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ON THE SCHWARZ ALTERNATING METHOD FOR
EIGENVALUE PROBLEMS

S.Y. MALIASSOV*

Abstract. In this paper an analogue of the Schwarz alternating method is considered to find a minimal
eigenvalue and its corresponding eigenvector of generalized symmetric eigenvalue problem. The technique
suggested is based on decomposition of the original domain into overlapping subdomains and on consideration
of local eigenvalue problems in subdomains. Both multiplicative and additive variants of the method are
constructed and studied.

It is shown that a discretization of the multiplicative variant of the Schwarz method is equivalent to the
block coordinate relaxation method. An additive variant of the method is suitable for realization on parallel

architecture.
Key words. Eigenvalue problem, Schwarz method, domain decomposition method.
AMS subject classifications. 65N25, 65N55, 65F15.

In this paper we propose an analogue of the Schwarz alternating method to
evaluate the principal eigenvalue and its corresponding eigenfunction of a second
order symmetric elliptic operator in a bounded domain in IR?. The technique
suggested is based on decomposition of the original domain into overlapping
subdomains and on consideration of local eigenvalue problems in subspaces con-
nected with these subdomains.

Domain decomposition methods (DD) are powerful techniques for solving
boundary value problems. Recently, DD algorithms have become increasingly
popular because they take full advantage of modern parallel computing technol-
ogy. Although there are many papers on domain decomposition for the linear
applications (see, e.g., [13, 5, 9, 1]), there are relatively few results on application
of DD methods for eigenvalue problems.

One of the approaches is presented in [11] where an approximation to the
principal eigenpair is computed by solving a sequence of linear problems in the
subdomains. Several other domain decomposition methods also using lineariza-
tion were proposed in [10, 15]. These works are based on a nonoverlapping
partitioning of the computational domain and using some iterative techniques
for the Schur complement of the block corresponding to the interface variables.
Another way to apply domain decomposition idea to eigenvalue problem is a
divide-and-conquer method proposed in [4]. The authors introduced a parallel
algorithm for computing all the eigenpairs of the symmetric and positive definite
matrix, first, parallelizing the Householder transformation and, then, providing
the multilevel parallel method of solving eigenvalue problem for three-diagonal
symmetric matrix.

A different approach was presented by the author in the previous work [12]
where only a multiplicative algorithm and its discretization were described with
some limiting assumptions. In that algorithm an approximation to the principal
eigenpair is computed by solving sequentially a series of minimization problems
for the Rayleigh quotient in the subdomains. On the algebraic level this method
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2 S. MALIASSOV

is equivalent to the one developed in [8] and can be considered as a generalization
of the block coordinate relaxation applied directly for a matrix eigenvalue prob-
lem [6]. An important feature of this approach is that the subspace problems
are also generalized eigenvalue problems, which allows to apply the algorithm
recursively. The recursive implementation of this method was proposed in [2],
where based on [12] and [8] the authors presented multilevel algorithm of opti-
mal complexity. Due to a minor flaw in the proof of the multiplicative Schwarz
method in [12], the convergence of the sequence of functions to the eigenfunc-
tion is not obvious in some cases. For this reason in the present work the author
provides another proof for multiplicative method, presents an additive version
of the algorithm, and, also, extends the area of applicability for the method.

The theory developed in this paper provides an approach in which domain
decomposition methods, namely the Schwarz alternating methods, both multi-
plicative and additive, can be used to solve spectral problems. It is shown that a
discretization of the multiplicative variant of the Schwarz method is equivalent
to the block coordinate relaxation method. An additive variant of the method
is suitable for realization on parallel architecture.

The outline of the paper is as follows. In Section 1 we pose the problem,
formulate the Schwarz alternating method, and prove its convergence. In Section
2 we provide an additive version of the algorithm. In Section 3 discretizations
of the developed methods are considered.

1. Multiplicative Schwarz method. Let  be a bounded domain in IR?
with a Lipschitz boundary and £ be a uniformly elliptic, self-adjoint, positive
definite operator. We consider the eigenvalue problem for £ on € with homoge-
neous Dirichlet boundary conditions:

(1.1) Ly = du, in €,

u = 0, on Jf).
We note that the eigenvalue problems with different types of boundary conditions
on some subsets of 9} can be treated in a similar way but for the sake of
simplicity are not described here.
Since operator L is positive definite then on its domain

D(L) = {ulu € L*(Q), Lu € L*(Q),ulaq = 0}
we define the energy inner product [7]:
(1.2) [u,v] = (Lu,v), Yu,v € D(L)

and corresponding energy norm [u] = [u,u]'/%, v € D(L). Completing D(L) in
[] we define the energy space H of operator L.
The Rayleigh quotient of problem (1.1) has the form [14]:

[u]”
R(u) = ——.
[J]|?
The eigenvalues of (1.1) are defined by the expressions:
Moo= inf{R(u)fu e H\{0}} = R(p1),
Ne = inE{R(n)lu € H {0}, (pew) = 0,6 = 1. k— 1) = Ripy),
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where ||¢x]| = 1, £ > 1. Here we assume that the eigenspace corresponding to
A1 1s described by only one eigenfunction .

Let domain €2 be represented as a union of finite number of overlapping
subdomains €4, ...,€,, with the Lipschitz boundaries 9§, ..., 9%,,:

Q=)
=1
We define in H closed subspaces
(1.3) H; = {u € Hu(z) =0,z € Q\ 1}, i=1,...,m.

The Schwarz alternating method for evaluation of the principal eigenvalue
and its corresponding eigenfunction of problem (1.1) has the following form. Let

the function u € H \ {0} be defined in such a way that Ay < R(u°) < Ay. Then
the sequence of functions {u®} is constructed by solving the following problems:

Nt = inf{R(u)lu € u” + Hy \ {0}} = R(u"*w),

eI iﬁf{R(u)|u € urtS 4 H;\ {0}} = R(um*m),
(1.4)

N+ = inf {R(u)|u € ™55 + H, \ {0}} = Ru™ ),

AL =\t u™t = "t n=20,1,...

1—1

Note that if for some i we have A\"Fm = A5 then we take u™tm = vt 5.
Here by u* + H; we denote the direct sum of the subspaces. For any v € u*+ H;,
there is a representation v = au™ 4 v;, where v; € H; and o € IR. Since

R(u) = R(a - u) for any nonzero constant o, we assume that |[[u"*m| = 1 for
any n and 1.

For algorithm (1.4) we can formulate the following statement.

THEOREM 1.1. Let the initial guess u® € H\{0} satisfy the inequalities \; <
R(u") < Ay. Then the sequence {\"}°2 | converges to the principal eigenvalue A\
and the sequence {u™}, can be chosen in such a way that it converges in the
energy norm to the corresponding eigenfunction 1, i.e.

lim A" = Ay, lim [u" — 1] = 0.

n—oo n—oo

To prove this theorem we need an auxiliary lemma.

LEMMA 1.2. Let U be a subspace of H and there exists a real number b
such that for any u € U the inequality R(u) > b holds true. Let {u*}32, C U
be a sequence that converges to some element u* in L*() and the sequence
{R(u*)}32, is nonincreasing and converges to b, i.c.

klim |u* — || =0, klim R(u*) = b.

Then R(u*) =b.
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Proof. First, we show that lim [uf,u™] — b (u*,u™) = 0.

k,m—oco
Since Yu € U we have R(u) > b and u* € U for any k then R(u* +au™) > b
for any o € IR. It implies the inequality

o ([P = b Ju™|”) + 20 ([ w) = b (", u™)) + ([u*] = b [|u"]?) 2 0,

which holds true for any « only if the discriminant of the quadratic function in
the left hand side is nonpositive, i.e.

(T = b () = ([ = 0 IP) Q= b ) <
Now since {R(u*)} is nonincreasing then [u*]? > b ||u*||? for any k. Hence,
T O | e (P e P R (P R A [

Then klim ([w*]? = b ||u*||?) = 0 implies . lim [uf, u™] — b (u*,u™) = 0.

Using these two limits it is easy to conclude that

(1.5) Jim ([u* —wm)* = b|u* —um|?) = 0.

Then, since {u*} is convergent in L?(f2), from (1.5) it follows that it is
also convergent in H. Obviously, {u*} converges in H to the same element u*.
Indeed, assume that {u*} converges in H to some u; such that ||u* — uy|| # 0.
Then [u* —u]? > b ||u* — uy]|? for any k. Taking the limit as & — oo we get
0> b ||u* —u|]? i.e. |Ju* —uy|| = 0. This is a contradiction. Thus, we conclude
that klim [u* — u*]? = 0 and, finally, klim R(u*) = R(u*) = b. O

Now we can prove Theorem 1.1.

Proof. From the variational definition of the eigenvalues [14] it follows that
the sequence {A\"}22 ) is nonincreasing. Since it is bounded from below by A
then it is convergent. Let A=1lim, ... \". Then A\; < A < )\,

Fix an integer « = 1,...,m, and consider the minimization problem for the
Rayleigh quotient on the subspace S+ H;. Let u™ 5 be a solution to this

problem. Then A" > e > A"t > At For this reason the sequence
A1 must converge to .

n=0 g .
+i

We remind that on each step we normalize the elements u” Hence,

R(u"Fm) = [u"*tm]? and

(1.6) JLIEO[UH+#]2 =\

From (1.6) it follows that there exists some positive constant ' such that
[u"tw] < C for any n, i.e. the sequence {u"Tm}°, is bounded in the energy
norm. Since H is compactly embedded into L?(Q) this sequence is compact in
L*(Q).

Now from {u"*m} we choose a subsequence {u™*+m} which converges in
LQ(Q) to some element um. Then for each 7 = 2,...,m, from the sequence
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to some element wm . ‘
Finally, we obtain the sequence {u™%=} which is convergent in L?(Q) for
any ¢ =1,...,m:

lim [t — || = 0.
By Lemma 1.2 for all the elements {u#}ﬁl we have the equalities
(1.7) R(uw) = A,

Now let v; be an arbitrary element from H; such that [v;] < ¢ = const. Than
for any a, # € IR we have R(au% + Bv;) > A. Using (1.7) from this inequality
we get

B ([? = Aloill?) + 208 ([u= 0] — Mu'

which holds true for any a and 3 only if

1—1 1—1

(1.8) [u 0] = Au= ,v;).

Now we shall show that the limit elements um coincide, i.e. there exists an
element u; € H \ {0} such that um =wuy, i =1,...,m.
Assume that there is an index r such that

r—1

(1.9) um #um,

Then there exist a real number o # 0 and an element v, € H, \ {0} such that

Ru=) = R(u%) = R(au% + v,) = A. Then we have

r—1

o ([ 2 = Au= 1?) + 20 (W=, 5] = Mu' ,5,)) + ([0 = M.?) =0.

From (1.7) and (1.8) it follows that [v,]> = A||o,||>. Since o, # 0 we have
R(v,) = A. Then, by algorithm (1.4), \otm = \%m =X, i =r +1,...,m, and

Ntm =A% =X n=1,2,...,and 1 = 1,...,m. Thus, we must have u"tm =
uof"#, n=1,2...,and ¢+ = 1,...,m. It follows that all the limit elements
uwm must be the same: um = u’Twm, i = 1,...,m. This is a contradiction to
(1.9). Hence, assumption (1.9) is wrong and there exists vy € H \ {0} such that

um =y, i=1,...,m.

Then from (1.8) it follows that [ui,v;] = A(uy,v;) for any v; € H;, i =
1,....,m. Since H = Hy + ...+ H,, an arbitrary function v € H can be
represented as v = 3., v; with v; € H;. Thus, for any v € H we have

(1.10) [ur,v] = AMuy,v).

It implies that u is an eigenfunction of problem (1.1) corresponding to eigenvalue
A. By the variational principle for eigenvalues we have A = Ay and u; = 5.
Thus, the sequence {A\"} converges to Ay, i.e.

(1.11) lim A" = Ay

n—oo
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Now let us show that the entire sequence {u"}>° defined by (1.4) converges
in the energy norm.
First, we claim that

fim 0l
m=ee |- flpnl

For the convenience of the presentation the proof of the claim is provided in the
end of this section. Assuming this claim for the moment, we complete the proof.

For any index n such that (u", 1) < 0 we can take (—u") instead of u™. It
is easy to see that this procedure does not violate algorithm (1.4). For such a
new sequence we have

(1.12) N )
n=ee [Jun]| -l |

Then it is easy to check that
[w" =] = [P+ [e]? = 2[u", 0] = AW |2 4+ Mo = 20 (u”, 1) =
(A" = A [e |1 + Aa([[u"]] = [leal)*+

-l (1 - o).
[l -l

(1.13)

Since ||¢1]| = 1 and ||u”|| = 1 for all n, then using (1.11) and (1.12) we take
the limit in (1.13) as n — oo. Then
(1.14) Tim [u” — " =0
that completes the proof. O

Now we provide the proof of the claim.

LEMMA 1.3. The sequence {u"}> defined by algorithm (1.4) satisfies the
following condition

(1.15) fim Al
e ffur - flall

Proof. We shall prove that fact by contradiction. Assume that (1.15) is not
true. Then there exists some subsequence {u™ }72 , such that

ng
(1.16) fim el
b= [Jure ] -l ]
Since {u"*} is bounded in H then in turn there exists a subsequence {u""}72,
which is convergent in L*(2). Let u* # 0 be its limit, i.e. lim;_., ||u"* —u*|| = 0.
By Lemma 1.2 {u™* }72, converges to u* in H and R(u*) = A;.
It implies that u* is the eigenfunction corresponding to the minimal eigen-
value A1 of problem (1.1). From (1.16) it follows that

el _,
IRRE
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Using an orthogonalization we define the function @y = u* — apy such that
||| = 1 and (¢1,92) = 0. Obviously, R(p2) = Ay.

Thus, we get the eigenspace corresponding to Aq, the basis of which contains
at least two functions. That result contradicts the assumption on the size of the
eigenspace corresponding to A;. Hence,

fim 0l
n=oe ffun]] -l

d

REMARK 1.1. Algorithm (1.4) can be extended to the case of multiple eigen-
values, that is when the eigenspace corresponding to Ay has a finite dimension
r > 1. Instead of the elements u"tm in the definition of the algorithm we have to
consider subspaces E™Fm which are defined by r linearly independent functions
in H.

REMARK 1.2. Also, modified version of algorithm (1.4) can be used to find
Ap, p > 1, and its corresponding eigenspace, provided that all the eigenspaces E;,
1=1,...,p—1, corresponding to the eigenvalues A\;, 1 = 1,...,p—1, are known.
In this case instead of space H in the algorithm we have to use the space

H,={ulu e H,(u,p)=0,Yo € Fy,i=1,...,p—1}.

2. Additive Schwarz method. Here we provide an additive version of
algorithm (1.4) in which the computation in each subdomain can be carried out
independently on each iteration.

Let the function u® € H\ {0} be defined in such a way that A; < R(u®) < As.
Then the sequence of functions {u®} is constructed by solving the following
problems:

Nt = inf {R(u)|u € u" + Hy \ {0}} = R(u™w),

:

NS = inf (Rl € u 4 H\ {0}) = R(umE),

(2.1) NFE— inf {R(u)u € u" + Hy \ {0} = R(u+2),

A = it {R(u)|u € {urtw .t R = R(umt)
n=20,1,...

Note that the function u™*! is defined as a linear combination of functions

{umtw}r,. Thus, the last variational problem in (2.1) is a finite dimensional
one. As in the previous section if for some ¢ we have A m = A\ then we take
ntom =", Also, we assume that ||u"tm || = 1 for any n and 1.

For algorithm (2.1) we formulate the following statement.

THEOREM 2.1. Let the initial guess u® € H\{0} satisfy the inequalities \; <

R(u®) < Xy. Then the sequence {\"}22, converges lo the principal eigenvalue

[
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A1 and the sequence {u"}°2, can be chosen in such a way that it converges in
energy norm to the corresponding eigenfunction 1, i.e.

lim A" = Ay, lim [u" — 1] = 0.

n—oo n—oo

Proof. By the definition, {\"}72, is the nonincreasing sequence which is
bounded below by A;. Hence, it converges to some number A. Obviously, A\; <

A< s

Since ||u™|| = 1 for any n we have R(u") = [u"]* and
(2.2) nh_}l(};lo[u”]2 =\

It implies that there exists some positive constant C' such that [u"] < C for
any n, i.e. the sequence {u"}22, is bounded in the energy norm. Hence, this
sequence is compact in L?(€) and we can choose a subsequence {u"*}22, which
is convergent in L%(Q) to some element u*. Since limj_., R(u™) = A then by
Lemma 1.2 we have R(u*) = \.

Now we shall show that (A, u*) is an eigenpair of L.

Let v; be an arbitrary element from H; such that [v;] < ¢ = const. Than for
any « € IR we have

(2.3) R(u™ + av;) > A" ¥ > Amtl

Since {u"™}72, is convergent in both L*(Q) and H, we can take the limit in (2.3)
as k — oo. Then we get R(u* 4+ av;) > A or, equivalently,

o ([l = Mvl?) + 2a ([w”, vi] = Au™,v;)) > 0.

This inequality holds true for any « only if [u*, v;] = Mu*,v;). As before, in
(1.10), we conclude that [u*,v] = A(u*,v) for any v € H. It implies that u* is an
eigenfunction of problem (1.1) corresponding to eigenvalue A. By the variational
principle for eigenvalues we have A = A\; and u* = ;. Thus, the sequence {\"}
converges to Ay, i.e.
(2.4) lim A" = Aq.

Using the same arguments as in the proof of Theorem 1.1 and an analogue
of Lemma 1.3 for algorithm (2.1) it is easy to check that the entire sequence

{u"}>2, can be defined by (2.1) in such a way that it converges in the energy
norm. [

3. Matrix formulation of the Schwarz method. Now we consider a
discretization of the methods described in the previous sections. Let QF =
U221 Tr, ¢ = 1,...,m, be regular partitionings of subdomains {2; into simplices
7. [3] (triangles in IR* or tetrahedra in IR?). We assume that the triangulation
of the whole domain ) can be defined as a union of the triangulations of the
subdomains, i.e. Q" = (J2, QO
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We denote by H" and H!, i = 1,...,m, the finite element subspaces of I
and H;, v =1,...,m, respectively, which consist of continuous, piece-wise linear
on each simplex 7 functions [3].

The finite element approximation to problem (1.1) has the following form:

A= inf{R(u)lu € H"\ {0}} = R(ef),

B0 s on = e o
o= inf{R(u)lue H"\ {0}, (¢}, u)=0,i=1,....k — 1} = R(¢}),

where we set ||¢}|| = 1 for all k. We assume that A\! is a simple eigenvalue.
Once a basis {¢;(x)}¥, for H" is chosen, where N = dim H", then (3.1)

leads to an algebraic eigenvalue problem
(3.2) Au = AMu,

where A and M are symmetric positive definite matrices defined by A;; = [¢;, ¥],
Mji = (i, 4), 1,5 = 1,..., N. We introduce the inner products by (u,v)s =
(Au,v), (u,v)y = (Mu,v), u,v € IRY, and its corresponding norms by |Ju|4 =
(u, u)114/2, lullar = (u, u)}\//ﬁ, respectively. The discrete Rayleigh quotient of
problem (3.2) has the form [3]:

(3.3) R'(u) = s

a3

Now consider in IRY the subspaces E™ corresponding to the finite element
subspaces [, i =1,...,m, where n; = dim H}'. Denote by X; = {x},...,x! }
the bases of subspaces E™, 1 =1,...,m.

The discrete analogue of the alternating Schwarz method (1.4) for evaluating
the minimal eigenvalue A" and its corresponding eigenvector u; of problem (3.2)
has the following form.

ALGORITHM 3.1. Let the nonzero vector y° € RY be defined in such a way
that A\ < R"(y°) < M. Then the sequence of vectors {y*}, k = 1,2,..., is
constructed as follows.

1. Set yk =y*L
2. For each v =1,...,m, solve the problems:
(34)  pif=inf {R(y)ly € span {Xiyh, Ly # 0} = R (y™).

Normalize y** so that ||y™'|[y = 1.

3. Define y* = y*™ and \¥ =y,

Note that the method in the given formulation is equivalent to the method
of group relaxation [6] and the method of alternating subspace iteration [8].

Now we describe the discrete analogue of the additive Schwarz method (2.1).

ALGORITHM 3.2. Again, let the nonzero vector y° € RY be defined in such
a way that \? < R"(y®) < Ab. Then the sequence of vectors {y*}, k=1,2,..
is constructed as follows.

1. For each1=1,...,m, solve the problems:

(3.5) pyt = inf {Rh(y)|y € span {X;;y" 1}y # ()} = RMy*).

°J
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2. Define N\ and y* solving the variational problem
(3.6) AP = inf {Rh(y)|y € span {y™', ... y"" )y # 0} = R"(y").

Normalize y* so that ||y*||s = 1.

The minimization problems (3.5) on step (1) of Algorithm 3.2 can be solved
independently. The minimization problem (3.6) on step (2) has the dimension m,
which can be rather small in comparison with the sizes of subdomain problems.
Thus, this algorithm is suitable for parallelization.

For both algorithms 3.1 and 3.2 we formulate the following statement.

THEOREM 3.1. Let the initial guess y° satisfy the inequalities \' < R"(y°) <
Moo Then the sequence {\}52, converges to the minimal eigenvalue N and the
sequence {y*12, can be chosen in such a way that it converges to the corre-
sponding eigenfunction uy, i.e.

lim A" = A}, lim y" = uy.

n—oo n—oo

The proof of this statement for Algorithm 3.1 is given in [12]. Also, the main
ideas of it can be found in [6] and [8].

Below we provide the proof of Theorem 3.1 for Algorithm 3.2.

Proof. From the variational definition (3.5) of the eigenvalues ,u]l“ it follows
that pf" < M=1 i =1,...,m. From (3.6) we conclude that \* < u}* for any
i =1,...,m. Thus, the sequence {\*}$2, is nonincreasing. Since it is bounded
from below by A then it converges to some number . Obviously, A" < X < A%

Let us consider the sequence {y*}53% . Since ||y*|[ss = I then ||y*||% = M\
and, consequently, limy_. [[y*||4 = A. It implies that there exists a positive
constant C' > 0 such that ||y*||4 < C for any k. Then, from {y*}{2, we can
choose a subsequence {y™}?%, which converges to some vector y; € IR™. It is
casy 1o see that [yillas = [y s = L and [ly1[ = i [ly¥3 = A

Now we need to show that the pair (\,y;) is an eigenpair of problem (3.2).
For any subspace E™, 1 =1,...,m, arbitrary v; € £ and «a € IR we have

[y + avill

L2
lya + avilld

which implies that

o (Ivilly = Mvillds) + 20 ((y1,vi)a = Aya.vilu) > 0.

This inequality holds true for any « only if

(37) (thi)A - )\(Y17Vi)M =0.

Since for arbitrary vector v € IRY there exists a representation

m
V:ZVZ', v, e E", 1=1,...,m,
i=1
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then, taking into account (3.7), we conclude that for any v € IRY the following

equality holds true: (y1,v)a — A(y1,v)am = 0. Hence, we have
(3.8) (Ay: — AMy,,v) =0, vv ¢ RY.

From (3.8) it follows that (A,y;) is the eigenpair of problem (3.2). By the
variational principle for eigenvalues we must have A = A" and y; = u;. Thus,
the sequence {\*} converges to A",

Now we have to show that the entire sequence {y*} defined by Algorithm
(3.2) converges to u;. It is easy to check that we can use the approach described
in the proof of Theorem 1.1.

First, using the assumption on multiplicity of A" (it is a simple eigenvalue)
we can show that

k
o 5wl
h=co ||y [ar - [lua]ar
Then using an analogue of (1.13) for the finite dimensional norm || - ||4 we can

demonstrate that
Jim [ly" — 4 =0

that completes the proof. O

REMARK 3.1. Algorithms 3.1, 3.2 can be extended to the case of multiple
eigenvalues, that is when the eigenspace corresponding to \* has a finite dimen-
sionr > 1. Instead of the elements y™' in the definition of the algorithm we have
to consider subspaces E™ which are defined by r linearly independent vectors.

REMARK 3.2. Also, modified versions of the algorithms can be used to find
)\Z, p > 1, and its corresponding eigenspace, provided that all the eigenspaces
Ei, i =1,....,p—1, corresponding to the eigenvalues \*, 1 = 1,....p—1, are
known. In this case instead of space RN in the algorithms we have to use the
space

h N .
H ={ufluc R",(u,v)=0,VveFE,i=1,...,p—1}.
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