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A detailed examination is performed of the relationship between stochastic Lagrangian 
models-used in PDF methods-and second-moment closures. To every stochastic Lagrangian 
model there is a unique corresponding second-moment closure. In terms of the second-order 
tensor that defines a stochastic Lagrangian model, corresponding models are obtained for the 
pressure-rate-of-strain and the triple-velocity correlations (that appear in the Reynolds-stress 
equation), and for the pressure-scrambling term in the scalar flux equation. There is an 
advantage in obtaining second-moment closures via this route, because the resulting models 
automatically guarantee realizability. Some new stochastic Lagrangian models are presented 
that correspond (either exactly or approximately) to popular Reynolds-stress models. 

1. INTRODUCTION 

Over the last 20 years, a standard approach to 
Reynolds-stress (or second-moment) turbulence closures 
has been established.‘” For the constant-property flows 
considered here, the starting point is the Navier-Stokes 
equations: 

l3Ui 
---co 
dXf 

and 

DU, au, au, ap a”Ui; 

-=at+U/~=-Q”axjaxj~ Dt 

where U(x,t) is the velocity, p(x,t> is the pressure (di- 
vided by density), and Y is the kinematic viscosity. The 
first step in the approach is to invoke the Reynolds dccom- 
positions 

(1) 

(2) 

U=(U) +u 

and 

(3) 

p=(P) i-P’, (4) 

so that the Eulerian flow variables are written as the sums 
of their means (denoted by angled brackets) and their fluc- 
tuations (e.g., u and p’). Then the mean-momentum (or 
Reynolds) equations are obtained by taking the means of 
Eqs. ( 1) and (2). The Reynolds stresses (UiU/) appear as 
unknown in these equations. 

The exact Reynolds stress equation [derived from Eqs. 
Cl)--(411 is 

& (Uglj) + (U,) T= LTfj+Pij+IIfj-~E6jj* 

The terms on the right-hand side represent, respectively: 
turbulent transport; production; redistribution; and dissi- 
pation. The redistribution term II, is the focal point of 
Reynolds-stress modeling, and of this paper. If local isot- 
ropy exists, III, is just the pressure rate of strain 
(P’(aui/ax,+aui/axi>). 

In the standard approach, IIij is approximated by a 
constitutive relation II? of the form 

The principal modeling task is to construct a specific ex- 
pression for II?. This is done partly mathematically-by 
requiring that IIt have the same known properties as I$ 
in particular circumstances-and partly empirically-by 
reference to experimental and simulation data, mainly for 
homogeneous turbulence. 

The modeled Reynolds-stress equations are obtained 
by replacing II, and Yii in Eq. (5) by constitutive equa- 
tions II; and q, of the form of Eq. (6). 

Thus, in the standard approach, a modeled Reynolds 
stress equation is obtained by constructing constitutive re- 
lations for one-point Eulerian statistics, such as the pres- 
sure rate of strain. 

The same result (i.e., a modeled Reynolds-stress equa- 
tion) can be obtained by a very different approach-from a 
stochastic Lagrangian modeLG9 

In this second approach, the starting point is, again, 
the Navier-Stokes equations, but in Lagrangian form. Let 
x+ (t) and U+ (t) denote the position and velocity of a 
fluid particle. Then, by definition, x+(t) evolves by 

The Navier-Stokes equations [Eq. (2)] can be written as 

(8) 

where it is understood that the Eulerian quantities on the 
right-hand side are evaluated at the particle location 
x+(t). (The second line merely follows from a Reynolds 
decomposition, and is written for future reference.) 
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A stochastic Lagrangian model consists of stochastic 
processes x*(t) and U*(t) that model the fluid-particle 
properties x+(t) and U+(t). Here we consider models of 
the form6 

(9) 

and 

de ati) a’( vi> 
-= -- 

dt axi +yax.ax p+Gj(q-<u,)) 
I j 

+ ( C&) 1’211Ji * (10) 

In the final term, Cc is a positive model constant, and w(t) 
is an isotropic white noise. [More properly, 
W(t) = siw(s)ds is an isotropic Wiener process.‘] The ten- 
sor Gif (X,t) is a specified function of the local values of 
(uiui), a( Ui)/axj and e, and again Eulerian quantities are 
evaluated at x*(t). Comparing the model [Eq. (lo)] with 
the Navier-Stokes equation [Eq. (S)], we can see that the 
terms in Gij and Cs together model the effects of the flue- 

tuating pressure gradient and molecular viscosity. 
Many other model equations can be derivedc9 from 

the stochastic Lagrangian model, Eqs. (9) and ( 10). In 
particular, the “modeled” mean momentum equation 
is-by construction of the model-identical to the Rey- 
nolds equation, and the modeled Reynolds stress equation 
is 

=~i~+Pij-FGi~(UjUI)+G/I(UiUI)+COeSif. (11) 

Thus, by a distinctly different route, this second ap- 
proach yields a modeled Reynolds stress equation of an 
identical form to that obtained by the standard approach, 
Eq. (5): like II?, the last three terms in Eq. (11) are 
functions of (ai;>, a( U,>/axj, and E. 

The stochastic process for U*(t) is realizable brovid- 
ing only that the coefficients in Eq. (10) are bounded]. 
Therefore, it follows, 779 that the Reynolds stresses implied 
by it are also realizable. In other words, Eq. ( 11) corre- 
sponds to a realizable Reynolds stress model. 

The objective of this work is to explore the relationship 
between these two approaches: results are obtained that 
contribute to both. It is shown that it can be beneficial to 
derive second-moment closures via stochastic Lagrangian 
models, because realizability is simply assured, and because 
a scalar-flux model is obtained with few additional assump- 
tions. Conversely, some new stochastic Lagrangian models 
(i.e. specifications of Cc and Gi,) are obtained from exist- 
ing Reynolds-stress closures. This is of value because the 
performance of Reynolds-stress closures (especially in in- 
homogeneous flows) has been more thoroughly investi- 
gated than that of stochastic Lagrangian models. 

II. REYNOLDS-STRESS CLOSURES 

In this section we summarize some existing models for 
the redistribution term Hij. 

TABLE I. Definitions of the nondimensional, symmetric, deviatoric ten- 

sors Ti;). 

T#‘=b,j 

Tj/2) = b; -+b&, 

T{;‘=S,, 

T{;‘=&b,.+S.,b .-% b ,L? , b 

T!~‘=~i&+ W/P/t 

3 Im m ij 

The exact term is defined by 

where erj is the dissipation tensor, 

(13) 

It may be seen that II, is a symmetric tensor with zero 
trace (since &,/a+ is zero). If local isotropy prevails, then 
the terms in eij vanish in Rq. ( 12), and II, is then the 
pressure rate of strain. 

The class of model considered here can be written as 

l-q=, i A’Q-$), (14) 
n=l 

where Acn) are scalar coefficients and Ti,? are the nondi- 
mensional, symmetric, deviatoric tensors given in Table I. 
They are defined in terms of the anisotropy tensor, 

b, (UiU/>/(UlU~> -&ij 2 (15) 

and the normalized rate-of-strain and rotation tensors, 

and 

w. ,Ik 

( 

am a(Uj> 
-_- 

If 26 axj ) dxi ' 

(16) 

(17) 

where kef(UiUi) is the turbulent kinetic energy. (An ab- 
breviated notation is used in which b$ is written for birbrj : 

thus b”j is the i-j component of b2, not the square of the 
component 6, .) 

The coefficients Acn) can depend on the scalar invari- 
ants of b, , Sij , and Wij : in particular, on 

6’ 3 (b2,) *‘2 (18) 

and 

P/E= - 2bijSji, (19) 

where P is the production rate of k. 

Equation (14) is not the most general possible model 
(in terms of e, (uiUi), and a( Ui>/A’xj> that is linear in 
a( UJ/axj . For example, the tensor 
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TABLE II. Coefficients A(“’ for diierent Reynolds-stress models. (See the Appendix for details.) 

Model A”’ A@’ 

Rotta -2c, 0 

IPM -2c, 0 

LRR -2c, 0 

SL --8+0(m) 0 

SSG --Lcl-q(P/E) c-7. 

Model 
A'3' A'41 A'S' A'61 A(7) A'S' constants 

0 0 0 0 0 0 c,=4.15 

oc2 2c2 2G 0 0 0 C,=1.8, C,=O.6 

4 3 $(2+3C,) $10--7G) 0 0 0 c, = 1.5, c,=o.4 

; 12c, &2--7w i ; -J psee Ref. 13 

&j( l+~F’“) 

C,-Gb’ C4 C5 0 0 0 C,=1.7,q=1.8 

C,=4.2, 

C,=O.8, Cy = 1.30 

C,= 1.25, C,=O.40 

(20) 

must be included to represent the model of Fu, Tselepi- 
dakis, and Launder. lo 

Table II shows the coefficients A’“’ corresponding to 
five models: ROWS model;” the isotropization of produc- 
tion model (IPM),12J’ the Launder, Reece, and Rodi 
model (LRR);’ the Shih-Lumley model (SL);13 and the 
Speziale, Sarkar, and Gatski model (SSG).14 Some notes 
on these models are provided in the Appendix. 

Throughout this paper, a simple test case-derived 
from one of Abid and Speziale”-is used to contrast the 
performance of different Reynolds-stress models. This test 
case is of homogeneous, initially isotropic turbulence sub- 
jected to a constant shear, for which the only nonzero 
component of the mean velocity gradient is 
~(U,)/&X,=S~. In addition to the modeled Reynolds- 
stress equation, the following standard model equation is 
solved for the dissipation: 

$=; (CT,, p...cq, (21) 

0.0 0.5 1.0 1.5 2.0 tt 2.5 3.0 3.5 4.0 

FIG. 1. Evolution of anisotropies in normalized time for homogeneous 
shear flow. Symbols, experimental data.*l Lines, models: Rotta, dotted; 
IPM, dashed; LRR dot-dashed; SSG, solid. 

with C&=1.9 and C,i=l+(C,--1)/1.6~1.56, so that 
the asymptotic value of P/E is 1.6, in accord with experi- 
mental data.‘l [This expression for C,, arises from the fact 
that d(e/k)/dt tends to zero at large times.] For a given 
model, nondimensional quantities, as functions of the non- 
dimensional time, 

(22) 

depend solely on the normalized initial shear Sok( O)/E( 0) , 
which is taken to be unity. 

Figure 1 shows the evolution of the anisotropy com- 
ponents bll and b12 for four models (Rotta, IPM, LRR, 
and SSG). 

Table III shows the asymptotic values (f-t CO) of the 
anisotropies and Sok/e for many models (with P/~=1.6 
imposed), and from experimental data.‘l (The experimen- 
tal values and those of the SL and FLT models are taken 
from Ref. 17. The values from LRR and SSG are calcu- 
lated, and agree with those given by Abid and Speziale.) 

TABLE III. Asymptotic values of anisotropy and &k/e for different 
models. Here P/E is specified to be 1.6. 

41 blz bzz SOk/c 

Experiment 0.21 -0.16 -0.13 5.0 

Rotta 0.225 -0.193 -0.112 4.15 

SLM 0.225 -0.193 -0.112 4.15 

IPM 0.178 -0.181 -0.089 4.43 

IPMa 0.113 -0.153 -0.056 5.23 

LIPM 0.180 -0.181 -0.090 4.42 

LRR 0.148 -0.185 -0.115 4.32 

SL 0.110 -0.121 -0.112 6.61 

FLT 0.183 -0.155 -0.127 5.16 

SSG 0.215 -0.163 -0.142 4.90 
SSGa 0.255 -0.205 -0.116 3.91 

SSGb 0.241 -0.167 -0.125 4.80 
LSSG 0.240 -0.166 -0.124 4.82 

HP1 0.189 -0.138 -0.148 5.82 

HP2 0.156 -0.187 -0.096 4.28 
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The general model considered is Eq. (10) with the 
tensor Gij, given by 

E &uk) 
Gij=k (a&j+a&ij+a&fj) +HijkI axI 2 (23) 

where 

+ Y3Siibjk + YdJij~k~+ ‘Y&iksjIf Y&&j, * (24) 

Because of the inclusion df the term in a3, Eq. (23) is a 
minor extension of the generalized Langevin model 
(GLM) proposed .by Haworth and Pope. 1912’ There are 12 
coefficients (a,/?, y ) , which can depend on the scalar invari- 
ants of b,, Sij , and Wij . 

Some important observations concerning the coeffi- 
cients are the following: 

( 1) The terms in p1 and y4 multiply a( U&/a&, which 
is zero for the incompressible flows considered. Therefore, 
their values are immaterial. We arbitrarily specify y4=0, 
while & is specified below. 

(2) The term in y1 is 

Since the coefficients are allowed to depend on invariants 
(such as bk$( &)/k[), . this term is of the same form as 
that in al. Hence, without loss of generality we specify 
y*=o. 

(3) As shown by Haworth and Pope,” in isotropic 

furbulence, exact kinematic relations are 

p1=p3= -;, p*=$. G-5) 

These relations are analogous to Crow’s resultI from 
RDT. Consequently, even though its value is immaterial, 
we specify p1 = -& 

(4) Speziale *’ has determined a transformation rule 
for the Reynolds stress equations in the extreme limit of 
two-dimensional turbulence. This rule is satisfied by the 
GLM if (in this limit) the coefficients satisfy 

p2+3+%y2-y3) -f(YS-Y6) =2. (26) 

(5) The condition that the redistribution term does not 
affect the turbulent kinetic energy leads to the constraint 

b+~Co+a~+b~(a2+~cq) +b&+ (&+&++*)II+y*& 

=o, 

where 

?=YZ+Y3+3/5+Y6, 

(27) 

(28) 

I1 sbijSji= -; 5 (29) 

and 

I2EbiSji. (30) 

A particular model within the class considered is defined 
by a specification of the coefficients Co, a, fl, and y. We 
now define three models that have been used previously. 

The simplified Langevin model (SLM) 6*20 is defined by 
c()=2.1, 

aI= - (f+&J, (31) 

and all other coefficients zero. It is shown below-as has 
long been known6 -that the SLM corresponds to Rotta’s 
model. 

Haworth and Pope19’*’ proposed two models, desig- 
nated HP1 and HP2. The ikst, HPI, is delined by 

Co=2.1, a2=3.7, a3=0, 

fl2=& fl3= -4, y2=3.01, 

y3= -2.18, y5=4.29, y,5= -3.09. 

This is the only model considered that satisfies Speziale’s 
constraint. While this model gives satisfactory behavior for 
a wide range of homogeneous flows, it was found*’ to be 
unsatisfactory for free shear flows. The alternative, HP2, 
which gives satisfactory performance for free shear flows is 
defined by 

Co=2.1, a2=3.78, a3=0, 

/32=$, p3= 4, y2=1.04, 

y3= -0.34, y5=1.99, y6= -0.76. 

IV. CORRESPONDING REYNOLDS-STRESS MODEL 

As observed by Haworth and Pope,” to every stochas- 
tic Lagrangian model (of the form considered) there is a 
cdrrkponding Reynolds-stress model. The corresponding 
redistribution term is obtained simply by equating the 
right-hand sides of the modeled Reynolds-stress equations 
obtained by the two approaches described in the Introduc- 
tion, Eqs. (5) and ( 11) . The result is 

~~=(S+Co)~~ij+Gi~(~~~j)+Gj~(~~~i). (32) 

That is, a stochastic Lagrangian model [of the form of Eq. 
(lOJ] with specified Co and Gij leads to a modeled 
Reynolds-stress equation with a redistribution term given 
by Eq. (32). 

With the tensor Gir being of the form considered in 
Sec. III [i.e., Eq. (23)], it follows that II? [given by Eq. 
(32)] has a representation of the form considered in Sec. II 
ml. (1411. 

It is just a matter of algebra, therefore, to determine 
the corresponding coefficients Acn’. The result is that the 
GLM model given by Eqs. (23) and (24) corresponds to a 
Reynolds-stress model, with 

A’1)=4al+ja2+2b&3, (33) 

A(*)=4a2+$a3, (34) 

A’3’=j(f12+&) , (35) 

Ac4’=2@2+83) +$(~2+~3+y5+~6ys), (36) 
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TABLE IV. RSM coefficients of different models (for isotropic 

turbulence). 

A”’ A(z) A’)’ A(4) A’s’ A(6) A”’ ‘4(S) 

Rotta -8.3 0 0 0 0 0 0 0 
IPM -3.6 0 0.8 1.2 1.2 0 0 0 
LRR -3.0 0 0.8 1.75 1.31 0 0 0 
SL -2.0 0 0.8 2.16 0.99 0.8 0.8 -1.6 
SSG -3.4 4.2 0.8 1.25 0.4 0 0 0 
SLM -8.3 0 0 0 0 0 0 0 
HP1 -3.37 14.8 0.8 2.55 0.54 1.66 10.38 4.8 
HP2 -3.26 15.12 0.8 2.49 1.09 1.4 2.76 4.92 

~‘5’=N3z-P3) +%yz-yr-ys+yd, 

A’6’=2(yZ+y3) , 

A’7’=2(yz-y3) , 

and 

(37) 

(38) 

(39) 

A@)=4(yS+yls). (40) 

Table IV shows the numerical values of the coefficients 
A(“), both for Reynolds-stress models and for SLM, HPl, 
and HP2. (Coefficients depending on invariants are evalu- 
ated for b’ =0 and infinite Reynolds number.) The follow- 
ing may be observed. 

(1) Rotta and SLM have identical coethcients: this is 
discussed further in the next section. 

(2) The values of A (I) for different models are compa- 
rable, except for Rotta and SLM, which have higher values 
to compensate for the lack of a rapid pressure model. 

(3) Nonzero values of A(‘) yield a nonlinear return to 
isotropy. *gJ3 As observed by Sarkar and Speziale,24 exper- 
imental data support the SSG value, rather than the much 
larger values of HP1 or HP2. 

(4) Except for Rotta and SLM, all the models satisfy 
the RDT constraint AC3) =$. 

(5) HP1 and HP2 are distinguished by large values of 
AC6), AC7), and A(*), compared to the other models. For 
HPl, the very large value A (7) = 10.38 stems from the en- 
forcement of Speziale’s constraint [Eq. (26)]. 

Figure 2 compares the evolution of the anisotropies 
according to HPl, HP2, and SSG for the homogeneous- 
shear test case. 

V. CORRESPONDING LAGRANGIAN MODELS 

In the previous section, the Reynolds-stress model 
(RSM) coefficients ACn) are obtained explicitly in terms of 
the GLM coefficients a, 0, and y. In this section we con- 
sider the converse: namely, determining GLM coefficients 
a, fi, and y corresponding to RSM coemcients.d(“). This is 
less straightforward. 

Equations (35)-(40) form a set of six linear equations 
relating six RSM coefficients AC3) -A(‘) to six GLM coef- 
ficients: f12, & , yZ, ys , ys, and y6. However, the system has 
a rank deficiency of one. A solution for the GLM coeffi- 
cients exists if, and only if, the coefficients ACn) satisfy 

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 

t' 

PIG. 2. Evolution of anisotropies in normalized time for homogeneous 
shear flow. Symbols, experimental data.2’ Lines, models: HPl, dotted, 
HP2, dashed; SSG, solid. 

A*=O, (41) 

where 

A*~~A(3)_A(4)+~~(6)+~A(8). (42) 

If the condition A*=0 is satisfied, then there is a one- 
parameter family of solutions for f12, & , y2, y3, y5, and y6. 

We take ys to be the free parameter, and then obtain 

p2+p’ +p*, (43) 

p3+A’3’--p*, (44) 

y2=&@) +A’7’) 9 (45) 

y3 =$(A 
W-A(7)), (46) 

y6=&p’ - y5, (47) 

where 

p~@A(5) -&4(7) -&4W+$,5e (48) 

The three remaining coefficients, al, a2, and a3, are 
determined by the three equations, Eqs. (27), (33), and 
(34). The solution for a2 is 

a2=g [ Jj+i Co+s+$A”)-A(2)(i b&i bi)], 

(49) 

where Fis the determinant of (a,~~)/(%) [Eq. (107)], and 
s is defined by 

s= (~~A’3’+-~(6)+,4(8))biiSji+ (-&A’@ +-$4(8))b;& 

(50) 

With a2 obtained from Eq. (49), the solutions for a1 and 
a3 are 

a,=@(l) -$ffi(2)-a2(i-ibi) (51) 

and 
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(52) 

The occurrence of l/F in Eq. (49) raises questions 
concerning realizability that are now addressed. For a sto- 
chastic Lagrangian model, the modest realizability require- 
ments are that the coefficients (a,P,y) be bounded. Thus, 
for any such model, the corresponding Reynolds-stress 
model [with coefficients A(@ obtained from Eqs. (33)- 
(40)] is also realizable. It is evident from Eq. (49) that, as 
a two-component state (in which F is zero) is approached, 
the coefficient a2 tends to inlinity, unless the coefficients 
Acn’ satisfy a special condition. Of the RSM models dis- 
cussed above, only Rotta and SL satisfy this condition: the 
others imply infinite a in two-component turbulence. [It 
may be noted that if a more general model were considered 
(with b$ terms included in Hijkl), then Eq. (49) would be 
unchanged, although s, Eq. (50)) would contain additional 
terms.] 

Both because of realizability, and because of the com- 
plexity of Eqs. (49) and (50), it is unappealing to consider 
stochastic Lagrangian models derived from Reynolds- 
stress models with a2 determined from Eq. (49). Instead, 
in some of the models presented below, a simple expression 
for a2 is used, which provides a good approximation to Eq. 
(49) (under normal circumstances). 

Each of the Reynolds-stress closures discussed in Sec. 
II is now examined to determine a corresponding stochas- 
tic Lagrangian model-if one exists. 

A. Rotta model 

For Rotta’s model, A* [Eq. (42)] is zero, and hence 
corresponding stochastic Lagrangian models exist. The 
spirit of Rotta’s model is simplicity, with no attempt to 
represent the rapid pressure terms. Consequently, an ap- 
propriate choice of the free parameter is y5 = 0, for then all 
the coefficients /3 and y are zero. As a result, the tensor Cij 
[Eq. (23)] does not depend on the mean velocity gradients, 
just as II;, given by Rotta’s model, does not. 

For any specification of Ce and of the Rotta constant 
Ct , the three remaining coefficients, al, a2, and a3, can be 
determined from Eqs. (49)) ( 5 1) , and ( 52). But a partic- 
ularly simple model results if Co and Cl are related in such 
a way that a2 is zero. It is readily seen from Eq. (49) that 
this relation is 

c,-+p’=l+~co. (53) 

The resulting model is called the simplified Langevin 
modellg (SLM), and is defined by 

al= - G+%o), (54) 

with all other coefficients being zero. It has been used ex- 
tensively in PDF methods (e.g., Refs. 25 and 26). The 
standard value Cc=2.1 leads to a Rotta constant of 
Ci=4.15, which is-not by coincidence-the value of Ci 
specified here for the Rotta model. 

B. IPM 

For the IPM, the value of A* is zero, and hence a 
family of corresponding stochastic Lagrangian models ex- 
ists. A particular model corresponds to a particular speci- 
fication of y5. 

For isotropic turbulence, an exact result is 

p2+3=1 (55) 

[see Eq. (25)], while Eqs. (43) and (44) yield 

&--&=2~*. (56) 

A reasonable way to specify y5, therefore, is to require 
P*=i. With this specification, from Eq. (48), we obtain 

(57) 

This specification of y5 is used in all the models introduced 
below. 

With y5 given by Eq. (57), for the IPM, Eqs. (43)- 
(47) yield 

Pz=iU+C,>, P3=-iu-C2), 

‘yz=y3=0, y5= -y6=;( 1 -C,). 

The usual choice of C2=$ gives p2=$ fi3=-$, and y5= 
5’ 

The coefficients al, a2, and a3 for the IPM [obtained 
from Eqs. (49), (51), and (52)] are 

313 1 P 1 
a,=j7 ~+-po-~c2 e 2 c, 

1 0 1 - -- , (59) 

al= -&-a2(f-$bi), 

and 

(60) 

a3=-3a2. (61) 

We now consider three simple variants, denoted by 
IPMa, IPMb, and LIPM. 

IPMa is defined by a,=0 (hence a3=0) and Cc con- 
stant (C’=2.1). Then, from Eq. (59), we obtain 

(62) 

This corresponds, then, to the IPM, but with the Rotta 
coefficient Ct decreasing with P/E. It appears that, in order 
to give a good performance, the Rotta coefficient should 
increase (or at least not decrease) with P/E. The SSG 
model, for example, gives the coefficient increasing as 0.9 
P/E. Fu and Pope27 used this model (IPMa) to calculate a 
two-dimensional recirculating flow with poor results, and 
hypothesized that the poor performance was due to the 
decrease of C, with P/E. We have introduced IPMa here in 
order to make this point: it is most likely a poor model 
whose use is not advocated. 

IPMb is defined by az=O (hence a3 =O> and Ci con- 
stant (Ct=1.8). Then, from Eq. (59), we obtain 

co=; [ .+(5)c2-11 (63) 
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FIG. 4. Evolution of anisotropies in normalized time for homogeneous 
shear flow. Symbols, experimental data.2’ Lines, models: SSG, solid, 
SSGa, dashed; SSGb, dotted; LSSG, dot-dashed. 

Thus, by making Co a coefficient that varies with P/c, we 

obtain a relatively simple model that corresponds exactly 
to the IPM. 

In early applications of the Langevin model (e.g., Refs. 
3, 7, and 9>, C,-, was identified as a Kolmogorov constant. 
Clearly, the dependence of Cc on P/E implied by Eq. (63 ) 
is at odds with this notion. However, more recently’ it has 
become apparent that the value of the Kolmogorov con- 
stant is two to three times greater than the value Co = 2.1. 
If the connection between Cc and the Kolmogorov con- 
stant is abandoned, the objection to Eq. (63) is removed, 
and IPMb may be a useful model. 

The Lagrangian IP model (LIPM) is defined by con- 
stant values of a2 and Co (a,=35 and Cc=2.1), with 
a3= -3a2 [Eq. (61)]. Then, Eq. (27) yields 

al= -+--a Co+: C2 :+3a,bi. (64) 

For the homogeneous shear test case, it is found that a2, 
defined by Eq. (59), always lies between 3.4 and 3.7. 
Hence, it is reasonable to expect LIPM (with the simple 
specification a2=3.5) to yield results very close to those of 
IPM. 

Figure 3 shows the evolution of anisotropy compo- 
nents for the models IPMa, IPMb, and LIPM. It may be 
seen that the latter two are barely distinguishable, while 
IPMa is significantly different. All three models have fixed 
(finite) values of a2 and Cc and are thus realizable. 

As Reynolds-stress models, IPMb corresponds exactly 
to IPM, IPMa corresponds to IPM, with C, given by Eq. 
(62); and LIPM corresponds to IPM, with C, given by 

C. LRR and SL models 

Neither LRR nor SL satisfy the condition A* =0 [Eqs. 
(41) and (42)]. For LRR, the value of A* is &( 1- 1X2), 
which equals -0.55 for C,=O.4. For SL, the value of A* is 
-gF1’2 (with F= 1 in isotropic turbulence). 

There does not appear to be a profound physical sig- 
nificance to the fact that A* is nonzero for these models. It 
implies that a corresponding stochastic Lagrangian model 
of the form of Eqs. (23) and (24) does not exist. But one 
would exist if higher-order terms (quadratic in b) were 
added to the representation of Hijkl. 

D. SSG model 

For the SSG model, the value of A* is 
- (0.05 + 1.3b’). Hence, the condition A* =0 is not ex- 
actly satisfied, but it nearly is-at least for small b’. We are 
motivated, therefore, to develop a stochastic Lagrangian 
model that closely approximates SSG. The result is desig- 
nated the Lagrangian SSG model (LSSG), with two inter- 
mediate steps being SSGa and SSGb. 

The first step SSGa is defined to be the original model, 
but with Ac4) =C4 changed to 

A(4'&/4(3)=;(C3-C'Y9') 
, (66) 

so that A* is zero. The performance of the model for the 
test problem is shown in Fig. 4. It may be seen that the 
change in Ac4) results in a degradation in performance. 
However, as far as the shear-stress anisotropy is concerned, 
this defect is rectified by reducing e from 1.3 to l.O-this 
defines SSGb. 

With Cs taken to be $, the stochastic model parameters 
fl and y for SSGb (and LSSG), obtained from Eqs. (43)- 
(48) and (66), are 

/32=$-:qb’, (67) 

&= -+fCfb’, (68) 
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TABLE V. Stochastic Lagrangian model coefficients. 

SLM 

LIPM 
LSSG 

HP1 

HP2 

al 

- (s+$,) 1 3 

Eq. (64) 
Es. (72) 
F!q. (27) 

m. (27) 

a2 

9.5 

4.0- 1.7(P/E) 

3.7 

3.78 

a3 P2 & Y2 Y3 Y5 ‘ys 

0 0 0 0 0 0 0 
- 10.5 0.8 -0.2 0 0 0.6 -0.6 

-8.85+5.l(P/~) 0.8-$b6' -0.2-ib' 0 0 1.2 - 1.2 

0 0.8 -0.2 3.01 -2.18 4.29 -3.09 

0 0.8 -0.2 1.04 0.34 1.99 -0.76 

y2=3/3=0, 

and 

Y5= -Kj=S 

with e = 1 .O. 

(69) 

(70) 

The final model, LSSG, is an approximation to SSGb, 
in that [instead of using Eq. (49)] a2 is more simply spec- 
ified by 

Then a3 is obtained from Eq. (52), and a,, obtained from 
Eq. (27), is 

al=+-: Co+: (C,-C.fb’) 5-i C,bi 

Thus, as may be seen from Fig. 4, the relatively simple 
and realizable stochastic Langevin model LSSG provides a 
good correspondence to the SSG model. 

As a Reynolds-stress model, LSSG has the same coef- 
ficients Acn’ as SSG (see Table II), except that Ac4) is given 
by Eq. (66) and A(‘) is 

+bi(k C2--6a2) +bi(12a2-3C2). (73) 

E. Summary 

Table V summarizes the model coefficients a, fl, and y 
for the stochastic Lagrangian models considered here. The 
simplified Langevin model (SLM) corresponds precisely 
to Rotta’s model, while LIPM and LSSG correspond (ap- 
proximately) to IPM and SSG, respectively. The coeffi- 
cients suggested by Haworth and Pope19p20 are shown for 
comparison. 

Asymptotic values of bij and Sok/e for all the models 
are shown in Table III. 

VI. TRIPLE VELOCITY CORRELATION 

Thus far, attention has been focused on the modeled 
Reynolds-stress equation, obtained by the two different 
approaches-the standard approach of directly modeling 
the redistribution term, or the alternative approach via sto- 
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chastic Lagrangian models. The latter approach is more 
potent, however, in that stochastic Lagrangian models lead 
directly to models for other one-point statistics. This fact is 
demonstrated in this section by deriving a model for the 
triple velocity correlations, and in the next section by de- 
riving a modeled scalar flux equation. 

Let g(v;x,t) denote the one-point Eulerian joint PDF 
of the fluctuating velocity u(x,t), where v={u1,u2,u3) are 
sample-space velocity variables. The stochastic Lagrangian 
model Eq. ( 10) implies a modeled evolution equation for 
g(v;x,t), which can be derived by standard techniques.’ 
The result is 

ag 
~+wi> g+vqp+-- 

ag a(Wj> ag 
i i JXj au, 

=-$[ (Gijs~)@j]+~GJ~&.. (74) 

A modeled evolution equation for the triple velocity cor- 
relation ( u,upu,) is then obtained from Eq. (74) by mul- 
tiplying by v$,.u~ and integrating over all v: 

g (‘PPs) + ( vi> $. C”qU$u,) +g. ( U$!qU~u,) 
I I 

+Sis(Ujuq~r))* (75) 

In order to obtain an algebraic model for (u,u,.u~), we 
neglect the first two terms in Eq. (75), and for the third 
use the Millionshchikov approximation, 

(“iuqur%) ‘(uiuq) (ur%) + bi”r) t”q%) 

+ t”ius) (uqur)- (76) 

For the simplest stochastic model (SLM) Glr is simply 
a1 (e/k) 6ij. In general, this term is isolated by introducing 
the tensor Kij, defined to satisfy 

G -a(ui> 6 

u ax -=a1 kS,j+Kij. 
i 

(77) 

With these definitions and approximations, after some al- 
gebra, E?q. (75) reduces to 
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ah4 
(u,w4 = -GE ((up,) --Y&y 

ak+4 
i 

+ t”iur> 7 
i 

a(u,u,) 

+ (w,> yg----&j(UjU$J 
i 

-K,i(ujUsu~)-K,f(UjU*U,> 2 

1 

where 

The simplest case to consider is zero mean velocity 
gradients and Gli given by the SLM. For then Kfj is zero, 
and Eq. (78) is identical to the model of Launder, Reece, 
and Rodi.’ The value of C,=O.16 given by Eq. (79) is 
comparable to that given in Ref. 1, C,=O. 11. But, in gen- 
eral, Eq. (78) accounts for the influence of mean velocity 
gradients and allows the use of a better model than SLM. 

While the derivation of Eq. (78) is of theoretical in- 
terest, it is likely that the simpler models currently used in 
Reynolds-stress closures are adequate. 

VII. SCALAR FLUX 

The two approaches used to obtain modeled Reynolds- 
stress equations can, with some extensions, be used to ob- 
tam the modeled scalar flux equation. 

Let #(x,t) be a conserved passive scalar field, which 
evolves by 

where I’ is the molecular diffusivity. And let #J’ (x,f) de- 
note the fluctuating component, so that the Reynolds de- 
composition is 

4= (4) +4’. (81) 

In the first (standard) approach (see, e.g., Refs. 3 and 28), 
the above equations, together with the Navier-Stokes 
equation, are manipulated to yield the exact evolution 
equation for the scalar flux (u#): 

(82) 

The four terms on the right-hand side represent transport, 
production, pressure scrambling, and dissipation. 

C,=;( C++ 1 +$C,) =$( C,+C,) ~2.58. (88) 

The second term (in a2 and a3) represents a nonlinear 
relaxation of the scalar flux that vanishes in isotropic tur- 
bulence. 

The production @ is in closed form in second-moment 
closures, and the dissipation .$ is zero if local isotropy 

The final term in Eq. (87) (that involving Hljkl) is the 
implied model for the rapid-pressure-scrambling term, de- 

prevails. Hence the central issue in modeling is the noted by II;. WithpR being the rapid pressure, the exact 
pressure-scrambling term term is 

3-f II+-- p& . 
( > 

A standard model is 

l-It= -cm; (us’>+ 4am iaw,) 3--&---- ("j4')* 

i 
5 ax 

i 

(84) 

The first term is that of Monin,29 with a standard value for 
the Monin constant C, being 2.9.5 The second term models 
the rapid-pressure contribution, and the specific form is 
known to be correct in isotropic turbulence.3 

In the second (Lagrangian) approach, the value of the 
scalar following a fluid particle $+ (t) is approximated by 
a model process d*(t). For the present purposes it suffices 
to use the simplest possible model, in spite of its known 
deficiencies. This is the IEM or LMSE30Y31 model, 

4* ~=-~~c&*-(8)~. (85) 

where the standard value of the model constant is 
Q2.0.9 

From the Lagrangian models for q [Eq. (lo)] and d* 
[Eq. (85)], the modeled equation for the scalar flux that is 
obtained is 

& t"A') + <uj> & (UA'> 

J 

=Tf+@+ Gi1-i C$ i Si/) (uj4’). 

A comparison of this equation with its exact counterpart 
b. (82)] shows that the final term in the above equation 
is the implied model for @--I$. 

[It is arguable that in Eq. (86) the term in C, corre- 
sponds to dissipation, ef, and hence is at odds with local 
isotropy. An alternative model that avoids this difficulty is 
obtained from Eq. (85) by replacing (4) by the condi- 
tional mean (4 ] Us) .] 

With Gii given by Eq. (23), the implied model is 

n&Et= -(f Q-al) f (Uf$‘) + ((r&f,+@;) 

E 

Xk (Uj$‘) +&jkl 

The first term is just the Monin model. It is interesting to 
observe that with the simplified Langevin model (SLM), 
the implied value of the Monin constant is 

(89) 

while all models are of the form 
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IJ.f=@j(Uj$‘>. 

The standard model [Eq. (84)] corresponds to 

(90) 

4a(Ui> la(Uj) 3 
G+-;7;;---- 

i 5 axi 
=ssij+ Wijt (91) 

while the implied model from Eq. (87) is 

(92) 

The most significant deduction from the present develop- 
ment is that Gz (and hence IIt) is completely determined 
by the stochastic Lagrangian model for velocity. For Rey- 
nolds stress closures with an implied stochastic Lagrangian 
model (i.e., those for which A*=O), the rapid-pressure- 
scrambling term is therefore completely determined by the 
pressure-rate-of-strain model coefficients Acn). Specifically 
(for RSMs satisfying A*=O), we obtain, from Eqs. (24) 
and (43)-(48): 

G~=~“‘Sij+2p* Wij+-~A(6’Siibu+;S4’8’Sjrbli 

+&A(‘) Wi@lj+AWjfi~i, (93) 

where 2 is defmed by 

,,1,~3+2~w44(7~, (94) 

Thus, a given RSM (with A*=O) implies a model for II;. 
For the models LIPM and LSSG, the implied models 

for IIf are 

Gc=‘$jj+ Wii-$ Wjibli (LIPM) 9 (95) 

and 

@j=(i-iqb’)Sif+ Wij-yWjlbN (LSSG). (96) 

For isotropic turbulence both revert to the standard_ model 
[Eq. Ql)]. But bo_th contain the additional term A Wj#li, 

with A= -2 and A= -y for the two models. 
Calculations are now presented to illustrate the perfor- 

mance of the different pressure scrambling models. The 
calculation are for the same case of homogeneous shear 
flow, as considered previously. There is also a constant 
mean scalar gradient in the x2. direction (a($)/&, > 0). 
Initially the scalar variance (4”) is zero, and consequently 
so is the scalar flux. It is convenient to solve the ordinary 
differential equations for the normalized scalar variance, 

(97) 

and scalar flux 

hP’)E 
-pqqp. (98) 

These equations [that ultimately stem from Eqs. (lo), 

(21), and (SS)] are 

dQ, 
x=--28jej-@ 2C,=~+C4-3+: (3--C,) 9 (99) 

and 

t I"". " '1'. " 1". '1 

0.0 1 .o 2.0 t' 3.0 4.0 

FIG. 5. Evolution of scalar variance and scalar flux in normalized time 
for homogeneous shear flow with 8(1#)/&,>0. Models: SLM, dot- 
dashed; LIPM, dashed; LIPMA, dotted; LSSG, solid. 

d8i 

zzmOi 

(100) 

where t’ is the normalized time [Eq. (22)], and e is the unit 
vector in the direction of V(4) (i.e., ei=SZj). 

In addition to Cp and ei, results are presented for the 
correlation coefficients, 

p* = W’)/( <u:> w2> 1 In, 

and p2 is similarly defined. 

(101) 

Calculations are presented for four models: SLM, 
LIPM, LSSG, and a model designated LIPMA. This last 
model is identical to LIP_M, except that in the scalar flux 
equation the coefficient A of Wjfili is set to zero. Hence 
LIPMA corresponds to the standard rapid-pressure- 
scrambling model, and a comparison betwee_n LIPM and 
LIPMA reveals the importance of the term A WjP,i. 

Figure 5 shows the evolution of the normalized vari- 
ance @ and scalar flux 8, for the different models. It may 
be observed that SLM-even though it lacks a rapid- 
pressure model-produces results very similar to LSSG. 
There is a 15%-20% difference between LIPM and 
LIPMA (at later times), which quantifies the significance 
of the term in A. 

Figure 6 shows the correlation coefficients of (u#), 
pl, and p2. In this case the models display very similar 
behavior, except that the deficiencies in SLM are revealed 
in p2. Experimental values reported by Tavoularis and 
Corrsin3’ are shown for comparison. 

VIII. IDENTIFICATION OF G, 

The above developments show that the tensor Gil is of 
fundamental significance: it leads to models for the 
pressure-rate-of-strain, pressure-scrambling, and triple- 
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FIG. 6. Evolution of scalar flux correlation coefficients in normalized 
time for homogeneous shear flow with ~3(+)/&~>0. Models: SLM, dot- 
dashed, LIPM, dashed; LIPMA, dotted; LSSG, solid. Symbols, experi- 
mental data?’ 

velocity correlation. It is natural to inquire, therefore: Can 
GU be measured? At least in part, it can, in direct numer- 
ical simulations (DNS). 

By comparing the modeled evolution equation for the 
PDF of the fluctuating velocity g(v;x,t) with the Navier- 
Stokes equations, Haworth and Pope’ showed that the sto- 
chastic model [Eq. (lo)] implies 

1 ab 
Glivj-z G,E av,= 

a2ui apt 
Y--- u(x,t)=v 

ax,ax, ax, 

c 102) 
Since the term in Cc is modeled, this equation cannot be 
used directly to measure Gij. However, if G$ is identified 
to be the contribution to Glj from the rapid pressure pR, 

then, from Eq. (102), we obtain 

+j=- (g&,). 1 
(103) 

The conditional expectation of the rapid pressure gra- 
dient can be extracted from DNS. Hence the prediction of 
Eq. ( 103) that it is a linear function of v can be tested, and, 
if it is, Gij can be measured. Alternatively-and more 
simply-a linear mean-square estimate of Gi, from Eq. 
(103) is 

( 104) 

where R-’ is the inverse of the Reynolds-stress tensor. 

IX. CONCLUSION 

It has been demonstrated that there is a close connec- 
tion between stochastic Lagrangian models and second- 
moment closures. The main results are now itemized. 

( 1) To every stochastic Lagrangian model with coef- 
ficient tensor Glr [Eq. (lo)], there is a unique correspond- 
ing redistribution model II; [Eq. (32)] that is realizable. 
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(2) For a stochastic Lagrangian model of the form 
considered [Eq. (23)], defined by coefficients a, p, and y, 
the corresponding redistribution model is given by Eq. 
( 14). The redistribution model coefficients Acn) are given 
in terms of a, p, and y by Eqs. (33)-(40). 

(3) The converses of 1 and 2 are more involved. For a 
given redistribution model II$, there exist nonunique sto- 
chastic models G ii, provided either that the Reynolds 
stress is nonsingular or that ‘I$ is a realizable model. [That 
is, under these conditions Eq. (32) admits nonunique 5nite 
solutions for Gij .] 

(4) For redistribution models of the form considered 
[Eq. ( 14)], corresponding stochastic models of the form of 
Eqs. (23) and (24) exist if the coefficients A(@ satisfy a 
linear relation A*=0 [Eq. (42)]. In that case, the corre- 
sponding coefficients a, fl, y are given by Eqs. (43)-( 52), 
in which y5 is a free parameter. 

(5) A redistribution model with simple coefficients 
A(“) (e.g., constants) can lead to a corresponding stochas- 
tic Lagrangian model with complicated coefficients, and 
vice versa. Two new stochastic Lagrangian models with 
simple coefficients LIPM and LSSG are presented, which 
to a good approximation correspond to the IPM and SSG 
models, respectively. 

(6) A stochastic Lagrangian model is more potent 
than a redistribution model II;, in that it can be used to 
obtain models for other one-point statistics. 

(7) With additional (standard) approximations, a 
model is obtained for the triple velocity correlation 
(u~u,u~), Eq. (78). In the simplest situations this reduces 
to the model of Lauder, Reece, and Rodi,’ but, in general, 
contains additional terms. 

(8) By adjoining a stochastic Lagrangian model for a 
conserved passive scalar 4, a model is obtained for the 
pressure-scrambling term in the equation for the scalar 5ux 
(u#), Eq. (87). This suggests the addition of an extra 
term to existing models CEqs. (95) and (96)]. 

(9) It is shown that the fundamental tensor G$ can be 
measured using DNS [Eq. (104)]. 

From the viewpoint of second-moment closures, the 
principal outcome of this work is to suggest an alternative 
and advantageous modeling approach: starting from sto- 
chastic Lagrangian models, it is straightforward to derive 
second-moment closures that guarantee realizability. 

From the viewpoint of stochastic Lagrangian models, 
the principal contribution of this work is to present the two 
new models, LIPM and LSSG. These models, used in the 
PDF framework,’ can be expected to have similar perfor- 
mance to the well-established and tested IPM and SSG 
Reynolds-stress closures. 
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APPENDIX: REYNOLDS-STRESS MODELS 

Some information is provided here on the Reynolds- 
stress models defined in Table II. 

1. Rotta’s model 

Rotta’s model” is the simplest possible for the return 
to isotropy caused by the “slow” pressure fluctuations. It is 
usually used as one contribution in more complete models, 
in which the “rapid” pressure terms are also accounted for. 
Here, however, we use “Rotta model” to mean the turbu- 
lence model that results when only the Rotta term (i.e., 
A”‘Tfi”) is nonzero in the redistribution model. 

A discussion on the value of the Rotta constant C, is 
provided by Launder.15 The value C, = 1 corresponds to no 
return to isotropy, while values from 1.5 to 5.0 have been 
suggested by different authors. As discussed by Launder,15 
the higher values appear to be appropriate when the whole 
of the redistribution is modeled by the Rotta term. Here we 
take C, =4.15. 

2. lsotropization of production model (Ml) 

The IPM, originally proposed by Naot et al. ,I2 adds to 
the Rotta term, the following model for the rapid pressure 
terms: 

-c2<pij-P*fiij)9 

where 

C-41) 

Pij’-((UiUj) 
f-g&. (ujuj) s!$ ) (-42) 

is the production rate of the Reynolds stress (UiUj). 
The “standard” values5 for the constants are C1 = 1.8 

and C2=$-and these are the values used here. This value 
of C, satisfies the RDT (rapid distortion theory) con- 
straint of Crow.16 However, Younis (see Ref. 15) suggests 
the lower value of 0.3. 

3. Launder, Reece, and Rodi model (LRR) 

The “standard” model constants (used here) are 
Ci= 1.5 and C2=0.4. This model has fallen into disfavor, 
due to its poor performance in shear flows.s*” However, 
recently, Shabbir and Shih” have suggested that its perfor- 
mance is at least as good as other current models if C, is 
changed to 0.55. 

4. Shih and Lumley model (SL) 

An important parameter in the SL model is 

F= 1+;+9b;, (A31 

which is the determinant of (uiuj)/(f(ulul) ). In isotropic 
turbulence F is unity: in one- or two-component turbulence 
it is zero. The coefficient C2 is then specified as 

C,=$j( 1+*$9. (A41 

5. Spezlale, Sarkar, and Gatski model (SSG) 

The SSG model given in Table II is the original and 
standard version,14 including the model coefficients. 
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