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On the Schauder Estimates of Solutions to
Parabolic Equations

QING HAN

Abstract. In this paper we give a priori estimates on asymptotic polynomials of
solutions to parabolic differential equations at any points. This leads to a pointwise
version of Schauder estimates. The result in this paper improves the classical
Schauder estimates in a way that the estimates of solutions and their derivatives at
one point depend on the coefficient and nonhomogeneous terms at this particular
point.

Mathematics Subject Classification (1991): 35B05, 35B45.

Schauder estimates play an important role in the theory of parabolic equa-
tions, on which are based the existence and regularity of solutions. It was first
proved, for the constant coefficient equations, by writing solutions explicitly in
terms of fundamental solutions and analyzing the corresponding singular inte-
grals. The general case can be recovered by a technique of freezing coefficients.
For Holder norm estimates on higher order derivatives we need to differenti-
ate equations to get equations for the derivatives. Basically a priori estimates,
or regularities, of solutions in a set depend on properties of coefficients and
nonhomogeneous terms in the same set.

In this paper we will use the idea of comparing solutions with polynomials
to obtain Schauder estimates, especially on higher order derivatives. We do
not need to differentiate the equations to get equations for derivatives. Hence
we need very weak assumptions on coefficients. Specifically in order to obtain
regularity and a priori estimates on derivatives of solutions at one point, we only
need assumptions on coefficients and nonhomogeneous terms at this particular
point. We will carry out our discussion for parabolic equations of arbitrary
order.

The idea of comparing solutions with polynomials was used by Caffarelli
in [4] to discuss fully nonlinear elliptic equations. It was generalized to the
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parabolic case by Wang in [18]. They derived Schauder estimates for viscosity
solutions to equations of the second order by comparing solutions with quadratic
polynomials. Such a comparison was made in a neighborhood of a point by the
maximum principle. Hence regularities of solutions at one point is determined
basically by properties of coefficients and nonhomogeneous terms at the same
point. They proved, among others, that the second order derivatives of solutions
are Holder continuous at one point if coefficients and nonhomogeneous terms
are Holder continuous only at that point. Their arguments are mainly for the
second order equations since the maximum principle is essentially employed.

In order to generalize this idea to higher order equations we need to con-
struct polynomials by other methods. In [3], Bers proved that solutions to
homogeneous linear elliptic equations, which vanish at 0 with the order d, are
asymptotic to nonzero homogeneous polynomials of degree d. Such a result
was generalized in [2] to solutions to parabolic equations of the second order.
It is reasonable to think that derivatives of solution at O of the order not ex-
ceeding d are zero, that derivatives of the order d are given by coefficients of
such polynomials and that whether the derivatives of the order d are Holder
continuous are determined by the error terms. In order to obtain Schauder esti-
mates on solutions at this particular point we need to derive a priori estimates
on asymptotic polynomials and error terms.

As a crucial step we need to obtain a priori estimates on solutions them-
selves with respect to their vanishing order. Such a result, in its simplest form,
states as follows. Suppose u is a solution to some homogeneous linear parabolic
equation of general order. If for some integer d,

lim sup lux, D
(x,0)—>0 l(xa t)ld

then there holds
CHI N
o<t 1@, D4~ Ly

where C is a constant depending only on coefficients of equations and the
integer d. We should emphasize that in our discussion we are interested only
in a priori estimates. We do not assume solutions satisfy the unique continuation.
However it is the best case, from the point of view of a priori estimates, that
solutions vanish at infinite order at some point, since all “derivatives”vanish at
this point. Due to the similar reason, our Schauder estimates on higher order
derivatives of solutions at a particular point begin with the order equal to the
vanishing order, since “derivatives” of the order less than the vanishing order
equal to zero.

The method is based on singular integral estimates. With the help of the
fundamental solutions we express solutions, including derivatives of solutions of
arbitrary order, by singular integrals. There is no need to differentiate equations.
Hence it is only needed the behavior of coefficients and nonhomogeneous terms
at a particular point. For precise statements see Theorem 3.1 and Theorem 3.2.
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Not only do we have a priori estimates on higher order derivatives, we may
also prove the continuity of these derivatives. Since “derivatives” of solutions
are given by coefficients of polynomials, we just need to prove the convergence
of such polynomials.

The method in this paper, based on fundamental solutions and singular
integral estimates, is general in nature. It can be applied to more general
setting. In this paper we will confine ourselves in the discussion of a single
linear equation of the parabolic type.

The motivation for results in the current paper originates from the discussion
of nodal sets of nonsmooth solutions. We would like to obtain results on the
geometric structure and measure estimates of the nodal sets, where solutions
vanish, and the singular nodal sets, where solutions and their derivatives of any
orders not exceeding the order of equations vanish. For equations of the second
order the singular nodal sets are just critical nodal sets. In order to do this we
need to blow up solutions at nodal points. If solutions do not vanish at infinite
order the blow-up limits are homogeneous polynomials, which are called the
leading polynomials of solutions and whose degrees are called the vanishing
orders of solutions. Hence locally solutions can be viewed as perturbations of
polynomials, although no analyticity or smoothness is required. Since nodal sets
of polynomials are easy to analyze, we want to argue that locally the nodal sets
of solutions, in both geometric structure and measure estimates, do not change
significantly compared with nodal sets of the leading polynomials, at least for
almost all nodal points with respect to some appropriate Hausdorff dimension.
In other words the nodal sets of leading polynomials represent locally the nodal
sets of solutions. We also want to get similar conclusions for singular nodal
sets, although situation there is more complicated. In order to achieve these we
need the a priori estimates on the leading polynomials and the error terms. Such
a priori estimates, stated as Theorem 2.2, are the simplest forms of Schauder
estimates. General forms are given in Theorems 3.1 and 3.2. In this paper
we only discuss such estimates. We will pursue the applications on nodal sets
elsewhere.

The paper is written as follows. In Section 1, we will discuss solutions to
parabolic equations with constant coefficients. The a priori estimates for such
solutions play an important role in the following section. In Section 2 we will
prove the a priori estimates on the asymptotic polynomials and error terms. In
fact it gives the simplest form of the Schauder estimates. In Section 3 we will
prove general pointwise Schauder estimates by induction.

1. — Solutions to constant coefficient equations

Throughout this paper we fix m as an even integer.
A function f(x,t) is p-homogeneous of p-degree d if for any A > O and
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(x,1) e R* x R\ {{0, 0)}, there holds
fOx, A" =24 f(x,1) .
A polynomial P(x,?) is of p-degree at most d, nonnegative integer, if it
can be decomposed into a sum of p-homogeneous polynomials, whose p-degree

of p-homogeneity is at most d.
For any (xo, %) € R”" x R and any r > 0 we define the p-ball

Qr(x0,10) = {(x,1) e R* x R; |x —xp| <1, —r"™ <t — 19 < 0}.

Correspondingly we define the p-norm for (x,f) e R* x R as

R{E

|G, O = (1x[™ + 1el)™
We may check easily that
[(x, 1) + (3, )| = [(x, D + [y, )]

We define W;,'“‘(Ql) as the Sobolev space of functions whose x-derivatives
up to m-th order and ¢-derivative of first order belong to L?(Q,).

Suppose {a,} is a collection of constants for any multi-index v € Z7} with
|[v| = m. The equation

3
(1.1) Lu=22 N a,Dp'u=0
at
|v|=m
is parabolic if
(1.2) (-D27' S a6’ =1 forany § €S C R

|lv|=m

for some positive constant A. We also assume

(1.3) > lal <«

|v]=m

for some positive constant .
Then there exists a fundamental solution I'(x, ) for # > 0 such that

LT =0.
In fact, by Fourier transformation, we have the explicit expression

Ix,t) = (2:[)’[ /]R” exp {iE -x + (—1)’7"'t Z avé"}dé.

|v]|=m
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We also have the following estimates

1
c x|\ mT
(14) |D;:D£F(x, t)| < Wexp -—C (T) fort >0

where C and ¢ are constants depending only on n,m, A, « and ||+ Im. For
a proof see [8]. We always define I'(x,#) =0 for t <O0.
For f € LP(Q,), for some p > 1, define

ulx,t) = /Q 'x—y,t —s)f(y,s)dyds.
1

Then u € W;"’I(Ql) and satisfies Lu = f. Moreover by Calderon-Zygmund
decomposition for parabolic equations and Marcinkiewicz interpolation there
holds the following estimate

D™ ullLrgp < ClifllLrcop

where C is a positive constant depending only on n,m, A and x. For detailed
analysis see [7] or [13].

Based on this estimate, with the following Lemma 1.1, there exists inte-
rior W;”*l estimates for solution u of the equation

Lu=f.
We first discuss some basic properties of solutions to homogeneous equa-

tions.

LEMMA 1.1. Suppose u is a solution of (1.1). Then for any multi-index u € Z,
and any nonnegative integer | there holds

C
uwnl
DYD,u(x,t)| < (R = [Gx. D H&X'ul forany (x,t) € Q§

where C is a constant depending only on n, m, A, k and || + ml.

Proor. The proof is standard, based on induction. O

LEMMA 1.2. Suppose u is a solution of (1.1). Then for any nonnegative integer
d there exist p-homogeneous polynomials P; with p-degreei,i =0,1, --- ,d, such
that

d+1
X, t
&, D max |u| forany (x,t) € Q§

d
lu(x, t) — ;Pi(x’t)l < CW 0
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where the polynomial P; satisfies LP; =0fori =0,1,---,d. Infact P; is given by

xke!
Pix,n)= Y DIu(, 05
|pl+ml=i

ProoF. The proof is straightforward. By Taylor expansion, we have

gl
u(x, r)_z S (DR 0, 0k w + 3 (D) (5(x, 0x, (s t)t)x't

!
=0 |pl+H=i |ul+H=d+1 i

d
=Y Pi(x.0)+ Ru(x, 1)

i=0

with
d Hl
Rix,n=3" 3. DMu(,0

w!l!
i=0 |p|+Hl=i
(u|+mlz=d+1

)
+ Z D*u(E(x, x, n(x, t)z)x'lt'

|| +H=d+1
where £(x,t), n(x,t) are positive numbers less than 1. By Lemma 1.1 we
have the desired estimate on Ry.

Direct calculation yields that each P; is a solution of equation (1.1). In
fact, we have

P D0, 00 _ D, 0k
—Px.n= ) u( )—m—— Z u( )T
|p,\7>mll =i |l +m+ml=i

and for any v € Z7 with [v| =m
n—v,l [}
w.l X ! _ putv,l _t
P(x n= >, D*uo, i > D*Mu(0,0) TR
[pe|+ml=i || +m+ml=i
Mz Vg
Therefore
8 v
e HZ a,D} | Pi(x,1)
ll-tl
= > {00 - Y a D u©.0)p S =0
| +m+mil=i |v|=m pet:

since D*!y is also a solution. i
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REMARK. In both Lemma 1.1 and Lemma 1.2 the sup-norm at the right
side may be replace by LP-norm for p > 1+ n/m.

The following result plays an important role in the subsequent discussion.

LEMMA 1.3. Suppose f € LP(Qy), p > 1 + n/m, satisfies

d—m+¢x+"+Tm

(1.5) | fllzrco,y < yr foranyr <1

for some positive constants y, a € (0, 1), and some integer d > m. Then there
exists a function u € Wl',"’l(Ql) such that

(1.6) Lu=f inQ
and
. . ntm
(1.7) S rID ullrig,y < Cyr™™ T foranyr <1

=0
where C > O is constant depending only onn,m, p,d, A, @ and k.
REMARK. In general Lemma 1.3 does not hold if « =0 or a = 1.

Proor. Without loss of generality we assume f(x,t) =0 for |[(x,?)| > 1.
Let T" be the fundamental solution of L. We set

wix, 1) = / P = y.1 = 5)f (. s)dyds .
[(y,9)]<1
Then w satisfies

Lw=jf in Q

and
(1.8) ||w||w}r7n,1(Q]) <Clflliergp =Cv .

For each (y,s) # 0, consider the Taylor expansion of I'(x — y, ¢t — s) at
(x,t) = 0. For each nonnegative integer k, let 'y denote the p-homogeneous
k-th order terms, i.e.,

xtr!

i yitis)= >, DEDIN(y. =) 7ny

|| +ml=k

Lemma 1.2 implies
LT%(,y;,5)=0 in Q.

By (1.4) we also have

C
wnl - -
(1.9) le D,T'(x, t)| = [(x, t) | lul+mi
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where C depends only on n,m, A,k and ||+ ml. Set

(1.10) v(x, 1) = ZFk(x yit, s)f(y,s)dyds
[(y,9)l<1 k=0

Then v is a polynomial of p-degree < d and satisfies Lv = 0. We may show
by (1.5) that

(1.11) lv(x, )] < Cy in Q1(0).

The proof is based on the direct calculation. In fact, by setting 1/p’ =1—1/p,
we have for (x,1) € Q1(0)

lv(x, )| < CZ/ lf(j)’liilk dyds

I0l<1 1,
[f(y, )l
<C —————dyds
g; 211 <|(y,s)|<—r1_—1 |(y’ S)|n+k
d oo 1 —(n+k)
=33 (5) [ gty 0 O17s
k=0 i=1
1
d 0 1\ -tk P
SCZZ(E) /K G dyds
k=0 i=1 y)l<ar
d oo n+m —(n+k) d—m+a++2tm
1 I 1 P
<C — —
: VZ.Z(zl <2>
k=0 i=0
d oo 1 d—k+a d oo i
=Cyy D (% =CyY > |5 ) sCr.
, 2 2d—k+
k=0 i=0 k=0 i=0
Now we set
ulx,t) =wx,t) —vix,t)
1.12 d
(12 =/ T(x—y.t—s)=Y Tiulx,yit,8) p f(,5)dyds.
(y,s)l<1 k=0

Obviously Lu = f. We will show that u vanishes with the order at least d + «
at (0, 0). In fact we will prove that

(1.13) [u(x, )| < Cyl(x, D for |(x,1)| < %
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Fix 0 < |(x,1)] < % Split the integral (1.12) into three parts:

I, = / I'x—y,t—s)f(y,s)dyds
[(y.$)]<2](x,0)]

d
h=- /|< ST, yit5) £y, 5) dyds

<20 =g

d
Iy = / [F(x—y,t—S)—ZFk(x,y;t,s)} fy,s)dyds .
21(DI<I9)l<1

k=0
Again denote p’ = ﬁ. Then by Holder inequality

1 1

C -7 p
Ihls(/ - ,dde)P (/ If(y,S)I”dde>
Iy.9)l<2ix,n) [(Xx =y, t=8)|"P Iy, )I<21(x,0)]

1 1

C 4 1

5(/ —,,/dde)P . (/ If(y,s)l”dy)p
1Gi<3icanl [y )P 1,5} <2(x, )]

n+m

oaTm_ — ntm
<Cyl. Dl 7 @ olE S = cplx, )t

provided p > 1+ ~. For I, we use similar method as that for (1.11). By (1.9)
we have

<2l 1, )Tk

<C2“:|(x DES O o
=TT L ) 2i(
=l i= 90

<|(y,s)]<%t)l I(y, s)|ntk

d oo} d—k+a
S ()
k=0

i=0

d
bl<CY i@k [ ACIL)I RN
k=0 |

d

= Cyl(x, t)|d+a ZZ (ﬁ;)

k=0 i=0
< Cyl(x, n)*He.

Last, for (x, 1) and (y, s) satisfying 2|(x, £)| < |(y, 5)|, by the proof of Lemma 1.2,
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we have

Fx—y,t—=s)—> Tilx,y;t,5)

k=0
xtr!
—Z 2 DTy =97
i=0  |ul+=i e

ll+ml=d+1
Mtl
.l _ _ag2t
+ > DMulGx—y.nt—s) il
|l +H=d+1

where & = &(x,t;y,s) and n = n(x,t; y,s) are positive numbers less than 1.
By (1.9) it is bounded by

. 1 |x|#e]!
; m,;:,- [(y, s)[rtll+ml
|l 4mi=d+1
+ Y 1 |x|#]e)!
iitimat [EX = y.mt — s)|rHluttml
m(d+1) 1 | |
<c'y {|(y,s)|n+f e

j=d+1

Note 2[(§x — y, nt —s)| > [(y, s)| since 2|(x, t)] < |(y, s)|. Therefore we get

d m(d-‘rl) t)l"
F(x—y,t—s)—ZFk(x,y;t,s) Z |( )[HJ.
= j=d+1 1S

For any (x,t) € Qy/; there exists an integer M such that 2¥~!|(x,1)| < | <
2M|(x, t)|. Then we have

m(d+1)
; [f(y, 9l
5| < I(x,t)lf/ REASIL)IRNR
,-qu+1 2i(x,01<l,9)1<1 [, 8|
m(d+1) M=
j |f(y, 5l
<Y ol / VO
j;l ; 2.0l <)(y.)<2iH @yl 1 (v, s
m{d+1) M-l '
<Cy > 1ol Y@@, npi-ite
j=d+1 i=1
m(d+1) M—1
=Cyl e 37 Y e
Pl (2f —a)i

< Cylx, n)tte.
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This finishes the proof of (1.13). Since Lu = f in Q(0), interior estimates
imply

m
(1.14) S D Lo, < Cyrt** ™5 for any r <

i=0

B =

By (1.8) and (1.11), the estimate (1.14) can be extended to Q. O

COrROLLARY 1.4. Suppose f € LP(Qy), p > 1 4+ n/m, satisfies

—m+a+n——;m

d
N fllerco,y < vr foranyr <1

for some positive constants y > 0, a € (0, 1), and some integer d > m. For any
solution u € WI’,"’I(Q 1) of Lu = f there exists a polynomial P; of p-degree < d
with L Py = O such that

lu(x, 1) — Pa(x, )| < C (y + luliroy) | (x, 1)|d+a forany (x,t) € Q%

where C > 0 is constant depending only onn, m, p,d, h, @ and k.

Proor. By Lemma 1.3 there exists a v € W;”*I(Ql) with Lv = f such that

d+o

lv(x, )| < Cy|(x, 1) for any (x,1) € Q%

and
lviiLrg) < Cy .

Note L(u —v) =0. By Lemma 1.2, we may write
u(x,t) —vx,1) = Py(x, 1) + Ry(x, 1)

where P; is a polynomial of p-degree < d and Ry, satisfies

|Rs(x, 0] < Cllu = vllriop | 0| < Cly + lulliroy) |G, 0]

for any (x,t) € Q1. Now we have u = P;+v+R; and u — Py has the required
2

estimate. o

ReEMARK. Both Lemma 1.3 and Corollary 1.4 hold for any integer d with
0<d<m.
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2. — A priori estimates on leading polynomials and error terms

Now we may control the leading polynomials and error terms for solutions
of general parabolic equations in a uniform way. Roughly speaking if solution u
vanishes with order d at 0, then “derivatives” of order up to d — 1 vanish at 0
and “derivatives” of order d and error term can be estimated uniformly.

Suppose that L is an m-th order homogeneous parabolic linear operator in
01(0) c R* x R given by

m

u— Z ay(x,t)D)

[vi=0

2.1 L

(it

2|

where the coefficients verify the following assumptions:

2.2) D273 4,008 > VEeS CR, ;
fu|=m

(2.3) Y a0l <k, Y (x.1) € Q1(0) ;
lv|=0

and

2.4) D layx, ) —ay(0,0)f <o(l(x, D)), VY (x,7) € Qi(0)

[v|=m

for some positive constants A, ¥ and some continuous and increasing function
w: Rt - RT with o(r) — 0 as r — 0+.

We should emphasize that our assumptions (2.2) and (2.4) are made only
at the origin.

We first prove an interior estimate with balls centered only at origin.

LEmMMA 2.1. Let L be an m-th order parabolic operator in Q(0) with the
SJorm (2.1) satisfying (2.2)-(2.4) and u a WI;”’I solution of Lu = f in Q1(0) for
some f € LP(Q1) with p > 1+ . Then there holds the following estimate for any
r<R

m
> rliDullzey < C (Ul +r" 1 fllLrigy))
i=1
where C and R are positive constants depending only on A, k and w.
ProoF. Set L(0) = 3 — 3 ,|= @»(0,0)D]. Then we may write the equa-

tion as

LOu= > (a,—a,0,0)Dju+ Y a,Dju +f.

[v|=m |[vi<m
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By introducing cut-off functions we have for any 0 <r < R <1

D%l 1p g,y = CL@R) + &) DFul|Lrgy,

Ce)

£
+ Ry Mlrep T I}

where ¢ is an arbitrary positive number and the constant C depends only on A,
and w. Choose ¢ such that Ce = 1/4. Then for any R such that Cw(R) < 1/4,
we get for any 0 <r <R

1
”D)'cnu”LP(Qr) = §||D1'cn“”LP(QR)

1
C—— .
+ {(R - lulizrog + ”f”LP(QR)}

By a standard iteration we get for any r < R

1
llD)rcn”HLP(Qr) <C {m”u”LP(QR) + “f”LP(QR)} .
Hence for any r > 0 with Cw(2r) < 1/4 we obtain

r"| DY ull p g,y < CUlullLry + ™1 flliLecoy))-

Lemma 2.1 follows from the interpolation. O
For subsequent results we need more assumptions on leading coefficients.
We assume, in addition,

n+m
a+ 5

2.5) > llay — a0, 0o,y < Kr*TP . Vr<1

fvi=m

for some positive constants K and o < 1.

THEOREM 2.2. Let L be an m-th order parabolic operator in Q1(0) with the
form (2.1) satisfying (2.2)-(2.5) and u a W;”’l solution of Lu = f in Q(0) for
some f € LP(Qy) with p > 1+ +. Suppose, for some p-homogeneous polynomial
Q of p-degree d — m, f satisfies

_ nim
(2.6) If = QliLrcg,y < yré™" ™7 foranyr <1

for some integer d > m and y > 0. Then if

2.7 lim sup mllullm(@) <0,

r—0 r
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for some 8 € (0, 1] there holds

d+ntm
2.8)  lullzrigy < CIullLeco,0n + v + 1QlLroyon)r® 7 forr <1

where C is a constant depending only onn, p,m,d, A, k, o and K. Moreover there
exists a p-homogeneous polynomial P of p-degree d such that

3
(2.9) 5P > a,(0,00D}P =Q inR" x R,

|lv|=m

(2.10) |P(x, ) < C(y + llullLrcop + 121Lre)I(x, DI in Q1(0)

211) Ju(x,t) — P(x, )| < C(y + lullzrop
+ 1 QllLrco ) (x, 1)]Fe in Qr(0)

and

3 i i d+o+2tm
> DL = P)llr(gon <Cr+llullrgp +I1QlLr)r™™ T »

i=1

(2.12)

foranyr <R

where C and R are constants depending onlyonn, p,m,d, A, o, k, K and w.
Proor. We prove Theorem 2.2 in two steps.

Step 1. Existence of the p-homogeneous polynomial P.
We set for nonnegative integer k

lellzron
2.13 ¢y = sup ——————=°
( ) k rfll) rd~1+ﬂ+kﬂt1+n-;m

for some 0 < a7 < . We will prove ¢; < oo as long as B +ko; < 1. By (2.7)

we know ¢y < 00.
Lemma 2.1 implies that for any r < R

m
Y riDuliLe, < C(lluliey +1"1f Lrioy)
i=1

2.14 _ ntm ntm
2.19) SC{Cord A 'i'()’-ir||Q||L/D(Q1))rdJr P}

_ ntm
<Cleco+y +1Qlrrp)r® 7.

Set L =8 — Y y=mavD? and L(0) = 8, — 3,1, ay(0,0)DY. We write the
equation as

Lu=Q+ Y aDu +(f-Q=0+¢.

|v]<m
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By taking the LP-norm in Q,(0) and combining (2.14) we get

1_
I#llzr (g, < C(r' ™ lulLrgy) + 7l fllrcg,) + IIf — QliLro,,))

(2.15) , -
< C(C() +y+ ”Q”Lp(Ql))rd~m+mm(ﬁ,a)+Tm

for any r < R.
Take a p-homogeneous polynomial P; of p-degree d such that L(0)P; = Q.
Then we have

Lwu—P)=(LO)—-L)P +¢
=Y (a—a,0,0)D"Pi+¢.
lvi=m
By assumption (2.5), we get for any r < 1

> llfa - a., O))DUP1||LP(Q;') < ClIPillLrgyyrd 7"

[v|=m

where C depends only on n,d,m, p and K. Therefore u — P; satisfies
Lw—P)=¢ in Q
with

~ d— in(B, ntm
(2.16) 1dllizrco,) < Clco+y + 1Qlecop + IPillLpcoy)rd ™0+

for any r < R. It is obvious that (2.16) also holds for any g to replace p with
1 <g < p. By (2.14) we get for any r < R

m
Zrl I D5 — P liLr(on

i=1

_ ntm
< Clco+ 7 +1Qllergy + IPllLrr® P .
We may write the equation as
LO)Yu—P) = (LO)~L)yu—P)+¢
2.17) =Y (a—a,(0,0)D’u—P)+¢.

[v|=m
For any ¢ with 1 + 7 < g < p we have

Z | (av — a,(0,0)) D" (u — Pl)HLq(Q,)

[vl=m

< > lay—a,©.0)l pg D" — P)liLrco,
vz LP=9(Qr)

<C Y llay—a,©0,0)] pe

P
|v|=m LpPq (Qr)

d—m—1 atm
(co+ ¥ +I1Q@lLrcgy + 1P lLe)r® P
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If p>2(1+2) we take ¢ = p/2> 1+ ;. Then p—p_‘% = p. Hence we have

Z [ (@v — av(0,0)) D*(u — P))| 14 (g,

lvi=m

d-m—1 ntm
< C(co+y +1Qllrgy + IPiliLrgp)r™™ +B+art

If p<2(1+%) we may take any ¢ with 1+2 <gq < p. Then ;”—_‘% > p.
Hence

-9

P
<C Y llay—a 0,05,

[vi=m

3 llay — au(0,0)]

24
el LP=9(Qp)

< cret G
This implies

> |(ay — au(0,0)) D" (u — P)llzacor)
|v]=m

d-m—1+p+ L= | ntm
< Clco+ ¥ + 1QlLroy + 1Prllergy)r "0 o

In both cases we conclude for some ; <« and some g with 1 + 2 <g < p

> (@ = a,0,0) D*¥ || g,
2.18)  b=m

e ntm
<C(co+y +11Qlrroy + 1P ||LP(Q1))rd molHhtat Ty

for any r < R.
If a1+ B < 1, we apply Corollary 1.4 to u — P; with p replaced by g.
By (2.16)-(2.18) there exists a polynomial Py with p-degree <d —1 such that

lu(x, t) — Pi(x,t) — Po(x, 1)]
<C{co+v +1QlLry + lullLroy + 111 lLriop } ICx, fjd- 1B+
or
lu(x,t) — Po(x, 1)|
< C{co+y + lulergy +1€leecop + I PillLecop H(x, f)|d- 1A

for any (x,f) € Qg. By (2.7) this implies that Py = 0 and

lim sup
r—>0

— - ||¢ < 0.
=T B+ 5 lullzron
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Hence ¢; < oo. This is an improvement, compared with (2.7). We may repeat
the above argument. We may assume, by choosing a smaller 8 if necessary,
that

ki +B8<l<k+Do+8=w

for some nonnegative integer k. By repeating the above argument k times we
obtain

Iim sup

———————|lullLr,) < 00.
ro0 pd-1kBa IR lullzr o

Then we get instead of (2.18)

> @y = ay(©0,0) DY 40,

[v|=m

d— n+m
< Clex +y +1QlLecop + I PillLecoy)rd " e0*

q

for any » < R. By Corollary 1.4 again, there exists a polynomial P, of p-degree
<d with L(0)P, = 0 such that

lu(x,t) — Pi(x,t) — Pa(x, 1)
< C{eo+y +llullLeoy + Qe + IPillLecoy) } |(x, )]0

for any (x,7) € Qg. Set P = Py + P,. Then L(O)P = Q and (2.7) implies
that P is p-homogeneous of p-degree d. In particular we have

. 1
(2.19) lim sup Wllullu’(g,) < 00.
r—0 r P
Now set
¢ = sup WHMHLP(Qr) <00
r<0 r J4

By essentially the same argument we obtain

|u(x, t) - P(-x’ t)l

2.20) - o
< C{é+y +llullzecop + 1Qllzecop + I Pillecoy } 1Ge, D14

for any (x,1) € Og.

SteP 2. Estimates of P and u — P.
We will prove the required estimates under the additional assumption

(2.21) Yo a0 —a©))+ > |lax.n|<n in 0

|v|=m |v]<m

for some small n > 0, depending only on n, p,m,d, X, k,«, K and w. The
general case can be recovered by a simple transformation (x,t) — (Rx, R™t)
for an appropriate R € (0, 1).
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Set v =u— P and

Wilrron

d+at i

(2.22) 8 = sup

r<t r

This is finite by (2.20). Then we may write equation as
Ly =f—LP=(f—-Q)+ (LO)—-L)P

since L(O)P = Q. By Lemma 2.1 we have for any r < R

m
> FID Y lILrg,)

i=1

< C(I1¥lir(gy) + "I f — QliLrgyy + ™ ILO) — LYP|lLr(g,))
o n+m
<C(8+y +IPlrgp)r™ 7

(2.23)

We write the equation as

LOW =Y (a—ay @)Dy + Y aDiy+(f-Q)+(LO)—L)P=F.

[Vj=m |v|<m

Then we have by (2.21) for any r < R
(2.24) IFllLro, < C +y + IPlro)r® " "7 .

Now we may apply Corollary 1.4 to obtain a polynomial P of p-degree < d
such that

~ d ntm
I¥ — Pllizrcoyy < Cmd +y + 1Wlzrop + I1PlLrop)r ™ 7 forr <R.

Condition (2.22) implies P = 0. Hence we have

d n+m
)r+°‘+P for r <R.

I¥lirgy < Cm8+y + I liLrg) + IPlLrioy)

It is obviously true for R < r < 1. By taking the supremum over r € (0, 1]
we get
§<Cms+y+I¥iLeg) + I1Plry) -

If n is small such that Cn < 1/2, we have

§<C(y +IPliLroy + ¥ lLro))

or

d ntm
1 lecon < Cy + I1Plrcgy + ¥ lro)r* 7 for r < 1.
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By (2.24) we get

IFllLrn < C(v + 1P Ircgy + 1 lizrgy)rd %P .

Hence Corollary 1.4 implies

(2.25) W (x, 0] < C(y + IPllrgy + 1¥liLrop) 1, O in Qg.

By definition of ¢ we have
|P(x, )] < [uCx, )| + C(y + lullLogy) + |Plrooo)(x, DI in Qg.

Again interior estimates imply that

lu(x, )| < C(y + llullLrgp + 1QllLropy) in Qr.

‘We then obtain

I[P, 0] < C(y + llullizrcgy + 1QllLrcoy) + CIPlLopl(x, 1T in Qg.

Suppose P restricted in {(ex, ;) € R* X R; |(ey, €;)| = 1} attains its maximum
at (ey,e;). Choose x = |(x,t)|le, and t = |(x,t)|"e;. Then we get by p-
homogeneity of P

|P|Loocopl(x, )1
< C(y + lullzrcoy + 1Q1Lrgy) + CIPILo oy l(x, D).

Choose (x, t) small we obtain

[Pl < C(y + llullLrcoy + 1QllLrco))

or
|P(x, )] < C(y + lullrcop + 1 QlLroy )1, DI

This is (2.10). With (2.25) we get (2.11). (2.12) follows from interior esti-
mates. O

REMARK. We can prove a similar result for integer d < m. Except f €
L?(Q;) we do not need any extra assumptions on f. Then (2.9) holds with
Q =0 and (2.10)-(2.12) hold with y = || fllLr(gy)-

ReEMARK. Theorem 2.2 still holds if instead of (2.3) a, satisfies some
appropriate integral condition for [v| <m —~ 1.

REMARK We can also compare leading polynomials of two solutions. In
the following we take i = 1,2. Suppose L; is an m-th order parabolic operator
as in Theorem 2.2 and u; is a WI’,"’1 solution of L;u; = f; in Q1(0) for some
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fi € LP(Q) with p > 1—{—%. Suppose, for some p-homogeneous polynomial Q;
of p-degree d —m, f; satisfies

_ ntm
d—m+a+ ¥

I fi — QillLr(o,y < vir for any r <1

for some positive constants y; > 0. We assume

lim sup —— |
r—0 P4t

luillLrg,) < 00

and P; is the p-homogeneous polynomial of p-degree d given by Theorem 2.2.
We subtract two equations to get

(2.26) Ly(uy —u) =L —Lyuy+(—fi)=F.
We write u; = P; + ¢;. By (2.10)-(2.12) we have

|P1(x, )] < C(y1 + lutlieroy + 1Q1lILr@p)l(x, 1Y in Q1(0)

and

m
> P IDYliLe o, o

i=0

dto+ 20
< C(y1 + llurllecop + 1Q1llLrop)r® ™ p

for any r < R.

The function F begin with p-homogeneous polynomial of p-degree d —m
Q=3 (a20(0) — a1, (0) Dy +(Q2 — Q1)
[v|=m

and the error term has the estimate

m m—1
IF = Qllroy) < IL1 — Lo (Z rID Y lLrcg o + O rIDLP an(Q,(o»)
i=0 i=0

+ (i — Q1) — (2= QDlleron

where |L; — L,| denotes the maximal difference of corresponding coefficients
of L; and L,. Set y such that

d— ntm
"t for any r < 1.

ICfi — Q1) — (f2— QD llLrcg,) < yr
Hence we have

IF — QliLrcon < {y + CIL1 — La|(»1 + lu1llrcop

_ n+m
+1Qi1llzrcop) }ré ™" 7 for any r < R.
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We may apply Theorem 2.2 to the equation (2.26) to obtain
|Py(x, 1) — Po(x, )| < Gl (x, 0)|* in Q1(0)

and

|(u1(x, 1) = Py(x, 1)) — (ua(x, 1) — Pa(x, )| < Cul(x, [T in Q0
where C, satisfies

C. < C{y +lluy —uallrop + 191 — Qallr(o))
+ |L1 = Lol + lluslizecopy + 1Q1llro) }

where C is a constant depending only on n, p,m,d, A, «, k, K and w.

Hence we have the following result.

CoROLLARY 2.3. Let {L;}{2, be a sequence of m-th order parabolic operators
in Q1(0) with the form (2.1) satisfying (2.2)-(2.5) and {u;}2, a sequence of WI’,”'1
Sfunctions such that each u; is a solution of L;u; = f; in Q1(0) for some f; € LP(Q;)
with p > 1+-. Supposethat L; — Loasi — oointhe sense that the corresponding
coefficients converge in the sup-norm and that, for a sequence of p-homogeneous
polynomial {0;}°, of p-degree d — m, f; satisfies

—_— — o0
iglf e Il fo— QollLrio, <
and
1Q: = QollLr (o) +8Up ———— I(fi = Qi) — (fo— Qo)llLr(o) = O
r=1 pé-miet =T
as i —> o0
for some integer d > m. If
lim sup —[Hn—+_m||uille(Q,) <oo foranyi=1,2,---,
r—-0 r I
and
i = ug asi — ocin LP(Qy)
then there holds
1
sup ——|u;(x,t) —uplx,t)| > 0 asi — oo.

d

Moreover if {P;}72, is the sequence of p-homogeneous polynomials of p-degree d
for {u;}2, as in Theorem 2.2 then

| P; — Po|Loo(gt+ sup

1
v ) |dia i\t - Pi s — , —P ,
|(X,t)|<% X, t)|d+Ol |(u (x t) (x t)) (uo(x t) O(x t))l

I(

—0 asi— oc.
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3. — Schauder estimates

Before we state our main estimates we first introduce some terminology.

DeriNiTION. Let # be an L? function in Q) for 1 < p < oo. For e € (0, 1)

. o dia die . d+a, 4te
and nonnegative integer d, u is C“7® m at 0 in L? sense, u € C;p 0),

if for some polynomial P of p-degree not exceeding d,

lim sup
r—0

m”u - P”LP(Q,) <X,

r p

Note in the above definition, the polynomial P is unique if they exist. We may
also define the corresponding semi-norms as follows:

[W] i (= 3 [DiD/P©)] fori=01,--.d

Crp [v]-+mi=i

[M]de,d;_a 0= sup ———srrllu — Plicrg,) -

Lr O<r<l p p

We may also define the following norm

d
] gy e ©) =D [u] ;5 (O)+[u] 4, dia (0).
Cp " i=0  Sip Cp "

. : . d+
For brevity we use the notation C?*® instead of C4+e“m" .

Now we may state the pointwise Schauder estimates. The operators are as
discussed in Section 2. Suppose that L is an m-th order homogeneous parabolic
linear operator in Q;(0) C R” x R given by
8 m
Eu - Z a,(x,t)D}

Jv|=0

3.1 L =

where the coefficients verify the following assumptions:

32 (DT Y @008 =1 YESTICRY, (1,1 € 010 ;

[v|=m
(33) D lavx, Dl <k, VY (x,0) € 01(0) ;
lv|=0
and
(3.4) D lax, 1) —au0,0)] < @(lx, D) V¥ (x,1) € 01(0)
|lvi=m

for some positive constants A, x and some increasing continuous function o :
R — RT with w(0) = 0.
We state a special case first.
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THEOREM 3.1. Let L be an m-th order parabolic operator in Q1(0) with the
form (3.1) satisfying (3.2)-(3.4) and u a W;"’l solution of Lu = f in Q1(0) for
some f € LP(Q1) with p > 1 + .. Suppose that d > m is a nonnegative integer
such that

. 1
lim sup —aw lullLe g,y < 00,

r—>0 p P

1
limsup ————— < 0.
m sup o I fllLrcor)

If, for some o € (0,1) and some integer | > 0, f € CZ;"’H’L“(O) and a, €
CIL;,'"H”H“(O) for any |v| > max{m — [, 0}, then u CZ;;IM(O). Moreover there
holds the following estimate

d+1
[l (0) + [4] 1. (0)
i—d L>® CLOO

d—m-+1
<C { lullzrn + D7 [flet O+ [fledmira (0)}

i=d—m
where C depends only on n,m, p,d,l, A, k,a, w and [a,].i (0) fori = d —m,
Ly
<o, d—m+1anday] 1—miv+a (0) for |v] = m — L.
Crp

Proor. We will prove Theorem 3.1 by induction on I. For / = 0, it is
TheoremA?2.2. Note that (2.5) is equivalent to a, € C7,(0) for |v| = m. For
illustration we prove for /[ = 1. By assumptions there exist p-homogeneous
polynomials Qg and Q4,41 of p-degrees d —m and d —m 41 respectively,

p-homogeneous polynomials a{) of p-degree i for |v| > m —i, i =0, 1, such
that

d—m+1 4o+ 2tm
W f — Qi—m — Qa—msi1llLr0,) < [f]cd;m+1+a(0)r e
L

4o+ 2tm
||av—av(0)—a5‘>||Lp<Q,)s[avlcﬁa(mr T, pul=m,

+n__+_m
lay —aPllroy) < lavlee, O 77, v =m -1,

for any r < 1. Write ¢ = f — Qu—m — Qu—m+1- By Theorem 2.2, there exists a
homogeneous polynomial P, satisfying (2.9) to (2.12). Set v = u — P;. Then
Y satisfies the equation

LYy =Qum1+¢+ Y (@—a,0)D'Pyi+ Y aD'Py=f.
[v|=m v|<m
It is easy to see that the polynomial

0= Qumn+ Y a’D'Pit+ Y a’D'Py

lv|=m |v|=m—1
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is p-homogeneous with p-degree d —m + 1 and that

n+m

17 = Qllere, = {lf)ca_mira @ +Cl PallLocop bré et

for any r < 1. By (2.12) we have

1
limsup —————— ¥ llLr(g,) < 0.
+ Qr)
rd+a+% ’

r—0

We may apply Theorem 2.2 to i with d replaced by d + 1. Hence there exists
a p-homogeneous polynomial P, of p-degree d + 1 satisfying

0 -
a—th+1 - Z a,(0,0)D} Py = Q
lv|=m
and
|Pyri(x, )] < Cul(x, )T for (x,1) € Qrp2
W (x, 1) — Papi(x, )| < Co(x, |71 for (x,1) € Qrpa
/
where

G < C([f]ci;m+l+ot 0) + 1¥llrop) + I PallLecoy + 11QllLrcoy)) -

By expression for O and estimates on v and P, there holds

Cy < C([f)pd=-mt1+a(0) + [f]pa=m+a (0)
L LP
+1Qa-mlircoy @) + 1Qa-m+1lirgyon + NullLr o, o)
2

< C(llullLroyon + [f]CZZm 0) + [f]ci;mH 0) + [f]cZ;’"““‘ ).

This finishes the proof for / = 1. O

THEOREM 3.2. Let L be an m-th order parabolic operator in Q(0) with the
form (3.1) satisfying (3.2)-(3.4) and u a W;”*l solution of Lu = f in 01(0) for
some f € LP(Qq) with p > 1+ ~. If, for some a € (0, 1) and some integer
d>m, f e C%Wm™™0) and a, € C{57*(0) for any |v| = 0,1,--- ,m, then
uecC i;“o‘” (0). Moreover there holds the following estimate

ulaga O =< C{lullirigy + 1 Flet-mia®))

where C depends only on n,m, p,d, :, x, o, w and [av]cd;m+a (0) for lv|] = 0,1,
L

e, m.
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Proor. It is similar to that of Theorem 3.1. O

ReEMARK. Both Theorem 3.1 and Theorem 3.2 hold for integer d with
1 <d <m—1. No extra assumptions are needed for coefficients a, and
nonhomogeneous term f. Only || fllLr(g,) appears in the right side of the
estimates.
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