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ON THE SCATTERING AND ABSORPTION OF
ELECTROMAGNETIC RADIATION WITHIN PULSAR
MAGNETOSPHERES

R. D. Blandford* and E. T. Scharlemann
Institute of Astronomy, Madingley Road, Cambridge

(Received 1975 July 10; in original form 1975 May 2)

SUMMARY

The scattering and absorption of coherent radio emission by ultra-relativistic
particles streaming outwards along the open field lines of a pulsar magneto- .
sphere are investigated for incident frequencies in the guiding-centre frame
less than or comparable with the particle gyrofrequency, wg. Two scattering
regimes are isolated in which the dominant particle oscillations are parallel
and perpendicular to the magnetic field, and both spontaneous and induced
scattering processes are considered. For the former (longitudinal) regime, a
quantum-electrodynamical calculation of the cross-section correct to first
order in (fw/mc?) is also presented. In addition, cyclotron absorption of radio
photons and their subsequent re-emission are investigated.

On the basis of these calculations, it is concluded that: (i) induced scattering
processes can influence the spectrum and polarization of the radio pulses if
they are emitted well within the pulsar magnetosphere, (ii) neither spontaneous
scattering nor small-pitch-angle synchrotron emission seems to provide a
satisfactory explanation for the optical pulses from NP 0532, (iii) the avoidance
of cyclotron absorption imposes important constraints on models of the radio
emission process, and (iv) resonant scattering of thermal radiation from the
neutron star sutrface is probably not an important effect.

I. INTRODUCTION

There is substantial evidence from studies of pulsars and binary X-ray sources
suggesting that neutron stars form with strong surface magnetic fields. In the case
of pulsars the field strengths are inferred to be ~ 1012 gauss. In these strong fields,
the Thomson scattering cross-section of a free electron is significantly modified,
and radiative emission and transfer occur in a highly anisotropic medium, thus
presumably giving rise to the pulsation by which these objects are detected.

In this paper, we investigate scattering and absorption processes that are likely
to influence the spectrum and polarization of the radiation emerging from a pulsar
magnetosphere. It is assumed that the pulsed radio emission originates well within
the light cylinder from relativistic particles streaming outwards along open field
lines, and so the rotation of the magnetosphere can be ignored. If the scattering
particles are ultra-relativistic, quite different frequency ranges can be related
electro-magnetically, as in inverse Compton radiation.

The radio emission is observed to have a very high brightness temperature,

- variously estimated to be in the range 1020-1030 K, that must be attributed to some
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coherent emission process. The photon occupation numbers are therefore very
large and so induced scattering processes (in which the rate of scattering from an
incident to a scattered state exceeds the spontaneous scattering rate by a factor
equal to the occupation number of the scattered state) are expected to play an
important role in establishing the emergent spectrum. Induced Compton scattering
by free electrons has been widely discussed in the literature particularly in studies
of compact high brightness radio sources. (See Blandford & Scharlemann (1975)
for references and a discussion of various electrodynamical approaches to this
process.)

In most of the following calculations the scattering and absorbing particles are
treated as independent and collective effects are ignored. The presence of a plasma
can introduce two important modifications to the cross-section. Firstly, dispersion
changes the w(k) relation and secondly the scattering particles may well display
significant spatial correlation. Indeed many theories of pulsar emission (e.g.
Ruderman & Sutherland 1975) rely on the establishment of ‘ bunches ’ of charged
particles to produce coherent radio emission. We also ignore the influence of the
radiation on the particle energy distribution.

As an ultra-relativistic particle moves outward from the surface along an open
field line, its gyro-frequency will decrease. Near the stellar surface, the cooling
time for the radiation of transverse gyrational motion is so short that an electron
will be almost permanently in its lowest Landau orbital. At larger radii this need not
be true. For a given particle energy, the scattering and absorption depends on the
ratio of the incident wave frequency to the gyro frequency. In Sections 2, 3 and 4
we discuss three separate regimes characterized by increasing values of this ratio
and also increasing distance from the pulsar surface. We do not discuss the scattering
of photons whose frequency (when Doppler-shifted into the guiding-centre frame)
exceeds the particle gyro-frequency. Such scatterings are probably unimportant
for the pulsed radiation. They have, however, been discussed by Tademaru &
Greenstein (1974) in the context of setting upper limits to either the neutron star
temperature or the electron Lorentz factor.

In Section 5, the results of the previous three sections are applied directly to
pulsars. This is done partly by adopting the basic model of Ruderman & Sutherland
(1975), which we regard as the most plausible of current detailed models, for illustra-
tive numerical examples, and partly by setting constraints on a more general class
of emission mechanisms.

2. LONGITUDINAL SCATTERING

We first consider in some detail the theory of Compton scattering by relativistic
electrons in a very strong magnetic field (considered spatially uniform). Previous
mention of this process occurs in Goldreich, Pacini & Rees (1972) and Kaplan &
Tsytovich (1973, p. 243). In the extensive literature on scattering by electron
beams (e.g. Bunkin, Kazakov & Federov 1973) the non-magnetic cross-section is
generally used.

(1) The cross-section

The classical, non-relativistic cross-section for Thomson scattering in an
arbitrary magnetic field (including the dispersive effects of a plasma) has been
given by Canuto, Lodenquai & Ruderman (1971). We designate as A the polariza-
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tion state in which the static magnetic field, k-vector and electric vector are co-
planar, and as B, the orthogonal polarization. In the vacuum limit the cross-section
in the electron rest frame then becomes

do
'

I

N2 lsn2Osin2 04— L
(A—>A) =re {sm 0 sin 6 +(I_sz/w2)2

2
w .
x [cos2 6 cos? 6 (cos2 ¢ + ﬁz— sin? ¢’)
w

2
+2 (1 - ?—9’—) sin 0 sin 0" cos 8 cos 0’ cos qS’] },

w?
2 2
% (4->B) = (’i”_"?;r”:“é/—wz)z cos? 0 (sin2 #+ % cos? qy),
| 2 2
do n 72 9 g1, WG . o ,)
m(B—>B)—GTGP/;E)—Z(COS ¢>+?sm¢' , (1)

where 7 is the classical electron radius and the scattering is from a photon state
with k = (w]/c, 0, o) to a state with k' = (w/c, 0', '), in spherical polar coordinates
referred to the field direction.

To lowest order in (w/wg), the only non-zero cross-section connects polarization
states 4, A':

T re2 sin? 0 sin® §'. (2)
We are here treating the electron as being constrained to one-dimensional motion
like a charged bead on a straight wire.

In the Appendix, we outline the quantum mechanical calculation of the cross-
section in the limit of small (w/wg) to second order in the fine structure constant
and first order in Aiw/mc2. This cross-section bears the same relation to (2) as the
Klein-Nishina cross-section does to the Thomson cross-section and includes (to
lowest order) the electron recoil.

(ii) Energy and momentum conservation

We are interested in scattering by an electron moving ultrarelativistically along
the field with Lorentz factor y = (1 — $2)~1/2 in the observer frame. If we ignore
electron recoil, then

w"’], — wn,
where
n = 1—f cos 0,

7' = 1—fcos?, (3)

evaluated in the observer frame.
The possible range of the frequency ratio (w'/w) is (to lowest order in y~2)

I

4y? =

<4y% (4)

g &
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Momentum is conserved parallel to the magnetic field and we can therefore include
the effects of electron recoil in the initial electron rest frame using

w = [1 - (cos 6—cos 62+ 0 (:::2) ] (5)

Momentum perpendicular to the field is not conserved. In the case of a pulsar, the
difference is propagated via magnetic stresses either to the neutron star or to infinity.

(iii) Spontaneous scattering of isotropic monochromatic radiation

We consider the scattering by an ultra-relativistic electron of an isotropic
monochromatic distribution of photons with spectral intensity (power per unit
area per steradian per unit frequency range in polarization 4) given by

&oc

10 = SEdw—wr). (6)

The calculation proceeds analogously to the calculation of the spectral distribution
of inverse Compton radiation (e.g. Blumenthal & Gould 1970). The power scattered
into frequency interval do’ and solid angle dQ' in polarization state 4’ is given by

#n ', @) = b’ [ 28,03 Q> @) (32 8 (- 10) dwan. )

Transforming the cross-section (2) into the observer frame and substituting (6),
this becomes for y>1:

P ', @) = 20 G /a2y ) (' L - L aya)
'}’; 2wy "y 77,4 7’ 77 ')’ wo 7] ‘Y ’
wp 2w :
1< <—7~ (8
2% U] )

This can now be integrated over solid angle to give a total spectral power. It
must be realized that the meaning of this quantity is not quite the same as in
inverse Compton radiation, where it is usually assumed that the electron momenta
are uniformly distributed in a small angle about the observer direction. In a spatially
uniform field, the observed power is clearly angle-dependent. However, in applica-
tions to pulsar magnetospheres, we will be assuming that the field direction changes
through angles 2y~ on length scales long compared with the incident wavelength
but short compared with the size of the emitting region, and so at a given point
within a magnetosphere the integrated emitted spectral power does provide an
estimate, albeit approximate, of the txme—averaged observed power. Performing
this integration we find,

N o Iﬁﬂ'fod‘ez 2 3
ply, o) = —y—zw—o—{x+zx In x— %%} (9)

to lowest order in y~2, with ¥ = w’[4y%wg and 1> x> y~2. The total power radiated
by an electron is given by
167re2céy

#0) = [ ol o) dos = : (x0)

This agrees with a calculation of the total power radiated by an ultra-relativistic
electron using classical electrodynamics.
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A similar expression has been calculated by Kaplan & Tsytovich (1973, p. 243)
for the scattering of longitudinal plasmons (rather than transverse photens). They
find

8
ply) = -gz re2c ). (11)
The corresponding power scattered by a free electron is given by
- 217 e2cy2 &,
p@)=3%1—2 (12)

which exceeds (10) by a factor ~92. As noted qualitatively by Goldreich et al.
(1972) this factor arises because when the electron is constrained to motion in one
dimension, only the longitudinal component of the electric field can be scattered.
In the electron rest frame, this is typically smaller than the transverse component
by a factor ~y~1, thus reducing the effective cross-section by a factor ~y~2, The
mean scattered frequency is given by

<d>:j}wzdww&w
| vy dot

which is half the mean frequency when scattering is by a free electron.
We can also integrate (8) in the limit 1/492<x<1 to obtain

= §y%wo (13)

’ ’ éEO Crez {4(-0 ’ 2 /( wl) I}
v o, Q) = % s e (14— | 4+
Ply, w ) 200 757’4 won ,),277 wo) P8 (14)
and
o o) = ATTE (L 1) s o'z e, (13)
'y4w0 wy 3

(iv) Spontaneous scattering of anisotropic, polychromatic radiation

Within a pulsar magnetosphere, the incident photons will be neither isotropic
nor monochromatic and so some generalization of (8), (9) and (10) is required. The
integration of (9) and (10) over incident frequencies, wy, is straightforward. In
order to obtain a qualitatively correct result for anisotropic radiation we consider
an angular distribution of monochromatic photons that is uniform with spectral
intensity I(k) = (€oc/w0n?) 8(w — wo)for o < 0 <O < 1 and zero for 8> 0y. Because
only polarization A will scatter, the distribution in angle ¢’ is unimportant.

Equivalent to (g), (10) and (13) we obtain, for ph<1,

2 2
Py, @) = g:_;-f%_c ly-mee M atingl 12ympe (6)
Ply) = §wéore®ctn?, (17)
() = 10m%ylwy, (18)
where
wl
Yy = m- (19)
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(v) Induced scatterings

We now consider induced scatterings, by which we mean the scatterings from
one radiation state k to another, k', enhanced by the photon occupation number of
the second  beam ’. As with scattering by free electrons the scatterings between the
two ‘ beams ’ cancel identically when electron recoil is ignored; i.e. to order unity
in (hw[mc?).

It is instructive to treat the effects of induced scatterings by a distribution of
electrons in two complementary ways. We are free to choose as independent, two
quantities from the electron energy and the photon momentum before and after
scattering, the other two being constrained by conservation of energy, and momen-
tum parallel to the field. We first consider scatterings between two specific photon
states, including the effect of recoil on the electron energies. This only requires
the classical cross-section. We then compare scatterings, fixing one photon state
and the initial electron energy before integrating over electron energies. Our purpose
is not only to demonstrate the equivalence of the two methods (¢f. Blandford &
Scharlemann 1975), but also to point out that this equivalence can only be achieved
if the quantum mechanical cross-section including recoil terms (calculated in the
Appendix) is used in the treatment of individual scatterings. This is in contrast to
the free scattering case where the Thomson approximation to the scattering cross-
section 1s sufficient.

For scattering in the observer frame between two photon states k, k’ involving
electrons with initial energies yme2, ymc2+ h(w— w’), the probability per electron
per unit time of a spontaneous scattering in polarization 4 is given by
dP _ d%k do  dK 5 ( ' ’qw)
— =1 N =~ €.C w -1
dt (27)3 " dQ 2 7

nrect sin? 0 sin? 9’

T (273 wow'ySyZy?

8(w'y’ — ) d%k d3k’  (20)

using equation (2). This equation is clearly symmetric between the two directions
of scattering and demonstrates detailed balance. We can then calculate the rate of
change of photon occupation number for photons of momentum 7k as a result of
induced scatterings, from

(&), &5 - [+ 80— N S o' ay (21)

where n' = n(k’), 8y = h{w— )/me?, and N7 is the one-dimensional electron
distribution function.

Therefore

on _ 9.4 2 2 18(7’(‘) ﬂw)h(‘” w) 3’
(E) f y 2 f s 7e2c4 sin2 0 sin? 6 oy i ask’. (22)

Integrating this by parts we obtain

on 0 nn're2ct sin2 0 sin? §' 8(nw —7'w’) io' — w) ,}
%) % FEN
(315 )i J &N, % U wa'ybnZy? P k (23)

An integration of (23) over d3k confirms that the number of photons is conserved,
as it must be in a scattering process.
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In a spatially homogeneous medium we can replace 9/2¢ by ¢(9/0x) and obtain
an equation for the non-linear ‘ absorption ’ coefficient «(k) defined by

ol(k)y
= ki (k). (24)
Then _
. K 3 231(k’)sm203m29’ (w w) oy ,}
K = fdyNYay{f(ZTr)r ma's - S(pw—n'w’) d3k’}. (25)

In addition we can integrate (24) over d3k to calculate the total rate of loss (or
gain) of energy by the radiation field,

36” ra,d N f (27)3702¢8 sin? 0 sin? §'(w — w')2
V. > e e ySEn®

x 1(k) I(k') S(now—1'cw'") d%k d3k’] (26)

where &raq is the radiation energy density. The factor 1 is included in order to
count each scattering only once. (The partial derivative w1th respect to y in (26)
is best left outside the integrals over d3k 43k’ because of the dependence on y of
the limits to the integrals.)

In the second approach, we consider the scatterings by a single electron of
Lorentz factor, y, in the observer frame within a normalization volume ¥ intro-
duced in order to make the equations dimensionaily homogeneous, between photons
in states k, k'.

Using equations (3), (5) and (20), we obtain

on s |1 do , [ o _]
V—B? fndk{kde( k' —>k)$ k’7(1 A)

d ‘ /
e v k08 k2 a-8)). @)
Here,

fiwx(n’ —5)?
=32 B2 Smctyy 2 (28)

From the Appendix the observer frame cross-sections are

7e2 sin2 f#sin2 ¢

Qw, Kok = Iy,
R
~ "’,zj;’l( K > k)1 — e1— e3)
where
@ = s (57) 522 ()
@ = gt () =22 () ) @9
5
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(In scattering by free electrons the recoil terms, €; and eg, are related by 1 = — €3,
so that recoil corrections to the Thomson cross-section cancel, as mentioned
earlier.) The differences in the cross-section for scattering in a very strong magnetic
field are not only quantitatively significant but can also change the direction of the
effects of induced scattering.

Assuming an isotropic radiation field, inserting the forms for the cross-sections
(29) and expanding k'2n’ in a Taylor series, we find to O(#w/mc?) but to all orders
in y1

on _h__, sinZBSinze’{ I (’r)'—”r) 20 i
V—“ = ;znre f ﬁz'ya 7 ﬁ(k n)

.},67]377’3
T P ] | PoyeD

By’
where 7’ is evaluated at & = nk[y’.
The non-relativistic limit of this (which can be compared with the induced
scattering terms in the non-magnetic photon kinetic equation due to Weymann,

1965) is
bl Hn re2 f sin? 6 sin? ¢’ {(cos §—cos 6)2 —

0 1200

—3(cos? 0—cos? 0') kn' } dQ',  (31)

with 7' now evaluated at &' = k.
Of more usefulness in the relativistic limit is a second procedure in which #’

is set equal to
W = aminy AE RO, (32)

i.e. we evaluate the integrals of constant " = kg. In this case the manipulation of
the 8-functions is somewhat more complex, but we find

n 4.7r3c no'r 2 020 sin2 [(zﬁn—Enz—L)
ot Bolns [\“ko! k2T )

, 0A k
X (21) 6_77'+ e1+ez)+4A (;%"k—o")] (33)
;0N  ho (7)'2—%72)
U o 2P5AmE\ )

Equation (23) can then be shown to be equivalent to equation (33).
To make further progress with equations (33) or (25) we introduce in the next
two sections approximations appropriate for relativistic electrons.

with

(vi) Induced scattering when o' ~ y?w

We first consider the scattering of a distribution of photons with frequency
~ wp to frequencies w’ ~ y2wp. We can then ignore the energy and momentum
of the photon at frequency wp in comparison with that at «’. Comparison of (25)
(interchanging primed and unprimed quantities) with (%) leads to the equation

« = @ [ v, 2 (P2t T (34

me's
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This equation can also be derived from equation (33) by careful application of the
relation obtained from detailed balance:
. k2 do ,
20 k=) = 50 (8, K K), (35)
a formula that also follows from the cross-sections (29). If the high frequency
photons have a spectral intensity I(k"),

aé;;aa = —(2m)® f do' dQ'I(K') f dyN, — {M} (36)

mw'2

If in addition (k') is uniform for angles within a cone of semi-angle ~y~1 about
the direction of the electron momentum,

acfraa ~(2m)8 f do'I1(k') f dyN. {P(”’ w)}. (37)

mew’2

From the y-dependence of the spectral power given by equations (8), (9) and (16)
we see that it is quite possible for the absorption coefficient to be negative and for
the electrons to lose rather than gain energy from the radiation, i.e. for a scattering
maser to operate. We remark at this stage that this almost certainly does not con-
stitute the basis of a viable model for the production of coherent radio emission
from pulsars. The difference between a scattering and an emission maser is that
the former does not create photons, and so for any plausible magnetospheric
plasma frequency there would still remain the problem of emitting photons with a
brightness temperature much larger than the single particle kinetic temperatures.

To illustrate the negative absorption coeflicient, consider a monoenergetic
electron distribution function, N, = med(y—7yo), scattering isotropic mono-
chromatic, low-frequency photons, with an intensity given by equation (6), into
high-frequency photons of intensity I(k’). Substituting equation (9) into equation
(37) then gives

afrad _ 128174neé90732€
ot mw02y05

4y2w, ’
Jw o{1+x+3xlna'c—zacz}Lk,)dm’. (38)
w

Thus, in this example, we see that after integration over angle, radiation with
frequency such that the expression in braces in (38) is positive, i.e. with
w’' <1-42y%wg, will be amplified whereas higher frequency radiation will be
attenuated.

(vii) Induced scattering when w ~ wo

In this limit the evolution of the radiation spectrum clearly depends in a
complex fashion on the electron and photon distributions and the magnetic field
geometry, and it does not seem possible to produce any further useful general
discussion. We therefore anticipate Section 5 and give an approximate relation that
is directly relevant to a pulsar magnetosphere.

Within a magnetosphere, the magnetic field lines will not be straight but will
be curved with radius of curvature ~p. From equation (25) it can be seen that
the opacity increases as the angle 8 decreases. However, the curvature of the field
lines sets an effective lower limit on € in that the cross-section (2) is only applicable
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as long as much more than 27 of phase can pass the scattering particle before 6 has
changed significantly. This requires

-1/3
0 < Omin ~ (-u—’cf) s wSyR

~[9P) e wzyB S
(C) v wRy (39)
(Alternative but equivalent definitions of Omin are possible.) For 6<60min the
electrodynamics of curvature radiation is appropriate (¢f. Blandford 1975). We
note that if w is to be associated with the peak frequency of curvature radiation,
then Omin ~ ¥~1, and photons will be able to scatter as soon as they have been
created. With o $93(¢/p), we can approximate n by 62/2. If in addition the electrons
have y ~ yq, then from (25) we obtain

Ne?e2 I(k") (w—w") (92w 0% , 9

= f T 2) 5 (200 dorm a9, (40)

Now if the radiation is broadband, we can define a radiation brightness temperature
Tb by

Kk ~ —gb(2m)3

kpThw'

I(k") = 22—
( ) (277)3 02 (41)
The dominant contribution to the integral in equation (40) occurs when 6 ~ Opin
and so, to order of magnitude, the angle-averaged absorption coefficient is given by

kB Tb ne rez

~ Qb — — .,
IK] 9o mc? ‘}’079min4

(42)
More detailed calculations making differing assumptions about the angular and
frequency range of the radiation yield essentially similar results.

(viit) Polarization

The longitudinal cross-section (2) only relates photons with polarization A.
Therefore a distant observer whose direction makes a finite angle with a spatially
uniform field will observe 100 per cent linearly polarized spontaneously-scattered
radiation. However, when the scattered frequency is much larger than the incident
frequency, the scattered photons can only be observed at a small angle to the field
line. If the field lines are diverging, as they will be in a pulsar magnetosphere, an
observed photon can be linearly polarized in any direction dependent on the projec-
tion of the magnetic field at the point of emission.

At any given time let ng(0, ¢) be the number of emitting electrons per unit
solid angle with energy in some small range whose instantaneous unit vector
momenta p make a small angle # with the direction of the observer fi, so that

nxp.X = —sin fsin ¢,
nxp.y = sin 0 cos ¢, (43)

with X, § orthonormal unit vectors perpendicular to fi. Then the observed degree
of polarization along X is given by

f f na(8, ) ply, @, ) cos (24) 0.0 d

- [[ nato. 91560, 00 20 5

(44)
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where we ignore spatial variation in the function p(y, », Q). Now we can expand
ng(0, ¢) in a Taylor series, using coordinates , y for small angles measured from #

rotating about axes X, ¥, to obtain
#0(8, $) = 10(0, 0)+ 8 cos 24 sin ¢ 721 102 cos ¢ L7
o ’ dx oy *® Ox?
P aan . 32729
+ 62 cos ¢ sin ¢ m+ 102 sin2 ¢ 2 (45)
Therefore

_ 70 [Py 82n0}
e = {sz oy? (46)

where {62 is the mean square angle at which the radiation at that frequency is
emitted. Thus, if the distribution function of emitting electrons varies over an
angular scale ~ ¢, then the observed degree of linear polarization IT ~ (@2)£-2.
An alternative way of making this plausible is to observe that the integrated spectral
power p(y, w) emitted by each electron is completely unpolarized and therefore so
is the observed polarization. For the case of a stationary dipole field, this result
can be demonstrated explicitly.

(ix) Collective effects

As mentioned in the Introduction, in a variety of pulsar emission mechanisms
the coherence of the radio emission is produced by bunches of charged particles.
We can characterize a typical ‘ bunch ’ (more precisely a Fourier component of the
density) by a linear size L and a charge excess, + Ne, where N is the effective num-
ber of particles in the bunch. For scattered wavelengths <L, the constituent
particles will spontaneously scatter incoherently. However, for wavelengths 2 L,
the spontaneous scattering rate will be enhanced by a factor N. In addition the
shape of the scattering bunch must be taken into consideration.

For induced scattering, we see that the opacity as defined in equation (25) is
not appreciably enhanced by bunching (because of the presence of an extra mass
in the denominator). However, any more detailed discussion is particularly sensitive
to the plasma parameters assumed.

(x) Validity of the cross-section

In a strong magnetic field (B 2 1014 gauss), pair creation can occur and this
provides an effective maximum field strength for the validity of the cross-section.
The minimum field strength is discussed in the following section.

In deriving the cross-section (2) it has been assumed that the motion in the
clectron rest frame is non-relativistic. This will be the case as long as y>f, where

J = e(8m&)1%/mcw is the strength parameter of the incident radiation (energy
density &).

3. TRANSVERSE SCATTERING

In a weaker magnetic field, the cross-section given by equation (2) no longer
describes the dominant scattering effects of an ultra-relativistic electron. In effect,
the drift velocity of the guiding centre, (E x B)/B?, leads to a larger cross-section
than the longitudinal oscillation parallel to the field. Transverse scattering is
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significantly more complex than longitudinal scattering, and we only attempt a
semi-quantitative discussion. In particular we specialize immediately by summing
over incident polarization states, postponing a qualitative discussion of the polariza-
tion of the scattered radiation to (v).

(1) Cross-section

Either from the complete cross-section (1) or directly from first principles, we
see that the ¢-averaged transverse cross-section after averaging over incident
polarization is given by

do
dQy

in the electron rest frame to lowest order in w/wg. This assumes that the incident
radiation has azimuthal symmetry with respect to the field.

2
= bt 2, (o8t (1 b o ), (47)

(1) Spontaneous scattering of isotropic monochromatic radiation

Again we assume that the incident radiation has a spectral intensity given by
(6), transform the cross-section (47) into the obsetver frame and substitute in (7)
to obtain for y>1, .

r o I(focrezw"‘{, I }
yo , Q)= -2 g2 " (2n —y-2), 8
Py, o, 2 wfuc? | 2yz( 7' —y?) (48)
20 ! = w, < ﬂ‘
2y*) n
Integration over solid angle gives a total spectral power,
' 2w EoreZcwgy?
Ply, @) = T EEE L {34609 — 4] (49)

where again ¥ = w’/4y?wo and 1> x> 1/4y2. Note that the single expression (49)
suffices for all w’> wo. The total power radiated is given by

128  &ore?
p) = 228 7 S0 gy (50)
5 wa
and the mean scattered frequency is
{a’) = gy2wp. (51)

(iit) Spontaneous scattering of anisotropic polychromatic radiation

Again, integration over the incident frequency wg is straightforward. In
addition, we can derive expressions directly analogous to (16)—(18) for the scattering
of monochromatic radiation uniformly distributed in a cone of semi-angle 6y, about

the field direction. We find that for <1,

, 2¢ 8 20,6
Py of) = TECLT B0 {y— 32+ 65— 434}, (52)
1 1280y 0mBwe?
(@) = By®OmPuwo, (54)
with y given by (19).
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(iv) Induced scattering

The formalism outlined in equations (20)-(42) can be developed analogously,
replacing the longitudinal cross-section (2) with the transverse cross-section (47).
Two important features emerge. The first is that for the scattering of isotropic
radiation, p(y, ', ') as given by (48) is a decreasing function of energy only for
8 Sy~1. Thus from equation (34), only when this is satisfied can « be negative.
Furthermore, in a realistic magnetospheric geometry, the net optical depth for
> wp along a line of sight taking into account the changing field orientation will
be positive.

The second feature is that when w’<y2wy, the absolute magnitude of the non-
linear optical depth resulting from transverse scattering only exceeds that from
longitudinal scattering when w 2 wg/y. (This follows from an examination of the
relation corresponding to (25) incorporating the spectral power given by (48).)
As we show below, this is the condition that cyclotron absorption occurs, an effect
which will dominate either induced scattering process.

(v) Polarization

In contrast to longitudinal scattering, the polarization of spontaneous trans-
versely-scattered radiation can be quite large and will reflect the polarization and
anisotropy of the incident radiation. If the (complex) amplitudes of the electric
field of an incident photon in the 4 and B polarizations are proportional to ea, ep
then the scattered polarization is given by

ep cos 0 cos & sin¢’ —cos 8 cos ¢\ fea
| = : (55)

en cos 8 cos ¢’ sin ¢’/ \ep

In the absence of any clear picture of the scattering geometry within a pulsar
magnetosphere, we do not attempt a detailed calculation of the polarization of
transversely-scattered radiation. Four features are, however, apparent from an
examination of (55). First, the degrees of both linear and circular polarization will
be partially preserved by the scattering. (For the case of incident circular polariza-
tion it is sufficient to observe that, in the electron rest frame, scattered photons of
opposite helicity are emitted in opposite hemispheres. On Doppler-shifting to the
observer frame, the photons of opposite helicity have frequencies differing by a
factor ~2. Thus on averaging over incident frequencies and electron energies a
net circular polarization will be observed.)

Secondly, if both the incident and the scattered radiation are observed then
f = ¢, ¢’ = o and from (49) the planes of linear polarization are perpendicular,
Of course unobserved incident radiation can contribute to the scattered flux, but
if the radiation is fairly well collimated some rotation of the polarization plane
might be anticipated at peak intensity. Thirdly, if the incident radiation is un-
polarized but anisotropic, appreciable scattered polarization can result. Finally, we
note that for frequencies such that the longitudinal and transverse cross-sections
are approximately equal, it is possible to scatter unpolarized incident radiation
with elliptical polarization.

(vi) Validity of the cross-section

We can determine the field strength below which the spontaneous transverse
scattering dominates longitudinal scattering by comparing the spectral powers
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given by (49) and (52) with those given by (9) and (16). For isotropic incident
radiation, the condition that transverse scattering dominates is that

wg Sywo ~ (). (56)

For anisotropic radiation this becomes
w0 10m3y2wy ~ 030w, (57)
(The latter condition can also be seen by Lorentz-transforming into a frame in
which the radiation is isotropic.) A lower limit for the field strength is given below.

As with longitudinal scattering, the electron oscillation in the guiding centre frame
is non-relativistic as long as y>f.

4. CYCLOTRON ABSORPTION AND RESONANCE SCATTERING

When the magnetic field becomes even weaker, the incident frequency, after
transformation into the electron rest frame (~ywo), can become equal to the elec-
tron gyro-frequency, wg (which is unchanged by the transformation). The electron
can then absorb the radiation being excited into higher Landau orbitals. At a later
time the electron may de-excite and emit a photon of frequency w’ ~ y2ewq.

(1) Absorption cross-section

In the electron rest frame, & ~ 7, as long as we exclude photons that have
6 Sy~1in the observer frame. (These cannot be absorbed within the magnetosphere
until the field strength decreases, and before this can happen, 8 will exceed y—1.)
As the radiation emitted in this direction by gyrating electron is circularly
polarized, only one sense of circular polarization can be absorbed. The spectral
power radiated in this polarization is given by

2

e, Q) = ‘34;"5 u,28(w— we), (58)
where u is the transverse proper velocity in units of ¢ (all quantities being measured
in the electron-guiding-centre frame). T'wo conditions must be satisfied to ensure
the validity of (58). First, the electron must be sufficiently excited that the classical
radiation formula is applicable. As we shall see, this will very rapidly become true
once the conditions for absorption are satisfied. (In fact, according to the calculations
of Chiu & Fassio-Canuto (196g) the correct quantum mechanical formula for an
electron in its first excited Landau orbital agrees with (58).) Secondly, the electron’s
motion in its guiding centre frame must be non-relativistic. In the application to
a pulsar magnetosphere, this will probably not be the case, because if cyclotron
absorption is occurring at all, there will be sufficient radio photons to excite
relativistic transverse motion. In this case the formulae for the absorption of
small-pitch-angle synchrotron radiation should be used.

Nevertheless, assuming these two conditions, it is then straightforward to
calculate the effective classical absorption-cross-section in the electron-guiding-
centre frame using equation (58). (In quantum mechanical terms, this cross-section
includes the correction for stimulated emission in transitions between two adjacent
Landau levels.) As long as Awg<mc?, we can ignore the electron recoil parallel to
the field and the cross-section is given by

Co — (211')2 ¥Yel 3(0) _— w(}). (59)
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This is also the correct quantum mechanical cross-section for stimulated absorption
by an electron in its ground state Landau orbital and presumably also a reasonable
approximation for electrons in low states of excitation.

We now transform into the observer frame and calculate an effective cyclotron
absorption coefficient from

o = f dyN,moe (60)
- ()9 2)

(T'he last parentheses refer to the argument of the function N,.)

(11) Relativistic cyclotron emission

The problem of relativistic cyclotron emission or small-pitch-angle synchrotron
radiation has been considered by Epstein (1973). We present here a simplified
treatment valid in the regime appropriate for application to a pulsar magnetosphere
and in the spirit of the previous two sections. We again restrict ourselves to non-
relativistic guiding centre motion. In the guiding centre frame the total energy
radiated per unit frequency per period (a Lorentz invariant) is given by

Eo(w') = f % 4, 2w(1 + cos? 0) 8w’ — wg) A, (62)

Transforming into guantities measured in the observer frame and integrating over
solid angle, this can be converted into a spectral power:

2 2
Pelys @) = SR a(x - 2wt 299) (63)
where
CU’
Q& = ,
2ywg
2 <1,
u, €I, y>IL (64)

As a check, the total power radiated can be calculated from

pely) = f pely, o) do’

= 20 20 (65)

which is readily recognized as the Lorentz invariant power radiated in the guiding
centre frame.
The mean frequency radiated is given by

(@) = ywe. (66)
From (65) we can define an effective cooling time, 7., for the radiation of
gyrational energy. Measured in the observer frame, this is

- 3«
o= 30, ©7)
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(i11) Polarization

As mentioned above, an electron will only absorb one sense of circular polariza-
tion. (In a pulsar magnetosphere the unaffected polarization has the same helicity
as the gyrating electrons.) However, if as proposed in some pulsar models (e.g.
Ruderman & Sutherland 1975) electrons and positrons are present in equal
numbers, both senses of circular polarization can be absorbed.

The cyclotron radiation emitted by a single electron has a circular polarization
that is a straightforward function of frequency (in fact

2(w[ywg—1)
E+ (wlywa—1)2 (%)

relative to the sense of particle gyration). Integrating over all particle energies will
almost certainly leave a net circular polarization unless again there are equal
distributions of electrons and positrons.

(iv) Collective effects

As discussed in Section 2, the particles may well be spatially bunched. However,
unless this coherence extends to the distribution of gyrational phases (and this
seems very unlikely) such spatial bunching will not influence the absorption and
emission processes discussed in this section.

(v) Validity of the cross-section

Cyclotron absorption sets in when
wg = yu(1— B cos 0)
~ yfPuw,
ylg < (69)

For higher field strengths the transverse cross-section (47) will be approximately
valid, although for detailed calculations, the full cross-section given by equation (1)
should be used. .

If, as seems quite possible, the gyrational motion of the particles can be made
relativistic then the formulae derived above must be replaced by the corresponding
formulae for the absorption and emission of small-pitch-angle synchrotron radiation
(see Epstein 1973 for further details). If the strength parameter of the waves, f (a
Lorentz invariant quantity) exceeds unity then the motion of the electron in its
rest frame must be relativistic. Absorption can still occur, but the cross-section
given by equation (59) is no longer precisely valid.

5. APPLICATION TO PULSAR MAGNETOSPHERES

We now turn to the problem that has motivated the preceding calculations—
the possible influence of scattering and absorption processes on coherent radio
waves propagating through a pulsar magnetosphere. The structure and composition
of the magnetosphere is still to a large extent unresolved (see Ruderman 1972, and
ter Haar 1972 for reviews). Therefore, we illustrate the various effects by using
parameters appropriate to the model of Ruderman & Sutherland (1975). However,
whenever feasible, we also indicate how detailed observations of pulsars can be used
as a more general diagonstic to set constraints on the properties of a magnetosphere.
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(i) Standard pulsar model

For convenience, we state here a set of standard assumptions (generally con-
sistent with those used by Ruderman & Sutherland 1975) about the magnetospheric
structure.

The pulsar is taken to be a neutron star of radius 10% cm rotating with a period
P s and possessing an oblique dipole moment for which the surface magnetic field
strength is 1012 gauss. The radio emission is assumed to be emitted by relativistic
electrons (and possibly positrons) of energy ymc?, moving along curved field lines
and radiating with frequency,

@ ~ y%p (70)
where p is the radius of curvature of the field lines. If we are neither too close to the
star (where higher multipole moments may be important), nor too close to the light
cylinder (where rotational distortion becomes significant), the field structure should
be approximately dipolar. At a perpendicular distance, x, from the magnetic axis
and a radius R, p is given by (4/3)(R?/x), for cP/27w> R> x. The radio photons will
be emitted tangentially (to within an angle ~y~1) to the field lines at (xg, Ro) and
if they are subsequently scattered at a point (x, R), they will make a small angle, 6,
with the local direction of magnetic field given by

=3 (x xo) _1x (R—Ry)

2\R™ Ry  2R(R=Ry/3)
L 3% 1% pop
TR 2R Pl (71)

For radii beyond that at which significant pair creation can take place, the
particle density {electrons and positrons), #e, on the open field lines is related to the
total particle discharge per magnetic pole, N, by

e ~ 5% 1048 N3gPRg 3 cm~3 (72)
where Ngg is in units of 1036 s~ etc. The corresponding energy flux is
Le = 10% y3Nyg erg s~ (73)
Thus the inequalities,
Ly3o $103 y3N36 108 I35P 2761, (74)

where 1038 Lygg erg s—1 is the integrated radio luminosity of the pulsar, 1045 I45 g
cm? is the moment of inertia and 108 7¢ yr the timing age (P/P). For the Crab
pulsar, Lrgo can be replaced by Lxsp (~ 108), the X-ray pulsed luminosity. An
additional constraint on the density is provided by the requirement that the radio
frequency exceeds the effective plasma frequency,

wy 201 Nagl/2Rg8/2P1/25-8/2, (75)

The plasma frequency decreases with radius (oc R—3/2) and so, at a given frequency,
plasma effects will diminish in importance with radius.

(i1) Spontaneous scattering of radio photons

So far, only the Crab pulsar has been definitely observed at frequencies outside
the radio range. This might therefore be used to set limits on the particle densities
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and energies from the spontaneous cross-sections derived above. De-dispersed
pulse profiles typically occupy 56 per cent of the pulse period. Using (71) we can
estimate the maximum value of the angle 6, i.e. 6y, to be ~o-1. From equation (57),
the longitudinal cross-section will be appropriate as long as

w9 S108 Rg=30m—173y32, (76)
with
0m = 01 Om—l-
When
108 Rg30m 173y372 Swy 54 x 10% Rg 30y 172y371, (77)

the transverse cross-section will dominate (see equation (69)). When the second
inequality becomes an equality, cyclotron resonance can occur. The mean scattered
frequency in these two regimes is given approximately by

{wD1g ~ 3weys?lm_12. (78)

Thus in order to scatter a radio photon (wg ~ 1) directly into the optical range

would require y3 2 50. This is much larger than the particle energy expected from
(70) to give curvature radio radiation.

If we assume that the spectral intensity I(k) is uniform for angles 6 <0n the
total spontaneously scattered power per magnetic pole is given by

gs ~ %ﬂ"rezemzneR gR

~ 2% 1026 N3¢PR¢ 20m 12 #r3o crg s* (79)
for linear scattering, using (17), and |
2
‘gS ~ I— rez 9‘)0—2 '}/4Bm8neR$R
30 we
~ 100 N36PR64y349m_18w92$R30 erg s—1 (80)

for transverse scattering, using (53). In equation (79), R is to be interpreted as the
smallest radius at which linear scattering can occur, presumably the radius of
radio emission. For transverse scattering, R is the largest scattering radius, 1.e. just
less than the radius at which cyclotron absorption can occur. Setting Rg equal to
1 in (79) and using the upper limit derived from (77) in (80), we see that any
spontaneously scattered power by any pulsar (including the Crab) will be too faint
to be detected by several orders of magnitude. (This conclusion has been reached
independently by M. Elitzur, private communication, and Sturrock, Petrosian &
T'urk 1975.) The lowest upper limit on pulsar optical luminosity is %y $1080 erg s—1
set by Chiu, Lynds & Maran (1970) for the Vela pulsar and this is four orders of
magnitude greater than the maximum power that could be spontaneously scattered
directly from radio to optical frequency. Thus the upper limits on the particle
densities and energies implied by (79) and (80) are not particularly useful.

In the case of the Crab pulsar, optical pulsation with a luminosity ~ 1033 erg s=3
is observed. An additional argument can be given against this arising from spon-
taneous longitudinal scattering, in that the optical pulses are observed to be
significantly linearly polarized (Ferguson, Cocke & Gehrels 1974) and, whereas
radio polarization could well be imposed after emission, the observed optical
polarization almost certainly reflects that actually emitted. From the discussion of
Section 2, we see that the predicted longitudinal scattering polarization is very
small.
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(iii) Induced scattering effects for w' ~ y2w

There are two potentially observable consequences of induced scatterings.
First, they can significantly enhance the spontaneous scattering rate to higher
frequencies as discussed above and, secondly, they can cause spectral and polariza-
tion changes within the radio spectrum. Here we discuss the former possibility.

If there is sufficient optical depth to raise the brightness temperature of the
spontaneously scattered high frequency radiation above ymc?/kp, then induced
processes must be included. As we have shown in Section 3, these are probably of
little consequence for transverse scatterings. However, from the discussion of
Section 2, we see that the longitudinal scattering optical depth can be negative
when there is a particle population inversion in energy (as there probably will be
if the acceleration is electrostatic or if most of the particles are produced from the
pair conversion of gamma rays).

As an adequate approximation, we can then write the condition that radio
photons of brightness temperature Tr = 1025 Tres K be (longitudinally) scattered
into photons of temperature ymc?/kp and frequency o’ as

2

ymc

'3 (k— S $1r o202 TreR,
B

or
Tr25 210 y370m-14N36 1P ~1R g2 (81)

where we have used (78) and (79).

If the inequality (80) is satisfied by more than an order of magnitude, the
scattered flux would be able to exponentiate and we might expect that a geometry-
dependent but significant fraction of the radio photons would be scattered to fre-
quencies given by (78) with the scattered power exceeding the radio power by a
factor ~+262, As shown in Section 2, these arguments are not seriously affected if
the particles are bunched.

If radio photons are generated at RgX 102 by electrons and positrons with
y3 ~ 08, N3g ~ 1073 P~2 as proposed by Ruderman & Sutherland (1975), then
it is unlikely that condition (74) could be satisfied except possibly in the  giant’
pulses from the Crab pulsar. However, if the radio emission is generated closer to
the neutron star surface and y3 ~ 1, then pulsars might be expected to emit strong
pulses at wavelengths <1 mm, which could be observable.

This once-scattered radiation could then be rescattered (almost certainly
spontaneously), with either the longitudinal or the transverse cross-section dominat-
ing. In the former case, the twice-scattered photons would be almost unpolarized
whereas, in the latter, significant (propably linear) polarization might be anticipated.
This can in fact form the basis of a model to explain the optical pulses from the
Crab. It turns out to be just possible to account for the optical luminosity if there
are as many millimetre or far-infrared photons as radio photons. However, in the
absence of positive observation of intense millimetre pulsation, we do not pursue
this model at this stage.

(iv) Induced scattering effects for ' ~ w

We now consider induced scatterings involving radio photons. For reasons
given in Section 2, we ignore the effects of particle bunching, although this is at
best a poor approximation. In particular we note that, if the radio photons arise
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from some spontaneous process involving bunches (e.g. curvature radiation), then
kTR S yNymc? (82)

and so the spontaneous scattering effects from scattering into nearby radio fre-
quencies will exceed the induced scattering effects. Therefore the following esti-
mates, based on induced scattering, are probably underestimates.

From equation (42), we can write the conditions that induced scatterings be
able to cause significant distortion of the electromagnetic spectrum as

kBTR) Tgr ezp
6 =1
e ( mc2 ’}’7 Omin®

(83)

If we substitute equation (%72) for #. we obtain the condition
PTra5R6 2 N36peys™"0min~3 2 103, (84)

Constraints on N3g are imposed by equations (85), (86). In addition, if radio emis-
sion is curvature radiation, then fmin ~ y~1. The observations of extreme pulse
to pulse variations suggest that the photon and particle densities are highly non-
uniform within the emission region and so averaged values of the quantities are not
really appropriate. Nevertheless, from the theory of Ruderman & Sutherland (1973),
we expect

Ngs ~ 1073 P“g,

Rg ~ 200,
p~ By¥lw,
y ~ Omin~t ~ 8o0; (85)
condition (84) can then be expressed as _
Tres 2100 Pws. (86)

Unfortunately, little reliance can be put on equation (86) and a more precise
estimate will be sensitive to the geometry of the magnetosphere. However, we have
demonstrated that it is plausible for some of the characteristic sub-pulse variations
observed in pulsars to be attributed to induced scattering.

One such effect has been described by Manchester, Taylor & Huguenin (1975).
It has been found that, in the majority of pulsars so far studied, there are certain sub-
pulse components that appear in either of two characteristic modes, that are similar
except that the position angles of the linear polarization are orthogonal.

It is possible to explain these observations by means of a model in which the
radio photons are emitted as curvature radiation by bunches of charged particles
moving on curved field lines. These photons can then be scattered by particles on
adjacent field lines. For frequencies w <y3c/p, the integrated degree of linear
polarization from curvature radiation is ~o'5 with position angle parallel to the
projected curvature of the field lines. As the majority of the scatterings will occur
before the field lines have curved through a significant angle, this polarization is
effectively the A polarization for longitudinal scattering. ‘Thus, when the effective
optical depth to scatterings by particles on adjacent field lines is large enough to
removed most of the curvature photons in the A polarization from the observed
frequency interval, then only the orthogonal B polarization photons that cannot be
scattered will remain. When the effective optical depth is <1 (including when it is
negative) the sub-pulse will be observed in the 4 polarization.
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(v) Cyclotron absorption of radio emission

If we assume that the electrons are mono-energetic and uniformly distributed
on the open field lines, then we can calculate the optical depth to cyclotron absorp-
tion using equations (62) and (72). We find that

7o ~ 10% N3gPwg 1/36_14/3yq-1/3 (87)
and that absorption occurs at a radius
Reg ~ 2 103 wy=1/39_1~2/3y5-1/3 (88)

as long as this radius is well within the speed of light cylinder (i.e. Reg< 1°5 x 104 P).
We can now impose the condition that the absorbing particles are sufficiently
numerous to have produced the radio luminosity. Substituting (74) gives the
inequality,

76210 Lr3gPwe™1/30_14/3,5-4/3, (89)

If only electrons are streaming out along the open field lines then this is the
optical depth to one sense of circular polarization. However, if there are equal
number densities of electrons and positrons then both senses will be absorbed.
Now in general the integrated pulses of pulsars are not observed to be substantially
circularly polarized and so in the context of a ‘ standard ’ pulsar model, equations
(88) and (89) impose important constraints. For the model of Ruderman &
Sutherland (1975) in which the positron and electron densities are practically
identical, we can substitute equations (85) with # ~ o1, wg ~ 1, to obtain

T¢ ~ 10 P71 (90)

at a radius ~2 x 109 cm which is ~ 10 times the emission radius. So with these
assumptions we conclude that the model is not self-consistent.

One way of avoiding this problem is for the absorbing particles to be non-
uniformly distributed on the open field lines, so that a sufficient number of ray
paths have r< 1. If vacuum breakdown only occurs on selected field lines within
the gap, perhaps reflecting permanent surface inhomogeneities, the fact that both
the primary and secondary gamma rays can convert within a distance ~ 104 cm
suggests that this inhomogeneity might be preserved in the outer magnetosphere.
This raises the interesting possibility that the observed sub-pulse structure is
generated not so much by the emitting bunches but by an absorbing screen. (In
this interpretation, the rotation of the screen rather than the emitting bunches gives
rise to marching sub-pulses.) In general, however, we regard the absence of net
circular polarization as being evidence against emission models in which only
electrons stream out along the open field lines. (This argument does not of course
apply to models where the emission arises close to the light cylinder.)

As discussed in Section 4, the radio photons will probably not be capable of
exciting relativistic transverse wave-induced gyrations unless f 2 1. However, even
if this should occur before the absorption radius, R,, is reached then the opacity
given by equation (62) is still approximately valid as long as ymc? signifies the total
particle energy.

The time scale for radiative de-excitation for non-relativistic transverse gyration
is given by equation (68) as

™~ 3X 10713 Rse'yg S, (91)
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Thus, for Rg 2 102 (and this is only weakly dependent on y and P) an electron will
not have sufficient time to decay to its ground state before leaving the light cylinder.
In fact the fraction « of the total particle energy radiated away is given by

a ~ 7x 1072, 2y37IRe* 5, <1 (92)
at a frequency
wy ~ 2 x 1011 y3Re*-3 (93)

where R¥ is the radius of excitation. If the only source of excitation is the absorption
of outgoing radio photons at a radius given by equation (88), then for
wg~ 03 ~ys~r1andu, 1,

aS2x 1079 (94)

and so the total luminosity («L¢) of resonantly scattered radio photons is negligible.

If the transverse gyrations can become relativistic, then small-pitch-angle
synchrotron radiation will be emitted. This has been suggested by, e.g. Shklovsky
(1970) as the origin of the optical pulsation from NPog532. Some criticisms of this
idea are contained in Epstein & Petrosian (1973) and Sturrock et al. (1975).

In addition we note that although small-pitch-angle synchrotron radiation
can be linearly polarized, the position angle is normal to the projected field direction.
As the angular scale ¢ over which the emission is beamed is considerably in excess
of the postulated pitch angle, b (determined by the requirement of self-absorption
for frequencies less than 7 x 1014 Hz) it can be concluded that the observed degree
of linear polarization $(/§)2, by using arguments similar to those used in Section 2.
(There must be equal densities of electrons and positrons in order to prevent the
radiation of a large degree of circular polarization.) It is therefore difficult to
explain the observation of substantially linearly polarized optical pulses (Ferguson
et al. 19774) with this mechanism.,

We conclude that none of the incoherent processes considered in this paper
seem to be capable of forming the basis of a satisfactory model for the optical
pulses from NP o532. The most likely current explanation involves coherent
curvature radiation. The most striking differences between the radio and optical
pulses, i.e. the absence of extreme pulse to pulse variation, can then be attributed
to differences in the number of emitting bunches observed at any one time, as is
also concluded by Sturrock et al. (1975).

(vi) Resonant scattering of thermal radiation

Finally, we consider the scattering of thermal radiation from the neutron star
assumed to be a black body of temperature, T' = 108 T4 K, by ultra-relativistic
electrons (or positrons) streaming out along the open field lines. This problem
has also been considered by Tademaru & Greenstein (1974) who use the Thomson
and Klein-Nishina scattering cross-sections. However, the effective cross-section
given by equation (61) is larger than these by a factor 2 (cwg=lre1) for photons at
the resonant frequency. Near the surface of the neutron star, this frequency will be
lower than the peak frequency of the blackbody spectrum, as long as the particle
energy is 2 (hwg/ksT) mc2.

We again consider a uniform distribution of monoenergetic electrons of energy
ymc? streaming outwards along the open field lines with density and energy flux
given by equations (72) and (773). A photon of given frequency w = 1015 w;5 rad s~1
and angle ¢ will only be liable to be absorbed at one field strength, i.e. at one radius.
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The optical depth to absorption for a photon that intersects the open field lines at
this radius is given by

T = f neaen sec 0 dR. (95)
This can be straightforwardly calculated as
7 = 2Les0ys ¥3PB12 23w 513923 sec § (96)

using the cross-section of Chiu & Fassio-Canuto (1969) (identical to equation (60)
for excitation from the ground state Landau orbital) in a field of strength
B = 1012 Byg gauss.

If Bja ~ 1, the radiative lifetime as given by equation (68) is considerably
shorter than R/c (although much longer than wg™1) and so the mean emitted
frequency is ywg, evaluated at the radius of excitation.

At a radius 109 Rg cm the neutron star subtends a semi-angle sin™! (Rg™1) and
s0, provided that 6 <sin~1 (R¢™1) and the field lines can still be considered as radial,
the number of photons crossing unit area per second in one sense of circular
polarization is given by
w?sin 6 cos 6 dw df

W = ncfiexp (haffoT)— 1) (97)
The total power scattered can then be calculated from
Ps = f yhwe(1—e ") A(R) dF (98)

where A(R) is the cross-sectional area of the open field lines at radius R. As Ris a
unique function of w and §, P can be regarded as a double integral over w, 8 in the
range within which resonant scattering can occur; i.e.

1/2

95(2;’30) 5 wD wgoly, (99)
1/2

05(2’;";0) : w<weoly (100)

where wgo is the gyro-frequency at the neutron star surface. For photons with
frequency at the peak of the blackbody spectrum, w ~ kgT/# and so the former
condition is appropriate for T¢> o1 y3~1Bjo. If we assume that condition (g9) is
satisfied, the main contribution to equation (98) comes from absorption close to
the stellar surface and our earlier assumptions are vindicated.

The condition that the optical depth at the peak frequency, * = +(kpT/#),
satisfy 7#> 1 at the neutron star surface can be expressed

Leso> IO’)!32T6P"1, (IOI)

independent of wgo. If this is also satisfied, then equation (¢8) becomes approxi-
mately,
fiwco2do wdw

(2mc)2 ] {exp (hw[kpT)—1}

where Ay is the cross-sectional area of the open field lines at the neutron star
surface. Thus,

Py ~ (102)

Pg ~ 1032 B192T 2P~ erg s—1 (103)
independent of y.

6
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In the alternative limit, %<1,

d(hw|keT) .
{exp (kw/k;r)_ yees (104)

using equation (96). The lower limit to the integral is given approximately by the
maximum of +*-1 and (hwgo/yksT), dependent upon whether the open field lines
are optically thick or thin at the lowest frequency that can be resonantly scattered
at the surface. In either case, for anticipated pulsar parameters,

Pg ~ 3x 1030 B192Leg0ys™2

Ps ~ 1031 BlzzLe 30T6y3_2 erg s1, (105)

(If there are equal densities of electrons and positrons, the powers given by equa-
tions (103), (105) should be doubled.) For comparison, the power radiated
thermally by the neutron star ~6x 1032 T'¢4 erg s71.

Most of this power is scattered at a photon energy ~vyhwgo ~ 10y3B12 MeV,
Using the method outlined in Ruderman & Sutherland (1g7s5), the maximum
energy that a photon can have and still escape from the surface of a neutron star
without creating an electron—positron pair in the static magnetic field is

~300P-1/2B1571 MeV.
Thus,
y3 $30B1272P 712 (106)

is a necessary condition for this power to be observable.

In the case of the Crab pulsar, equation (103) is probably applicable. If we
assume a beaming factor ~o-1, the pulsed power radiated into the 10-100 MeV
range is reported to be ~ 1035 erg s—1 (Albats et al. 1972). If this is treated as an
upper limit to the scattered flux, equation (103) gives the condition

T¢S6B1p1
as long as
Y3 < 68152, (107)

In the absence of an accelerating electric field, equations (103), (105) can be
used to give the condition that the scatterings be dynamically unimportant for the
relativistic electrons.

Leso 2 100B122T2P~1
y32 Z 108192, (108)

respectively in the two regimes. These limits are somewhat more stringent than
those derived by Tademaru & Greenstein (1974), but still do not place any serious
constraints on existing models of pulsars.
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APPENDIX A

We outline here a quantum electrodynamical calculation of the cross-section
for longitudinal scattering by an electron in a strong magnetic field that is correct
to O(fiw[mc?); i.e. includes the effects of electron recoil. We work in parallel to the
calculation of the Klein-Nishina cross-section as presented by Bjorken & Drell
(1964) adopting their notation. More sophisticated calculation of associated
problems are contained in De Raad, Dass & Milton (1974) and Zhukovskii &
Nikitina (1974).

We start from a set of basic states for an electron with momentum p parallel
to a static magnetic field, Hext, Setting ¢ = /i = 1, these are given by

(wpl+m) gy
ul = ! ©
 [em(wal +m)]1/2 Pn

2l(n 4 D)2 Yass
(o)

f2m(wa?+m)]V2 | 2[hn]V2 g

—pn

etpz
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7

B P ]

P 1 —2[hn)t/2 fipy o2

B [2m(wal +m)V2 | (wal+m)

h— 0 —
" — 2[hn]V/2 iy 1T

ut =02 = ! Eid e~tpz

[2m{wp? + m)}L2 o

| (@a?+m) |

with Lorentz invariant normalization

f Wa'(x) und(x) d3x = drs.

Here '
wpl = [m?+ p2 4 4h(n+ 1)]1/2
_ ¢|Hexi|
h = 2fic
and

n(w,9) = (55)" Ly/mnl12 (s exp [y(s—2a)

x exp [—h(x— a)?] Hu[r/2h(x— a)).
Hy(€) is a Hermite polynomial. We have used states that are eigenfunctions of x
(with eigenvalue a) as well as of energy, and momentum along the field, in order to
permit the scattering electron to shift position across the field.
In terms of these basis states, the electron propagator in a magnetic field can be
written

Sp(x’, x) = —i0(t —1t) f dpr f d(har) ¥ Z

2 .,Tz “n’(x') #n'(X)

x exp [~ iwn!(t' — )] +16(t — ') f dpr f d(hay)

x¥ Y

nrlz'”z

- Ua’(X") Taf(x) exp [fwn" (2 —1)];

where pr is the parallel momentum in the intermediate state. This equation is
analogous to equation (6.48) of Bjorken & Drell. The important mathematical
property of this propagator is that

(Y +ed—m) Sp(x', ) = 8% —x) |

where ¥ = yH(8]dxr), cte.
The matrix element for photon scattering can be written

Spi = 8y —1ie? f d4x’ A4/ (X') exp [—iwnt'] A(RE, x'#) Sp(x', x)
X ﬂ(k/\, *) ul(x) exp [— iwyit] — te® f d4xif(X') exp [—iw,t]

x fl(ke, &'F) Sp(x', x) AR, &%) ui(x) exp (—iwy'].
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We retain only terms O(1) in an expansion in (w/wg) to obtain

ire sin € sin 6’
4m[(1 +y)(1+y")]12

Sp = S+

4 / * + + ' ’
{ppz“(rw) +'p (r +%’) +%,—,’;j}pﬂ2+ppﬂ(r +7)
(m'y' — wi®+ k')w_[“

X

a

i

mim+ o) TN A)om+ o)+ ppr(1 +¥) |

+ ; ;
(my" + wr* + K )er*

’ a2
[P'pz“(1+y)+ P 2P

where
prl = p+kcosb
pr2 = p—Fk cos &
wr* = woX(pr) = (m2+ pr2)le,

for scattering of a photon of momentum k by an electron of energy ym into final
states k' and y'm respectively.
Primed and unprimed quantities refer to final and initial states respectively.
Then in the initial electron rest frame (p = o) and to O(fhw/mc2), we find

St = 81+ tresin € sin & {1 + L3 (cos? 0 — cos? 9')}.
2mc

The scattering cross-section is obtained by incorporating the phase-space factors
(which involves putting the electron in a one-dimensional phase space) yielding

do ) . hw
= 7.2 sin? 29 29— 2 ¢ v
g0y = Tesin d sin? 9 {I-}-Z Cz(cos 0~ 5 cos 0+4cos6’cos0)}.
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