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ON TH E RO LE O F CON DITION A L A V ERA G ES 

IN TU RBU LEN C E TH EO RY

Ro nald  J. A d rian

D ep artm ent o f T h e o re tic a l and A pp lied  M echanics 

U n iv ersity  o f Illin o is 

U rbana, Illino is 61801

A BSTRA C T

It is  sho w n that co nd itio nal av erag es in the fo rm  o f 

exp ected  v alu es o f functio ns o f the v elo c ity  at an arb itrary  

p o int g iv en  the v e lo c itie s at a fin ite num ber o f d istin c t p o ints, 

ap p ear n atu rally  in c e rtain  ty p es o f tu rb u lence th eo ries and 

that the c lo su re  p ro b lem s in su ch  th e o rie s u ltim ate ly  red u ce 

to  the ap p ro xim atio n  o f th e se  av erag e s. Tw o  exem p lary  

th e o rie s are  co n sid ered . The f irs t is  c h a ra c te ris tic  o f turbu 

le n c e  m o d els fo rm u lated  in te rm s o f p ro b ab ility  d ensity  

fu nctio ns w h ereas the seco nd  is  re lated  to  the d eriv atio n  o f 

o p tim al alg o rith m s fo r the n u m eric al integ ratio n  o f  the tu r 

b u lent N av ier-Sto kes eq uatio ns at larg e  Reyno ld s nu m b ers. 

So m e m ath em atical p ro p e rties o f co nd itio nal exp ected  v alu es, 

inc lu d ing  re latio n s betw een co nd itio nal and unco nd itio nal 

seco nd  o rd e r te n so r m o m ents and re su lts  f o r  the sp e c ial c ase  

o f iso tro p ic  tu rb u lence are  also  p resen ted .

IN TRO D UCTIO N

If  g (u) is  so m e fu nctio n  o f the v elo c ity  f ie ld  u (x, t) 

and  E is  an ev ent in the flo w , then the co nd itio nal av erag e  

o f  g  (u) is

< g  (u) [ E >  = exp ected  v alue o f g  (u) g iv en  that

E o c c u rs . (1)

To  d ate v irtu ally  all ap p licatio ns o f co nd itio nal av erag es in  

tu rb u len ce re se a rc h  hav e b een  in ex p erim en tal stu d ies o f 

e ith e r in term itten c y  o r co h eren t tu rbu lent stru c tu re s , w h ere 

in  the techniq u es o f co nd itio nal av erag ing  hav e b een  used  to  

exp o se fe atu re s o f flow  that are  o b scu red , to  v ary ing  d e 

g re e s , by  co nv entio nal unco nd itio nal av erag ing . (Th e term  

"c o h e ren t stru c tu re s"  is  u sed  g en eric ally  h ere to  enco m p ass 

no t o nly  tu rbu lent b u rsts in  w all bo und ary  lay e rs , but m o re  

g en erally  the p heno m eno n o f re c u rre n t tu rbu lent flo w  p atterns 

th at ap p ear to  b e q u asi-d e term in istic  in the sen se  that they  

o c c u r rep eated ly  w ith p atte rn s w hich, alb e it rand o m , can 

s ti l l  be d isting uished  fro m  m o re  chao tic  backg ro und  m o tio ns.) 

W hile a v arie ty  o f functio ns g  and ev ents E hav e b een

em p lo y ed , it is  p rim arily  the d efin itio n  o f the ev ent that d is 

ting u ish es o ne typ e o f  co nd itio nal av erag e fro m  an o th er. In 

the categ o ry  o f  in term itten cy  stu d ie s, w hich inc lu d es the in 

v estig atio n s o f  Ko v asz nay , Kibens and Blackw eld er (1970), 

W y gnanski and Fie d le r (1970) and  Tho m as (1973), the ev ent 

is  the tu rb u lent o r no n-tu rb u lent state  o f the flo w , and it is  

q u antitativ ely  d efined  in  te rm s o f ap p ro xim atio ns to  the 

id ealiz ed  c rite rio n  that the flo w  is  tu rbu lent i f  the v o rtic ity  

flu ctu atio ns exceed  a c e rtain  le v e l. Th e se  ap p ro xim atio ns 

inv o lve m easu rab le  q u antities su ch  as tim e d eriv ativ es o f 

the v elo c ity  o r high freq u ency  co m p o nents o f  the v e lo c ity  and 

a re  d if feren t in  eac h  ex p erim en t. In co h eren t flo w  stu d ies 

(W illm arth  and Lu 1972, 1974, G rass 1971, Gupta, Lau fer 

and  Kap lan 1971, Bro d key , W allace  and Eckelm ann 1974, 

O ffen and  Kline 1973, Z aric  1974, A d rian 1975) the ev ent is  

the o c c u rre n c e  o f a co h eren t flo w  p atte rn , but b e c au se  o f 

u n certain tie s abo ut the b est m eans o f  reco g n iz ing  co h eren t 

flo w s a w id e v arie ty  o f  m athem atical d efin itio ns f o r  E hav e 

been u sed  in p ra c tic e , and as no ted  by  Bro d key , W allace  and 

Eckelm ann (1974) th is d iv ersity  o f ev ent d efin itio ns p rec lu d es 

a p rio ri co m p ariso n s o f the re su lts  o f  m o st in v estig atio n s.

Ev en tho ugh d if fe re n c es are  m o re  the excep tio n  than 

the ru le , one g en eral p ro p erty  is  co m m o n to  alm o st all o f 

the v ario u s d efin itio ns o f E that hav e b een  em p lo y ed : the 

ev ents a re  d efined  in  te rm s o f  in eq u alitie s betw een so m e 

co m binatio n  o f flo w  v ariab le s and so m e p heno m eno lo g ically  

d eterm ined  d etec tio n  le v e l. W hile theo ry  su g g ests that 

ev ents o f  th is kind  a re  ap p ro p riate fo r d etec ting  tu rb u lent 

v ersu s no n-tu rb u lent flo w , it o f fe rs  little  ev id ence fo r th e ir 

p ro p riety  as a  m eans o f d etec ting  co h eren t tu rb u len ce. This 

lac k  o f  th e o re tic a l g uid ance is  no t su rp risin g  sin c e  the c la s s 

ic a l s ta tis tic a l theo ry  o f tu rb u lence is  no t n atu rally  fo rm u 

lated  in  te rm s o f  co nd itio nal av e rag e s, and m o re o v er it d o es 

no t ev en sug g est the ex iste n c e  o f co h eren t flo w  p atte rn s, 

w hich ap p ear to  b e m o re  am enab le to  d e te rm in istic  an aly ses 

than s ta tis tic a l an aly ses. In fac t, the p hilo so p hies und erly ing
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c o h e re n t flo w  an aly s is  se e m  to  b e so  d if fe re n t f ro m  th o se  o f  

th e  s ta tis tic a l  ap p ro ach  that it is  no t u n reaso n ab le  to  q u estio n  

w h eth er the tw o  m eth o d o lo g ies a re  c o m p atib le , and  h en c e , 

b y  a sso c ia tio n , w h eth er co n d itio n al av e rag e s  can  p lay  a u s e 

fu l ro le  in s ta tis tic a l  th e o r ie s .

The p u rp o se  o f  th is  p ap e r i s  to  d em o n strate  th a t c o n d i 

t i o n a l  av e rag e s  o f  a ty p e  th a t are  d i f f e r e n t  fro m  th o se  d e s 

c r ib e d  ab o v e d o  ap p ear n atu rally  in  c e rta in  s ta tis tic a l  fo rm u 

latio n s o f  tu rb u le n ce  th eo ry  and , ind eed , a r e  o f  c e n tra l im 

p o rtan c e  in th e se  f o rm u latio n s . Th e  g e n e ra l fo rm  o f  th e se  

co n d itio n al av e rag e s is  as fo llo w s. If  d en o tes th e v e c to r 

p o sitio n  o f  a p o in t 'a' , and u fl = u (x^ , t) is  the to ta l v e lo c 

ity  at th at p o in t, then th e (n +  1) -  p o int co n d itio n al av e rag e  

is  d efined  as

f  ( v , , . . .  v  , x . , . . .  x  , t)  d3v , . . .  d 3v _  = 
n  - 1 ’  - n ’ —1’ - n ’  7 - 1  - n

Pro b   ̂v x <  Uj_ < +  dXi> / and  y n  < un < y n + d v  L (3 )

w h ere  v  a re  d um m y v a ria b le s  in  the  p .d . f .  . A s u su al 

f  s a tis f ie s  th e  red u c tio n  and  n o rm aliz atio n  p ro p e rtie s ,

f f  ( v . , . . .  v  ) d3 v  = f  . ( v . , . . .  v  , )  (4)
J n 1* - n 7 —n n -1  —1’ - n - 1 7 v 7

f f  d 3 v  , . . .  d3 v  = 1, (5)
J n —1’ —n v

and  n -p o in t u nco nd itio nally  av e rag e d  m o m en ts a re  c alc u late d  

fro m  f  ac c o rd in g  to  the re la tio n

<  g(u) I u . = v , . . .  u = v  >  = ex p e c ted  v alu e o f  g (u ) g iv en

~  n n that u = v  f o r  a = 1, —  n , (2)
— a  — a

w h ere  V p  . . .  vn a re  n a rb itra r i ly  sp e c if ied  v e c to rs . Fo r 

b re v ity  th is co n d itio n al av e rag e  w ill a lso  b e  d eno ted  by

<  g(u)| y x, . . .  y n >  o r  < g(u)| . . .  uq >  , d ep end ing  o n

the c o n te x t. It is  no t d if f ic u lt to  c o n c e iv e  o f  u sin g  the ev en t 

d efined  in  eq n . (2) as  a c o h e re n t flo w  d e te c to r by  s e le c tin g  

v alu es o f  x^ and  v^ to  c o rre sp o n d  to  the c o h e re n t flo w  p at

te rn  u n d er in v e stig atio n . T h e  p rim ary  d istin c tio n  b etw een  

th is ty p e o f ev en t and  the ev en ts u sed  in e x is tin g  e x p e rim e n tal 

stu d ie s is  th at the f o rm e r in v o lv es e q u alitie s  w h ile the la tte r  

in v o lv e in e q u alitie s . The f o rm e r is  a m o re  fu nd am ental quan

tity  in  th at co n d itio n al av e rag e s d efined  by  in eq u ality  ev en ts 

co u ld  b e  d eriv ed  f ro m  it by  fo rm in g  su itab le  c o m b in atio n s o f 

u^, . . u n and  av erag in g  o v e r se ts  o f  v  v alu es th at sa tis f y  

the in e q u ality .

W hile (n  +  1) -  p o int co n d itio n al av e rag e s  m ay  b e  u se 

fu l in e x p e rim e n tal stu d ie s o f  c o h e re n t tu rb u le n c e , th e ir  ro le  

in  s ta tis tic a l  th e o rie s  o f  tu rb u le n c e  is  m o re  g e n e ra l than 

p atte rn  re c o g n itio n , and  the w o rk to  b e p re se n te d  w ill b e  

d ire c te d  m ain ly  to w ard s ex am in in g  th e ir th e o re tic a l fu nc tio n  

and  s ig n if ic a n c e . Fo r  th is p u rp o se  tw o kind s o f  th e o re tic a l 

fo rm u latio n s w ill b e c o n sid e re d  in  the f i r s t  p art o f  the p ap e r. 

In th e seco n d  p art o f  the p ap e r c e rta in  u se fu l p ro p e rtie s  o f  

co n d itio n al av e rag e s  w ill b e  d e riv e d .

TH EO RY

M ath e m atic al D efin itio n s

Be fo re  p ro ceed in g  it is  n e c e ssa ry  to  p re se n t so m e  

d e fin itio n s and  re latio n sh ip s c o n c ern in g  co n d itio n al s ta tis tic s  

and  p ro b ab ility  d en sity  fu n c tio n s, m o st o f  w hich  a re  d is 

c u sse d  in d e ta il in the  bo o k by  Pap o u lis (1965) . L e ttin g

u = u (x  , t) b e the to tal v e lo c ity *, the u nco n d itio nal n -p o int 
-a — —a
p ro b ab ility  d en sity  fu n ctio n  is  d efined  su c h  that

< g (u r . . .  un) >  =

f  g ( v . , . . .  v  ) f  ( v . , . . .  v  ) d3v . . . .  d3 v  . (6)
J 6 - 1 * - n 7 n —1 - n '  - 1  - n  '  7

Th e (n +  1) -  p o int co n d itio n al p .d . f .  is  d ef ined  by

f  (Z|^i = l y  • • • “ n = -n * d3-  = (7)

Pro b j^  < u (x , t)<  v  + d v  g iv en  that u ^= v ^ , a n d .. ,an d  u ^ y ^  ,

and  it is  re la te d  to  the u nc o n d itio nal p .d .f .  by

f  ,.  (v , v . , . .  . v  ) = f  (vl v . , . . .  v  ) f  (v  , . . .  v  ) , (8)
n+1 — —1’ -n7 -1—1 -n  n —1 —n7’ v

w h ere  the  ab b re v iated  n o tatio n  f  (y jy ^ , —  v  ) = 

f  (v ju  = v l f . . .  un = y n) h as b e en  u sed . In te rm s  o f  the 

c o n d itio n al p .d .f .  the (n +  1) -  p o int co n d itio n al av e rag e  is

<  g(u)| u x = y r  . . .  ur = y n >  = j g (v ) f(v| v ^  . . .  y n) d 3y  (9)

w h ich , in  v iew  o f eq n . (8) m ay  b e re w ritte n  in  the fo rm

,3

/ s ® fn+ 1 £• i n ) d  I  =

< 8  © I I I . - "  I n  >  !„ >•
( 10)

A q u antity  th at ap p e ars freq u en tly  is  th e u nco nd itio nal 

av e rag e  o f  the p ro d u ct o f g  (u) w ith  a s e r ie s  o f  D ira c  d e lta 

fu n c tio n s, i . e . , < g  (u) 6 (u^ - v ^ ) . . .  6 (un - y n ) > . Sin ce

*G re e k  su b sc rip ts  a re  u sed  to  r e f e r  to  p o in ts in  sp ac e , and 

an u n d e rb ar d eno tes a v e c to r . T h e  o nly  e x c e p tio n  to  the su b 

s c r ip t co nv entio n  is  su b sc rip t 'n ' w hich d en o tes the la s t 

p o int in  a s e t o f n p o in ts. W h ere n e c e s s a ry , in d ex  no tatio n  

w ith L atin  in d ic e s f o r  sp a tia l co m p o nents and  the su m m atio n  

co nv entio n  a re  a lso  u sed .
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the pro d uct has z ero  m easure unless the ev ent E = ^u^ = v^, 

. . .  un = o c c u rs, it is c le ar that this unco nd itio nal av er 

ag e m ust be related  to  the co nd itio nal av erag e o f g  (u). In 

fac t, d irec t co m p utatio n using  eq ns. (6) and (10) p lus the 

sifting  p ro p erty  o f the D irac  d elta functio n show s that

< g (u) 6 (ux - v x) . . .  6 (un -  vn) >  =

< g  (u )|y r V >  f  ( V . , . .  . V ). 
-n n —1* -n' (ID

This equatio n p ro v id es a link betw een co nd itio nal and unco n

d itio nal av erag es. A nother im p o rtant relatio n  w hich p e r 

fo rm s a s im ilar functio n is

< g  (u )>  = <  <  g  (u) |y1 . . .  vn > >
(12a)

= J < g  (u)| V j, V > f  ( v ., 
- n  n v- l ’

vn) d3v
,3

t ,« m d v  . 
—1 —n

(12b)

That is , the av erag e value o f g (u) is  equal to  the co nd itio n 

ally  av eraged  value o f g  (u) g iven that u^ = v ^ ,. . .  = v^

averaged  o v er all v alues o f v ^ . . .  y n«

One-Po int Pro bab ility  Density  Function Equatio n

The equatio n go v erning  the evo lutio n o f the p ro b ab il

ity  d ensity  functio n fo r the to tal v elo city  at one p o int in a 

turbulent flow  p ro v id es a re lativ e ly  sim p le f irs t exam p le o f 

a statistic al fo rm ulatio n  in w hich co nd itio nal av erag es f ig 

u re p ro m inently . Starting  w ith the equatio ns fo r an 

unbounded inc o m p ressib le flo w **,

* ! , _  i  f .  i  . e ,  8 J

9t —1 ’ 8x^ ~  4tt J  SXjJx j - x |̂ Bx ' 8x  —' -

and

= 0,

(13)

(14)

Lund gren (1967) has show n that the equatio n go v erning  the 

o ne po int p .d .f .  is

**In  equatio n (13) the f irs t te rm  on the rig ht hand sid e is  the 

p re ssu re  g rad ient ( -  p "l8p j/ 8x^ ) w hich has been exp ressed  

in te rm s o f the v elo city  field  in the usual w ay by taking  the

The te rm s o n the rig ht hand sid e o f eqn. (15) a rise  re sp ec 

tiv ely  fro m  the p re ssu re  g rad ient and v isco us s tre ss  te rm s 

in the m o m entum  equatio n. Both depend o n the tw o -p o int 

p. d . f . ,  and therefo re they  m ust eith er be d irectly  ap p ro xi

m ated  in te rm s o f f^ as in Lund gren (1969, 1971) o r calc u 

lated  fro m  au xilliary  equatio ns. In the la tte r c ase  the 

ap p ro aches taken by Lund gren (1972) and Fox (1971) w ere to  

d eriv e auxilliary  equations fo r f2 which w ere c lo sed  by 

app ro ximating  f^ in term s o f f^.

It is , o f co u rse , through the p re ssu re  g rad ient and 

v isco us s tre ss  te rm s o f eqn. (15) that tw o -p o int co nd itio nal 

av erag es en ter the theo ry , and it is  not d ifficu lt to  show  that 

they are  the only unknown tw o -p o int quantities in the equatio n. 

This is  m o st apparent fo r the v isco us te rm  since  it fo llo w s 

im m ed iately  fro m  eqn. (10) that

lim  8 

x _ *X j v 5x 4  / l f 2 &  I l ) d 3 I

V

lim
(16a)

* , s lim  r 8 8 . i
= t 9x  ' 8x  <  - l ~ l  >   ̂ *

(16b)

Sim ilarly , fo r the p ressu re  term

f  (  , 9 1 . .  . . 9  8 . ,  , x .3 ,3

J J  <5x7 jx 7 ^ x j>  M 5 x ) f 2 &  I l ) d  i  d i

V  X

= i i r i ] ) : [ / - - f 2 - i ) d 3^ ]  d^ <17a)
X  V

= /  ^  i i r T i * 1(4  4 ’ : c < l l >  f i  (^ i )]d3i - <17b>

w here eqn. (17b) fo llo w s fro m  eqn. (17a) by ap p licatio n o f 

eqn. (10). Combining eq ns. (15), (16b) and (17b) g iv es the 

fo llo w ing  equatio n fo r f^ in term s o f co nd itio nal av erag es:

d iv ergence o f the N av ier-Sto kes equatio ns, applying eqn. (14), 

and so lv ing  the resu lting  Po isso n 's equatio nfo r the p re ssu re .
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Thu s the c lo su re  p ro b le m  at th e o n e-p o in t le v e l re d u c e s f ro m  

o ne o f  ap p ro x im atin g  th e  e n tire  tw o -p o int p . d . f . to  o ne o f  

ap p ro x im atin g  th e  tw o -p o int co nd itio nal av e rag e s <  u j v^ >  

and  < u u| v^ >  w hich  a re  o n ly  in te g ral m o m en ts o f  the 

tw o -p o in t p .d .f .  A ltho ug h th is  is  a c o n sid e rab le  s im p li f ic a 

tio n , the d if f ic u ltie s  o f  ap p ro x im ating  the c o n d itio n al a v e r 

ag e s a re  s ti l l  f o rm id ab le . F o r  ex am p le , i t  w ill b e  sho w n 

la te r  ( c . f .  e q n s. (39) and  (44) ) that the tw o -p o int sp atia l c o r 

re la tio n  m ay  b e  d eriv ed  fro m  < u jv ^  > and  f^ (v ^ ), and  

th is im p lie s  th at < u j v^ >  co n tain s a ll o f  the  tw o -p o int 

s ta tis tic a l  in fo rm atio n  th at is  av ailab le  in th e  c o rre la tio n  

te n s o r , inc lu d ing  su ch  fund am ental q u an titie s  as th e  K o lm o 

g o ro v  m ic ro s c a le  and  the in te g ral leng th  s c a le . Sin ce  th e  

p re d ic tio n  o f  ev en  th e se  q u an tities is  e x tre m e ly  d em and ing , 

it m u st b e  ex p ected  th at s a tis fa c to ry  c lo su re  ap p ro x im atio n s 

f o r  th e co n d itio n al av e rag e s  w ould  b e  at le a s t as d if f ic u lt to  

d ev e lo p .

The tw o -p o in t co n d itio n al av e rag e s ap p ear in  the 

p re s s u re  and v isc o u s te rm s  f o r  d istin c tly  d if f e re n t re a so n s . 

In the f o rm e r, th e in stan tan eo u s p re s s u re  a t a p o int x^ is  

d eterm in ed  n o n - lo c a lly  by  th e n o n -lin e ar in stan tan eo u s a c 

c e le ra tio n s  e x p e rie n c e d  by  the flu id  at e v e ry  p o int in  the 

flo w , and  the q u antity  < u u | v^ >  in  th e in teg ran d  re p r e 

se n ts  th e  av e rag e  o f  th e se  co n trib u tio n s w hen u^ = v^. A n 

ex am in atio n  o f  the p re s s u re  in te g ral in d ic ate s th at its  v alu e 

is  d eterm in ed  p rim a rily  by  the  v alue o f <  u u j v^ >  f o r  

se p aratio n s w h o se m ag n itu d es ) x -  a re  ro u g hly  o n th e  

o rd e r o f  the in te g ra l leng th  s c a le , i . e . ,  b y  the la rg e  s c a le  

s tru c tu re  o f th e  flo w . In c o n trast, the  v alu e  o f th e  v isc o u s 

te rm  i s ,  as is  o b v io u s fro m  the lim it in e q n . (16b ) , d e te r 

m ined  e n tire ly  by  th e sm all sc a le  s tru c tu re  o f <  u| v^ >  

n e a r th e  p o int x^ . In  b o th  te rm s v  ̂  and  x  m u st b e  allo w ed  to  

assu m e  a rb itra ry  v alu e s .

N u m e ric al So lu tio n  o f  the  N av ie r-Sto k e s Eq u atio n s f o r  

L arg e  R ey no ld s N u m b ers'

The d ev e lo p m ent o f  a n u m eric al a lg o rith m  fo r th e 

so lu tio n  o f the th re e -d im e n sio n al N av ie r-Sto k e s  eq u atio n s 

p ro v id e s a seco n d  ex am p le  o f  a th e o re tic a l m o d el o f tu rb u 

le n c e  in  w h ich  co nd itio nal av e rag e s o c c u r . Th e tw o  p r in c i 

p al ap p ro ac h es to  th is  p ro b lem  a re  to  p e rfo rm  th e  co m p u ta

tio n s e ith e r in  p h y sic a l sp ac e  (D e ard o rff  1970a, 1970b ) o r  

in  sp e c tra l sp ac e  (O rsz ag  1971a, 1971b ). In e ith e r  m etho d  

c o m p u te r sto rag e  and  co m p u tatio n  tim e  lim ita tio n s  r e s tr i c t  

the nu m b er o f  g rid  p o in ts, m aking  it im p o ssib le  to  re so lv e  

tu rb u le n t m o tio n s o n s c a le s  as sm all as th e  K o lm o g o ro v  

m ic ro s c a le  w hen th e Rey no ld s nu m b er i s  la rg e . C o nsequ ently  

c lo s u re  ap p ro x im atio n s a re  re q u ired . In  p h y sic a l sp ac e  

c a lc u latio n s  the m etho d  u sed  by D e ard o rf f  (1970a) is  to  s e 

l e c t the  g rid  s c a le  sp ac in g  su ch  th at m ax im u m  w av e nu m b er 

o f  th e  re so lv ab le  m o tio n s fa lls  w ith in th e in e rtia l su b ran g e . 

T h e  g o v ern in g  eq u atio ns a re  av erag ed  o v e r  a g rid  v o lu m e,

re su ltin g  in th e  c a s e  o f  the m o m entu m  eq u atio n  in an  eq u a

tio n  fo r the g rid  v o lu m e av erag e d  v e lo c ity  th at c o n tain s a 

R ey no ld s s tr e s s  te n so r re p re se n tin g  th e e f f e c ts  o f  su b g rid  

s c a le  m o tio n s. C lo su re  is  ac c o m p lish e d  by  p o stu latin g  a 

re la tio n  b etw een the su b g rid  s c a le  R ey no ld s s tr e s s e s  and  

th e  lo c a l d e fo rm atio n  o f  the g rid  v o lu m e av erag ed  v e lo c ity  

f ie ld .

In o rd e r  to  in v e stig ate  the ro le  o f  co n d itio n al a v e r 

ag e s in  n u m e ric a l m o d els o f  tu rb u le n c e , it is  c o n v e n ient to  

fo rm u late  the p ro b lem  in  a  m an n er w h ich , tho ugh so m ew h at 

d if fe re n t f ro m  D e ard o rf f  s  fo rm u latio n  o f th e  su b g rid  s c a le  

m o d el, is  su f f ic ie n tly  s im ila r  to  p e rm it c o m p ariso n . In 

p a rtic u la r, i t  is  su p p o sed  that at tim e  ’ t' n ran d o m , un 

av erag ed , to ta l v e lo c itie s  a re  g iv en  at g rid  p o ints x fl by  

eq u atio n s u^ (t)  = ( t) , a = 1 , . . .  n , and  th at it is  d e sire d

to  p re d ic t the v e lo c itie s  at a la te r  tim e  by  d ire c t fo rw ard  

in te g ratio n . Tw o  so u rc e s  o f  e r r o r  in  the  n u m e ric a l p re d ic 

tio n  w ould  b e the f in ite  g rid  sp ac in g  and  th e f in ite  s iz e  o f  the 

in teg ratio n  tim e  step  A t, but by  assu m in g  that A t is  su f f i 

c ie n tly  sm all the tim e  step  e r r o r  c an  b e e lim in ate d  fro m  co n 

s id e ratio n . Th en , i f  the  g rid  sp ac in g  w ere  a lso  v an ish in g ly  

s m a ll ( i . e . , n-*> so), a  s im p le , a c c u ra te  p re d ic tio n  fo rm u la 

w o uld  b e u^ (t +  A t)  = v^ (t) +  (8 u^/ St)^ A t, w h ere  

(8 u^/ 8t)t co u ld  b e ev alu ated  fro m  eq n . (13)  and  th e  in itia l 

d ata u (t) = y ^  ( t) . H o w ev er, w hen the g rid  s c a le  is  f in ite  

and  larg e  w ith  re sp e c t to  the K o lm o g o ro v  m ic ro s c a le  the 

v e lo c ity  f ie ld  b etw een th e g rid  p o in ts is  unkno w n and  canno t 

b e a c c u rate ly  estim ated  by  co nv en tio nal n u m e ric a l in te rp o 

latio n  fo rm u lae  b e c au se  th e e x is te n c e  o f  su b g rid  s c a le  

m o tio n s re n d e rs  sm o o th  v ariatio n s  o f  th e in te r - g r id  f ie ld  

u n likely . T h e re f o re  du^/dt cann o t b e c a lc u late d  e x ac tly . 

Sup p o se th at v^ (t) is  an  e stim ate  o f  8u^ / 8t th at is  b ase d

o n the g rid  d ata u (t) = v  ( t) . Th en  the p re d ic te d  v e lo c ity  
y  n a
u fl (t +  A t) , g iv en  b y

u ( t + A t )  = v ( t ) + v  (t) A t ,  (19)
—a —a —a

is  no t in g e n e ra l eq u al to  the tru e  v e lo c ity  (t +  A t) ,  and  

s in c e  A t h as b een  assu m ed  to  b e  v ery  s m a ll, th e e r r o r  

[ u^ (t +  A t)  -  (t +  A t) ]  is  d ue e n tire ly  to  th e  e r r o r  in  the 

e stim atio n  o f  (8ua / 8t)t . Th u s, a  re aso n ab le  fo rm u latio n  o f  

the p ro b lem  is  to  attem p t to  find  an  e stim a to r v^ th at m in 

im iz e s th e e r r o r  [8 u  / 8t -  v  ] in  so m e  av e rag e  se n se .
- a - aJ

A n o b v io u s cand id ate f o r  v  is

u = v  >  
—n —n

(20)

b e c au se  th e  co n d itio n ally  av erag ed  tim e  d e riv ativ e  is  the

b e s t n o n - lin e ar e s tim ate  o f  Bu^/ Dt in  th e m e an  sq u are

se n se . T h at i s ,  the m ean  sq u are  e stim atio n  e r r o r

<r (8u  / 8t -  v  ) . (8u  / 8t -  v  ) >  i s  a m in im u m  i f  v  is  
v -a - a v -a - a —a
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g iv en  by eqn. (20)  (Pap o ulis p . 217), and  th ere fo re  the m ean 
i v 12

sq u are  e rro r  <  | (t +  A t)  -  (t +  A t)  | >  is  a lso  m ini

m iz ed . (It sho uld  be o b serv ed  that altho ugh th is fo rm u latio n 

m in im iz es the e r ro r  in cu rred  at each  tim e step , it has no t 

b een  show n that it m inim iz es the accum ulated  e rro r  o v er 

m any tim e ste p s, altho ugh th is seem s like ly  in tu itiv e ly .)

An eq uatio n fo r < 9 u^/ Qt) v ^ , . . .  y n >  can  be d e 

riv ed  fro m  the m o m entum  equatio n (w ith the p re ssu re  term  

in  its m o re  co m m o n fo rm , p 1 Sp^/ Bx^) by  ap p licatio n  o f

the o p erato r

>
1

V

’  * "  - n
> . Th is y ield s

>
1V

V II ■ A

co
p

A
T

' U S . a . D l l r -
. .  v  > 

- n

-  <
1 8P

/ “ 1 d\
(p 5 5 T ) 

-a
l i i »  —

(21)

+  < <v V T  '
— CL

- a
—a

A>
?

>
1

A n eq u iv alent, but m o re in fo rm ativ e v e rsio n  o f eq n. (21) can  

b e d eriv ed  by o b serv ing  that

9u
-a

< sr6 <2 i - X i > - - - M l ! n - v 1) >  =

u ( t+  A t) - u (t)

<  < A ,“ o 12— s t ” 2— ■> 6 < V X i> -  • ■■6 < W  >  -  <22a>

i • u ( t + A t ) - u  (t)

< At -  ■

(22b)

9u

< -5r l H 1 = ) [ i . - - - 2 n = i n >  '„ & !• • • •  V -  <22c)

and  hence that

9u  . 9u

< < - s r  6 < W > - < 23>

Su bstituting  9u^/ 9t fro m  eq n. (13) into  the rig ht hand  sid e o f 

eq n . (23) and p erfo rm ing  a s e r ie s  o f m anip ulatio ns s im ilar 

to  tho se  used  in  d eriv ing  the  f^ equatio n ( c . f .  Lund gren 

1967) g iv es

a|v v > =  i - •<uujv, , . . .v >
" W  I A]/  • • • _ n >  x - *x  ] 9x  ---- 1-1 - n

— —a i —

+  V E '  E  <  “ I I I — - 2 n > ,

" Si j" (E  IX  E f E E ) :< “ - l - l ’ - "  
—a I—a —I — —

4 > d x . (24)

It is  im m ed iately  ap p arent fro m  th is eq uatio n that the d e te r 

m inatio n  o f the e stim ato r v  f o r  an n -p o int g rid  re d u ces to  

a p ro b lem  o f find ing  tw o  (n +  1) - p o int co nd itio nal av erag e s,

<  u j V j , . . .  vn >  and  < u u |  v  , . . .  vr  >  , in w hich u is  

the v elo c ity  at a p o int x  that can  lie  anyw here in  th e flow  

v o lu m e. The co nd itio nal av erag es in eqn. (24) m ay  be in te r 

p reted  a s  sto c h astic  interp o latio n  fo rm u lae w ho se functio ns 

a re  to  p red ic t the av erag e  b eh av io r o f  the unknow n co ntin 

uous v elo c ity  f ie ld  in  the reg io n s betw een the g rid  p o ints in  

te rm s o f  the know n v e lo c itie s at the g rid  p o in ts. In g en eral, 

i f  the s e t o f v e lo c itie s  at the g rid  p o ints is  the o nly  in fo rm a 

tio n  that is  av ailab le , th ese co nd itio nal av erag es a re  the b est 

n o n -lin e ar e stim ate s o f  the in te r-g rid  v e lo c ity  fie ld  in the 

m ean sq u are  se n se , and  they  a re  su ff ic ie n t to  m inim iz e the 

m . s .  e r ro r  asso c iate d  w ith the  estim ato r v  . T h is s itu a-
- f l

tio n  w ill be term ed  'o p tim al'. H o w ev er, s in c e  c lo su re  ap 

p ro xim atio ns are  re q u ired  f o r  the (n +  1) p o int co nd itio nal 

av e rag e s, the integ ratio n  e r ro rs  w ill no t b e abso lu tely  m in 

im iz ed , and th e re fo re  any c lo sed  theo ry  d eriv ed  fro m  eqn. 

(24) w ill be 'su b -o p tim al'. Th e extent to  w hich the e rro rs  

in  a su b -o p tim al theo ry  ap p ro ach the ab so lu te m inim um  w ill 

depend en tire ly  on the ac c u racy  o f the ap p ro xim atio ns fo r

< * * * I n >  anti < HH i Zi » * • * Zn >  •

It is  w o rthw hile to  no te that the c lo su re  p ro b lem  fo r 

eqn. (24)  is  id en tical to  the p ro b lem  that w ould  b e enco un 

tered  i f  one attem p ted  to  so lv e the n -p o int p . d . f . equatio n 

o n the se t o f  p o ints x^ , and so , in th is se n se , the so lu tio n  

o f  f  equatio n and the n u m erical so lu tio n o f  the N av ier-  

Sto kes equatio n o n an  n-p o int g rid  a re  eq u iv alent. This 

co nclu sio n  is  m o re  o bv io us w hen o ne o b serv es th at the in 

fo rm atio n  av ailab le fro m  the n -p o int n u m eric al so lu tio n 

w ould b e ju st su ff ic ie n t to  d eterm in e the n -p o int p .d .f .  fo r 

the v e lo c itie s at the g rid  p o ints. The c lo su re  o f eqn. (24) is 

also  re lated  to  the su bg rid  s c a le  c lo su re  p ro b lem . Fo r e x 

am p le < u j v ^ , . . .  vn  >  in the v isco u s te rm  co ntains in 

fo rm atio n  w hich sp e c if ie s the av erag e  cu rv atu re (o r m o re 

p re c ise ly  the av erag e Lap lac ian) o f the v elo c ity  fie ld  at x^ . 

Since the lo c al cu rv atu re is  intim ately  re lated  to  the tu rb u 

lent v isc o u s d issip atio n  and th is , as is  w ell know n, is  d e te r 

m ined  p red o m inantly  by  sm all sc a le  m o tio ns, it is  ev id ent 

that c lo su re  ap p ro xim atio ns f o r <  u j V j , . . .  vfl >  m u st 

attem p t to  m o d el the sm all s c a le  stru c tu re . T h e re  are , in 

ad d itio n, larg e  sc a le  e ffe c ts b ec au se  the v elo c ity  at any 

p o int has a  lo ng  rang e (o n the o rd er o f  the in teg ral 

sc a le )  in flu ence o n th e  co nd itio nally  av erag ed  s tre s s  te n so r

< u u | v . , . . .  V j >  that can  ap p rec iab ly  af fe c t th e v alue o f 

the p re ssu re  in teg ral. The lo ng  rang e in flu ence i s  also  

p re se n t in < u j V j , . . .  vn > .  but its  e f fe c t in the v isco u s 

te rm  is  le ss  im p o rtant than in  the p re ssu re  in te g ral. Bo th 

larg e and  sm all s c a le  stru c tu re  ap p ear to  b e  im p o rtant in 

the f i r s t te rm  on the  rig ht hand  sid e  o f  eq n . (24).
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(29)In o rd e r to  il lu s tra te  th e  ty p e  o f  n u m e ric a l a lg o rith m  

th at eq n . (24) p ro d u c e s, and  to  illu m in ate  th e  in te rp o lativ e  

n atu re  o f  the c o n d itio n al av e rag e s  m o re  c le a r ly , s to c h a s tic  

e s tim a tio n  th e o ry  w ill b e  u sed  to  d ev e lo p  a p a rtia l c lo s u re  

ap p ro x im atio n  in  w hich  the c o n d itio n al av e rag e s  a r e  ap p ro x 

im ate d  b y  re la tiv e ly  sim p le  f o rm s . In w hat fo llo w s, <  u| u^,

. . .  un  >  is  u sed  to  d eno te th e  ex p ec ted  v alu e o f u  g iv en  

th e  v e lo c itie s  u , , . . .  u at x . , . . .  x  . Sin c e  u , , . . .  u 

a r e  th e  ac tu al, rand o m  v e lo c itie s , <  u| u ^ , . . .  u >  is  a ls o  

a  rand o m  v a ria b le  th at m u st b e  c o n c ep tu ally  d istin g u ish ed  

fro m  <  u|Vj, • • • vn  > ,  w h ic h  is  sim p ly  a n u m b er that d e 

p end s o n  the n o n -ran d o m  p a ra m e te rs  v ^ , . . .  y n> O f c o u rse ,

w hen th e  rand o m  v e lo c itie s  a r e  su c h  that u = v , , . . .  u  = v  ,
—1 —1* —n  - n ’

th e  tw o  ty p es o f  co n d itio n al a v e ra g e s  a re  eq u al.

A  l in e a r  e s tim ate  f o r  th e ith  co m p o nent o f  <  u | u^,

. . .  u >  is  o b tain ed  by  assu m in g  th at it c an  b e re p re se n te d  

b y  a lin e a r  co m b in atio n  o f a l l  co m p o nent v e lo c itie s  at th e  

g rid  p o in ts x^ :

<  =  a0 i k V P =  1’ — <25)

i ,  k  = 1, 2 , 3

and  c h o o sin g  th e  c o e f f ic ie n ts  a ^ ^  to  m in im iz e  th e  m e an  

sq u are  e r r o r  g iv en  by

m . s .  e r r o r  =  < |< u,| U j , . . .  u ,  >  -  ap ik  u j  2 > . (26)

(Ind ex n o tatio n  w ith the su m m atio n  co nv entio n  is  u sed  to  

av o id  co n fu sio n ). If  the  m . s .  e r r o r  is  to  b e a  m in im u m , it 

is  n e c e s s a ry  that

9

9a5£m
<  u i l H r - n > “ a/ ?ik Uj3k

(27)

5 ^  <  " i l  V "  H„  >  =  0 ,

and  th e re f o re  it is  e s s e n tia l f o r  any  e s tim a te  o f  th e  co n d i

tio n al av e rag e  to  sa tis f y  eq n . (29)  a ls o . Su b stitu tin g  the  

lin e a r e s tim a te  p o stu lated  in  eq n . (25)  into  eq n . (29)  sho w s 

that u ^  S a ^ / S x .  = 0 , and  s in c e  th e  u ^  a re  a rb itra ry , 

it fo llo w s th at the c o e f f ic ie n ts  m u st sa tis f y

9 a . . ,

- & r  = 0 <3 0 >

f o r  /3 = 1 , . . .  n  and k = 1, 2 , 3 .  T ak in g  th e  d iv e rg e n c e  o f 

eqn . (28)  y ie ld s a s e t o f  3n  lin e a r eq u atio n s f o r  th e  v a r i 

ab le s  in  eq n . (30)

< V v
9a/ 3ik _  

9x .
l

9u .

<  w a r.
i V

>  = o , (31)

in w hich  th e la s t eq u ality  fo llo w s f ro m  th e  co n tin u ity  eq u a 

tio n . But i f  eq n . ( 28)  h as unique so lu tio n s a ^ ^  f o r  i = 1 , 2 , 3  

then  the ran k  o f  the c o e f f ic ie n t m a trix  <  u ^  u ^  >  ( a f te r 

so m e re - la b e lin g  to  put the eq u atio n s in  stan d ard  fo rm ) m u st 

b e e x ac tly  3n , and  h en ce  th e d e te rm in an t o f  th e  c o e f f ic ie n t 

m a trix  in  eq n . (31)  is  no t eq u al to  z e ro . T h e re f o re , th e 

o nly  so lu tio n s o f eq n . (31)  a re  the tr iv ia l  o n es 9a^ i ^ / 9x. = 0 , 

and  it is  co nc lu d ed  th at the c o n tin u ity  eq u atio n  is  au to m ati 

c a lly  sa tis f ie d  w hen a ^ ^  is  (u niq uely ) d e term in ed  fro m  

eq n. (28) . (The p o int h e re  is  th at le s s  g e n e ra l l in e a r  e s t i 

m ate s su ch  as <  u.| u ^ , . . .  u n >  = u^ m ay  no t, in  g en 

e r a l ,s a tis f y  c o n tin u ity .)

A n e stim ate  is  a lso  need ed  f o r  th e  co n d itio n ally  

av erag e d  Rey no ld s s tr e s s  te n s o r , and  an  ap p ro p riate  qu ad 

ra tic  f o rm  is

fo r 5 = 1 , . . .  n, l  = 1 , 2 , 3 ,  m  = 1,  2 , 3 .  H en ce , f o r  f ix e d  i 

eqn . (27)  y ie ld s  the fo llo w ing  se t o f  3n  lin e a r  a lg e b ra ic  

eq u atio n s f o r  the 3n  c o e f f ic ie n ts  a . . , :

(3k yl
> a

(3ik y l
(28)

Th e c o e f f ic ie n ts  a^ .^  can  b e  e x p re sse d  so le ly  in  te rm s  o f 

the tw o -p o in t sp atia l c o rre la tio n s  o f  the to ta l v e lo c ity ,

<  V  v  > = \  < v >  u «  (V ) > < ui v  >  =

< u . ( x ,t)  u^ (x  , t) > , and  th e re f o re  th ey  a re  tw o -p o in t fu n c 

tio n s o f  the co ntinu o u sly  v a ria b le  p o sitio n  x  and  the p a ra m 

e te rs  Xg w h ic h  a r e  d eterm in ed  b y  the c o n f ig u ratio n  o f  the 

g rid  p o in ts . Th u s, the lin e a r  e s tim a te  in  eq n . (25)  h as r e 

d uced  an (n +  1) p o in t c lo su re  p ro b le m  to  a  tw o -p o in t c lo su re  

p ro b le m .

R e g a rd le ss  o f  the v alu e o f  'n ' any  co n d itio n ally  a v e r 

ag ed  v e lo c ity  m u st sa tis fy  the co n tin u ity  eq u atio n

<  u. u . l u , , . , .  u >  = b „  u„ . u . 
l j ' - l  - n  )3y ijk£ / 3k y l

(32)

w h ere  th e c o e f f ic ie n ts  co u ld  b e fo und  as  b e f o re  b y  m in im iz 

ing  th e  m ean  sq u are  e r r o r .  Fo r p re se n t p u rp o se s su ch  co m 

p le x ity  is  no t n e c e ssa ry  and  the su b -o p tim al e s tim a te

< ui uj l H l . - - - 2 „  >  * <  ui l H i . - "  H „ >  <  “ j l  “ !•••• 

u >  w ill b e  s a tis f a c to ry . T h is im p lie s  that

k/ 3-yijkf a/ 3ik \ j l  *

T h e  f in al eq u atio n  f o r  th e p re d ic to r  v ^ , o b tained  

by  co m b in in g  eq n s. (20) , (24 ) , ( 2 5 ) , ( 3 2 ) , and  (33 ) , and  

se ttin g  = y x, . . .  ur  = v n , is

+  % y i k l ) V(Jk V  + V A C0i k >  (34)

w h ere
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$
cfiyikfL

lim

x-*-x  
— - a

â/ ?ik ayp
(35)

*
afiyikl

^a/ 3ik

= 1 r. 9 1 .) (  ® . 
1 n 9x i 
1 P

4v  J '9x  .
ai 1

X I V * I

l im  Ii e 9
.  1

x - *x  i1 9x

l  P

9x
P

a/ 3ikj

a .  , a .)d  x 
i3pk y q jr -

(36)

(37)

Becau se o f the ap p ro xim atio ns fo r <  u| v ^ , . . .  v r  >  and 

< ii HI Z i»  • • * In  >  in eQn s * (25) and (32) eqn. (34) is  a su b - 

o p tim al estim ate  f o r  v . H o w ev er, if  the  v elo c ity  fie ld  

w ere G au ssian , i . e . ,  if  the  v e lo c itie s u , u ^ , . . .  w ere  

jo in t n o rm ally  d istrib u ted , then eq n s. (25)  and (32) w ould  be 

ex ac t (Pap o u lis, p . 256), and  eqn. (34) w ould  b e an o p tim al 

n u m eric al alg o rith m . The rig ht hand sid e  o f eq n . (34) has 

the sam e fo rm  as any  fin ite  d if fere n c e  fo rm u latio n  o f  the 

N av ier-Sto kes eq uatio ns in  that it c o n sists  o f lin e ar and  

q u ad ratic  v e lo c ity  te rm s th at are  m u ltip lied  by  w eight c o e f f i 

c ien ts d eriv ed  fro m  the g o v erning  eq uatio ns. Th e e sse n tia l 

d if feren c e  is  that, unlike a  co nv entio nal fin ite d if fe re n c e  

eq uatio n , th e c o e ff ic ie n ts a re  no t d eriv ed  e x p lic itly  fro m  

f in ite  d if fe re n c e  ap p ro xim atio ns to  sp atia l d e riv ativ e s, but 

a re  d eriv ed  instead  fro m  sp atia l d eriv ativ es o f  co ntinuo us 

ap p ro xim atio ns to  the in terg rid  v e lo c ity  fie ld  that a re  b ased  

o n the f in ite  d ata av ailab le o n the g rid . In th is se n se  the 

p re se n t m etho d  re se m b le s the G alerk in  m etho d  used  by 

O rsz ag  (1971b ), ex cep t that in the la tte r the e f f e c ts  o f  m o 

tio ns o n leng th  s c a le s  le s s  than the g rid  sc a le  a re  no t a c 

co unted  f o r.

The c o e ff ic ie n ts in eqn. (34) are  u ltim ate ly  functio ns 

o f  tw o -p o int sp atia l c o rre latio n s o f  the to tal v e lo c ity , and 

sin c e  the sp atial c o rre latio n s a re  no t know n a p rio r i, they  

m u st be ap p ro xim ated  in te rm s o f  the know n q u an tities. 

Su p erfic ially , it d o es no t ap p ear that th is sho uld  b e d if fic u lt 

b e c au se  the w ealth o f  in fo rm atio n  abo ut the larg e  sc a le  tu r 

b u lence stru c tu re  that is  co ntained  in th e v e lo c ity  d ata at the 

g rid  p o ints sho uld  b e  su ffic ien t to  d eterm in e the v alu es o f 

the sp atial c o rre latio n  functio ns f o r  larg e  v alu es o f the se p 

aratio n s (Xg -  x^) o r (x  -  Xg), and  u n iv ersal s im ilarity  

law s fo r the  in e rtia l su b rang e im m ed iately  su g g est th em 

se lv e s as a m eans o f  m o d eling  the sm all sc a le  stru c tu re  o f 

the c o rre latio n s , i .  e . , th e ir b ehav io r f o r  se p aratio n s 

(x -  x^) le s s  than the g rid  s c a le . H o w ev er, any  ap p ro ach  

o f th is typ e im m ed iately  en co u n ters the fund am ental p ro b lem  

o f attem p ting  to  estim ate  q u antities (the sp atial c o rre latio n s)  

that a re  av erag e s o v er a larg e  en se m b le  o f ind iv id ual re a l i 

z atio n s o f th e  v elo c ity  f ie ld  in te rm s o f  q u an tities that re f e r  

to  a  sing le  re aliz atio n  (the instantaneo us g rid  v e lo c ity  d ata). 

Th e sam e typ e o f  p ro b lem  a ris e s  in  the su b g rid  sc a le  c lo 

su re  used  by  D eard o rff (1970a) w here Sm ag o rin sk y 's (1963)

c lo su re  ap p ro xim atio n  is  used  to  e stim ate  the su b g rid  sc a le  

eddy co e ff ic ie n t in  te rm s o f  the d efo rm atio n  o f the lo c a l, in 

stantaneo u s g rid  v o lum e av erag ed  v e lo c ity  f ie ld . A re lated  

fo rm u la (eqn . ( 3 .5 ) in  D eard o rff 1970a) g iv es the lo c a l tu r 

bu lent d issip atio n  in  te rm s o f the instantaneo u s g rid  v o lum e 

av erag ed  v e lo c ity  f ie ld , and  it is  p o ssib le  that th is co u ld  be 

extend ed  to  the p re se n t fo rm u latio n  w h ere in  a kno w led ge o f 

the d issip atio n  w ould  p ro bably  b e eno ugh to  m o d el the sm all 

s c a le s  ad equ ately . Fu rth e r, the in te g ral leng th sc a le  co uld  

b e estim ated  fro m  the d issip atio n  and th e tu rb u len ce inten sity  

so  that the lo ng  ran g e  b ehav io r o f  the sp atial c o rre latio n s  

co uld  also  be m o d eled . Sev eral p o ten tial d if f ic u ltie s can 

be antic ip ated  in su ch  a p ro c ed u re , and  th e re fo re  it is  no t 

b eing  p ro p o sed  as  a v iab le c lo su re  sc h e m e , but m e re ly  as 

an exam p le o f an 'instantaneo us/ u nco nd itio nal av erag e ' typ e 

o f c lo su re . An altern ativ e  to  c lo su re s o f  th is ty p e is  the 

'u nco nd itio nal av erag e/ unco nd itio nal av erag e ' ty p e o f  c lo su re . 

Fo r  exam p le, in  the p re sen t n u m eric al alg o rith m  o ne ap 

p ro ac h  w ould  b e to  assu m e an in itial fo rm  fo r the sp atia l 

c o rre latio n  and  in teg rate  fo rw ard  in tim e  until eno ugh g rid  

d ata w ere av ailab le  to  c alcu late  new  e stim ate s o f  the larg e  

sc a le  sp atia l c o rre latio n s betw een the g rid  p o in ts. Then, as 

b e fo re , e stim ate s  o f the c o rre latio n s f o r  larg e  sc a le  se p a r 

atio n s (x  -  Xq ) in term ed iate  to  the g rid  p o ints co uld  b e o b 

tained  by  in terp o latio n  w hile estim atio n  fo r sm all s c a le  

sep aratio n s (x -  x^) le s s  than the g rid  sp ac in g  co uld  b e 

achiev ed  by  re c o u rse  to  u n iv ersal law s fo r the in e rtia l su b 

ran g e . Th is typ e o f  im p lic it ap p ro ach is  c le arly  cu m b er 

so m e , and  m o reo v e r, th e re  is  no  g u aran tee th at it w ould  

co n v e rg e .

R e g ard le ss o f the type o f  c lo su re  sc h em e, it m u st be 

b o m  in  m ind  th at sp atial c o rre latio n s ap p ear in  the theo ry  

o nly  as the re su lt o f  c e rta in  ap p ro xim atio ns w hich w e re , in  

f a c t, d esigned  to  red u ce th e co nd itio nal av erag es in  eq n . (24) 

to  functio ns o f  the m o re  fam iliar and m u ch m o re  ex ten siv e ly  

re se arc h e d  sp atial c o rre latio n s . T h e se  ap p ro xim atio ns 

w ould  b e c o rre c t o nly  i f  the v elo c ity  f ie ld  w ere G au ssian .

Th e im p o rtant co n clu sio n s are  that the fund am ental c lo su re  

p ro b lem  in  the p re se n t n u m erical m o d el o f tu rb u len ce  is  

o ne o f  m o d eling  the in terg rid  v elo c ity  f ie ld , and  that co nd i

tio n al av erag e s a re  in trin sic a lly  ap p ro p riate to  the d e sc rip 

tio n  o f  th is f ie ld .

PRO PERTIES O F CON DITION A L A V ERA G ES

In the f i r s t p art o f  this sec tio n  the co nd itio nally  

av erag ed  co u n terp arts o f  a few  co m m o n unco nd itio nal s ta 

tis tic a l  q u an tities a re  d efined , and  in  the  seco nd  p art so m e 

sp e c ial re latio n s fo r iso tro p ic  tu rb u len ce  a re  d eriv ed . 

Thro ug ho ut, ra th e r than d ealing  w ith the  s ta tis tic s  o f  to tal 

v e lo c itie s , it is  co nv enient to u se Rey no ld s d eco m p o sitio n  

to  d iv id e the to tal v elo c ity  _u and  the d um m y v ariab le  v
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into  m ean  and  f lu c tu atin g  p a rts  in  the u su al fash io n :

u = U +  u ',  v  = U +  c , U = <  u  >  . (38)

T h en  the  co n d itio n al av e rag e  o f  u is  re la te d  to  that o f  u' b y

< £ l £ i  = v r . . . , U = V >  =
—n —n

u  +  <
" ’ 1 - 1

= c , , . . .  u ’ = c  >  . 
_ 1> - n  - n

(39)

Seco n d  O rd er C o n d itio nal M o m ents

(n +  2) -  Po int C o nd itio nal C o v arian c e  T e n s o r . T h is  

q u antity  is  d efined  as  th e  c o v arian c e  o f  the v e lo c itie s  at tw o  

p o in ts x^ , Xp g iv en  th e  v e lo c itie s  at n  o th e r p o in ts, no ne 

o f  w hich  co in c id e  w ith  x  o r  x _ . T h at is ,

W V ® ! * —  £n > 5 < u o i u« l 2 r £ l " - -  —n =- n  >  * <4 0 >

A s w ith  th e u nc o n d itio n al tw o -p o int c o v a ria n c e  te n so r, the 

co n tin u ity  eq uatio n  im p lie s  that

3R

d x

£ n > „ 9 R i j ^  =

ai

( 41)

(n +  1) -  Po int C o nd itio nal C o v arian c e  T e n s o r . A 

s p e c ia l c a s e  o f  th e (n +  2) - p o int co n d itio n al c o v arian c e  o c 

c u rs  w hen o ne o f  the co n d itio n al p o in ts, say  X p  co in c id e s 

w ith  x ^ . Then, a f te r  se ttin g  uL = u ' = c . , and  d ro p p ing  the 

su b sc rip t a f o r  c o n v e n ie n c e , eqn. (40)  re a d s

V - ’  S l h l ' —  ^ n > = <  Ui “ l jl  - 1 = - 1 '
u ' = c  >  (42a)  
—n —n  ^ '

=  c n <  u ; i £ i '
c  >  
—n

( 42b )

fro m  w hic h  it is  c le a r  th at th e (n +  1) -  p o in t co nd itio nal c o -  

v a ria n c e  d ep end s sim p ly  o n the (n +  1) -  p o in t co nd itio n ally  

av e rag e d  v e lo c ity . A s in  eq n . (41) th e  (n +  1) - p o int co n d i

tio n al c o v arian c e  has z e ro  d iv erg en ce  at th e  p o int x . 

A c c o rd in g  to  e q n s. (12b )  and  (42) the  u nc o n d itio n al c o v a ri 

an c e  te n so r R „  (x , x^) = <  ul u'^ >  can  b e  c alcu lated  f ro m  

th e co n d itio n ally  av erag ed  v e lo c ity  a c c o rd in g  to  th e  fo rm u la

R jj (x , x x) = <  R .j (x , x j  c p . . .  c n ) >  (43a)

= / <= i j  < £ „  >  fn<£l'

,  ,3
c  ) d  c 
—n

,3

- 1 * * *d -n *

(43b )

T h e  la s t eq u atio n  in d ic ate s that m u ch o f th e  stru c tu ra l 

in fo rm atio n  in  th e  (n +  1) - p o int c o n d itio n ally  av erag ed  v e l 

o c ity  i s  no t av ailab le  in  the  u nco nd itio nal c o v a ria n c e . Ind eed , 

ev en  th e  tw o -p o int c o n d itio n ally  av erag ed  v e lo c ity  sho uld  

p ro v id e  g re a te r  d e ta il than  the u nco n d itio nal c o v arian c e  b e 

c au se  th e  re latio n

R i j <2E» 2Si> = / c  i j  < ui l H i = £ i >  f i ( £ i > d 3£ i
(44)

su g g e sts  that th e  f in e  stru c tu re  in  < u !j u^ = c^ >  is  

sm o o th ed  o ut b y  the in teg ratio n  o v e r c . .

T h re e -D im e n sio n a l (n +  1) -  Po in t C o nd itio nal 

Sp e c tra l D en sity . Th e th re e -d im e n sio n a l Fo u rie r tra n s fo rm  

o f  the (n +  1) -  p o in t co nd itio n al c o v arian c e  w ith x  = x^ +  £  

y ie ld s an (n +  1) -  p o int co n d itio n al s p e c tra l d en sity

S. . ( k , x .  c .  , . . , c  )
i j  — —1 1—1 ’ —nJ

_ _1_

8tt~

e •*— . ( x , + r , x  Ic ,
i j  1 1—l

, ,3
c )d r

( 45)

th at is  re late d  to  the u nco nd itio nal th re e -d im e n sio n a l sp e c 

tr a l  d ensity  te n so r

1
e — Ri j ^ i  + £ (46a)

b y

'  i l l  S .V -£n> fn  f e l -  • • • £n> d 3£ r  •

(46b )

Eq u atio n s (42b )  and  (45) su g g est that i t is  n atu ral to  d efin e

s .C k ,X i  ^ 1

••• £ n > d  £

8 t t  '

- 1 |—jk - r  ,
= --- — I ----- <u !< u ! ( x  + r)  c n , 

l  —1 — —1

su ch  th a t

Si j i j  £ i»  ••• £ n> = c l j  S i &  * i l  - 1 » * * '  £n>*

( 47)

(48)

T h e  co nd itio nal v e c to r sp e c tru m , b e in g  a Fo u rie r tra n s fo rm  

o f  the v e lo c ity  f ie ld , is  m o re  am e n ab le  to  p h y sic a l in te rp re 

tatio n  than the  s p e c tra l d en sity  te n s o r , and  as  a c o ro l la ry  to  

th e  co m m en ts c o n c ern in g  the in fo rm atio n  co ntent o f  the 

(n  +  1) - p o int c o n d itio n al c o v arian c e  te n s o r , it a ls o  co n tain s 

m o re  in fo rm atio n . Th e  lo ss  o f in fo rm atio n  is  illu stra te d  by  

c o n sid erin g  th e  re la tio n  b etw een th e  u nc o n d itio nal s p e c tra l 

d en sity  and th e  tw o -p o int co n d itio n al v e c to r sp e c tru m  in 

ho m o geneo us flo w s w h ere S.^ (k , x^) = S^. (k) and  

s i <£> £ i l  £ i>  = s i (k | £ x) :

Si j (->  = f Cl j  S i £ l £ i >  f l  d3- l *  (49)

Iso tro p ic  T u rb u len c e

Be c au se  o f  its  sim p lic ity  iso tro p ic  tu rb u le n c e  is  an 

o b v io u s s ta rtin g  p lac e  f o r  in v e stig atio n s, b o th  th e o re tic a l 

and  e x p e rim e n ta l, o f  co nd itio n al av e ra g e s . M o re o v e r, the  

im p o rtan c e  o f  the s m a ll s c a le , and  th e re f o re  p re su m ab ly  

lo c a lly  is o tro p ic , b eh av io r o f  co n d itio n ally  av erag ed  v e lo c ity  

f ie ld  has alre ad y  b een  d em o n strate d . In th is  se c tio n  the 

re latio n s g o v ern in g  co nd itio nal av e rag e s  in  iso tro p ic  tu rb u 

le n c e  a re  p re se n te d  in  an o rd e r th at e sse n tia lly  p a ra lle ls  

Batc h e lo r’ s (1960)  d ev elo p m ent f o r  iso tro p ic  c o rre la tio n  

te n so rs .

Iso tro p ic  R e p re se n tatio n . In g e n e ra l, <  u ’ | £ j , . . .  

£n  >  *s a v e c to r  fu nctio n  o f  (n +  1) p o sitio n  v e c to rs
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x , x l f . . .  x  and  n v e lo c ity  v e c to rs  c . , . . .  c  . Sin ce 
— —1 —n —1 —n

iso tro p ic  tu rb u len ce is  a lso  ho m o g eneo us the  co nd itio nal 

av erag e  m u st b e  inv arian t w ith  re sp e c t to  tran slatio n s , and  

th e re fo re

< u' | c 1 , . . .  c n  >  = fu nctio n o f ( r ^ , . . .  £ n , £ x, • . .  £ n), (50)

w h ere  r  = x  -  x  . If  su ch  a v ec to r functio n  is  a lso  iso -  
—a -  —a

tro p ic , then re p re se n tatio n  theo ry  (Sm ith  1971) sho w s that 

it m u st hav e th e fo rm

< u !j c , , . . .  c  >  = G c  . 
l 1 - 1  - n  a ai

+  H r  .,  
a ai

(51)

w h ere  re p eated  in d ices a re  su m m ed , and  G and H are  
r  ’  a a

iso tro p ic  s c a la r  functio ns o f  the iso tro p ic  in v arian ts • r^ ,

c_  • c  and  r  • c  , 0  = 1 , . . .  n, y  = 1 , . . .  n.
-p  —y - @ - y

C o ntinuity  Equatio n f o r  < u ' jc^  >  . Fo r th e sp e c ial 

c a s e  n = 1 eq n . (51) re d u c e s to

< uil ~ G i^r i » c i » £ i  ’  - l ^ c l i +  Hi^r i » c i » I i ' £ i ) r i i ‘ (52)

Sin c e  <  u. | C j >  m u st sa tis fy  the co ntinu ity  eq uatio n  ( c . f . 

eq n . (29) ) , G j and H j a re  not ind ep end ent, and  a straig h t

fo rw ard  calcu latio n  sho w s that they  a re  re late d  by

BG .
° Hi

l i
+  3 H X = 0 . (53)

T h is  equatio n  has a fam ilia r analo g  in  the theo ry  o f  iso tro p ic  

c o v arian c e  te n so rs ( c . f .  Batc h e lo r, eqn. ( 3 . 4 . 2 )  ) .

D eterm in atio n  o f  Gĵ  and 1 ^ . In iso tro p ic  turbu 

le n c e  the  n ine elem en ts o f  the  c o v arian ce  te n so r can  be e x 

p re sse d  in  te rm s o f tw o  s c a la r  fu nc tio n s, and  th is g re atly  

s im p lif ie s  th e ir ex p erim en tal d eterm in atio n . A s im ila r  

re s u lt ho ld s f o r  the iso tro p ic  tw o -p o int co nd itio nally  av er 

ag ed  v elo c ity  v e c to r, but in  th is c a s e  the sim p lif ic atio n  is  

n o t so  d ram atic . Let r^  b e  a  unit v e c to r in  the d ire c tio n  

o f  r  = x - xr  n j b e any unit v e c to r that is  n o rm al to  r ^  

and  d eno te the co nd itio nal av erag e s o f  the v e lo c ity  co m p o 

n en ts u ' • and  u' ♦ n^ by

g  (£!»  £ x) = <  u ' • n x l C j >  (54a)

and

h (£i»  £i>  = <  u ’ - S i l C i  > .  (55)

T h e n  fro m  eq n. (52)

g  (£i»  C j)  = n j*  <  u'| C j >  = G x C j • n x , (56)

and

h(£l» £j) = ’ < £* I £x > = G! £ i ’ + Hi ri* <57)

T h e se  eq uatio ns m ay  b e u sed  to  e lim in ate  G j and  Hĵ  fro m

eq n . (52 ) , th ereb y  re su ltin g  in  the equatio n

( £ l “ ( £ l  ‘  r i ) r i } ^

< £ ' l £ i  = £ i >  ~ ------------- ^ — - s + h r r

£ r  n i

(58)

Th u s, i t  is  n e c e ssary  to  m e asu re  o nly  tw o co m p o nents o f  u ', 

b u t u nfo rtu nately  a ll th re e  co m p o nents o f  c^ m u st b e m e a 

su re d , and  g  and  h are  fu nc tio ns o f  r .  • c .  a s  w ell as

2 , 2
r j  and C j .

SUM M A RY AND CON CLUSION S

It has b een  sho w n that the c lo su re  p ro b lem s in at 

le a s t tw o  th e o re tic al fo rm u latio n s o f  tu rb u len ce u ltim ate ly  

red u ce  to  the ap p ro xim atio n  o f  co nd itio nal av erag e s in 

te rm s o f  lo w er o rd e r s ta tis tic s . In the  eq u atio n  f o r  f^ the 

tw o -p o int co nd itio nal av erag e s sp e c ify  the av erag e  v e lo c ity  

f ie ld  su rro u nd ing  th e  p o int o f  in te re s t, and  a re  need ed  to  

d eterm in e  the co nd itio nal p re ssu re  and  v isco u s s tr e s s e s  at 

th at p o int. In the n u m eric al m o d el co nd itio nal av erag e s 

m ay  b e  in terp re ted  as  in terp o lato rs o r , m o re  p re c is e ly , as 

e stim ato rs  o f the av erag e  in te r-g rid  v e lo c ity  fie ld  that c o n 

tain  eno ugh in fo rm atio n  to  d e term in e  the s tre s s e s  at the 

g rid  p o ints (inclu d ing  the su b -g rid  s c a le  Rey no ld s s tre s s e s )  

in  su ch  a w ay as to  m in im iz e th e e r ro rs  d ue to  the c o a rs e 

n ess o f  the g rid . It has also  b een  show n th at ev en  the lo w est 

o rd e r co nd itio nal av e rag e s, i . e . ,  < £ | £ 1 = £ 1 >  o r

<  u' | u ' = >  co ntain  m o re  o f the tu rb u len ce s tru c tu re

than co nv entio nal sp atial c o rre la tio n s . T h e re fo re , altho ugh 

th is q u estio n  w as no t d ire c tly  ad d ressed , i t is  p ro b ab le that 

sim p le  co nd itio nal av erag es o f  the ty p e d isc u sse d  co u ld  b e 

u sefu lly  em p lo y ed  in  stu d ies o f  c o h ere n t flo w  s tru c tu re s .

O ne ad v antag e in  u sin g  th is ty p e o f  co n d itio nal av erag e  

w ould  b e  that the ev en t E = ^  = v ^  is  re la tiv e ly  sim p le  

and w o uld  hav e sig n if ic an c e  in  any typ e o f  flo w .

Bec au se  so  little  is  know n abo ut co nd itio nal av erag es 

( e m p iric a l d ata is  e sp e c ially  lac k in g ) , it is  d if f ic u lt to  sp e c 

u late abo ut the u ltim ate  im p o rtan ce  o f  th e ir  ro le  in  tu rb u lence 

re s e a rc h  o r th e ir u tility  in tu rb u len ce  m o d eling . N o nethe 

le s s , it is  ap p arent th at they  d o  hav e th e o re tic a l sig n if ic an c e  

and  that they  can  p ro v id e u sefu l in sig h t into  the s tru c tu re  o f 

tu rb u len ce . C o nseq uently , i t  ap p ears that fu rth e r stu d ies 

o f  co nd itio nal av e rag e s are  w arran te d , and  it is  su g g ested  

that ex p erim en tal m e asu re m en ts o f  <  u| >  o r

<  u'| u 'j = C j >  w o uld  be e sp e c ia lly  v alu ab le  co n trib u tio n s.
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