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Abstract

We consider the regularity criteria for the incompressible Navier—Stokes equa-
tions connected with one velocity component. Based on the method from [4] we
prove that the weak solution is regular, provided us € L!(0,T; L*(R3)), % + % <
3+ L, s> % or provided Vug € L'(0, T; L*(R?)), 2+ 2 <13 + L if s € (33, 3] or
% + % < % + f—s if s € (3,00]. As a corollary, we also improve the regularity criteria

expressed by the regularity of aaTi or g—;g.

1 Introduction

We consider the incompressible Navier—Stokes equations in the full three-dimensional
space, i.e.

ou
—+u-Vu—-—vAu+Vp=f . 3
in (0,7) x R”,
ESCBY % a0 } 0

u(0,z) = ug(z) in R3,

where u : (0,7) x R? — R? is the velocity field, p : (0,7) x R> — R is the pressure,
f:(0,T) x R® — R3 is the given external force, v > 0 is the viscosity. In what follows,
we consider ¥ = 1 and f = 0. The value of the viscosity does not play any role in our
further considerations. We could also easily formulate suitable regularity assumptions
on f so that the main results remain true. However, it would partially complicate the
calculations, thus we skip it. 11

The existence of a weak solution to (h_l') (provided ug and f satisfy certain regularity
assumptions) is well known since the famous paper by LERAY [11]. Its regularity and
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uniqueness remains still open. However, many criteria ensuring the smoothness of the
solution are known. The classical PRODI-SERRIN conditions (see [17], [18] and for s = 3
[7]) say that if the weak solution u additionally belongs to Lf(0,T; L*(R?)), 2 + 2 =1,
s € [3,00], then the solution is as regular as the data allow and unique in the class of all
weak solutions satisfying the energy inequality. Similar results on the level of the velocity
gradient, i.e. Vu € L'(0,T; L*(R?)), 2 +2 =2, s € [3,00], is due to BEIRAO DA VEIGA
(see [1]). Note that the case s = 2 is a consequence of the Sobolev embedding theorem
and [7].

Later on, criteria just for one velocity component appeared. The first result in this
direction is due to NEUSTUPA, NOVOTNY and PENEL [12], where the authors showed
that if ug € L'(0,T; L*(R?)), 2 + 2 = 2, s € (6,00], then the solution is smooth. Similar
result, for the gradient of one velocity component, is independently due to ZHOU [19] and
POKORNY [15]. Further criteria, including several components of the velocity gradient,
pressure or other quantities can be found e.g. in [14], [16], [5], [3], [6], [2], [13] ....

Recently, two interesting improvements appeared. In [9], KUKAVICA and ZIANE
proved that if us € L'(0,T;L*(R?)), 2 +2 = 2 s € (%, 00] (the authors claim the
result for s > 28, but their technique does not work for the case L>(0,T; L*(R?))) or
if Vuz € LY(0,T; L*(R3?)), % + % = %, s € [%, %], the weak solution is regular. Next,
in [4], CAO and T1TI used different method, instead of technical estimates they applied
the multiplicative embedding theorem and showed the smoothness under the assumption
uz € L'(0,T; L*(R?)) (actually, they work for the space periodic boundary conditions, but
the proof for the Cauchy problem is exactly the same), % + % < % + 3—28, 5> % Note that
this result is stronger than the result in [9], even though the criterion does not correspond
the natural scaling of the Navier—Stokes equations.

Although the result of CAO and TITI is the strongest one among all the criteria for
one velocity variable, it seems that the authors did not use all the possibilities of their
method. In this short note we want to extend their result in several aspects. First, we
show that for the regularity of the weak solutions it is enough to assume

uz € L'(0,T; L¥(R?)), %—Fg < %—i— 2%, s > %
(or the norm in L>(0,T; L3 (R3) is sufficiently small), which is an improvement of the
result by Cao and Titi. Next, using a very similar method, we will show that it is enough
to have

19 n 1 c (30 3]

2 3 127 2 19’

Vug € L0, T; L'(R), S+-<¢ 3% 2 19
3 +£7 s € (3, 00],

(or again the norm in L*(0, T; L1s (R3)) sufficiently small). Note that for s < 3 it precisely
corresponds to the result for ug, using the Sobolev embedding theorem. The result for

us will be further applied to improve the regularity criteria for aa_;;;, from [4] and for g—zg
from [14]. (There, g—;g € L>((0,T) x R3) was required.) Note finally that for s — ?—SJF,

19 1 19— 2 3 _ . . .
5+ 5 — 15 - 1-e. we are not so far away from % + = = 2 which ensures the regularity if

Vu € LY0,T; L*(R?)) (but also if only either V3u belongs to this space — see [10] — or
only g—zz and g—zg, see [14]).



In the whole paper, we will use the standard notation for Lebesgue spaces LP(R?)
endowed with the norm || - ||, and for Sobolev spaces W*?(R3) endowed with the norm
| - |lkp- We do not distinguish between the spaces X and their vector analogues X%V,
however, all vector- and tensor-valued functions are printed boldfaced.

2 Main results
The aim of this paper is to show the following

[t1]Theorem 1 Let u be a weak solution to the Navier-Stokes equations corresponding to
uy € Wc}lfg(R?’) which satisfies the enerqy inequality. Let additionally

2 3
t

uz € Lt(O7Ta LS(R3))7 -+

< 3+ 1 -
= s> =
s 4 2s’

- 3
Then w is as smooth as the data allow, thus in our case u € C*®((0,T) x R?) and u is
unique in the class of all weak solutions satisfying the energy inequality.

[t2]Theorem 2 Let u be a weak solution to the Navier-Stokes equations corresponding to
uy € W;lff(R?’) which satisfies the energy inequality. Let additionally

19 1 c 30 3]
2 3 19 5. S <_a )

Vus € L0, T L(RY), —+5<q 32 57 19
5 -+ 4_37 S € (3, OO]

Then w is as smooth as the data allow, thus in our case u € C*®((0,T) x R?) and u is
unique in the class of all weak solutions satisfying the energy inequality.

In the proof we will follow the idea from [4]. First, we know that there exists T >
0 such that on (0,7*) there is a strong solution to the Navier-Stokes equations, i.e.
w € L0, T WHA(R?) N L2(0, T W>2(R?)) with 2% € L*(0,T*; L*(R?)); actually as
f =0 ue C°0,T] x R¥. Let T < T be the first time of the blow up, i.e.
necessarily limsup, 7« ||[Vu(t)|ls = +oo. We will show that for any 7 < 7* we have
|IVu(7)|l2 < C < 0o with C' independent of 7*. This contradicts to the definition of 7*
and thus 7% =T.

tl

3 Proof of Theorem 1

Denote

t
2.1)3.1) J(t) = sup | Vau(n)] + / IV u(r) |2dr,
0

7€(0,t)

with



and

10
[2.3](3.3) HU3 NF | Vu(r)3dr, s e (3700],

1.1
(i.e. Vo fo llus(T ||oo||Vu( )|[3d7). Then, testing (h_f)l (recall v = 1 and f = 0) by
Apu = $2 2% Jeads to

i=1 Oz 2
2.4]3.4) 5 Vel + VY@l = [ (- V) - Apude,
Then

/ (u- V) - Audr

2.5((3.5
( ) = Z /R3 U; ZAgujdl’—i- Z/RB U; ‘A2U3d‘%‘+ Z/RS U38_:E3A2u]dx

7,7=1 Li

= S+ o+ J5
We have
Ous Ou; auz Ousz Ouy Oug Ousz Ouy Oug
J= = — ———=d —_—
! Z /Rs Oxg Ox; 83:] r3 0x3 011 0T T r3 03 0T 011

(92u, 81112 821,61 81,62 82162 8u1
= — dx d
/ 8x38x] Oz, * /Rs u3<8x381:1 0xo * 01301 8:51) v
_/ u ( 62U1 8U2 I 82u2 8U1)d1‘
R3 5 8x38x2 8[)’21 8[E38!E1 (9:102 ’
see e.g. [9]. It expresses the well-known fact that for u € W,;2(R?) N W22(R?), [, (u
Vu) - Ayudr = 0. Further

Ou; Ous OU3 8 2 O%us Ou,
22/3 O Om; O 2;/ P

i=1 k=
and thus

|+ Jo| <C

< CIIU3IISIIVVhUI|2 NVl < —IIVVWHQ + [luslls” 3”th”2
Further

3
s
6 *

| 3] < C/ s |Vt |V V < Cllus ||V Vnullsl| Vull, || Vu
R3

Exactly as in [4] we apply the multiplicative Gagliardo—Nirenberg inequality

oVu oVu
31’1

oVu

1
3

[Vuls < 0|

2



which leads to
J3 <

< CHU‘g

1
S
u 2

_vahuHQ

s— 2 Hvu

s— 2 Hv2

2.5
Thus, integrating (%_5) over time interval (0,t), ¢ < 7* and using estimates above yields

LIVl + / IV Vau(n) |2dr < [Vrul0)]3 + / IV Vau(r) |2

+C / s (I V() 3+ € [ st

i.e., taking the supremum over time interval in the first term and using Holder’s inequality

2(s—3)

7 [ VPu(r)

V()

572
2 dT?

T3 () < Ko+0/ [[s (7 ||§ | V() 3

w0 [ s 19rlgar) 7 ([ Ivratier) .

where Ky = Ko(||uoll12).- Up to now, the proof just copied the proof from [4], with
possibly different notation and slightly different arguments. Next we use, as in [4], as test
function —Awu. However, we estimate the convective term more carefully. We have

2.6](3.6)

thHv ()Hg+|\vzu(t>ug:/Rg(u.w)ﬂu.

Now
/(u Vu) - Au =
Z/ U Auda:—l—ii/ u; Aud:v—l—Z/ 8u]8u]
T pa e e, ! 89538953
- K1+K2+K3
We have

Ouz Ou; O Ous Ou; 0
SR D R R

Ox3 Oxy, Oxy,

7=1 k=
Ou; Ou; Ou Ou; Ou; Ou
Ko = — tZ9 70 i Uy )
: ;;;LM%M DRI R
Ous Ou; Ou; 1 Ou;  Oug\ Ou; Ou;
K = _—— __]_j —_— - .7 Jd
3 Z/]Rd 8x3 E)x3 81‘3 dr 2 ]ZI/R“ (61’1 + 8x2> aZL‘g 81‘3

Thus

1 ¢ t 1
vz + / IV2u(r)|3dr < C / / IVl [VaPdadr + Vol
2 Ot 0 RS 2

1 3 1
C/O IIVhU(T)HzIIVU(T)II%IIVU(T)IlédT+§IIVUOII§

b}



Using again the multiplicative embedding theorem yields

IVl [ 1% 3ar
1
< Ko+ ClIVhul| L= 0u2@) [V Vel L2002 @) HV“HLQ(om(Rs /||V2 )||2dT)

< Ko+ CJ(t) /||v2 m)li3ar) "

2.6
Now, we can use the estimate of J(t) from (&3_6) and get (the rest of the proof follows
again the approach from [4])

([ Ivuiniie) <[k [ s I V() e

/ fus (Pt ) = ([ ||v2 Aliar) ([ Ivutier) =

Now, let > 1. Using Holder’s and Young s inequality we get
_2s
A< CKO( ||v2 (r)lBar)" +c / s ()47 V() [3ar )
=
<( [ 1vutr ||2df ([ vt o / Jus (I [Vau(r) )
=

( [ 1wt |

/ IVul HQdT)
< Oy +C( [ lus(ml ”Hvu( izdr)

t 2s 314
69—3
+C</ [us(T)]]s IIVU(T)IIEdT> o /IIv2 7)3dr,

as 4(5”) <1 fors>

Thus

EM—‘

@l

! _A(s—=3) 3)
0

% Note that the other condi-

= 55 we get that |Vu(t)||2 is bounded indepen-

. 8s
dently of 7, provided uz € L5-1(0,T; L*(R?)), s > L. Finally, if Hu3||Lo<>(o,T;L§(R3)) <<
1, we can transfer the corresponding term to the left- hand side. The proof of Theorem 1

is finished.

which allows to use the Gronwall lemma provided 6=

. 4 . . . 25 o
tion, 8 > 3, is less restrictive. As 375

4 Proof of Theorem 2

2
The proof is similar to the proof of Theorem h_ We replace (b_g) by

30
[ 9@ v s (3

/ IVus(1) |7 [ Vas(r) |27, s € (3, o0

3),
2.7](4.1) Vi(t) =




4
with the T%t_a?ldard convention Vi ( fo | Vus(7)||%||Vu(T)||3dT.  As before, first we

multiply (I.T); by —Asu and mtegrate over ). We get as before

g IV + 199 = [ (u- Vu)- Asuds,

R3

But
(u Vu) - Ayudz

_ 1 Z / Oug Oui Quy - [ Oz 0w Oy +/ Oug Ouy Ous
R3 8x3 Oz Ox; r3 013 01 0T r3 013 0o 011

\

3

Ou; Qus 3u3 /
- A
; ; /Rs 8:1:k a%i (9$k Z s U3 gujdgs

The first four terms can be estimated by

5222 1
/RS [Vus|[Vaulde < [[Vus]ls|| Vil STVl + IV Viaullz,

while the last term

2
Ous Ou; Ou; 1 Ous Ou; Ou;
Aogu;dr = — (/ =t~ —/ ——J—]d).
Z/R3 ugaxg 2UJ v ];1 R3 (%k 8x3 (%k v 2 R3 (91:3 8$k (%k o
The second term can be estimated as above, and the first term

= Ous Ou; Ou;
3 Ou; OU; < e
‘ Z /Rs &Tk 8:153 agjkd ‘ — C/]RS |VU3||VhU||VU| X

Now we estimate separately B for s < 3 and s > 3. We have
a) s € [2,3]:

B < OV |Vl Vul o < C[[Ves]l ||vvhu|| ||vfu||2
< C||Vus|s ||vvhu||”3

s

uly

where we used the multiplicative embedding theorem. Thus

6(25—3) 2(3=s)

B < —IIVVhUIb T O Vs |7 GIIVUIIJS "IV

It yields

t t 2s
IVru(t)]3 +/ IVVau(r)|l2dr < Ko+ C IIVU3 T IVau(r)|2dr
0

t 6s 6(2s— 2(3—s)
C/O [Vus(T)[[° | Va()][ > ¢ ||v2 (T)ll° dr.



As % < 2 for s < 3, we get due to the Holder inequality after taking the supremum
over time on the left-hand side

ﬁHVu(r)u%dr

t
JQ(t)<K0+C/ 192 T)
Zra42)
1 vuier) " ([ I

b) s € (3, 00]:
We estimate the convective term differently

Bg/

< Vs | Vo | Vil |Vl < —||VVhUH2+C|IVU3

5 *IIVUHS.

Thus
F V() |13dr.

JA(t) < Ko + C/Ot | Vus(7)

Next we use as test function Au. We get

1d ,
5 1VeDls + [Viu ()Hz—/ (u- Vu) - Audz

2 3
= ;;/ aszu]dx—i—Z/ axSAu]dm

Ou; Ou; Ou Ou; Ou; Ou;
- I;kz/saxka_afaxz lezlkz/(?x i, o,

3
Ous (9u] 8u3 / 8u3 8u3 8u]
Z/R3 8$k 8I3 awk ZZ 3 8173 ka 0xk dr
< / \Viu||[Vul*dr + C/ ]Vu;),HVu| dx = Dy + Ds.
R3 R3

We have as before

1 g2
Dy < 5[ Vuls + C[ Vs |27 Va3

while using the multiplicative embedding theorem

1 3
Dy < [[VyulalI Vel < [IVaull] Va3 ][ Vels
< ClIVrull2[[Vull3 [V V][ Vull3,

1.e.

7 V()| 3dr

IVu) + / V()i < Ko+ [ [Vl

/0 IV 50(r) o | V() |31 Vs (r) ]|V



The last term can be estimated

[ 19 Va9 s 9t

1
<thuHLm(0th(Ra vahuHLz(OtLQ(RJ HVUHLz(OtL2(R3 /HVQ )H2d7_)

1

<) /uv? "ldr) "

We may therefore employ estimates of J2(t) and get separately
a) s < 3:

2s
SV u(r)|3dr

3(25—3)

t t
HVutH%+ / IVl < Kot € (190l

25| V(s )||2d7+ / [V ()12 [Vl )Ilsz) x

/ I97ular) ") ([ 19uimiger)

Again, for § > 1 we have

ol + [ IV utr)ar < Ko + 5 [ 19

25 3ﬂ 25 35 %
ro( [ IvuE Ivaeizar)” + o [ 19ulE Iva) i)

12(25—3) 1
+C / |Vus(7)
0

195s—30 B

25— 6
SV u(r)|ldr

Thus

12(25 3) 1
Vutli + 5 [ I9ulir < CKo+ OV + v+ oV B,

12(25-3) < 4 30 12(25-3)
As G555 = 3 for s € ({3, 3], we have for 55> =

1
Vut)lg + 5 [ IVl < K+,

where K = K(||uol|1,2, 8). Thus She Gronwall inequality implies that IVu(t)]s < C < o0
* : 30

for any ¢ < 7*. As in Theorem I, if s = {3, we need HVUSHLW oL@y << 1.

Similarly,

b) s > 3:

| Vu(r) [

||Vu<>||2 / IV°u(r)ldr < Ko+ O / IV us(r)|]

“nw ir) ([ 19utrir)’

< CKo + C ||VU3 )| ||VU(T)||2dT)

||VUS |293||VU( ||2d7 /IIv2 7)|3dr.



Thus, if § = % 2s %: sgfg,

t
V()| + / IV2u(r)|dr < K + CV,
0

2
with K = K(||ug||12,5). The Gronwall lemma finishes the proof of Theorem E‘

5 Two additional criteria

Note that we proved that if for a ¢ > 13—0 we have ||us||Le(1;rams)) < 00, then the

solution to the Navier—Stokes equations is regular. This fact enables us to prove the
following two corollaries:

[ct]|Corollary 5.1 Let u be a weak solution to the Navier-Stokes equations corresponding to
uy € W;i’f(RS) which satisfies the energy inequality. Let additionally
2 3 4 15

811,3

LY0, T; LA (R?)), =42 <= (— .
8:1036 ( (R7). t+s 5 5 € 4’00]
Then the solution is reqular.

[r1]Remark 5.1 In [14] is has been proved that the regularity is ensured if g—;fg € L>((0,T) x
R3). This result is thus quite a big improvement of this result.

Proof. We proceed as before, i.e. we work on the time interval where the solution is
smooth. We test the equation for uz by |uz|9 2us, ¢ > <. Then

Gl c@) [ ViliPar =@~ / p 2 -2
R3 81‘3

We need to estimate the right-hand side. We have

8U3 8u3
Dol < [| 52 sl el e, < €] 52| Bl el
au 6s—3g—gs 3gs—6s+3qg au 27
< O\ g | sl ety il < Clusly” 2(||u||6+ [
where w < 2, ie s> 63—fq. Thus, passing with ¢ — 13—0+, 68723‘1;7(15 — 451931;,
637‘7 — 14—5+. The corollary is proved. O
q

[r2[Remark 5.2 Indeed, in the proof of Corollary %1, instead of the estimate of uz in L4(R?),
we could consider the estimate in L37(R?), or in between. It would lead to the same result.
We could also use part of the information from the first energy estimate to increase

the range of s. However, this would lead to worse (i.e. more regular) scale for 8—23 thus

we omit it.

Next result concerns the criterion on a . We get slightly better result than in [4], due
to the fact that we improved the criterion on uz. We have

10



[c2]Corollary 5.2 Let u be a weak solution to the Navier—Stokes equations corresponding to
Uy € Wdli’f(R?’) which satisfies the enerqy inequality. Let additionally

dp

55; 2 3 29 e <30 10}

LY0,T; L*(R? -+ -< = —, =
CLOTLER)), T+7<3p 23’ 3
Then the solution is reqular.

Proof. ~ We proceed as above, only in the term on the right-hand side we do not
integrate by parts. Thus we have

0
sl + Ol / Vil == [ 2 a2
R3 @xg

Now (note that ¢ < (q 1 < 3¢ implies 3 %5 +1 <s<4q)

JR R LT
g

2q+ 3(q—s) — 2gs+s—3q
< Hap H ||U3” 2s ”'LL3||3q S €||U3||gq+0 15 Ha 2qs+3s 3q|| 3||q2q5+35 3q
Thus
2gs+s—3q

2‘15+35 3‘1H ||q2qs+35 34

1d op
e q <
e _cHa

The Gronwall inequality implies the result, provided 68—53 € L'(0,T; L*(R3)) with % + % =
243 7 2q+1 < s < ¢q. Passing with ¢ — —+ we get the result. O
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