ON THE REPRESENTATION OF A POLYNOMIAL
IN A GALOIS FIELD AS THE SUM OF AN
EVEN NUMBER OF SQUARES*

BY
LEONARD CARLITZ}

1. Introduction. Let GF(p") denote a fixed Galois field of order p», p
being any odd prime, and # an arbitrary positive integer; let D(x, p") denote
the totality of polynomials in an indeterminate, x, with coefficients in GF(p*).
In this paper we seek simple expressions for the number of representations of
a polynomial in D as a sum of squares of polynomials in D that satisfy certain
restrictions.

More precisely, suppose that F is a primary polynomial, that is, the co-
efficient of the highest power of x occurring in F is the 1 element of the Galois
field. Let s be a positive integer; a1, - - -, &, By, - - -, Bs, 25 elements of the
Galois field such that

'y.-=a,~+ﬁ;7é0 (1:=1,'°',S).

Then
(A) If Fis of even degree, 2k, and

Y=m+7v2+ - -~ + v %0,
we seek the number of solutions of
1) YF = s X + ¥+ - -+ . X? + B,V

in primary polynomials X, ¥, each of degree k.
(B) If F is of arbitrary degree f, 2k is any even integer >f, a any non-zero
element of the Galois field, and

nmt+rt-+v=0,
we seek the number of solutions of
(2) af = alez + ﬂll/vl2 + Tt + acXcz + 60Y¢2

in primary polynomials X;, ¥;, each of degree k.
The solution of (A) is expressed in terms of one of the functions p,(F),
w(F), defined thus:

* Presented to the Society, August 30, 1932; received by the editors June 23, 1932.
1 This paper was written when the author was an International Research Fellow at Cambridge
University.
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1 m>k m=k
(3) p,(F)=(1——,) DM+ Ml | M| = prm,
) mir MIF

where m denotes the degree of M: the first summation is over all primary
M dividing F, and of degree >k, the second is over all primary M dividing
F and of degree =%;

1 m>k m=k

@ @ =(1455) T Ol S ol al
™/ mir M|F

the summations having the same meaning as in (3). If now

(5) (— I)Oal e a‘Bl “ .. 38

is a square in GF(p"), then the number of solutions of (1) is p,—1(F); if the
expression (5) is a non-square of GF(p"), then the number of solutions is
0).-1<F ).

Case (B) involves a modification of the p and w functions: if (5) is a square,
the number of solutions of (2) is

pre D ERDpk (F),
where
1 m>f—k m=f—k
® pe=(1-2) S e+ S s
™/ mir MIF
if (5) is a non-square, the number of solutions is

pn(a-l) (2 k’_f)w,k_l(F) ,

where
1 m>f—k m=f—k

M @ =(1+2) 2 (omlul+ 2 (- omfale
? MIF M|F

If 2>f, the second sum in (6) and (7) is vacuous and denotes zero.

We first treat case (A); then, making use of the results for this case, it is
easy to deduce the results (6) and (7) for case (B). The method used is quite
elementary, and presupposes only some well known general theorems con-
cerning Galois fields.*

It should be emphasized that the results of this paper hold for all positive
s. This is rather surprising when comparison is made with the known results
concerning the number of representations of an ordinary integer as the sum
of 2s squares: in the latter problem, while the cases 2s=2, 4, 6, 8 admit of

* These theorems will be found in Dickson’s Linear Groups, 1901, pp. 3-54.
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1933] REPRESENTATIONS OF POLYNOMIALS 399

simple expressions in terms of divisor functions, this is no longer true for
25 >8. While comparison of the problem of this paper with the ordinary
problem is of some interest, actually, since we are considering representations
in terms of primary polynomials, the analogy is closer with the question of
the number of representations of an integer as the sum of squares of positive
integers.

Finally, we remark that it is possible, by methods similar to those used
here, to determine the number of representations of a polynomial by means
of any odd number of squares (that satisfy certain conditions). As we shall
show in another paper, the final formulas are of quite a different type;they
are no longer functions of divisors but involve sums of quadratic characters.

2. Notation; preliminary lemmas.* We shall employ the following nota-
tion. Polynomials will be denoted by large italic letters; unless the con-
trary be explicitly stated, a polynomial will always be assumed primary.
Ordinary integers will be denoted by small italic letters, elements of the
Galois field by small Greek letters. The degree of a polynomial will be denoted
by the corresponding small letter, and we shall write

f=degF, |F|=p".
(4, B) is the “greatest” common divisor of 4 and B.
Using this notation, we have the following lemmas.
LeMMA 1. The number of sets of polynomials [A, B] such that

) degd =a,degB=0b, (4,B) =1,
is
potd — petd=l for ab # 0,
“o,0) = {
petd for ab = 0.

This lemma is a special case of a more general theorem to be proved else-
where. For completeness we give the following simple proof. Let us classify
the pne+® sets of polynomials [4, B], deg A =a, deg B =5, according to their
g.c.d. Then,if 1<a =<0,
®) pre® = 3| M|¥(a —m, b —m),

ma

the sum being extended over all M of degree <a. The right member of (8) is

(e, 8) + 2Xpm(a — m, b —m)
m=1
= y(a, b) + Pn(a+b—-l),

whence the lemma.

* The results of §§2, 3 hold for all p.
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LemMA 2. Let F, A, B be of degree f, a, b, respectively; (A, B) =1.
(X) If a+b<f, and o and B are two non-gero elements of GF(p) such that
a+-p=0, then the number of solutions of

9) (« + B)F = aAU + BBV, | AU| = | BV |,

in polynomials U, V, is |F/(AB)| = prt—-—>,
(IX) If kisaninteger >f, a+b=<k, and ais any non-zero element of GF (p™),
then the number of solutions of

(10) aF = AU — BV, |AU| =| BV| = p*,
is
prtk—o=d) = pa-n .| F| .| AB| -
It will suffice to prove (II) alone. From (10), we have
(1) U= A4’ (mod B), o’ <,
V = B’ (mod 4), ¥ < a,
where A’ and B’ are not necessarily primary. Since
u=degU=%k—a=bandv = a,
the congruences (11) may be written in the form
U=A"+BU, V=B +AV' (W =v =Fk—a—1"),
where now U’ and V'’ are primary. Then (10) becomes
oF — AA’ — BB’ _
AB

v -v.

(12)

But since (4, B) =1, there is a unique pair of polynomials 4, B’, such that
a’<b, b’<a, and the left member of (12) is integral. If then V' be any
(primary) polynomial of degree v’ =% —a—b, U’ is uniquely determined, and,
retracing the steps that led from (10) to (12), U, V are uniquely determined.
Since V' can be chosen in

an' . Pn(k—a—b)

ways, this proves case (II). The proof of case (I) is very much the same.

3. Theorems on the p and w functions. We now prove certain formulas
concerning the functions p,(F) and w(¥) defined in the Introduction. As we
shall see in the next section, these formulas enable us to solve our problem
concerning (1); furthermore, the formulas seem to be of some interest in
themselves.
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1933] REPRESENTATIONS OF POLYNOMIALS 401

THEOREM 1. If F is of even degree, 2k; o, B two elemenis of GF(p™) such that
aB(a+B)#0; s, t two (real or complex) numbers; then

(13) ZP:(A)PC(B) = psres1(F),
(14) 2pe(A)we(B) = weprsa(F),
(15) ZWA(A)“’:(B) = peres1(F),

where, in each instance, the summation is exiended over all (primary) poly-
nomials A, B of degree 2k, such that

(a + B)F = ad + BB.

The three formulas (13), (14), (15) may be proved simultaneously if p
and w be expressed in terms of the function A,(F, \) now to be defined. We
define the “character” A(B) by

(16) MB) = (— 1)%, b =deg B,
and the function A,(F, M) by
(_ i)s m>k ) me=k
an  AFEN = (1 - ) 2NN M|+ N0 | M
F VA TIT MIF
It is obvious from the definitions (3) and (4) that
(18) ps(F) = A.(F, 1), w,(F) = AO(F’ N),
and therefore the several parts of Theorem 1 reduce to
(19) 2 A4, MA(B, M) = Agen(F, NH),
(a+B)F=aA+SB

1,7 integers which may be taken =0 or 1. We proceed to establish (19).
The left hand member of (19) is by (17)

{(-SH0-5D 2. +(-55) 5.

-1
+(1-=8) =+ = hollomiv,

P"‘ amy,b<v Gy b

(20)

where each summation is taken over all (primary) 4, B, U, V satisfying
(a+B)F=aAU+BBV as well as the conditions indicated under each Y.
Call the sums D_1, D 2, D3, 24, Tespectively; then, since ¢ <u is equivalent
to a<k,
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=Pl T aanie) 4] B| -

(a+P)FP=aAU+BBV
a,b<k
m<k
(1) = |F| s+t Z)‘:‘-H(M)l Ml =1y,
M|P
where
Sy = > N(ANI(B) | A |~| B[~

(a+B8)F M~'=aA U+8BV
(A ,B)=1;a,b<k—m

> N@ANB)| Al| Bl > 1

]

(A ,B)=1 (a+8)F M—~'maAU+-BBV
a,b<k—m
= |FM~| T N@N(B)| 4| -t B| -,
(A ,B)=1
a,b<k—m

by case (I) of Lemma 2. By the definition of ¢(a, b) in Lemma 1, the last
expression is equal to

(22) IFM—1| 3 (= 1)ietidp=nlstha=n(t+by (g b),

a b<k-m

Applying Lemma 1, the sum becomes

k—m—1 k—m—1 k—m—1
Z (— 1)iep—nee 4 E (— 1)idp—nes 4 2 (= 1)ie+idp—nGatd)({ — p=n)
am=0 b=1 a,b=1

= [k - m, 'i]'[k - m»j]‘ - P_"[k - mriltl [k - m:j]‘,'
where, for brevity, we put

1 —_ (_ l)ikp—nak

[k, i]c = 1 — (— 1)ip—ne o
(23) (_ l)gp_,., f_ (_ l)ikP—-mk
(&, i) = Ty = [k, i]. — 1,

so that, by (21) and (22),

(24) = Saia) | 3| +01{ m — b, illm — k, 51;
”"' — o lm = kil [m = B4}

The treatment of Y_, is much the same; we have

* For s=i=0, the symbol [, i],=*.
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X=Ir[+ ¥ aniB)|4]|-|B|
(a+B)F=aAU+SBV
a<k,bmk

m<k
= |F| s+t sz’ﬂ‘(M) | MI —1S,y,
MI|F

where now
Sy = > N(ANI(B)| 4| | B|

(a+B)F M LmaAU+SBV
(A ,B)=1;a< k—m=b

= |FM-| X NAN(B)| 4| -1 B| -+
(A ,B)=1
a<lk—m=b

= |FMt| Y (= 1)ietit=my(g, k — m)pn(rtDen(+D) (b=m)

a<lk—m
| FM-1| (= 1)it=mpnete=m { [ — m, 5], — p=o[k — m, ]!},

[%, ], having the same meaning as in (23); therefore

m>k
Zz = i)\“'"(M)l M| #+t41(— 1)itm—B) pmne(m—F)
M|F

2
) Al = by il = g0l — £, 4.
Similarly
m>k
Es = Y ONH(M) | M| o= 1)itm=) p=ns(m=i)
(26) e

'{[m - kaj]‘ - p_“[m - k)j]" }’
The sum Y, is slightly different in that (4, B) may be of degree &; thus

mSk
S, = | Pl o Saswian | 3] -5,
M|F
where
Sy = > N(ANI(B) | 4| | B| -
(a+8)F M '=aAU+BBV
(A ,B)=1; ams b==k—m

=|FM-1| ¥ N(AN(B) |4 ||B|-+
(A ,B)=1
ae=b=k—m

= |[FM~1| (— 1) Gmy(k — m, b — m)pn(s+tiD (=m)

and therefore we have almost immediately

m=k
(27) 24___ ;L;)‘H'i(M) l Ml s+t41
m>k

+ NH(M) | M| (= 1) D (mmB) ponlet (m=k) (1 — pn),

MI|F
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Substituting from (24), - - -, (27) into (20), we find that the left member

of (19) is
m=k m>k

(28) SN | M| 4 SN | M| ey,
MIF MI|F

where

xm = {1 = (= Dip=} {1 = (= Dip=} {[m — &, iLi[m — &, j].
= plm — &, il [m — &, 1!}
+ {1 = (= e [ = kil = poo[m = & )0} (= DicmRporicn
+ {1 = (= Dip=} {[m = 5l = 977l — &, 10} (= DiemRpmmecniy
+ (_ 1)i+ip—n(c+t)(m-—k)(1 — p—n)
=1 — (— 1)#ip-nteteD)
as may be verified without any calculation by applying (23) and then group-
ing the terms in an obvious way. This evidently completes the proof of (19)
and therefore of Theorem 1.

We next prove a group of formulas that will be needed in §5 in deriving
the expression sought for the number of solutions of (2).

THEOREM 2. If F is of arbitrary degree, f; 2k is an even integer >f; o is any
non-zero element of GF(p™); s, t two (real or complex) numbers; then

(29) 2pu(A)pi(B) = prr=D etttk (F),
(30) 2op(A)w(B) = pr@rNietitngk, (F),
@31) Dwi(A)w(B) = prEr-DGHHDpk L (F),

where, in each instance, the summation is extended over all polynomials A, B of
degree 2k, such that aF =A —B; p}(F), w; (F) are defined by (6) and (7),
respectively.

Exactly as in Theorem 1, the formulas (29), (30), (31) may be combined
in a single relation involving the function A% (F, \) defined by

. . (=% = otk
(32) N(F)AF (F, \) =(1— ) 2 NOn| M|+ Z. N(M) | M|y

P’" MIF
A(F) being defined by (16). The equations (18) may then be replaced by
pk(F) = AF(F, 1), wk(F) = AF(F,N),
and the formulas (29), (30), (31) by
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(33) 2 A4, M)A(B, M) = prOenleibAR L (F, Nit),
aF=A—B
the summation being over all 4, B of degree 2k for which aF =4 —B.

The proof of (33) is very similar to that of (19), except that wherever
Lemma 2 is necessary, we now use case (II). It is scarcely necessary to give
the proof in detail. We begin exactly as in (20), and we shall consider only
the first sum, Y ,; evidently

X=X MONM| U]

aF=AU—BV
a,b<k
= pnkstn > N(A)N(B) | A I —.l Bl -t
aFP=AU—BV
e, <k
m<k
= prorCed SN | M | —1S,
M|P
where, exactly as in (21),
Su= 2 N@AMNB)|A|-| B| > 1
(4 ,B)=1 aF M~ \mAU—-BV
a,b<k—m G Yo bt Ve 2k—m
=pE| M|t 2 N@ANB) | 4| | Bl
(4,B)=1
a,b<k—m

by case (II) of Lemma 2. Therefore
Sy = pznkl MI 1 3 (= 1)ietidy(g, b)pnlstDe—n(HDY

a,b<k—m

which may be evaluated by following the method applied to (22). Thus we

find that
21= PR C O] mf:k Ni+i(M) l Ml —s—t—1
MI|F
(34) : { [k - m, ’]l[k - m:j]‘ - P_"[k - m, i]: [k - m:]]‘, }
= NHI(F) pr2h=) (.+:+1)MZV_‘JI_">‘¢+1'( M)| M|+
M|F
A+ film+k—f5] = pIm+ k= f, il Im+ k1,41 }
Similarly, we find that

(35) Zz= )‘i+i(p)1,»(zk-n(-+:+1>m>zf_;e+i( M)| M| s+

M|F

(= DitmtrnpmntintbD [ + & — f, il — p[m + & — £, 710}
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m>f—k

(36) E:«: NHI(F) pr@e-D ekt 3= €\iHi(J) | M| o+

M|F

(= 1)smtrnpmnelntk D { [+ k — f, jlo— pr[m + & — f, 51! };

m=f—k
Z4= )\m(F)i,nm-/)(mm{ > ONHI(M) | M|

(37) m>/—k o
+ (1= p ) D NHi(M) | M| e+l
MiP

.(-— ]_)(t'+i)(m+k—l)p—n(l+¢)(m+k—f) }.

Combining (34), - - -, (37) exactly as in (28) (the corresponding point in the
proof of Theorem 1) we complete the proof of (33) and therefore of Theorem
2.

4. Number of solutions of (1). We begin with the case s=1 and then
proceed by induction to the formulas (3) and (4) for general s.

THEOREM 3. If o is an element of GF(p),#0 or 1; F is of even degree, 2k;
then the number of solutions of

(38) (1 —a)F = X% — al?.
in (primary) X, Y of degree k, is
m=k
@ 21 for a a square in GF(pm),
M\P
I > (= 1)™ for a a non-square in GF(p").
M|F

The case (I) is almost trivial. Let =32 B in GF(p") and = +1, so that

(38) becomes
F=X+BYX——BY= v,
1+8 1-8

say. Evidently U and V are primary of degree k.. But the number of solu-
tions of F=UV, U and V of equal degree, is of course the number of divisors
of F that are of degree k. Since U, V uniquely determines X, ¥, this estab-
lishes the formula (I).

(I1)* « is now not the square of any element of GF(p"); however it is a
square in the Galois field of order p?*, GF(p?"), which contains the original

* This case can be deduced from the general theory of quadratic fields over D, worked out in
detail by Artin, Mathematische Zeitschrift, vol. 19 (1924), pp. 153-246. However we shall make no
use of this theory here.
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GF(p). Put a=6?, so that 6 is in GF(p*) but not in GF(p"); in particular
0> +1. Then as above
X+6Y X-—0Y

F= = UV,
140 1-—6

U and V now being over GF(p?") and of equal degree. Put
U=A+06B,V=A+0B,

where A, B, A', B’ are all over GF(p"); A and A’ are primary and of degree
k; B and B’ are of degree less than % and not necessarily primary. Then

X +6Y =(1+46)(4 +6B),

X —8Y = (1 — 6)(4’ + 6B"),
whence A =4’, B= —B’. Therefore we seek the number of solutions of
(39) F = (4 +6B)(4 — 6B),

where 4 is primary of degree %, and B is of lesser degree and need not be pri-
mary. This can be determined readily if we make use of two well known
properties of polynomials over a Galois field: first, an irreducible polynomial
over GF(p) factors in GF(p*) if and only if its degree is even; second, a
polynomial over GF(p~) can be expressed as a product of irreducible polynomials
over GF(p™) in essentially one way.

Suppose now F =Q!, Q irreducible of degree ¢. Clearly if / and ¢ are both
odd, there are no factorizations (39); if ¢ is odd but / is even, there is one such
factorization. However if ¢ is even, there are /41 factorizations. In other
words the number of solutions of (39) in this case is

1+ (=124 -+ (= 1),
Similarly if F =1IQ, Q irreducible, the number of solutions of (39) is
It +(=Det+ -+ (=D} = (=D,

QIF M|F
This completes the proof of formula (II).
We are now able to prove our first principal result.

THEOREM 4. If au, - - -, au, By, - - -, Bs are non-zero elements of GF(p"),

such that
¥i=a;+ B #0,

Y =mn+-+7#0;
F is of even degree, 2k; then the number of solutions of (1) is p,—1(F) if
(40) (= 1)1 afi- - Ps
is a square in GF(p); and is w,_1(F) if (40) is a non-square in GF(p~).
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The case s=1 of this theorem is cleariy true by virtue of Theorem 3 and
the definition of po(F) and wo(F). Assun:e the theorem true for all values up
to and including s. In order to effect the induction it is necessary to consider
two cases: (I) for some j<s+1,

s+1

(41) YD = Dyt gy
t=1
(1) for no 7 is (41) satisfied.
(I) Assume the notation is such that ¥y =y,4+ - - - 4+v,%0. By hy-
pothesis v,4170, ¥+ 0. If we put

YED(F) = ¥4 + vonB,

(42)
|4] =|B|=|F|,

then, since our theorem is assumed true for s, it is obvious that the number
of solutions in question for s+1 is

(i) ZP.—](A)PG(B): (ii) ZP.-l(A)wo(B),
(i) D wei(4)po(B), (iv)  we-1(4)wo(B),

according as
(i) (5) and —a,418.41 are both squares,

(i) (5) is a square, —a,41B:+1 2 non-square,

(iii) (5) a non-square, —o,418,+1 & square,

(iv) (5) and —o;4418.+1 both non-squares;
the sums (43) being taken over all 4, B satisfying (42). If now we apply
Theorem 1, it is clear that the induction is complete for case (I).

(IT) Since (41) is satisfied for no 7,'it is clear that yi=v.= - - - =7,4,
and therefore s is a multiple of p. As a consequence of this,

7('-1) =" + Tt + Ye—1 # 07 Ye + Ya+1 # 0.
Let us now put, in place of (42),
(44) YHOF = D4 4 (v, + vu)BY, [ 4] =| B| =|F|;

(43)

in place of (43) we now have

D pe-2(A)or(B), D ps-2(4)en(B), etc.,

summed over all 4, B satisfying (42). The induction is completed as in case

(D).

*Or F=—A4+42B.
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COROLLARY. Let F be of degree 2k over GF(p™), s not a multiple of p. Then
the number of solutions of

2F = X2 + X¢& + - -+ Xo?
in (primary) X; of degree k is p,_1(F) if
@) s is even,
(i) s s odd, n is even,
(ili) s and n are odd, p=1 (mod 4);
the number of solutions is w,_.(F) otherwise, that is, if
(iv) s and n are odd, p=3 (mod 4).

5. Number of solutions of (2). Our second principal result is contained
in the following theorem.

THEOREM 5. Ifa, a1, + - - , 4, Py, - - - , Bs are non-gero elements of GF(p™),
such that

7i=ai+ﬂi¢0,’Y=‘yl+‘~-+‘y‘=0;

F is of arbitrary degree, f; 2k is an even integer >f; then the number of solutions

of (2) is
pn(c—l)(zk—f)pf_l(p) or prU—DEENLE (F)
according as (40) is or is not a square in GF(p~).
Take first s=1; we may write (2) in the form
(45) aF = X? —V? deg X =deg V =k
(so that (40) is necessarily a square). But (45) is equivalent to
F=UV,deg U=k, deg V=f—Fk*

therefore the number of solutions of (45) is the number of divisors of F of
degree f—k, i.e.

m=f—k

2 1=pt(P).

M|F

Since (40) is necessarily a square, our theorem holds for s=1.
For s >1, we make use of Theorem 4. Sincey =0, v, 0, plainly ¥ —y:#0.
Let us put

(46) aF = v14A + (v — v1)B, deg A = deg B = 2k.

* U and V are of course primary.
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By Theorem 4 we may express the number of solutions of
74 = aX? + Y3, (v — 71)B = aXd + - - - + BV,

in terms of po(4), wo(4); ps—2(4), w,—2(A4), respectively. Thus, if —ayB: and
(=1)*"'as - - - B, are both squares, the number of solutions of (2) is

2_p0(A4)pe—2(B)
summed over all 4, B satisfying (46). Applying Theorem 2, this sum is
prevarngp),
which proves the theorem in this case. The proof is exactly the same in each

of the remaining three cases and need not be repeated. This completes the
proof of Theorem 5.

CoRrOLLARY 1. If all the hypotheses of Theorem 5 are true, and in addition
k>, then the number of solutions of (2) is

(1 — Pn(l._l) )Pn(a—l)(ﬂ:-f) Zl M| -1

M|F

or

1
(1- porpey Jereven S tyen| ar|

M|F

according as (40) is or is not a square in GF(p~), the summations now being
taken over all M dividing F.

COROLLARY 2.* Let F be of degree f over GF(p"), 2k an even integer >f, s a
multiple of p, a#0. Then the number of solutions of

af = X2 + -+ Xaf
in (primary) X ; of degree k is
bk,
if ns(p—1)/2 is even; the number of solutions is
p"(’—l)(“‘—/’w.k_,(lf‘)
if ns(p—1)/2 is odd.
* Cf. the corollary to Theorem 4,
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