(x).

is c-convex with respect to x.

(
(
(
(

~— ~—

1s connected.

Proof. We prove only that (4) implies (2). First, the connectedness of G(x) implies
the connectedness of 9°¢(x), since V¢ is continuous. Then, for xo€Q and yo, y1 €,

assume that yo and y; both belong to Gy (zo). Letting

() =max{—c(z, yo) +¢(x0, yo) +¢(x0), —c(x, y1) +c(x0, y1) +6(0) },

one has ¢(z)=h(z) on Q, with equality at x=x9. Hence 9°h(xo) CO°¢(x¢). Since (4)
holds, 9°h(xz¢) is connected, and as it is included in Oh(xo) which is a segment, it is equal

to the segment [—V c(x0,v0), —Vzc(zo,y1)]. This shows that 9°¢(xp) is convex. O
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2.4. The Monge—Ampere equation

In all cases, for a C?-smooth c-convex potential ¢ such that (Gg)ppo=p1, the conserva-

tion of mass is expressed in local coordinates by the following Monge—Ampere equation:

00(z)

21(Gy2))’ 16)

det(D3,c(z, Gy(z))+D?*¢) = |det D3 c|
where g;=du,;/dVol denotes the density of u; with respect to the Lebesgue measure. (See
[24] for a derivation of this equation, or [12] or [14].) Hence, the equation fits into the

general form (3).

2.5. Generalized solutions

Definition 2.12. (Generalized solutions) Let ¢: Q—R be a c-convex function. Then

e ¢ is a weak Alexandrov solution to (16) if
po(B)=p1(Gy(B)) for all BC Q. (17)

This will be denoted by
po=(Go)* .

e ¢ is a weak Brenier solution to (16) if
p(B') = po(G,*(B) for all B'C . (18)

This is equivalent to

= (Gg)po-

Alexandrov and Brenier solutions. First notice that in the definition (18), p; is
deduced from pg, while it is the contrary in (17). As we have seen, the Kantorovitch
procedure (10) yields an optimal transport map whenever uy does not give mass to
sets of Hausdorff dimension less than n—1. Moreover, the map G, will satisfy (18) by
construction, and hence will be a weak Brenier solution to (16). Taking advantage of the
c-convexity of ¢, one can show that whenever p; is absolutely continuous with respect
to the Lebesgue measure, (G¢)# w1 is countably additive, and hence is a Radon measure
(see [24, Lemma 3.4]); then a Brenier solution is an Alexandrov solution. Note that
if one considers po=(Gg)#dVol, this will be the Monge-Ampére measure of ¢. Most
importantly, for po supported in 2, (Gy)4p0=1q dVol does not imply (G4)#dVol=py,

except if ' is c-convex with respect to Q (see [24]).
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2.6. Cost-sectional curvature and conditions (Aw) and (As)

A central notion in the present paper will be the notion of cost-sectional curvature

Sc(z,y).
Definition 2.13. Under assumptions (A0)—(A2), one can define on T,QxT,Q the
real-valued map
Sc(20,y0)(§:v) = Dgyp,,zgzg (@, p) > —c(z, Lo (p))] |$o,po=—vmc(xo,yo)' (19)

When € and v are unit orthogonal vectors, & (zo,y0)(§,v) defines the cost-sectional

curvature from xg to yo in directions (&, v). Definition (19) is equivalent to the following:

(w0, 50) (&, v) = Djy DL,[(5,1) = —c(expy, (), Tay (Po+50))]|1.5=0- (20)
The fact that (19) and (20) are equivalent follows from the following observation.

PROPOSITION 2.14. The definition of S (xo,yo)(&, V) is intrinsic, i.e. depends only
on (xo,y0) €X' and on (§,v)€T,, () xTy,(2), but not on the choice of local coordi-
nates around xy or yo. Moreover, it is symmetric: letting ¢*(y,x)=c(xz,y) and T* be

the c*-exponential map, the identity

S (20, Y0) (€, V) = Gex (Yo, 0) (7, ) (21)

holds with
0=DyTuo(po) v and  E=[DyTy (a0)] -,
with po as above and qo=—Vyc(xg,yo). Notice that whenever £ Lv, one has gJ_ﬁ.
The proof is deferred to the appendix.

Remark. The intrinsic nature of the cost-sectional curvature tensor has been ob-

served independently in [20].
We are now ready to introduce the conditions:

(As) The cost-sectional curvature is uniformly positive, i.e. there exists Cy>0 such
that for all (z,y)€eQx Q" and all (v,£)eR™xR™ with £ Lv,

Se(@,y) (& v) > Col¢*|v/*.

(Aw) The cost-sectional curvature is non-negative: (As) is satisfied with Cy=0.

Remark on the symmetry of the conditions on c. Let ¢*(y, z):=c(z,y). From Propo-
sition 2.14, one checks that if ¢ satisfies (Aw) (resp. (As)) then ¢* satisfies (Aw) (resp.
(As) with a different constant). Conditions (A0Q) and (A2) are also clearly satisfied by ¢*
if satisfied by c.
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2.7. The Riemannian case

The construction of optimal maps has been extended in a natural way to smooth compact
Riemannian manifolds by McCann in [25] for Lipschitz semi-concave costs. All the above
definitions can be translated unambiguously to the Riemannian setting. In particular,
the notions of c-exponential map and c-convexity are intrinsic notions (see Remark 2 after
Definition 2.6). The definition of cost-sectional curvature (2.13) extends also naturally
to the Riemannian setting. Since it has been proved in Proposition 2.14 that the value
of the cost-sectional curvature is coordinate-independent, this gives sense to conditions
(Aw) and (As) on a Riemannian manifold. However, one needs to restrict to the set of
pairs (z,y) such that ¢ is smooth in a neighborhood of (x,y), and this becomes an issue
for costs that are functions of the distance: Indeed, on a compact manifold, the distance
cannot be smooth on the whole of M x M (due to the cut-locus). Hence the Riemannian
case requires to weaken somehow assumption (A0). For x in M, we let Dom,, be the set
of y such that ¢(z,y) is smooth at (x,y). As developed by the author in [22], and with
P. Delanoé in [15], but also by Y. Kim and R. McCann [20], or by C. Villani in [34], the

relevant geometric condition on M that replaces (A0) is the following:
For all z € M, ¥, (Dom,) = —V,c(z, Dom,) is convex.

A case of interest is when ¢(-,-)=3d?(-,-) with d(-,-) being the distance function
(quadratic cost). Then, the c-exponential map is the exponential map, the mapping G4
is z—exp,(Vy¢), the gradient V¢ being relative to the Riemannian metric g. (We
recall that gradient mappings were first introduced by X. Cabré [2], to generalize the
Alexandrov—Bakelman—Pucci estimate on Riemannian manifolds.) Then, for z in M, we
have Dom, =M \ cut-locus(z). In [22], we address the problem of the quadratic cost on
the sphere, as well as the cost ¢(z,y)=—log |z —y|, that appears in the design of optimal
reflector antennas. To establish our regularity results, we need to show a priori that T'(x)

remains uniformly far from the boundary of Dom,. This is precisely the object of [15].

2.8. Previous regularity results for optimal maps

The regularity of optimal maps follows from the regularity of the c-convex potential
solution of the Monge-Ampere equation (16), the former being as smooth as the gradient
of the latter. It thus falls into the theory of viscosity solutions of fully non-linear elliptic
equations [10]; however, the Monge-Ampere equation is degenerate elliptic. A very
complete reference concerning the regularity theory for the quadratic case are the lecture
notes by J. Urbas [32]. Two types of regularity results are usually sought for this type

of equations.
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Classical reqularity. Show that the equation has classical C? solutions, provided
the measures are smooth enough, and assuming some boundary conditions. Due to the
log-concavity of the Monge-Ampere operator, and using classical elliptic theory (see for

instance [18]), C* regularity of the solution of (16) follows from C? a priori estimates.

Partial regularity. Show that a weak solution of (16) is C' or C1'® under suitable

conditions. We mention also that W?2P? regularity results can be obtained.

The Euclidean Monge—Ampére equation and the quadratic cost. This corre-

sponds to the case where the cost function is the Euclidean distance squared

c(z,y) =z —y|”

(or equivalently ¢(z,y)=—1xy), for which c-convexity means convexity in the usual sense,
Gg(x)=V¢(x) and equation (16) takes the following form:
2o(x)
a(Vo(x))
Here again, we have g;=dug/dVol, i=0,1. Classical regularity has been established by
Caffarelli [3], [6], [7], [9], Delanoé [13] and Urbas [31]. The optimal classical regularity

result, found in [3] and [9], is that for C“-smooth positive densities, and uniformly strictly

det D*¢= (22)

convex domains, the solution of (22) is C*%(Q). Partial regularity results have been
obtained by Caffarelli [4], [5], [6], [7], where it is shown that for o and pq having densities
bounded away from 0 and infinity, the solution of (22) is C*“. Due to counterexamples

by Wang [35], those results are close to optimal.

The reflector antenna. The design of reflector antennas can be formulated as a
problem of optimal transportation on the unit sphere with cost equal to —log|z—yl|.
The potential (height function) ¢:S" ! —R* parameterizes the antenna A as follows:
A={z¢(z):x€S""'}. Then the antenna is admissible if and only if ¢ is c-convex on
S"=1 for ¢(z,y)=—log|z—y|, and Gy(z) yields the direction in which the ray coming
in the direction z is reflected. This is the first non-quadratic cost for which regularity
of solutions has been established. Wang [36], [37] (see also Guan and Wang [19] where
the results are extended to higher dimension) has shown classical C? (and hence C)
regularity of solutions of the associated Monge-Ampere equation when the densities
are smooth. In a recent work, with totally different techniques, Caffarelli, Huang and
Gutiérrez [11] have shown C! regularity for the solution (i.e. continuity of the optimal
map) under the condition that the measures po and p1 have densities bounded away from
0 and infinity. This application will also be addressed by our forthcoming paper [22].



ON THE REGULARITY OF SOLUTIONS OF OPTIMAL TRANSPORTATION PROBLEMS 255

General costs and the conditions (As) and (Aw). Recently an important step
was achieved in two papers by Ma, Trudinger and Wang . They gave in the first paper
[24] a sufficient condition ((As), called (A3) in their paper) for C? (and subsequently
C*) interior regularity. In the second paper [30], they could lower this condition down
to (Aw) (condition (A3w) in their paper) to obtain a sufficient condition for global C?
(and subsequently C'*°) regularity, assuming uniform strict c-convexity and smoothness
of the domains. Note that the result under (Aw) recovers the results of Urbas and
Delanoé for the quadratic cost. We mention that the results obtained in [24] and [30]
have been exposed by Trudinger in [28].

THEOREM 2.15. ([28], [30]) Let Q and Q' be two bounded domains of R™. Assume
that Q and Q' are uniformly strictly c- and c*-convex with respect to each other. Let c
and c* satisfy (A0)—(A2) and (Aw) on QxQ'. Let ug and py be two probability measures
on Q and ' having densities g9 and 1. Assume that go€C?(Q) and 01€C*(Q') are
bounded away from 0. Then, for a c-convex ¢ on Q such that (Gg)4to=p1, we have

HEC3H)NC?(Q).

We also mention the continuity result obtained in [17] concerning optimal transporta-
tion between boundaries of uniformly convex domains, that might have some connections

with the present work.

3. Results

We present some answers to the following four questions:

(1) TIs there a sharp necessary and sufficient condition on the cost function which
would guarantee that when both measures have C*°-smooth densities, and their supports
satisfy usual convexity assumptions, the solution of (16) (and hence the optimal map) is
C'*°-smooth?

(2) Is there a necessary and sufficient condition on the cost function and on the data
under which optimal maps are continuous?

(3) What are the cost-functions for which connectedness of the contact set (7) holds?

(4) When the cost is set to be the squared distance of a Riemannian manifold, what

is the meaning of conditions (Aw) and (As) in terms of the Riemannian metric?

3.1. Condition (Aw), connectedness of the contact set and regularity issues

Answer to questions (1) and (3): (Aw) is necessary and sufficient for regularity of

optimal maps. Moreover, (Aw) is equivalent to the connectedness of the contact set.
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In the following theorem, “smooth” means C'*°-smooth. This is for simplicity, and

one can lower the smoothness assumptions on the domains and the measures, see [30].

THEOREM 3.1. Let Q and Q' be two bounded domains of R™. Let ¢ be a cost function
that satisfies (A0)—(A2) on QxQ'. Assume that Q and Q' are smooth, uniformly strictly
c- and c*-convex with respect to each other. Then, the following assertions are equivalent:

(1) the cost function c satisfies (Aw) in QxQ;

(2) for smooth strictly positive probability measures po and py in 0 and €, there
exists a c-convex potential p€C(Q) such that

(Go)tio = pa;

(3) for smooth strictly positive probability measures po and py in 2 and €V, there

exists a c-convex potential p€C>(Q) such that
(Go)stio = pa;
(4) for all c-convex ¢ in Q and all z€,

°¢(x) = 0 (x);
(5) for all c-convex ¢ in Q and all x€Q, the set
{y:o(x)+0°(y) = —c(z, )}

is c-conver with respect to ;

(6) continuously differentiable c-convex potentials are dense among c-convex poten-
tials for the topology of local uniform convergence.

Hence, if condition (Aw) is violated at some points (zg,yo)EQXQ, there exist
smooth positive measures jg and i on Q and € such that there exists no C' c-convex

potential satisfying (Gy)ppo=11-

Remark. Setting ¢*(y, z)=c(z,y), we have seen that &.>0 implies S.- >0. Hence,

all of those assertions are equivalent to their dual counterpart.
We can add the following equivalent condition for (Aw).

THEOREM 3.2. Under the assumptions of Theorem 3.1, condition (Aw) holds if and
only if for any xo€Q and any (yo,y1) €Y, letting ¢ be defined by

() = max{—c(, yo) +c(zo, y0), —¢c(x, y1) +c(wo, Y1)},
we have that, for any yo€[yo, Y1z, (see Definition 2.8),
¢(x) > —c(x,yo) +c(z0, y)
holds in €.



ON THE REGULARITY OF SOLUTIONS OF OPTIMAL TRANSPORTATION PROBLEMS 257

In other words, fo(z)=—c(x,yg)+c(xo,yp), which is the supporting function that

interpolates at xg (non-linearly) between

fo(w) =—c(z,yo)+c(z0,50) and  fi(x) =—c(x, y1)+c(x0,41),

has to remain below max{fo, f1}.

Remark 1. The function ¢ furnishes the counterexample to regularity when (Aw) is
not satisfied, since for a suitable choice of xg, yo and 1, ¢ cannot be approximated by

C' c-convex potentials.

Remark 2. As shown by Propositions 5.1 and 5.12, a quantitative version of Theo-

rem 3.2 holds to express condition (As).

Remark 3. The implications (1) = (2), (1) = (3) and (1) = (6) belong to Trudinger
and Wang in [30]. We show here that condition (Aw) is necessary: if it is violated at
some point, one can always build a counterexample where the solution to (16) is not
C! even with C*°-smooth positive measures and good boundary conditions (hence the
optimal map is not continuous). Moreover, condition (Aw) is equivalent to a very natural

geometric property of c-convex functions.

3.2. Improved partial regularity under condition (As)

Partial answer to question (2): There is partial (i.e. C! and C'%%) regularity under
(As), requiring much lower assumptions on the measures than what is needed in the qua-
dratic case. There cannot be C*! regularity without (Aw). When only (Aw) is satisfied,
the question of C'! regularity remains open, except for the case c(z,y)=|r—y|? treated
by Caffarelli [7].

Let us begin by giving the two integrability conditions that will be used in this

result. The first one reads:

For some p € |n, +-00] and C,,, >0,

(23)
p10(Be () < Oy e™71/P) for all € >0 and x € Q.
The second condition reads:
For some f:RT — R" with lim. o f(g) =0, (24)

po(Be(z)) < f(e)e™ =1/ for all € >0 and = € Q.

In order to appreciate the forthcoming theorem, let us mention a few facts on these
integrability conditions (the proof of this proposition is given at the end of the paper).



258 G. LOEPER

PROPOSITION 3.3. Let py be a probability measure on R™.

(1) If po satisfies (23) for some p>n, then po satisfies (24).

(2) If poeLP(QY) for some p>n, then ug satisfies (23) with the same p.

(3) If poeL™(QY), then po satisfies (24).

(4) If po satisfies (24), then ug does not give mass to sets of Hausdorff dimension
less than or equal to n—1, hence (24) guarantees the existence of an optimal map.

(5) There are probability measures on § that satisfy (23) (and hence (24)) and which

are not absolutely continuous with respect to the Lebesgue measure.
Then our result is the following.

THEOREM 3.4. Let ¢ be a cost function that satisfies assumptions (A0)-(A2) and
(As) on QxQ', Q and Q' being bounded domains uniformly strictly c- and c*-convex
with respect to each other. Let pg and w1 be probability measures respectively on 2 and
W' CQ, with W' c-convex with respect to Q. Let ¢ be a c-convex potential on Q such that
(Go)ppo=p1. Assume that p >mdVol on ' for some m>0.

(1) Assume that po satisfies (23) for some p>n. Let
e’

n
=1-—-— d f=—7—.
« P and 5 In—2+4a

Then, for any 6>0, we have
Pl crs0,) <C,

and C depends only on 6>0, on the constant C,, in (23), on m, on the constants in
conditions (A0)—(A2) and (As), and on Cx in (13).

(2) If uo satisfies (24), then ¢ belongs to C1(Qs) and the modulus of continuity of
V¢ is controlled by f in (24).

As an easy corollary of Theorem 3.4, we can extend the C'! estimates to the boundary

if the support of the measure p is compactly contained in €.

THEOREM 3.5. Assume, in addition to the assumptions of Theorem 3.4, that g is
supported in w, with w compactly contained in Q. Then, if o satisfies (24), p€C(w),
and if po satisfies (23), p€CHP (@), with B as in Theorem 3.4.

Remark on the conditions on § and €. Our result holds true for pg supported in
any subset w of Q (hence not necessarily ¢*-convex), and p; supported in any subset w’ of
Q' c-convex (but not necessarily strictly) with respect to 2. Hence, what we need is the
existence of supersets 2 and €’ uniformly c- and c*-convex with respect to each other, in
order to use the results of [30]. The only point where we need this condition is during the
proof of Proposition 5.6, where we rely on Theorem 3.1 to assert that d¢p=0°¢p. However,
in [24], Ma, Trudinger and Wang proved the following theorem.
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THEOREM 3.6. ([24]) Let c satisfy (A0)—(A2) and (As) on QxQ, Q' being c-convex
with respect to Q. Then, for C?-smooth positive probability measures py and p on £

and ', the c-convex potential ¢ such that (Gg)upo=p1 is C*-smooth inside .

Using this result, Proposition 4.4 yields that for all c-convex potentials ¢ on (2,
0°¢p=0¢. Hence, we could have relaxed the assumptions of Theorem 3.4 on  and €/,
only requiring ' to be c-convex with respect to  (i.e. no c*-convexity on 2 and no
strict c-convexity of Q). Note that the proof of Theorem 3.6 has been completed later
on by Trudinger and Wang in [29], relying in part on our Proposition 5.1 (which is an

independent result). Thus, we can now state the following result.

THEOREM 3.7. The results of Theorem 3.4 hold assuming only for Q and € that

Q' is c-convex with respect to €.

We mention that the results of Kim and McCann [20], obtained simultaneously with
those of [29] but using different techniques, also allow for completion of the proof of
Theorem 3.6, under the assumption that £’ and Q are ¢- and ¢*-convex with respect to

each other. This allows one to drop the strict convexity assumption in Theorem 3.4.

Remark on the integrability conditions. The integrability conditions on g and pq are
really mild: we only ask that 7 be bounded from below, and that po(B,)<r™ P for p>1
(p>1 yields C1@ regularity) (see conditions (23) and (24) and the subsequent discussion).
The continuity of the optimal map is also asserted in the case po€L™ (that implies
(24)), which is somehow surprising: indeed D?¢€ L™ does not imply ¢€C?, but here
det(D?¢p—A(x, V)€ L™ implies p€C*. In a forthcoming work, we shall show that our
result adapts to the reflector antenna, hence improving the result obtained independently
by Caffarelli, Gutiérrez and Huang [11] on reflector antennas. Moreover, our techniques
yield quantitative C1'® estimates: the exponent o can be explicitly computed. Finally,
our continuity estimates extends up to the boundary (Theorem 3.5). This is achieved
through a geometric formulation of condition (As).

A fully satisfactory answer would include a general result of partial regularity under
condition (Aw). This result is expected in view of the Euclidean case (since the quadratic
cost is really the limit case for condition (Aw)). Note that, in view of counterexamples
given in [35], the results under (Aw) cannot be as good as under (As), and cannot be
much better than Caffarelli’s results [7] that require densities bounded away from 0 and
infinity.
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3.3. Conditions (Aw) and (As) for the quadratic cost of a Riemannian

manifold

We refer the reader to Remark 2 after the definition of the cost-sectional curvature (19),

where the intrinsic meaning of (19) on a manifold is discussed.

Partial answer to question (4): When the cost is the Riemannian distance squared,
the cost-sectional curvature at y=2x equals (up to a multiplicative constant) the Rie-

mannian sectional curvature.

THEOREM 3.8. Let M be a C* Riemannian manifold. Let c(x,y)=5d*(z,y) for all
(r,y)eM x M. Let &, be given by (19). Then, for all &, veT, M,

2
M = —- sectional curvature of M at x in the 2-plane (§,v).
|€|g|l/|g_(£'y>g 3
Hence, if (Aw) (resp. (As)) is satisfied at (z,x), the sectional curvature of M at x is

non-negative (resp. strictly positive).

COROLLARY 3.9. Let M be a compact Riemannian manifold. If the sectional cur-
vature of M is not everywhere non-negative, there are smooth positive measures on M

such that the optimal map (for the cost function c(x,y):%dz(x,y)) s not continuous.

At the end of the proof of Theorem 3.8, we give a counterexample to regularity for
a 2-dimensional manifold with negative sectional curvature.

This observation closes (with a negative answer) the open problem of the regularity of
optimal gradient maps when the manifold does not have non-negative sectional curvature
everywhere. There is a partial converse assertion in the special case of constant sectional
curvature: The quadratic cost on the round sphere S*~1 satisfies (As). This will be the
object of a forthcoming work [22]. Hence our previous result can be adapted to this

Riemannian case.

3.4. Examples of costs that satisfy (As) or (Aw)

We repeat the collection of costs that was given in [24] and [30].
c(z,y)=+/1+|z—y|? satisfies (As).
c(z,y)=+/1—|z—y|? satisfies (As).
c(x,y)=(1+|z—y|?)P/? satisfies (As) for 1<p<2 and |z—y[><1/(p—1).
c(z,y)=|z—y>+|f(x)—g(v)|?, f,g€C*(R™; R) convex (resp. strictly convex) with
[V fl,|Vg|<1, satisfies (Aw) (resp. (As)).

o c(x,y)==x|r—y|P/p, p#£0, satisfies (Aw) for p==42 and (As) for —2<p<1 (for the
cost —|x—y|P/p only).
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o c(x,y)=—log|z—y| satisfies (As) on
(R*xR")\{(z,z): x e R"}.

e The reflector antenna problem ([36]) corresponds to the case ¢(x,y)=—log |x—y|
restricted to S™. As pointed out in [30], this cost satisfies (As) on

(S" xS )\ {(z,2) : x€S" 1}

e As shown in the forthcoming paper [22], the squared Riemannian distance on the

sphere satisfies (As) on the set
(S" xS\ {(z, —z): x €S" 1}

Note that it is the restriction to S*~1 of the cost c(z,y)=0%(z,y), where  is the angle
formed by z and y. (For those two cases, see §2.7 where the meaning of conditions (Aw)

and (As) on a Riemannian manifold is discussed).

4. Proof of Theorem 3.1

We begin with the following uniqueness result of independent interest.

PROPOSITION 4.1. Let p and v be two probability measures on Q and €, with Q
and €U being connected domains of R™. Assume that either p or v is positive Lebesque
almost everywhere in Q (resp. in Q). Then, among all pairs of functions (¢,1) such
that ¢ is c-convex and v is ¢*-convez, the problem (10) has at most one minimizer, up

to an additive constant.

The proof of this proposition is deferred to the end of the paper.

4.1. Condition (Aw) implies connectedness of the contact set

We will begin with the following lemma.

LEMMA 4.2. Let ¢ be c-convex. Let {¢.}es0 be a sequence of c-convex potentials
that converges uniformly to ¢ on compact sets of Q. Then, if p=—V,c(xo,y)EP(x0),
(20,y)EQXQY there is a sequence {x.}es0 that converges to xo and a sequence {ye }eso

that converges to y such that p.=—V c(xe,ye)€0¢: (x:). Finally, p. converges to p.
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Proof. Let y=%,,(p), i.e. p=—Vyc(xo,y). Since ¢ and ¢, are c-convex and ¢ is

semi-concave, there exist K,r>0 such that
$(x) = () + 5 Klo—wol*+e(z,y) and  do(x):=¢:(2)+5 K|z o +e(z,y)

are convex on B,.(zg) compactly contained in 2. One can also assume, by subtracting a
constant, that q?)(wo):o, and that q@(x)}O on Q. Finally, one can assume (by relabeling
the sequence) that on B, (z¢) we have |¢. —¢|<e.
Consider then
3 = Gt 1olu—of? —c.

We have ég(xo)go, and on 0B,,(z), with p<r,
$2(2) 2 ¢(2)+ §op> —2e > Lo —2e.

By taking p=c'/3 and §=4¢'/3, we get that ng has a local minimum in B, (x¢), hence

at some point x. € B,,(x) we have
0= (x:) > —Vyc(ze, y) — K(xe —20) — (2 —T0).

Then we have |(K+0)(xz:—x0)| small, and, due to (Al) and (A2), there exists y. close
to y such that Vye(ze, ye)=Vae(ze, y)+ K (e —x0)+0(xc —x0). Thus, —¢(z)—c(z,ye)
has a critical point at x.. This implies that p.=—V c(x,y:) €00 (). Finally, since
r.—x and y. —y, we conclude that p. —p. O

Now we prove that 9°¢=0¢. In order to do this, we must show that if ¢ is c-convex
and —¢(-)—c(+,y) has a critical point at xg, then this is a global maximum.

We first have the following observation.

LEMMA 4.3. Let ¢ be c-convex. Assume that —dp—c(-,y) has a critical point at x
(i.e. 0€0¢p(x0)+Vyc(zo,y)) and that it is not a global maximum. Then ¢ is not differ-

entiable at xg.

Proof. Indeed, —¢(-)—c(-,y) has a critical point at zq, but ¢(z¢)+¢°(y)=—c(zo,y)
does not hold. However, there is a point 3’ such that ¢(xg)+¢°(y')=—c(zo,y’). Hence,
—Vae(xo,y), —Vze(zo,y") E0¢(x0), and we have V c(xo, y)#Vaic(xo,y') by (Al). O

We now consider the following assumption:
(D) C' c-convex functions are dense in the set {¢ c-convex on Q:Gy4(2)CQ'} for

the topology of uniform convergence on compact sets of €.

PROPOSITION 4.4. Assume that assumption (D) holds. Let p=—V zc(xo,y) €0d(x0)

with ¢ c-convex. Then —¢(-)—c(-,y) reaches a global maximum at x.
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Proof. Assume the contrary, i.e. —¢(z1)—c(21,y)>—d(x0)—c(xo,y) for some 1 €.
By (D), there exists a sequence of C'! c-convex potentials {¢. }.~o that converges to ¢. By
Lemma 4.2, there is a sequence {x.}c~¢ such that z.—xg and Vo (x.)——Vc(zo,y).
Let y. be such that V¢, (r.)=—Vc(ze,y:). Then y.—y. Since ¢. is C!, by Lemma 4.3,
Ze, the critical point of —¢.(-)—c(-,ye), is necessarily a global maximum. Finally, since
¢ converges locally uniformly to ¢, we see that —¢(-)—c(-,y) reaches a global maximum

at zg.

LEMMA 4.5. Assume that Q and Q' are bounded, uniformly strictly c- and c*-convex
with respect to each other. Assume that ¢ satisfies (A0)—(A2) and (Aw) on Qx Q. Then
(D) holds.

Proof. As we will see, this result is implied immediately by the result of [30] com-
bined with Proposition 4.1. Let ¢ be c-convex and set p1=(Gy)z1ladVol. Note that,
by Proposition 4.1, ¢ is the unique, up to a constant, c-convex potential such that
(Gy)pladVol=p. Consider a sequence of smooth positive densities {u5}e>0 in ' such
that p§dVol converges weakly-* to u1, and has the same total mass as uq. Consider ¢.
such that (G, )x1adVol=puidVol. From [30], ¢. is C?-smooth inside 2. Then, by Propo-
sition 4.1, up to a normalizing constant, ¢. is converging to ¢ and V¢, is converging to
V¢ on the points where ¢ is differentiable. O

Hence, under the assumptions of Lemma 4.5, we have 9¢(x)=0(x). In view of
Proposition 2.11, the equality 9¢(x)=0°p(x), for all ¢ and =z, is equivalent to the c-

convexity of the set
Go(x)={y:d(x)+¢°(y) = —c(z,y)}.

This shows that condition (Aw) is sufficient. O

4.2. Condition (Aw) is necessary for smoothness and connectedness of the

contact set

We now show that if (Aw) is violated somewhere in 2 x ', then there exists a c-convex
potential for which we do not have 0¢=0°@. Assuming this, in view of Lemma 4.5 and
Proposition 4.4, this implies that this potential cannot be a limit of C''-smooth c-convex
potentials. Hence, considering the sequence {¢:}e~0 used in the proof of Lemma 4.5,
this sequence is not C! for € smaller than some €9. This implies in turn that there
exists smooth positive densities pg and p1 in ©Q and €’ such that the c-convex potential
¢ satisfying (Gy)xpo=p1 is not C'-smooth.
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Assume that for some z¢€), yeQ', p=—V,c(xg,y), and for some unit vectors &

and v in R™ with £ L v, one has

D3, 91 Dl T (p))] > No > 0. (25)

Texe

Let yo=%4,(p—ev) and y; =Ty, (p+ev), with € small, and recall that y=%,,(p). Hence
y is the ‘middle’ of the c-segment [yo, y1].. Let us define

é(x) = max{—c(z, o) +c(wo, yo), —c(z,y1)+c(wo, y1) }- (26)

(This function will be used often in the geometric interpretation of (As) and (Aw). It is
the “second simplest” c-convex function, as the supremum of two supporting functions.
It plays the role of (z1,...,x, ) |21] in the Euclidean case.)

Note first that £ Ly implies that € LV e(xg,y1)— Vac(2o,y0). Consider near zq a
smooth curve «(t) such that v(0)=z( and 4(0)=¢, and such that for t€[—d, J] one has

Jo(y(t)) :=—c(v(t), yo) +c(w0, yo) = —c(v(t), y1) +c(wo, y1) =: f1(7(t))-

Such a curve exists by the implicit function theorem, and it is C?-smooth. On v, we have

o=1(fo+ /1),
since fo=/f1 on . Then we compare %(fOJrfl) with —c(x, y)+c(xo,y). By (25), we have
3Dz a0, y0) + D3,y c(x0,31)] = D3,y (0, y) (e, No),
where ¢(g, Ny) is positive for € small enough. Then, of course,
Vac(xo,y) = 5[Vac(o, yo) + Vac(zo, y1)]-
Hence we have, for € small enough,
[—c(y(8), y)+e(zo, y)] = o((t))
[—c(y(8). y)+e(zo, )] =5 (fo+ F1)(7(2))
[3[DZoc(0,y0)+ D3 pc(wo, y1)] = Dic(xo, y) |- (v(t) =20, 7(t) —w0) +0(t?)
[31D2, . c(2o, yo)+ D3, c(wo, y1)) = D3, c(wo, y) | £ +o(1?)

\
o

This will be strictly positive for t€[—d,0]\{0} small enough, and of course the dif-
ference —¢—[c(z,y)—c(zo,y)] vanishes at xo. Obviously, the function ¢ is c-convex,
—¢(-)—c(-,y) has a critical point at x(, and this is not a global maximum. Hence, from
Proposition 4.4, (D) cannot hold true.

The proof of Theorems 3.1 and 3.2 is complete.
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5. Proof of Theorem 3.4
5.1. Sketch of the proof

The key argument of the proof is the geometrical translation of condition (As): assume
that a c-convex ¢ is not differentiable at =0, hence, for some pair yg, y1, —&(-)—c(+, yo)
and —¢(-)—c(-,y1) both reach a maximum at x=0. (From Theorem 3.1, under (As),
all critical points of —¢(-)—c(-,y) are global maxima.) Consider yy in the c-segment
with respect to =0 joining yg to y;. As we will see in Proposition 5.1, the function
—¢(-)—c(-,yp) will reach a maximum at =0, and condition (As) implies moreover that

for f€[e, 1—¢] this maximum will be strict in the following sense: we will have
—¢(x) —c(@, yo) < —¢(0)—¢(0, yo) =8 |*+o(|x]*),

with §>0 depending on |y; —yo| and Cp>0 in condition (As), and bounded from below
for 6 away from 0 and 1.

Then, by estimating all supporting functions to ¢ on a small ball B,,(0) centered
at 0, we will find that for y in a Cn neighborhood of {y}se[1/4,3/4], C >0 depending on
d above, —¢(-)—c(-,y) will reach a local maximum in B, (0). Hence G4(B,(0)) contains
a Cn neighborhood of {yp}oe[1/4,3/4). This is Proposition 5.6. Once this is shown, we
can contradict the bound on the Jacobian determinant of G.

We now enter into the rigorous proof of Theorem 3.4, which is articulated in three

parts.

5.2. Part I. Geometric interpretation of condition (As)

This proposition is the geometrical translation of assumption (As). Actually, as we will
see in Proposition 5.12, the result of Proposition 5.1 is equivalent to assumption (As) for

a smooth cost function.

PROPOSITION 5.1. Let ¢ be a cost function that satisfies (A0)—(A2) and (As) on
QxQ'. For xocQ and yo,y1€8Y, let {ys}ocpo,1] be the c-segment with respect to o
joining yo to y1, in the sense of Definition 2.8, and assume that Q' is c-convexr with

respect to xqy. Let

(;_S(CU) = max{—c(x, y0)+0($07 yO)a _C(l'v y1)+0($0, yl)}

There exist constants 0y, C>0 and 7y such that for all 56]0,%[7 all 0€le,1—¢] and all
x€Q such that |z —xo|<Ce,

d(x) = —c(x,yp)+ (w0, yo) +808(1—0) [y —yo|* |z —a0|* =]z — 20 ?,
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with lower bounds on &y and C and an upper bound on ~y that depend on the bounds in

assumptions (A0)—(A2) and (As), on an upper bound on |y1—yol|, and on Cx in (13).

Shifting and rotating the coordinates, we can assume that xo=0 and that
Vwc(oa yo) —VIC((), yl)
is parallel to e;. Then, we observe the following fact.

PROPOSITION 5.2. Subtracting from ¢ a smooth function x— A(zx) that depends only
on x does not change the map solution of the optimal transportation problem, and the
new cost c(x,y)—Mx) will still satisfy assumptions (A0)—(A2) and (Aw). The optimal
potential will be changed according to the rule ¢pr—>¢+A. If moreover the function \ is

affine, this modification does not change the bounds in assumptions (A2) and (As).

Using Proposition 5.2, we can subtract from ¢ the affine function given by
Mz) = V,c(0,y0)-(z—z'er),
so that the new cost ¢ will satisfy
V.c(0,y0) =—ae; and V.c(0,y1)=—bey (27)

for some a#b from assumption (A1) (we will assume hereafter that b>a). Note that (27)
is equivalent to

Yo = szo(ael) and Yy = ‘Ing(bel).
We then have, for all 60, 1],
—c(,yo)+c(0, yp) = [0b+(1—0)alz' — 3 D3,¢(0,yp) - (x, x) +o(|z[*). (28)
We now have the following lemma, which is the point where we use assumption (As).

LEMMA 5.3. Under the assumptions and with the notation of Proposition 5.1, in
particular assuming (As), for all x€R™ and all 0€[0,1], letting a and b be defined
through (27), one has

_Dizc(()? y9) : (CC, :L‘) < _[(1_9)D925:1:C(07 y0)+eDixC(07 yl)] : (CL‘, .’L‘) —5|$|2—|—A|£U1 ‘2’

where v
0=1Colb—a*0(1-0) and A=Ztlb—a*0(1-0),
0

with Co given in assumption (As) and Ao depending on
HC('a‘)HC‘l(QxQ') and ||[Dzyc]_1HL°°(Q><Q’)~

Note in particular that under (AO) and (As), Cy is bounded away from 0 and infinity.
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We will also need the following elementary estimates, that we state without proof.

LEMMA 5.4. Under the assumptions and with the notation of Proposition 5.1, for
all zeR™ and all 0,0’ €[0,1],

%|Dix0(0, y9)~(a:,x)fDixc(O,y‘gl)(x,x)| < Cl|9701||z|27 (29)

where C1 depends on |b—al, ||[Dzyc]’1HLoc(QXQ/) and |le(-,-)|les@xar -

LEMMA 5.5. Let [to,t1]CR and f belong to C?([to,t1],R).
(1) If f">a«, we have, for all ty,t1 ER,

0f(to)+(1—0)f(t1) = f(Oto+(1—0)t1)+2ab(1—0)[t; —to|>.
(2) In all cases, we have

10.f (to)+(1=0)f (t1) — f (Oto+(1=0)t1) < 51| Fllcz(o,60)0 (L —0) [t —to|*.

Proof of Lemma 5.3. We apply the first part of Lemma 5.5 to the function
frt— —D2 (0, % p—o(ter)) (2, 2'),

where 2’ is equal to (0,22, ...,2™), and hence 2’ L e;. From assumption (As), f satisfies
f">Co|z'|>. Then, by choosing to=a and t;=>b (note that yp=F,—o((0b+(1—0)a)e1)),
we obtain that
_D?L‘IC(Oa y@) ' (l‘l, Z‘/) < _[(1 _Q)Dilc(ov yO) +9Dizc(07 yl)] ’ (xl7 l‘l)
—%Co\x'\29(1—0)|b—a|2.

To conclude the lemma, we have to control the terms where 2! appears. For this, we

apply the second part of Lemma 5.5 to
g:t— D2 c(x, Ty (ter)) (v, 2)— D2 c(z, T, (ter))-(2', 2),

for which we have |g”|<2A;|z!||z|, where Ay depends on ||¢(-,-)|lc+ and ||[Dyyc] ™| Lo
This yields
=D2,c(0,y6) (x,2) < ~[(1-0)D3,¢(0, yo) +0D3 (0, y1)]-(w, z)
+0(1-0)|b—al* (=5 Cola'|*+ Ay |21 |[x])
< —[(1=0)DZ,c(0, y0) +6D7,c(0, y1)] - (, )
+0(1-0)|b—al* (— 3 Co|z|*+ (A1 +Co)|z1||z]).
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We set Ag=A1+Cy. Using a standard argument we have
1 A3
A < 20022 20 412
olalla!| < {Colaf+ G2l

and we obtain )
2 Colar + Aolallar| < 1 Colaf*+ S 2.
2 4 Co
This concludes the proof of Lemma 5.3. O

Proof of Proposition 5.1. Using the general fact that for fy, f1€R and 0<0<1,

max{ fo, f1} =2 0f1+(1-0)fo,

we have, using (28),
¢(x) > (0b+(1=0)a)z' —5[0D7,c(0,91)+(1-0)D3,c(0,90)]- (z, ) +o(||?).

We now use assumption (As) through Lemma 5.3 to handle the second term of the

right-hand side. This yields the intermediate inequality
¢(x) > (0b+(1—0)a)z1— 5 D3,¢(0,yp) - (x, x) +|z[* — Alz' [ +o(|z[*), (30)

with § and A given in Lemma 5.3. In order to eliminate the term —A|z!|? in the right-

hand side, we proceed as follows: we first write (30) for some ¢’ €[0, 1], and then change

it into

QZT)(.I’) = (9b+(1—9)a)x1 - %Dixc(ov ye) ' (ZE, .17)+(5|1‘|2+%[D92B$C(0, yG) _D;?cxc(()? yQ’)] . (JC, $)
+((b—a)(O' —0)— Az )z +(8' = 6)|z[*+ (A= A"z [ +o(|z[?),

where 6’=6(0") and A’=A(¢’) as in Lemma 5.3. We now have to control the terms

T = ((bfa)(ﬁlfﬂ)fAzl)xl,
T2 = %[Dixc(()’ yG)_DizC((L y@’)] '(.’E, LL'),
Ts = (8" =0)|z*+(A—-A")|z" 2.

The term T; can be cancelled through an appropriate choice of . We first choose £>0
small (but fixed). Taking #€[e, 1—¢], we choose ¢’ such that

1 1
A gLt (31)

0 =0+—-=
er—a C
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with
b—a C()

C="7x = 0(1—0)[b—alA2

(32)

Since §€ e, 1—¢], this choice of ¢’ is possible if we restrict to |2!|<Ce. Note that Cy is
bounded away from 0, hence C' is bounded away from 0 for |b—a| bounded (we do not
need C to be bounded from above). Note also that 6’ will depend on 2! but 6 has been
fixed before.

The second term 7% is controlled using Lemma 5.4: we have
T2 < C110"—0)|z|*.
For the third term T3, we note, from the definition of § and A in Lemma 5.3, that
AQ
|A—A’\<|b—a|270|9’—6| and |6—06'| <|Col|6' —4].
0

Hence, using (31),
|TQ+T3| <02|35‘3,

where C3 depends on the bounds in assumptions (A0), (A2) and (As), and on [b—a|. We

conclude that, for a suitable choice of ¢,
|T) 4T+ T3] < Ca|z|3. (33)
We now have, for all f€[e, 1—¢] and all € with |z|<Ce,
$(x) = (0b+(1—0)a)z1 — 5 D7,¢(0,y0) - (z, &) +8|z[* = Ca|z* +o(|z[?).
Using (28), this leads to

$(x) = —c(@, o) +¢(0, yo) + 0] |* — Calz* +o(|z ).

We now notice that all the terms in o(|z|?) are error terms in the second order Taylor
expansion (28). Under assumption (A0), ¢ belongs to C3(2xQ)), hence there exists v
such that the above inequality still holds true when replacing —Cs |z |3 +o(]x|?) by —v|x|3.
The constant v will depend on the bounds in (A0), (A2) and (As), and on |b—a|. From
Lemma 5.3, we have §=21C0(1—0)|b—al?. Using now (13), we have

1
—|y1 —yo| < [b—al,
C¢|y1 Yol <[b—al

and letting dyp=C/4C%, we conclude the proof of Proposition 5.1. O
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5.3. Part II. Construction of supporting functions

We let NV, (B) denote the p-neighborhood of a set B, and we use Proposition 5.1 to prove
the following result.

PROPOSITION 5.6. Let ¢ be c-convex. Let ¢, Q and Y satisfy the assumptions of
Theorem 3.4. Let xo,21€%Q, yo€Gy(xo) and y1 EGy(x1). Then, there exist constants
C,C",C">0 and x,€[x0,x1], such that, if N,([zo,z1])CQ and

\yl—y0|2max{\xl—x0|,0|x1—xo\1/5}>0, (34)

then
Nu({we,0€ [1,3]})NQ C Gy (By(m)),

o (lri—ao N
n=C"——1] (35)

|y1—y0|
p=C"nlyr—yol*. (36)

where

Here {yo}oc0,1]=[Y0,Y1]z,, denotes the c-segment from yo to y1 with respect to Tp,.
Under assumptions (A0)—(A2) and (As), the constants C and C' are bounded away

from infinity and C" is bounded away from 0.

Remark. If xo, x1, yo and y; satisfying (34) cannot be found, then ¢ is Holder

continuous with exponent %

Without loss of generality, we will assume that ¢(zo)=¢(z1): indeed, as remarked
in Proposition 5.2, by subtracting from the cost function ¢ an affine function A that
depends only on z, we will not modify the map solution of the optimal transportation
problem, and the optimal potential ¢ will be changed into ¢+ . Hence one can subtract
a suitable affine function from ¢ so that ¢(z¢)=¢(z1). Notice that, as A is chosen affine,
the gradient of the “new” potentials are deduced from the “old” ones just by adding
the constant vector V A. Hence this does not change the continuity properties of V¢,
neither does it change the derivatives of ¢ of order greater than 1.

As yo€Gy(xo) and y1 €Gy(x1) we have, using (11), for all €€,

—c(x,yo)+c(x0, Yo) +o(x0) < P(x),
—c(z,y1)+e(z1,y1)+o(x1) < o(x),

with equality at =z in the first line, at =z in the second line. Since ¢(zo)=¢(x1),

the difference between the supporting functions

z— —c(x, o) +c(w0,yo) +d(x0) and  x— —c(z, y1)+c(z1, y1)+¢(21)
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will vanish at some point z,, in the segment [xg,x1]. Without loss of generality, we can

add a constant to ¢ so that at this point both supporting functions are equal to 0. Hence

—c(Tm, Yo)+c(x0, Yo) +¢(0) =0, (37)
—c(@m, 1) +e(@1,y1)+é(21) =0. (38)
LEMMA 5.7. Under the assumptions made above, and assuming moreover that
ly1 —yol = |21 -0,
we have, for all x in the segment [xg,x1],
¢(z) < Cslz1—20|y1 —y0l,
where C3 depends only on [|c(-,)||c2@xq)-
Proof. Using (37) and (38), we have
H = ¢(x0) < =Vac(@m, yo)- (w0 —2m) +5lcllo2|zo —m|?, (39)
H=¢(21) < =Vacl@m, 1) (@1 =) + 5]l cll o2 |21 =] (40)

By Proposition 2.2, the potential ¢ is semi-convex, with D2¢>_||DngI|Lm(QXQ/)I. Ap-
plying the first part of Lemma 5.5 to the function f:t—¢(zo+t(zx1—2x0)) on [0, 1], for
which f”>—-D?¢-(x1—x¢, 71 —0), we find that

d(x) <H+Clry—x0* for all z € [xg, 71], (41)

where C=C(||c[|¢2(axqr)). Then we consider two cases.
The first case is when —V c(m, yo) (o —2m) and =V (@, y1)- (21— 2m) are not
both positive: let us assume for example that —V  c(2m, yo)- (€0 —2:,) is negative. Then

we have, using (39), H<1|c||¢c2|zo—zn|?, and using (41), we get that
o(z) < (C+1ilellczaxan) |z —zol*  for all x € [xo, 24].

Thus we can conclude using |1 —xo| <|y1 —yol-
The second case is when —V ¢(Zm,yo) (xo—2m) and —Vuc(zm,y1) (1 —2m) are
both positive. This implies that

—Vaut(@m, Y0) (20 —Tm) < —Vac(Tm, yo)- (xo—21),

-V
—Vaul(@m, Y1) (21— Tm) < =V (T, y1) - (T1 —20)-
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Combining with (39) and (40), we have
2H < =V e(@m, Y0) - (w0 — 1) = Vo e(@m, Y1) (z1—30) + | ¢l 02| w0 — 21 [
< |Vt @m, Yo) = Vac(Tm, y1)||zo—21|+ | ¢l o2 |20 — 21 |
< lelle2 (|1 —zol [yr —yol +|zo—z1[?).
Using |21 —zo|<|y1 —yo|, and then (41), we conclude. O

We now assume the following: letting I be defined by

72 1/5
I'=(2%2C 42

(F2er) )
with Cs(||¢[c2(xqr)) defined in Lemma 5.7, 2o, 21, yo and y; satisfy

ly1—yo| = max{T|zy —zo|"/?, |21 —z0|}. (43)

Hence, the constant C in Proposition 5.6 will be equal to I'.
We next state the following result, from which the proof of Proposition 5.6 will follow

easily.

LEMMA 5.8. Let x,, be defined as above. For ye€)', consider the function

fy(x) = —c(m, y)—f—c(mm, y)+¢(xm)

Under the assumptions made above, there exist n and p as in Proposition 5.6, such that
for all ye N, ({yo,0€[%,2]}) N,

d—fy =0 on OBy(zm,)NQ. (44)

Before proving this lemma, we first show how it leads to Proposition 5.6.

Proof of Proposition 5.6. By construction, f,(zm)=¢(x). Hence, if we have ¢> f,
on 0B, (), then ¢— f,, will have a local minimum inside B, (2.,), and for some point
€ By (2:m,), we will have —V,¢(z, y) €0¢(x). Using Theorem 3.1, we have 0¢(z)=0°¢(x),
and this implies that yeGy(z) CGy(By(2m)). O

We now prove the main lemma.

Proof of Lemma 5.8. Using (37) and (38), and then Proposition 5.1 centered at x,,,

we obtain

¢($> > maX{_C(‘r’ yO)+C(xm7 yO)’ —C(LE, y1)+C(.’L'm7 yl)} (45)

> —c(x,Y0) +c(Tm, yo) +600(1—0)|yo —y1|* |z — 2| — Y|z — 20 > = B ()
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for £>0, for all 0€(e,1—¢], |[x—x,,|<Ce, and with {ys}sc[o,1) being the c-segment with

respect to x,, joining yo to y1. Then, for ye’, we have
—C(,I, y)-'—C(l’m, y) = _C($7 y9)+c(xm7 y@)
1
+/ [Vyelem, yo+s(y—ye)) = Vyc(z,yo+5(y—ve))]-(y—yo) ds
0

< _C($7y9)+c(xmdy9)+c4|y_y9||$_$m|a

where Cy=||D2,¢| L~ (@xq). Combining this with Lemma 5.7 to estimate ¢(x,), we get

fy(x) = —C(LL', y)—f—c(xm, y)+¢(xm)

< —c(@,y0)+c(@m, yo) + Caly—yol|z —2m |+ Csz1 —z0l[y2 —yo| = Fy (2)- o
Inequality (44) will be satisfied if we have, for F, and ® defined in (45) and (46),

By (z) < ®(z) (47)
on the set {z:|z—x.,|=n}, for some >0. First, we restrict 6 to [{, 3], (i.e. we take e=1
in (45)). Then (47) reads

&olyo—y11*n* —vn° = Caly—yoln+Cslx1 —zollyr —yol. (48)

Inequality (48) will be satisfied if the three following inequalities are satisfied:
7500lyo—v1[*n” = Cs|xr —xollyr —yol,
2500lyo —y1*n* = Caly—ya|n,
%650|y0*211|2772 > ynd.
In order to satisfy the first inequality, we define n by
o _ 1603 |z1 — o]

do |y1—yol
In order to satisfy the second inequality, we define p by

= Csnlyr—yol?,
where C5=0¢/16Cy (note that C5 is bounded away from 0), and consider y €€’ such that
|y—yo| <p. The third inequality will then be implied by

1 < 3=00lyo—y1 %,

which is equivalent to ,
%8163
and we recognize here assumption (43). The constants C, C’ and C” in Proposition 5.6
are defined by C=T" from assumption (43), C'=(16C5/80)"/? and C”=C5. Then, for
all yeN, {yo,0€ (5, 2] N, the function f,(z)=—c(z,y)+c(Tm,y)+d(zym) will satisfy
Jy<¢ on the boundary of the ball B, (,,). This proves Lemma 5.8. O

Cslay —xo| < |y1 —yol®,
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5.4. Part III. Continuity estimates

PROPOSITION 5.9. Let ¢ be c-conver with G4(2)CY. Let ¢, Q and Q' satisfy the
assumptions of Theorem 3.4, and let (Gy)* be as in Definition 2.12.

o If (Gy)¥dVol satisfies (23) for some p>n, then (;566’110’5((2)7 with B(n,p) as in
Theorem 3.4.

o If (Gy)*dVol satisfies (24), then p€CL_(€2).

We first state the following general result, whose proof is deferred to the appendix.

LEMMA 5.10. Let Q' be c-convexr with respect to x,,€Q and let yo,y1 €. There
exist C, up>0 depending on ¢, Q and Q' such that, for all pe(0, po),

Vol(Nyu([yo, y1],,,)N') = C Vol (Nu([yo, y1]e,.))-

Proof of Proposition 5.9. Consider
Qs ={zxeQ:d(x,00)>d}.

In order to have N, ([zo, z1])C, it is enough to have

(1) xg,z1€Q5,

(2) |wo—z1|<36,

(3) n<30.
If yo €G (z0) and y; € Gy (1) satisfy (34) in Proposition 5.6, with |y; —yo|=C|z1 —z0[/?,
then n< Elx —x0|2/5, with 7 defined in Proposition 5.6, and E being a constant depend-
ing only on C’ and C" in Proposition 5.6. Hence, for |2, —x0|?/°<J§/2E, it follows that

N, ([0, z1]) €2, and Proposition 5.6 applies. We now set

meenef2 (2] )

and in the remainder of the proof, we chose x1,x9€Qs such that |z; —x9|<Rs. From
Proposition 5.6, we will have

N {yo,0€ [1,3]}NQ CGy(By(zm)). (50)
From Lemma 5.10, and the definition of y in (36), there exist C, C’'>0 such that
Vol(N,{ys,0 € [1,3]}n) > Clyr —yolu" " =C'lyr—yoln™ yr —o 7"~ 1. (51)

CY8 estimates for data with bounded density. If the Jacobian determinant of the
mapping G is bounded (in other words, if (G)#dVol has a density bounded in L> with

respect to the Lebesgue measure), then, for some C and C’,

Vol(Gy(By(2,))) < CVol(By(z,)) =C'n". (52)
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Using (50) with (51) and (52), we find for some C' and C’ that

21 — | 1/2
ly1—yo|*" ' <Cp=C" (> )
ly1—yo
which yields finally, for another constant Cs>0,
1/(4n—1).

ly1 —yo| < Cs|z1 — 20|

From this, we readily deduce that G is single valued, moreover G¢€Cl/(4n71)(9). Since

loc
—V.c(z,y;)=Vo(x;), i=0,1, and V¢ is Lipschitz, this also yields ¢601107C1/(4n71)<9).

C18 estimates for data satisfying (23). We can refine the argument: Let again
v=(Gg4)*dVol and F be defined by
F(V)=sup{Vol(G4(B)): BCQ is a ball of volume V'}

(53)
=sup{r(B): B C{ is a ball of volume V}.

Then, by Proposition 5.6, we have F(Vol(B,(zm,)))=Vol(N,{ye, 0 € [i, %] }NQY), which
yields, using (51) and the definition of 5 in (35),

‘$1—$0‘n/2

P (anCE it ) Crlea ol O (9

for some C7 bounded away from 0, with w,, being the volume of the n-dimensional unit
ball. Assume that F(V)<CV* for some »€R. Note that v€LP implies the (stronger)
bound F(V)=0(V'~1/P) hence it is natural to write ¢=1—1/p for some p€]1, +00], and
the condition

F(V)y<covi—t/p (55)

is then equivalent to condition (23) for v. We obtain from (54) and (55) that

|y —yo| 2~ IHA=P)2 L COglay — |1 77/P)/2,

We see first that we need p>n, and, setting a=1—n/p, we obtain

ly1 —yo| < Colay —zp|*/ (Um0,

This yields Hélder continuity for G,4. Then we use that V¢(z)=—Vc(z, G4(x)) and the
smoothness of ¢ to obtain a similar Holder estimate for V.

C1 estimates for data satisfying (24). We only assume condition (24) for

v=(Gg)*dVol,
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which we can rewrite under the following form:
F(V)<[f(v/mprtvizum, (56)

for some increasing f: [0, 1] —=R™", with limy_,o f(V)=0, F being defined in (53). Consis-
tently with (43), we can assume that, as x1 goes to xo, |1 —xo|/|y1 —yo| also goes to 0.

Using (56) in (54), we get, for some Cjg and C;; bounded away from 0 and infinity,

|yl—yo|

Hence we get that |y; —yo| goes to 0 when |z1—xg| goes to 0. Then, the modulus of

f2n—1 <010371—W> > (Culy1—yo|)2n_1~

continuity g of G in {5 satisfies the following:

For all u< Rs, either g(u)<max{u,'u'/®} or
f<010u> 2 Cg(u),
g(u)

which is equivalent to

1 g(u)
uz=f (Cllg(u))Twa

which in turn is equivalent to

9(u) <w(u),
where w is the inverse of 2+ f~(C112)2z/Cho. It is easily checked that lim,_,o+ w(r)=0.
This shows the continuity of G4. Finally, we have V¢(z)=—Vc(x, Gy(z)), and the
continuity of V¢ is asserted. O

Remark. The power f=a/(4n—2+«) is not optimal for example if n=1 and p=+o0,
for which the C'! regularity is trivial, but note that in order to obtain this bound, we
had to assume (43). Hence, the conclusion should be: either ¢ is C1'1, or ¢ is CclBV/5 or
¢ is CHP. Note that ﬁg% for n>2.

In Proposition 5.9, we use a bound on (G 4)#dVol. However, in Theorem 3.4, we only
have (Gy)4p1=po, and as we we do not want to assume that g € L'(R™), this does not
imply necessarily that (G)# 1 =0 (see Definition 2.12 and the subsequent discussion).

Hence we need the following proposition to finish the proof of Theorem 3.4.
PROPOSITION 5.11. Let ¢ be c-convex on Q, with G4(Q)CQ'. Assume that
(Gg)ppo=p1.
Assume that py =mdVol on Q. Then, for all wCSQ, we have
tro(w) Zm Vol(Gg(w)),

and hence )
(Gy)*dVol < —Jio-
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Proof. In € we consider
N ={y € : there exist z1 # x5 € Q such that Gy(x1) = Gy(x2) =y}.
Then
N={yeQ:¢°is not differentiable at y}.
Hence, Vol(N)=0 and Vol(Gy4(w)\N)=Vol(Gg(w)). Moreover, on G4(w)\N, G;l is
single valued. Then G;l(G¢(w)\N)Cw. Hence,

po(w) = po(G 5 (G (W) \N)) = 1 (Go(w) \N) = m Vol (Gg(w) \N) =m Vol(Gy(w)). O

Proof of the boundary reqularity. This part is easy: under the assumptions of Theo-
rem 3.5, the density po satisfies (23) with p>n (resp. satisfies (24)). Hence, Theorem 3.4
applies and (;SGCI{)’(?(Q) (resp. ¢€CL (). Since Qs is compactly contained in ©, we
conclude the boundary regularity on 2. This proves Theorem 3.5.

Remark. This proof of the boundary regularity is very simple because we have inte-
rior regularity even when pg vanishes. This is not the case for the classical Monge—Ampere
equation, where the boundary regularity requires that both  and € are convex, and is

more complicated to establish (see [6]).

We now show that there is indeed equivalence between assumption (As) at a point

x and the conclusion of Proposition 5.1. This is a quantitative version of Theorem 3.2.

PROPOSITION 5.12. Assume that at a point xq, for all yo and y1, we have

o(z) > *C(fﬂ,y1/2)+0($0»y1/2)+50|yo*y1|2\x*$0|2+0(|$*$0\3)

with ¢ as above, where y1/2 is the ‘middle’ point of [yo,y1lz,. Then, the cost function
satisfies assumption (As) at xo with Co=Cdy, for some constant C>0 that depends on
the bound in (A2).

Proof. The proof follows the same lines as the proof of Theorem 3.1, and is omitted
here. O

6. Proof of Theorem 3.8

We consider condition (Aw) at (zg,y=x9). We recall that

Ge(x0,20)(§,v) =—Dj,p, D5 o [(@.0) = c(z, Tay ()]
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for any v and £ in T, M. Let us first take a normal system of coordinates at xp, so that

we will compute
Q=D D2[(x, ) = (T (£), Ty (5))].
Let us write a finite difference version of this operator. We first introduce
Yy =% (—hv), y =% (hv), x-=%,(-h&) and z,.=%,,(hE).
We use the usual second-order difference quotient, for example

. C(l'Jr,1‘0)—2C($0,Z‘0)+C($,,$0)
D2 c(x, Ty, (p)) = lim
Te,g TN O h—0 h?

(Of course we have ¢(zg, z9)=0.) We will have, as h goes to 0,

lim1< > clwny)-2 ) (C($i7$0)+c(yi,l’0))):_Q-

ij=t,~ i=+,-

Rearranging the terms, we find that the bracket in the left-hand side is equal to

D lelwi yg) —clwi, wo) —c(y;, o).
1,)=+,—

Each of the terms inside the bracket has a simple geometric interpretation: consider the
triangle with vertices (zo, z;,y;) whose sides are geodesics. This is a right-angled triangle.
If the metric is flat, by Pythagoras’ theorem, the term inside the brackets is 0. In the
general case, a standard computation shows that it is equal to —gs(zo, &, v)h*+o(h?),
where 3(x0,&,v) is the sectional curvature at z in the 2-plane generated by ¢ and v.
Hence, we get that Q=2x(z, &, v).

Now, to reach the more general formula of Theorem 3.8, we use the following ex-

pansion of the distance that Cédric Villani communicated to us.

LEMMA 6.1. Let M be a smooth Riemannian manifold. Let vy, and 72 be two unit
speed geodesics that leave a point xo€M. Let 6 be the angle between 1(0) and 2(0)
(measured with respect to the metric), let s be the sectional curvature of M at xo in the

2-plane generated by 41(0) and #2(0). Then we have
d*(71(t),72(t)) =2(1—cos(6)) ((1— &5(cos® (16) ) ¢? +O(t4))t2)2.
Then, we obtain easily, following the same lines as in the case above, that
Sc(wo, 0) (€, v) = §e(w0. & v) ([E[5 IV [5— (& 1)),

where (-,-)y and ||, denote the scalar product and the norm with respect to g, respec-
tively. This proves Theorem 3.8.
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6.1. Counterexample to regularity for a manifold with negative curvature

Consider the 2-dimensional surface H={(z,y, z):2=2%—y*} CR?, endowed with the Rie-
mannian metric inherited from the canonical metric of R3. Then H has negative sectional
curvature around 0. For r sufficiently small, Q=HNB,(0) is c-convex with respect to

itself. Consider the function

¢(z) =max{—1d*(X, Xo), —3d*(X, X1)},

where Xo=(0,a, —a?) and X;=(0,—a,—a?). Then, as shown by our proof of Theo-
rem 3.1, for a small enough, no sequence of C' c-convex potentials can converge uni-
formly to ¢ on €. Let jo be the Lebesgue measure of €, and m:%(dXOJr&Xl). We have
(Gg)upo=p1. Let p5eC>(Q) be a positive mollification of 41 such that its total mass
remains equal to 1, and which preserves the symmetries with respect to x=0 and y=0.
Let ¢,, be such that (G, )#to=pn. Then, for n large enough, ¢, is not differentiable at
the origin. Indeed, for symmetry reasons, 0 belongs to the subdifferential of ¢,, at 0; on
the other hand, ¢,, converges uniformly to ¢, and we know, from the fact that (Aw) is

violated at 0, that —¢—c(+,0) does not reach its global maximum on Q at 0.

7. Appendix

Proof of Proposition 2.14. We first prove the “intrinsic” part. In order to show

this, we consider a C? curve v in Q defined in a neighborhood of 0, such that

7(0) = zo, (57)
Y(0) =¢. (58)

We then consider the quantity

Qy= DtQths [(5,1) = c(v(t), Tao (Po+51))] ‘t,s:O-

We show that this quantity is independent of the choice of v. We have

Q= D, [s+ Dgcc(o, Tug (po+sv)) +Dac(wo, Tuy (po+sv)) 5(0)]
= D3, [s+ Dgcc(xo, Tuy (po+sv)) = (po+51)-5(0)]
= Dfs [8 = Dgfc(x(h (Izco (p0+sy))]v

where the second equality follows from the very definition of the c-exponential map.
Hence, the value of the curvature is independent of 4(0), and therefore of the choice of v
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as long as it satisfies (57) and (58). One can now choose a system of geodesic coordinates
around xg, which yields the equivalence of the definitions (19) and (20). Then, the
second part of Proposition 2.14 follows by taking the c-geodesics with respect to y as

new coordinates around xg, which yields

S.(wo,y0)(&,v) = Dgup,,ngg [(Zyo (0): Fao (PD)]lgo=—9, c(w0,50) po=— T c(0,50) (59)
where é is chosen such that
D5 (q0)-€=¢.
The condition § L v nows reads DTy (qo) -€ L, or equivalently [Dy.,c] '+ (v, €)=0. Then,
identity (21) follows by a symmetric argument. O

Proof of Proposition 3.3. We prove only the last point, the other points being ele-
mentary. Consider on R™ a measure locally equal to pg=L""'®u, where £L*~! is the
(n—1)-dimensional Lebesgue measure, and 4 is a probability measure on [0, 1] equal to the
derivative of the Devil’s staircase. Then, u¢ L. On the other hand, for all [a, b]C[0, 1],
w([a, b)) <|b—a|® for some a€(0,1]. Then, for z=(z1, ..., Zn),

po(By(2)) < C"'nil,u([xn_ﬁ Tn+7]) < Crn=te = opni=1/p)
for some p>n. Hence po¢ L], and po satisfies (23) for some p>n. O

Proof of Proposition 4.1. We know (see [33, Chapter 2]) that there exists a proba-

bility measure m on R™ xR"™, with marginals p and v, such that
[ 6@ du@)+ (@) dvla) = [ cloy) dna.g),
and moreover, there exists a c-convex potential ¢ such that
supp() C {(w, Gy(x)) : €R"}.

Let us decompose 7 as T=u®y,, where for u-a.e. t€R"™, ~, is a probability measure on

R™ and 7, is supported in Gq;(x). Hence, we have

| @@+ =cle,n) dva(w) dute) =0

This implies that y€G () for p-a.e. v and y,-a.e. y. Since y€G 5(x) vz-a.e. for p-a.e. x,
we deduce that
G(2)NGy(x) #2

for p-a.e. z (and hence for Lebesgue-a.e. z, since >0 a.e.). This implies that Vo=V
Lebesgue-a.e., and that ¢—¢ is constant. This shows that ¢ is uniquely defined up to a
constant. Now, the pair (¢°*, 1) can only improve the infimum (10) compared to (¢, 1),
hence it is also optimal. Hence, ¥°* is also uniquely defined up to a constant. If 1) is
c*-convex, then (¢¥*)¢=1), and ¢ is thus uniquely defined. O
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Proof of Lemma 5.10. From (A1) and (A2), for all z,,€Q, ¥:y——V,c(zm,y) is a
diffeomorphism from ' to =V c(z,, ). Then,

PNy ([0, 1]z, ) NY) =Ny ([0, 91, ) N ().

Letting p;=—Vc(Tm, yi), i=0, 1, using (A1) and (A2), there exists C'>0 such that

Nen([po, p1]) YNy, ([vo, yile,,))-

Moreover, as €' is c-convex with respect to z,,, ¥(') is a convex set.

Then we claim the following: for U CR"™ convex and for u,veU, the function

Vol(N,.([u, v])NU)
Vol(N;([u, v]))

is non-increasing. Indeed, by the convexity of U, for wé&[u, v], if w+w’€ B,.(w)NU, then
w+0w' € By, (w)NU for 6€[0,1]. From this the claim easily follows.

Hence, we have

Vol( (N ([yo, 1z, )NQ')) 2 Vol(N ey ([po, pr1]) N (€2'))

-, Yol(Nay ([po, p1])) VOL(N ([po, 1)) N (€'))
~ Vol(N1([po, p1])) ’

whenever 7 is small enough so that Cn<1. By compactness, one has

Vol(N1 ([po, p1]) N (£2))

Vol (po.pnl)) = C )

Moreover, for C>0, there exists a constant C’>0 such that

Vol(Ney ([po, p1])) = € Vol(Ny ([po, p1]))
for all n>0. Then, as v is a smooth diffeomorphism, one has

Vol (1h(Ny ([yo, y1]e,, ) NY))
Vol (N ([Yo, y1le,)))

Vol(N;,([yo, y1]e,, ) NY')

VOI(quyOvyl}zm)) 20(0,979/)
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