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ON THE SINGULAR VALUES

OF WEBER MODULAR FUNCTIONS

NORIKO YUI AND DON ZAGIER

Abstract. The minimal polynomials of the singular values of the classical
Weber modular functions give far simpler defining polynomials for the class
fields of imaginary quadratic fields than the minimal polynomials of singular
moduli of level 1. We describe computations of these polynomials and give
conjectural formulas describing the prime decomposition of their resultants
and discriminants, extending the formulas of Gross-Zagier for the level 1 case.

Introduction

Singular moduli, the values of the elliptic modular function of level one j(τ) at
imaginary quadratic arguments τ in the upper half complex plane H, were studied
extensively by many mathematicians in the early part of this century [11], [10],
[2]. Their most important application is to explicit class field theory: if K =

Q(
√
d) is an imaginary quadratic field of discriminant d, then the numbers j(τ),

where τ ranges over the SL2(Z)-inequivalent points in H satisfying a quadratic
equation of discriminant d, are the roots of a computable polynomialHd(X) ∈ Z[X ],
the class polynomial. Since each root generates the Hilbert class field of K when
adjoined to K, this gives an explicit way to construct class fields. There are other
applications, e.g. to the problems of primality testing/proving [1] and to the study
of representability of primes by quadratic forms x2 + ny2 [5].

A drawback of the polynomials Hd(X), however, is that they have coefficients
of astronomical size even for quite modest discriminants d, e.g., H−55(X) is

X4 + 335329·134219X3− 375323·101·32987X2

+ 395711283·101·110641X− 31256113293413 .

In this paper we shall look at the class equations obtained by using the Weber
function f(τ) of level 48 and index 72 instead of the modular invariant j(τ) of level
1. We will concentrate on the case of discriminants d congruent to 1 modulo 8 and
not divisible by 3, since the results are optimal here: the values of f at suitable
points τ ∈ H of discriminant d generate the same fields as before but are the roots
of a polynomial Wd(X) having far smaller coefficients than Hd(X). For instance,
W−55(X) is simply X4 +X3 − 2X − 1.

Our first aim will be to give an efficient procedure for calculating the roots of
the Weber class polynomials Wd(X) by describing a rule for picking out of each
SL2(Z)-equivalence class of points τ ∈ H of discriminant d one Γ-equivalence class,
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1646 NORIKO YUI AND DON ZAGIER

where Γ ⊂ SL2(Z) is the subgroup of index 72 under which f(τ) is invariant, in
such a way that the corresponding values of f(τ) are the roots of Wd(X). Our
second, and more important, objective is to give analogues for the Weber function
of the results of Gross-Zagier [7] on the norms of the differences of singular moduli
j(τ), i.e., on the discriminants and resultants of the class polynomials Hd(X). The
result of [7], following earlier work of Deuring [6], was that the norms in question
are highly factorizable and that there is a closed formula for their decomposition
into prime powers. The corresponding numbers for the Weber polynomials are far
smaller—for instance, the discriminant of the polynomial H−55 given above is

−378520115196236292372412474532 ≈ −4.7× 1091 ,

while that of W−55(X) is only −5211 = −275 —but the rule for finding their prime
factors and the exponents to which they occur turns out to be considerably more
complicated. More precisely, the formula given in [7] for the prime factorization of
norms of differences j(τ1)−j(τ2) involved a certain arithmetic function F(m) which
takes on prime power values. It turns out that F(m) decomposes naturally into the
product of 8 more complicated functions Fr(m) (where r runs over the divisors
of 24) which can be used in a similar way to describe the norms of differences of
singular values of f(τ)r . This result is conjectural only, based on extensive numerical
computations; it could presumably be proved by methods analogous to those of [7],
but we have not tried to do this. The formula describing the function Fr(m), given
in §3, is complicated and involves many case distinctions, the necessary data being
given in two tables with a total of 48 entries. In §4 we transform the conjecture into
a different form which still involves some arbitrary data but does not need the large
number of case distinctions. In both §3 and §4 we study the differences of Weber
singular moduli corresponding to different quadratic fields (giving the resultants
of different Weber polynomials). The differences of singular moduli for the same
quadratic field (giving the discriminants of Weber polynomials) are considered in
§5. The final section contains a brief discussion of the cases when d is not congruent
to 1 modulo 8 or is divisible by 3, so that the Weber singular moduli belong to a
small extension of the Hilbert class field.

1. The Weber functions and Weber class equations

For τ ∈ H (upper half-plane) we set q = e2πiτ and more generally qa = e2πiaτ

(a ∈ Q). The classical Weber functions are defined by

f(τ) = q−
1
48

∞∏
n=1

(1 + qn−
1
2 ) , f1(τ) = q−

1
48

∞∏
n=1

(1− qn−
1
2 ),

f2(τ) =
√

2q
1
24

∞∏
n=1

(1 + qn) .

The functions f24, −f241 and −f242 are the roots of (X−16)3−Xj = 0, where j = j(τ)
is the elliptic modular function. In particular, SL2(Z) preserves the set of functions
{f, f1, f2} up to permutation and multiplication by 48th roots of unity. The action
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of the generators of SL2(Z) on these functions is given by f(τ + 1)
f1(τ + 1)
f2(τ + 1)

=

 0 ζ−1 0
ζ−1 0 0
0 0 ζ2

 f(τ)
f1(τ)
f2(τ)

 ,

 f(−1/τ)
f1(−1/τ)
f2(−1/τ)

=

1 0 0
0 0 1
0 1 0

 f(τ)
f1(τ)
f2(τ)

 ,

where ζ = ζ48 = e2πi/48. We will continue to use the classical notations f, f1, f2, but
mention that a more uniform and less arbitrary notation for the Weber functions
would be

f
( 0
1 )(τ) = f1(τ) , f( 1

0 )(τ) = f2(τ) , f( 1
1 )(τ) = ζ f(τ) ,

since: (i) the functions f8ξ are conjugate over C(j1/3) and the functions f24ξ over

C(j); (ii) fξ(τ)
24 =

212

(cτ + d)12
∆(Mτ)

∆(τ)
where ∆(τ) = q

∏
(1 − qn)24 is the classical

discriminant function and M =
(a b
c d

)
any 2× 2 integral matrix of determinant 2

with Mξ ≡ 0 (mod 2); and (iii) the transformation law becomes fξ(γτ) = λfξ′(τ)
for any γ ∈ SL2(Z), where γξ′ ≡ ξ (mod 2) and λ is a 24th root of unity.

We now define the Weber class invariants which we want to study. Consider d
such that

d < 0, d ≡ 1 (mod 8), d 6≡ 0 (mod 3),(1)

i.e., d is the discriminant of an order O in an imaginary quadratic field in which 2
splits and 3 is unramified. Let Pic(O) denote the group of ideal classes of O. We
will represent its elements by SL2(Z)-equivalence classes [Q] of primitive positive
definite quadratic forms Q = [a, b, c] of discriminant b2 − 4ac = d. To each Q

is associated the number τQ = (−b +
√
d)/2a which is the unique root in H of

Q(τ, 1) = 0. From the transformation formulas just given it is clear that the number
fξ(τQ)24, where ξ is the unique vector in F2

2 with Q(ξ) 6≡ 0 (mod 2), depends only
on the class [Q]. We now define a certain 24th root of (the negative of) this number
with the same invariance property.

Proposition. Let d be a discriminant satisfying (1). For Q = [a, b, c] a quadratic
form of discriminant d, define j(Q) = j(τQ) and

f(Q) =


ζb(a−c−ac

2) f(τQ) if 2|a, 2|c,
εd ζ

b(a−c−ac2) f1(τQ) if 2|a, 2-c,
εd ζ

b(a−c+a2c) f2(τQ) if 2-a, 2|c,
where εd = (−1)(d−1)/8 and ζ = e2πi/48. Then:

(i) f(Q) depends only on the SL2(Z)-equivalence class [Q] of Q .
(ii) f(Q) ∈ Q(j(Q)) .

By (i), we can write f([Q]) for f(Q). We call the h(d) numbers f(A), A ∈
Pic(O), the Weber singular moduli or Weber class invariants for the discriminant
d. The minimal polynomial of f(A0), where A0 ∈ Pic(O) is the principal class
(corresponding to the form Q0 = [1, 1, (1−d)/4]), will be denoted Wd(X) and called
the Weber polynomial for the discriminant d. It follows from (ii) of the proposition
that the roots of Wd(X), i.e. the conjugates of f(A0), are up to sign the numbers
f(A). Indeed, we know that each j(Q) is a conjugate of j(Q0), so the corresponding
conjugate of f(Q) is a real root of the equation (X24− 16)3 = j(Q0)X

24. But this
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1648 NORIKO YUI AND DON ZAGIER

equation has only two real roots ±f(Q0) (since as a cubic in X24 it has negative
discriminant and hence only one real root, and a real number has only two real 24th
roots). The study of a large number of examples suggests that the f(A) themselves,
and not merely their squares, are conjugates of one another (the choice of sign in
the definition of f(Q) was based on these examples). The truth of this conjecture
could be verified by carefully working out the statement of the Shimura reciprocity
law in this situation, but we have not done this. If it is true, then we have

Wd(X) =
∏

A∈Pic(O)

(
X − f(A)

)
.(2?)

Proof of the Proposition. To prove (i), we must check the invariance under the gen-
erators of SL2(Z). Let Q = [a, b, c], Q∗ = [c,−b, a], so that τQ∗ = −1/τQ. Then,
using the transformation formulas for the Weber functions under τ 7→ −1/τ , we
find

f(Q∗) =


ζ−b(c−a−a

2c) f(τQ) if 2|a, 2|c,
εd ζ

−b(c−a+ac2) f1(τQ) if 2|a, 2-c,
εd ζ

−b(c−a−a2c) f2(τQ) if 2-a, 2|c,
so f(Q∗) and f(Q) are the same if a or c is odd and differ by a factor ζabc(a+c) if
both are even. But in the latter case abc(a + c) is always divisible by 48 (a/2, c/2
and (a + c)/2 cannot all be odd, and b2 − 4ac 6≡ 0 (mod 3) implies that at least
one of a, b, c, a+ c is divisible by 3). Similarly, if we take Q∗ = [a, b− 2a, c− b+ a],
with τQ∗ = τQ +1, then using the transformation formulas for the Weber functions
under τ 7→ τ + 1 we find that the desired equality f(Q∗) = f(Q) is equivalent to
the congruences

(b− 2a) (b− c− a(c− b+ a)2)− 1 + 3(d− 1)≡b (a− c− ac2) (mod 48) if 2|a ,
(b− 2a) (b− c + a2(c− b+ a)) + 2≡b (a− c + a2c) (mod 48) if 2-a ,

and these can be checked by case-by-case analysis. This proves (i).
Now the SL2(Z)-invariance lets us give an alternate definition of f(A): choose a

representative Q = [a, b, c] for A with (a, 6) = 1 (this is possible because a primitive
form represents numbers prime to any fixed modulus) and with b ≡ −a (mod 24)
(this can be done by changing b by a suitable multiple of 2a, since b is odd). Then
since a2 ≡ 1 (mod 24) we find

f(A) = εd ζ
−1 f2(τQ) = εd

√
2/f(2τQ − 1) ,

where we have used the identity f2(τ) = ζ
√

2/f(2τ−1). But $ = 2τQ−1 is a root of
the quadratic equation A$2 +2B$+C = 0 with A (= a) and C (= a+ b+ c) both
odd, B (= a+ b) divisible by 24, and AC−B2 (= |d|) congruent to 7 modulo 8 and

to ±1 modulo 3, and for such a number Weber showed that
√

2 f($) is in the same
field as the j-invariant ([11], §127; see also [3], [9] for more modern discussions).
This proves (ii).

2. Examples of Weber class equations, their discriminants and

resultants

As we just saw, we could have defined the Weber invariants f(A) as

εd
√

2/f(2τQ − 1), where Q = [a, b, c] is any form in A with (a, 6) = 1 and 24|a+ b,
rather than by the more complicated formulas in the proposition. The advantage of
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ON THE SINGULAR VALUES OF WEBER MODULAR FUNCTIONS 1649

Table 1. Some Weber class polynomials and their discriminants

|d| h(d) Wd(x) Disc(Wd)

7 1 1,1 1
23 3 1,-1,0,1 -23
31 3 1,0,1,-1 -31
47 5 1,2,2,1,0,-1 472

55 4 1,1,0,-2,-1 −5211
71 7 1,-1,-1,1,-1,-1,2,1 −713

79 5 1,-1,1,-2,3,-1 792

95 8 1,-1,0,1,-2,-1,2,2,-1 −54172193

103 5 1,-2,3,-3,1,1 1032

119 10 1,1,2,4,5,7,9,8,5,4,1 74175192

127 5 1,-1,-2,1,3,-1 1272

143 10 1,-3,6,-6,3,3,-9,13,-12,6,-1 52114135

167 11 1,-1,5,-4,10,-6,11,-7,9,-4,2,1 −1721675

175 6 1,1,0,0,0,-4,1 345572

191 13 1,-2,0,4,-5,1,5,-11,19,-22,16,-10,6,-1 744121916

215 14 1,2,0,-6,-3,8,13,-4,-16,-7,13,11,-4,-6,-1 511132192436

239 15 1,-4,4,4,-5,-13,20,4,-15,-13,27,-4,-8,-2,6,-1 −13219213922397

247 6 1,-3,6,-7,7,-4,-1 32133192

311 19 1,-1,2,-5,8,-14,13,-10,-1,9,-18,25,-10,-4,38, −1741922341032·
-42,37,-16,4,1 ·21123119

319 10 1,5,11,14,10,2,1,5,9,6,-1 38114295

335 18 1,5,14,25,33,42,64,102,144,171,179,174,163,144,106, 59112172412678732·
55,20,4,-1 ·12721392

367 9 1,-2,-1,6,-2,0,2,-3,9,-1 361923674

383 17 1,-1,-1,-1,0,1,13,7,11,4,1,7,23,31,42,24,6,-1 561141365928923838

407 16 1,-1,2,-1,9,2,15,0,12,0,4,-19,-17,-33,-4,-10,-1 −541173784148329721992

431 21 1,3,6,9,9,-4,-10,-36,-30,-14,-2,66,41,83,44, 13103124327321072·
10,21,-40,16,-15,12,-1 ·331243110

455 20 1,-6,15,-23,26,-16,-15,57,-73,30,76,-194,246, 5147141121314432732·
-191,38,129,-200,142,-50,6,1 ·9721312

479 25 1,3,9,22,41,60,66,47,6,-48,-82,-76,11,138,280, 1361763164147921132·
336,317,205,144,109,126,104,76,23,10,-1 ·2832379247912

the definition we gave is that f(A) can be computed using the root of any represen-
tative Q, so we can assume Q is reduced (|b| ≤ a ≤ c). Then τQ lies in the standard
fundamental domain of SL2(Z) and the Weber functions converge at worst like

power series in e−π
√

3 ≈ 0.004, so that a few terms of the product expansion give
f(Q) as a complex number to high accuracy. Then Wd(X) can be computed using
(2?), where the roots f(A) have been computed to sufficient accuracy to recognize
each coefficient of Wd as a rational integer. This is much faster than the method
used in [8] of computing only one real root to high accuracy and then finding its
minimal polynomial by the “LLL” algorithm. Similarly, to compute the discrim-
inant of a Weber class polynomial Wd, or the resultant of two such polynomials
Wd1 and Wd2 , we compute the product of the differences of the roots as complex
numbers to sufficient precision and then round to the nearest integer. The fact that
we do in fact get integers to high accuracy provides at the same time a verification
of the validity of formula (2?).

We calculated the polynomials Wd and their discriminants for all d satisfying (1)
with −2000 < d < 0, obtaining the numerical data which provides the basis for the
conjectural formulas given in §§3–5. The results for a few values of d in the range
−500 < d < 0 are given in Table 1. In this table, we have given just h(d) and the
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1650 NORIKO YUI AND DON ZAGIER

Table 2. Resultants of Weber class polynomials

|d1| |d2| h(d1) h(d2) |Resultant(Wd1
,Wd2

)|
71 119 7 10 232523

151 295 7 8 38179·211
119 215 10 14 1952341531
143 239 7 15 13·432107·13922131
167 335 11 18 5417679·331·379·499·739

*175 239 6 15 19241·5922411
191 407 13 16 7411·31241473·83·4003·4507
215 479 14 25 136172194294472691·87721051·2179
247 431 6 21 74599·1427·2963·6491
287 367 14 9 5729226325003
311 191 19 13 1141932923157122011
319 383 10 17 11413616321847·6947

*343 431 7 21 132131·1812251·3947·8627·8699
407 287 16 14 5674139·14921792787·811·1231
431 263 21 13 712167·2572409·6172787·883
455 431 20 21 744727121132131·181·199·2392251·35921291·1699·2111212211
479 359 25 19 13619231·4336731132157·227·2392761297721163

55 95 4 8 232

*175 287 6 14 5·592419·2099
247 455 6 20 521124724931·7019
287 *343 14 7 5531259·6124451
319 407 10 16 7889211321151·3659

coefficients of X i in Wd(X) (h(d) ≥ i ≥ 0) instead of writing out all the powers in
Wd(X); thus the fifth entry of the table means that W−55(X) is X4 +X3−2X−1,
with discriminant −275 = −5211.

For the moment we observe only that the primes dividing the discriminant of
Wd(X) in Table 1 are always ≤ |d|, with the power of |d| (if |d| is prime) being
(h(d) − 1)/2; in §5 we will make a more detailed analysis of the data and give a
precise conjecture about the prime decompositions. The sign of the discriminant
is easily determined and not particularly interesting (for instance, it is positive if
h(d) ≡ 1 or 2 modulo 4 and negative if h(d) ≡ 3 modulo 4).

In Table 2 we give the resultant of Wd1 and Wd2 for various pairs of discriminants
d1, d2. The last five entries, marked off by a line, give some examples where
(d1, d2) 6= 1, while the discriminants marked with an asterisk are not fundamental.
We give only the absolute values since the sign of the resultant is easily computable
and not very interesting (for instance, if d1 and d2 are prime, then the sign depends
only on d1 and d2 modulo 16 if d1 ≡ d2+8 (mod 16) and on sgn(d1−d2) if d1 ≡ d2

(mod 16)).
This time we make the following observations: First, the primes dividing the

resultant of Wd1 and Wd2 are bounded by d1d2/16. Looking more carefully, we
find that if p is such a prime, then p divides some positive integer m of the form
(d1d2 − x2)/16 satisfying m 6≡ 1 (mod 3) and either m ≡ 7 (mod 8) or m ≡ 4
(mod 16) or m ≡ 0 (mod 32). Refinements of these observations will lead in §3 to
a complete conjectural formula for the resultants.

3. The prime factorization of the resultants

Let Q1 and Q2 be quadratic forms of (the same or different) discriminants d1

and d2 satisfying (1). Because of the relation j(Q) = (f(Q)24−16)3/f(Q)24, we see
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that any prime dividing f(Q1) − f(Q2) also divides j(Q1) − j(Q2). Hence to find
the formula for the factorization of the norm of f(Q1) − f(Q2), we start with the
result of [7] on the factorization of N (j(Q1)− j(Q2)). This involves an arithmetic
function F (depending on d1 and d2) whose definition we first recall.

Suppose that d1 and d2 are fixed negative discriminants. For convenience we
exclude the values −3 and −4 (later d1 and d2 will be assumed to satisfy (1)). We

also assume that d1 and d2 are coprime. Then for a prime p such that (d1d2

p ) 6= −1

we define

ε(p) =

{
(d1

p ) if p - d1,

(d2

p ) if p - d2

(note that this is well-defined and always equal to ±1). For a positive integer n
all of whose prime factors satisfy (d1d2

p ) 6= −1 we extend ε multiplicatively, i.e., we

define ε(n) =
∏

p|n ε(p)
ordp(n), where ordp(n) denotes the power of p dividing n.

Finally, if m is such that ε(m) is defined and equal to −1, we set

F(m) =
∏

nn′=m
n,n′>0

nε(n
′).

An easy proposition, proved in [7], is that F(m) is always a prime power:

F(m) = `(a+1)(b1+1)···(bs+1)(3)

if m has the form

m = `2a+1p2a1
1 · · · p2ar

r qb11 · · · qbss (ε(`) = ε(pi) = −1, ε(qi) = 1 for all i)

(i.e., if there is a unique prime ` with ε(`) = −1 and ord`(m) odd) and F(m) = 1
otherwise (i.e., if there are three or more such primes; note that there are always
an odd number of them since ε(m) = −1). The main result of [7] is the formula

N (j(Q1)− j(Q2)
)2

=
∏

F

(
d1d2 − x2

4

)
,

where the product is taken over all x such that x2 < d1d2 and that x2 ≡ d1d2

(mod 4). Note that each of the integers m = (d1d2 − x2)/4 satisfies ε(m) = −1, so
that F(m) is defined. If d1 and d2 are both odd, then x 6= 0 and the formula can
be simplified to

N (j(Q1)− j(Q2)
)

= ±
∏

0<x<
√
d1d2

x odd

F

(
d1d2 − x2

4

)
.(4)

This formula implies that any prime p dividing the norm has the following proper-
ties:

(i) (d1

p ) 6= 1 and (d2

p ) 6= 1;

(ii) p divides a positive integer of the form d1d2−x2

4 , and in particular p < d1d2/4;
(iii) p < d1d2/8 if d1 and d2 are both congruent to 1 modulo 8.
We now want to find a similar type of formula for the norm of f(Q1)−f(Q2), i.e.,

for the resultant of the Weber polynomials Wd1 and Wd2 . Since this norm divides
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1652 NORIKO YUI AND DON ZAGIER

that of j(Q1)− j(Q2), as already mentioned, we know that only primes satisfying
(i)–(iii) can occur. Looking at Table 2 in the previous section, we find that this is
true and that in fact (iii) can be strengthened to p < d1d2/16. However, even after
studying this table (and a much larger collection of numerical results of which it is
only an excerpt) in detail it was not obvious what the exact rule was for deciding
which primes occurred and to which powers. To find this rule, we first split the
problem into a series of simpler ones by passing, not from j directly to f, which
satisfies an algebraic equation of degree 72 over j, but first to the cubic extension
C(f24) of C(j) and then step by step to the (24/r)th degree extension C(fr) of this,
where r ranges over the divisors of 24.

The first step is easy. Looking at a number of examples of factorizations of
the norm of f(Q1)

24 − f(Q2)
24, we find that, just as for f , the prime divisors are

always bounded by d1d2/16 and that the only numbers m = (d1d2 − x2)/4 which
contribute prime factors are those divisible by 4 (note that m is always even since
d1 and d2 are 1 modulo 8 and x is even). This suggests the formula

N (f(Q1)
24 − f(Q2)

24
)

= ±
∏
x>0

F

(
d1d2 − x2

16

)
,(5?)

where the product extends over all x between 0 and
√
d1d2 for which d1d2 − x2 is

divisible by 16, and this formula indeed turns out to be correct experimentally in
all cases. To prove it, one would have to repeat the analysis in [7] with SL2(Z)
replaced by the group Γ0(2).

To go further, we observe that the polynomial X24−1 factorizes as
∏

r|24 ϕr(X),

where ϕr(X) denotes the rth cyclotomic polynomial. We can write this in the
homogeneous form X24− Y 24 =

∏
r|24 Φr(X,Y ) with the Φr(X,Y ) (r = 2α3β|24)

given by the table

α = 0 α = 1 α = 2 α = 3

β=0 X − Y X + Y X2 + Y 2 X4 + Y 4

β=1 X2 +XY + Y 2 X2 −XY + Y 2 X4 −X2Y 2 + Y 4 X8 −X4Y 4 + Y 8

We therefore look for a corresponding decomposition F =
∏

r|24 Fr in such a way

that

N (Φr

(
f(Q1), f(Q2)

))
= ±

∏
x>0

Fr

(
d1d2 − x2

16

)
.(6?)

To check whether such a formula holds and to see how to define the function
Fr(m) we chose many pairs (d1, d2) in which some prime ` divides only one of
the numbers m = (d1d2 − x2)/` and then looked where ` appears in the norms of
the Φr

(
f(Q1), f(Q2)

)
’s. To state the result, rewrite equation (3) as F(m) = `γ(m),

where γ(m) =
∏

p|m γp(m) with

γp(m) =


ordp(m) + 1 if ε(p) = +1,

1 if ε(p) = −1, ordp(m) even,
1
2 (ordp(m) + 1) if ε(p) = −1, ordp(m) odd (i.e. p = `).

(If F(m) = 1, then γ(m) is not defined.)
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Conjectural formula for N (Φr(f(Q1), f(Q2))
)
. Let d1 and d2 be coprime fun-

damental discriminants satisfying (1). Then for each divisor r of 24 the norm of
Φr

(
f(Q1), f(Q2)

)
is given by equation (6?), where Fr(m) is defined as 1 if F(m) = 1

and as `γ(r,m) if F (m) = `γ(m), with

γ(r,m) = γ2(α,m) γ3(β,m)
∏

p6=2, 3

γp(m) (r = 2α3β)

and γ2(α,m) and γ3(β,m) defined by the following two tables:

γ2(α,m) : α = 0 α = 1 α = 2 α = 3
m ≡ 3 (mod 8) 1 0 0 0
m ≡ 7 (mod 8) 0 1 0 0
m ≡ 1 (mod 4) 0 0 1 0
m ≡ 2 (mod 4) 0 0 0 2
m ≡ 12 (mod 16) 1 0 0 2
m ≡ 4 (mod 16) 0 1 0 2
m ≡ 8 (mod 16) 0 0 2 2
m ≡ 16 (mod 32) 1 0 2 2
m ≡ 0 (mod 32) ord2(m)− 5 2 2 2

γ3(β,m) : β = 0 β = 1(
d1

3

)
= −(d2

3

)
, m ≡ 2 (mod 3) 1 0(

d1

3

)
= −(d2

3

)
, m ≡ 1 (mod 3) 0 1(

d2

3

)
= +1, m ≡ 1 (mod 3) 1 0(

d2

3

)
= +1, m ≡ 0 (mod 3) ord3(m)− 1 2(

d2

3

)
= −1, ord3(m) even 1 0(

d2

3

)
= −1, ord3(m) odd 1

2 ord3(m) 1
2

Remarks. 1. The resultant of the Weber polynomials Wd1 and Wd2 , as tabulated
in Table 2, corresponds to the case r = 1 of the conjecture.
2. The main qualitative aspect of the conjecture is that the powers of 2 and of 3
in r depend only on the 2-adic and 3-adic nature of m, respectively, but in a fairly
complicated way. In order to be reasonably confident of the formula for the 2-adic
part we looked at examples with ord2(m) going up to 11.
3. It is easily checked that the congruence conditions on m in each of the two tables
cover all possibilities. (For the second table one must observe that the numbers m of
the form (d1d2−x2)/16 are always congruent to 1 or 2 modulo 3 if (d1/3) 6= (d2/3)
and to 0 or 1 modulo 3 if (d1/3) = (d2/3).)
4. By adding the entries in each row of the tables, one checks that in all cases

3∑
α=0

γ2(α,m) = γ2(m) ,

1∑
β=0

γ3(β,m) = γ3(m) .(7)

Hence
∑

r|24 γ(r,m) = γ(m) and
∏

r|24 Fr(m) = F(m), so that equation (6?) is

compatible with equation (5?).
5. Since the entries in the last column in the table for γ2(α,m) are all even, the
conjecture implies that the norms of Φ8(f(Q1), f(Q2)) and Φ24(f(Q1), f(Q2)) are
always perfect squares, which is indeed observed experimentally.
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Table 3. Example of a resultant computation

x m F1 F2 F4 F8 F3 F6 F12 F24 F

1 24 · 3 · 11 1 1 1 1 112 1 114 114 1110

7 3 · 52 · 7 1 1 1 1 1 1 76 1 76

9 523 523 1 1 1 1 1 1 1 523
15 2 · 257 1 1 1 2572 1 1 1 1 2572

17 2 · 3 · 5 · 17 1 1 1 1 1 1 1 178 178

23 32 · 5 · 11 1 114 1 1 1 112 1 1 116

25 3 · 163 1 1 1 1 1 1 1632 1 1632

31 22 · 32 · 13 1 13 1 132 1 132 1 134 139

33 22 · 5 · 23 232 1 1 234 1 1 1 1 236

39 433 1 1 433 1 1 1 1 1 433
41 32 · 47 1 47 1 1 1 472 1 1 473

47 2 · 3 · 5 · 13 1 1 1 1 1 1 1 138 138

49 2 · 33 · 7 1 1 1 74 1 1 1 74 78

55 3 · 113 1 1 1 1 1132 1 1 1 1132

57 52 · 13 1 1 133 1 1 1 1 1 133

63 23 · 5 · 7 1 1 74 74 1 1 1 1 78

65 23 · 3 · 11 1 1 1 1 1 1 114 114 118

71 3 · 71 1 1 1 1 1 1 712 1 712

73 3 · 5 · 13 1 1 1 1 134 1 1 1 134

79 2 · 3 · 23 1 1 1 1 1 1 1 234 234

81 2 · 59 1 1 1 592 1 1 1 1 592

87 5 · 11 1 1 1 1 1 112 1 1 112

89 3 · 11 1 1 1 1 1 1 112 1 112

6. The entries in the last row of the second table, corresponding to the case when
` = 3, are half-integers. Therefore γ(m) can be a half-integer in this case. However,
this happens if and only if m has the form 3y2 for some y > 0, since the formulas for
γp(m) and γ2(α,m) imply that these numbers are even if ordp(m) (resp. ord2(m)) is

odd. Thus Fr(m) is an integer multiple of
√

3 if m = 3y2 and an integer otherwise.
Since the number of representations of d1d2 as x2 + 48y2 under our assumptions
on d1 and d2 is always even, the formula stated always yields an integral value for
N (Φr(f(Q1), f(Q2))), as it should.

Example. Take d1 = −71, d2 = −119, with class numbers 7 and 10, respectively.
Table 3 gives the data needed to compute the numbers N (Φr(f(Q1), f(Q2))

)
for

each divisor r of 24. The table shows the prime factorizations of the numbers m =
(d1d2−x2)/16 = (8449−x2)/16, the underlined prime factor being `, and gives the
values of Fr(m) (r|24) and of their product F(m). From the table we read off that
the absolute value of the norm of f(Q1)−f(Q2) is 232523 (the first entry of Table 2),
while that of f(Q1)

24−f(Q2)
24 is 722112813241782310473592712113216322572433·523

(≈ 8.1× 10128).

4. Simplification of the formula for the resultant

The conjectural formula for the norm of Φr

(
f(Q1)

r − f(Q2)
)

which we gave in
the last section is complete and is easy to apply numerically, but has the aesthetic
disadvantage that the definition of the crucial function Fr(m) is given in terms
of the 48 entries of two tables which were found experimentally and for which no
unified description was given. In this section we will find such a unified description
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Table 4. The sets Γ2(α, m)

α = 0 α = 1 α = 2 α = 3
m ≡ 3 (mod 8) {1} — — —
m ≡ 7 (mod 8) — {1} — —
m ≡ 1 (mod 4) — — {1} —
m ≡ 2 (mod 4) — — — {p, p̄}
m ≡ 12 (mod 16) {pp̄} — — {p2, p̄2}
m ≡ 4 (mod 16) — {pp̄} — {p2, p̄2}
m ≡ 8 (mod 16) — — {p2p̄, pp̄2} {p3, p̄3}
m ≡ 16 (mod 32) {p2p̄2} — {p3p̄, pp̄3} {p4, p̄4}
2ν‖m, ν ≥ 5 {pip̄ν−i}3≤i≤ν−3 {pν−2p̄2, p2p̄ν−2} {pν−1p̄, pp̄ν−1} {pν , p̄ν}

by a series of successive simplifications; the form we obtain finally will still be a
little mysterious, but will involve far fewer “experimental constants.”

The formula for the case r = 24, equation (5?), was a natural enough analogue of
the known equation (4) for the level 1 case; the mystery concerned only the splitting
of the arithmetic function F as

∏
r|24 Fr, or equivalently of γ(m) as

∑
r|24 γ(r,m),

where F(m) = `γ(m). (If F(m) = 1, then there is nothing to discuss.) Suppose that
we have a quadratic field K in which every prime p|m with ε(p) = 1 splits and every
prime p|m with ε(p) = −1 is inert. The choice of this field is arbitrary and in this
section will just be a convenient device for counting ideals; in §5, where we consider
the case d1 = d2, there will be a canonical choice K = Q(

√
d1) . Then γ(m) counts

the number of ideals in K whose norm has the form m/`k for some (necessarily
odd) integer k with `k|m, and γp(m) for p 6= ` counts the number of ideals of K

of norm pordp(m). Denote this set of ideals by Γp(m), so that γp(m) = |Γp(m)|.
Let us try to realize the decompositions (7) of γ2(m) and γ3(m) by corresponding

decompositions Γ2(m) =
⋃3
α=0 Γ2(α,m), Γ3(m) =

⋃1
β=0 Γ3(β,m).

We start with p = 2. Since we are assuming that d1 ≡ d2 ≡ 1 (mod 8), we
have ε(2) = +1 and (2) = pp̄, so Γ2(m) = {pν, pν−1p̄, . . . , p̄ν}, where 2ν‖m. We
partition this set into four subsets Γ2(α,m) according to Table 4. This is the only
“reasonable” way to match the decomposition of γ2(m) given by the table in the
conjecture. Indeed, for the first four rows there is no choice at all, in the next two
rows no other choice which is invariant under the action of Gal(K/Q), and then
the last three rows are the natural continuation of the pattern evident in the first
six. (We will give a more objective reason for the choice made here in §5, where
there is a canonical choice of K and a way to distinguish the different ideals.)

An inspection of Table 4 shows that the column (i.e., the value of α) to which a
given ideal b = pip̄ν−i ∈ Γ2(m) is assigned depends only on the minimum of i and
ν − i, i.e., only on the largest power of 2 which divides b, and is given simply by:

2 -b ⇒ α = max{0, 3− ord2(m− 3) } ,
2‖b ⇒ α = max{0, 2− ord2(m/4− 3) } ,
4‖b ⇒ α = max{0, 1− ord2(m/16− 1) } ,
8|b ⇒ α = 0 .

Now recall that γ(m) counts the number of decompositions as

m = `kN (a) (k ≥ 1 odd, a an integral ideal of K)(8)
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and that the ideal b represents the 2-primary part of the ideal a. Denote by c the
content of a, i.e., the largest rational integer such that a = c a0 for some integral
ideal a0. Then we can write the formula just obtained in a uniform way as

2α =
8/(8, c)

(8/(8, c), m/(8, c)2 − 3)

where ( , ) denotes greatest common divisor. To simplify this even further, write m
as m0c

2 (so m0 = `kN (a0)) and observe that m/(8, c)2 is congruent to m0 modulo
8/(8, c), because c/(8, c) is prime to 8/(8, c) and any number prime to a divisor of
8 has square congruent to 1 modulo this divisor. (This property of 8 is shared by
3 and 24 and will be used again for them.) Hence the entire content of Table 3
can be summarized by saying that we assign to each decomposition (8) the number
α ∈ {0, 1, 2, 3} defined by

23−α = (8, c(m0 − 3)) .(9)

We now turn to the prime p = 3. This is much simpler, except that we have
different cases depending on the values of d1 and d2 modulo 3. (For the prime 2
this case distinction did not occur since we assumed that both discriminants are
1 modulo 8.) If we assume that d1 ≡ d2 ≡ 1 (mod 3), corresponding to the third
and fourth rows of the second table in our conjecture, then a discussion exactly
like the one for p = 2, but very much simpler, tells us that we must assign to the
decomposition (8) the invariant β ∈ {0, 1} defined by

31−β = (3, c(m0 − 1)) if d1 ≡ d2 ≡ 1 (mod 3) ;

and this can then be combined with (9) into the single congruence

24

r
= (24, c(m0 + 5)) if d1 ≡ d2 ≡ 1 (mod 24)(10)

for the number r = 2α3β. If d1 and d2 have opposite values modulo 3, then a
similar analysis using the first and second rows of the table for γ3(β,m) (but even
easier, since now ordp(m) is always 0) gives 31−β = (3,m+ 1) = (3, c0(m+ 1)), i.e.

24

r
= (24, c(m0 − 11)) if d1 ≡ d2 ≡ 1 (mod 8), d1d2 ≡ 2 (mod 3) .(11)

Finally, if d1 ≡ d2 ≡ 2 (mod 3), then we can interpret the last two lines in the
table for γ3(β,m) as saying that we must assign to the decomposition (8) the value
β = 0 in all cases except when ` = 3 and N (a) is prime to 3, in which case this
decomposition is to be counted for both β = 0 and β = 1, with multiplicity 1/2
each.

The formulas we have obtained become even simpler if we go back to the num-
bers f(Q1)

r − f(Q2)
r rather than Φr(f(Q1), f(Q2)). Indeed, since Xr − Y r =∏

d|r Φd(X,Y ) we see that the norms of these numbers are (conjecturally) given by

a formula like (6?) but with the function Fr(m) replaced by
∏

d|r Fd(m). Restrict-

ing for simplicity to the case d1 ≡ d2 ≡ 1 (mod 24), and observing that for r|24
the condition that (24, c(m0 + 5)) = 24/d for some divisor d of r is equivalent to
c(m0 + 5) ≡ 0 (mod 24/r), we get:

Conjectural formula for N (f(Q1)
r − f(Q2)

r). Let d1 and d2 be coprime funda-
mental discriminants congruent to 1 modulo 24. Pick an imaginary quadratic field
K in which every prime p < d1d2

16 such that
(
d1

p

)
+
(
d2

p

)
is positive (resp. negative)
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splits (resp. is inert). Then for any r|24 and any prime `, the power of ` dividing
N (f(Q1)

r − f(Q2)
r
)

is equal to the number of decompositions

d1d2 = x2 + 16 `kN (a)(12)

with x ≥ 1, k ≥ 1, and a an integral ideal of K satisfying

c(a)

(
`
N (a)

c(a)2
+ 5

)
≡ 0 (mod

24

r
) ,(13)

where c(a) is the content of a.

This formulation of the conjecture of §3 still has the disadvantage that it involves
the noncanonical choice of the auxiliary quadratic field K, of which no interpreta-
tion is given. By using the relationship between the number of representations of
an integer as the norm of an integral and as the norm of a primitive integral ideal
of K, and a kind of Möbius inversion, we can rewrite the whole formula in a way
only using the arithmetic function F(m). The result of the calculation (again only
for d1 ≡ d2 ≡ 1 (mod 24)) is

N (f(Q1)
24/s − f(Q2)

24/s
)

= ±
∏

m,x>0, t|s
x2+16mt2=d1d2
m≡19 (mod s/t)

F(m) .(14?)

5. Factorizations of discriminants of Weber polynomials

In this section we discuss the case d1 = d2, so that we are concerned with the
discriminant of a single Weber polynomial rather than with the resultant of two
different ones. The main ideas which will be needed are already contained in §4,
but are more natural here because we can simply take Q(

√
d1) as our auxiliary

quadratic field K. For simplicity we will assume that d1 = d2 = −p is a prime
with −p ≡ 1 (mod 24). Then the class number h = h(−p) of K = Q(

√−p) is odd,
and we write the corresponding class group as Pic(OK) = {A0,A±1

1 , . . . ,A±1
(h−1)/2}

with A0 the principal class.
We start with some preliminary comments which apply equally to each of the

modular functions g(τ) = j(τ) or f(τ)r , r|24. We have h numbers g(A) (A ∈
Pic(OK)) which lie in the Hilbert class field H and are the roots of an irreducible
monic polynomial G(X) = G(g;X) ∈ Z[X ] and of K (so G(j,X) = Hd(X) and
G(f,X) = Wd(X)). Because H/K is Galois and abelian, we have

g(AB)− g(B) = σB(g(A)− g(A0)) (A,B ∈ Pic(OK), A 6= A0)

(here B 7→ σB is the Artin map Pic(OK) ∼= Gal(H/K)), so the discriminant of G
factors:

disc(G) = ±
∏

A1,A2∈Pic(OK)
A1 6=A2

(
g(A1)− g(A2)

)
= ±

∏
A∈Pic(OK)
A6=A0

NH/K

(
g(A)− g(A0)

)
.

Also, it is easy to show that for each A 6= A0 we have NH/K

(
g(A) − g(A0)

)
=

±I(A)
√−p for some positive rational integer I(A) = I(g;A), so finally

disc(G) = ±I2 p(h−1)/2 , I =

1
2 (h−1)∏
i=1

I(Ai) .(15)

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1658 NORIKO YUI AND DON ZAGIER

The number I, of course, has a natural interpretation as the index of the order
Z[g(A0)] in the full ring of integers of the maximal real subfield H+ = Q(g(A0))
of H . The fact that it decomposes naturally into (h − 1)/2 factors means that
we have replaced our original problem of determining the discriminant of G by the
more refined problem of calculating each factor I(Ai). We first describe the solution
of this problem for the case g = j, since this solution was proved but not written
out explicitly in [7].

The main result of [7], given here as equations (4) and (8), says that the power
of a prime ` dividing the norm of j(Q1)− j(Q2) in the case d1 6= d2 is the number
of representations of d1d2 as x2 + 4`kN (b) with x, k > 0 and b primitive in K (K
now defined as in §4); the conjecture in §4 then says that the same is true for f24

instead of j if we add the requirement 2|b (so b = 2a with a satisfying (12)) and
for fr if we add the congruence condition (13). If we now set d1 = d2 = −p (and
K = Q(

√−p)), then the expression 1
4 (d1d2 − x2) factors as 1

2 (p − x) · 1
2 (p + x).

Since the two factors are coprime, we find that `k divides one factor 1
2 (p±x). Then

1
2 (p ± x) = `kN (b1),

1
2 (p ∓ x) = N (b2) for uniquely determined ideals b1 and b2

with b1b2 = b, so we have to count the representations of p in the form

p = `kN (b1) +N (b2) (k ≥ 1, b1 and b2 integral ideals of K) .(16)

The result of [7] was then that the power of ` in each factor I(j;Ai) in (15) is equal
to the number of decompositions (16) with b2 ∈ Ai. (This is proved in Theorem
4.7 of [7] and the three following sentences, but the subsequent Corollary 4.8 gives
only the result for the product I.) Now going back to our case, it is clear that the
logical conjecture is:

Conjectural formula for the discriminant factors. Let K = Q(
√−p) with

p ≡ 23 (mod 24) and other notations as above. Then for any prime `, r|24, and
nonprincipal ideal class A ∈ Pic(OK), the power of ` dividing I(f r;A) is equal to
the number of representations of p in the form (16) with b1 and b2 integral ideals
of K with b2 ∈ A and b1b2 = 2a for some integral ideal a and satisfying (13).

Remarks. 1. If we take r = 1 and multiply all of the I(A), the conjecture says
that the power of a prime ` 6= p dividing the discriminant of the Weber polynomial
W−p(X) equals the number of representations (16) with b2 nonprincipal and a =
b1b2/2 an integral ideal satisfying (13) with r = 1. This can be tested on the
examples in Table 1.

2. When we chose the partition Γ2(m) =
⋃3
α=0 Γ2(α,m) in the way described by

Table 4, the only justification we could give was that this was the most natural way
available and led to the simple final formula (9). However, in the case d1 = d2 the
fact that the discriminant factors as in (15) means that we can uniquely recognize
the “right” way to partition the set Γ2(m) (and similarly Γ3(m)) by looking at
the ideal classes to which the ideals in the various subsets must belong to make
the formula work out. In fact Table 4 was found in this way, by looking at the
various factors of the discriminant of G(f r;X) for a large number of quadratic
fields and determining the unique way of choosing the entries in the table which
was compatible with the numerical data.

Example. We illustrate the conjecture and remarks by one example. Take p = 47,
with class number 5. Here the discriminant of the Weber polynomial W−p(X) =
G(f,X) is uninteresting (compare Table 1), but the polynomials G(j;X) and
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G(f r;X) for r > 1 have nontrivial discriminants. For instance, the polynomial
G(j,X) is

x5 + 2257834125 x4 − 9987963828125 x3 + 5115161850595703125x2

− 14982472850828613281250x + 16042929600623870849609375

whose discriminant factors as 472I(j,B)2I(j,B2)2 with

I(j,B) = 51511213519423229·31·41 , I(j,B2) = 51511713519·23·29·31·41·43 ,

where B is ideal class of the prime ideal p2 =
(
2, 1+

√−47
2

)
, and similarly the discrimi-

nant of the polynomial G(f r, X) for g = f r with r|24 factors as 472I(g,B)2I(g,B2)2

with I(g,A) given by:

g f f2 f3 f4 f6 f8 f12 f24

I(g,B) 1 1 11 19 5·11 52 ·19 5311·19 5511·13219·23

I(g,B2) 1 5 1 5 5 5·31 5311 5511·23·31

To explain these numbers in terms of the formula explained in this section, we
must look at each decomposition of p in the form (16) with ` < p a prime quadratic
nonresidue of p. There are (p − 1)/2 = 23 decompositions of p as B1 + B2 with
B1, B2 > 0, (B1/p) = −1, (B2/p) = +1, and for each such decomposition a unique
prime quadratic nonresidue ` of p dividing B1 to an odd power (since the smallest
product of three prime nonresidues of p is 715 > p) and various representations of
B1/` and B2 as norms of ideals of K = Q(

√−p). Rather than making a table of all
cases, we give all the details for the prime ` = 11; the other primes ` work similarly
and yield the numbers given in the above table.

The 25 decompositions of p in the form (16) with ` = 1 all have k = 1 and are
given by

b1 = (1), b2 ∈ {p2
2p

2
3, 2p2

3, p̄2
2p

2
3, 3p2

2, (6), 3p̄2
2, p2

2p̄
2
3, 2p̄2

3, p̄2
2p̄

2
3} ;

b1 ∈ {p2, p̄2}, b2 = (5) ;

b1 ∈ {p3, p̄3}, b2 ∈ {p2p7, p̄2p7, p2p̄7, p̄2p̄7} ;

b1 ∈ {p2
2, (2), p̄2

2}, b2 ∈ {p3, p̄3} ,
where p3 and p7 are prime ideals of norm 3 and 7, respectively, and p̄p (p = 2, 3, 7)
denote the conjugates of pp. We can choose the ideals p3 and p7 to belong to the
ideal classes B2 and B, respectively, since K contains integers of norm 12 and 14.
Then we find that of the 25 cases listed there are 7 for which b2 is principal, 2 for
which b2 belongs to the class B (and of course equally many with b2 ∈ B4), and 7
with b2 ∈ B2 (or B3). This explains the powers 112 and 117 in the numbers I(j,B)
and I(j,B2) given above.

Finally, of the 25 decompositions (16), there are only 5 with b1b2 divisible by
2, and of these there are one each with b2 belonging to the ideal classes B or B2.
This explains why the exponent of 11 in I(f24,B) and I(f24,B2) is 1. For the
decomposition having b2 ∈ B, namely b1 = (1), b2 = 2p̄2

3, the ideal a = b1b2/2 is
primitive of norm 9, so the number occurring on the left-hand side of (13) is 104,
which is divisible by 24/r if and only if r is a multiple of 3, explaining why the
factor 111 occurs in I(f r,B) in these cases. Similarly, for the decomposition for
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which b2 ∈ B2, namely b1 = (2), b2 = p3, we have that a is primitive of norm 3, so
the left-hand side of (13) is 38, which is divisible by 24/r only for r = 12 and 24.

6. Weber polynomials for other discriminants

In theory one could repeat the analysis of the previous sections for discriminants
congruent to 5 (mod 8), 0 (mod 4), or 0 (mod 3), obtaining (conjectural) formulas
for the conjugation behavior of the singular Weber moduli and for the norms of
their differences. The results in general would be less sharp than in the case of
discriminants satisfying (1) since, as mentioned in the introduction, one cannot
usually get class invariants by going all the way from j to f but has to take a
modular function on some intermediate group. We will restrict ourselves to giving
some partial discussion of the two cases

A. d ≡ 5 (mod 8) (so that 2 is inert) but still 6≡ 0 (mod 3) ;
B. d ≡ 1 (mod 8) as before but now 3|d.
In both cases we will end up in small extension fields of the Hilbert class field

H = Q(
√
d)(j0) and its real subfield H+ = Q(j0), j0 = j

(
1+
√
d

2

)
.

A. If d ≡ 5 (mod 8), then the correct class invariant is f(
√
d) rather than

√
2/f(

√
d)

as before. It generates the same number field as j0 = j(
√
d) (this was conjectured by

Weber [11, §127] and proved by Schertz [9]), but this field no longer coincides with
H+ since now h(4d) equals 3h(d) rather than h(d) as in the case d ≡ 1 (mod 8).

Instead, f(
√
d) satisfies a cubic equation of the form

X3 − 2λX2 + 2µX − 2 = 0

with λ and µ integers inH+. (In particular, f(
√
d)3/2 is a unit.) The other two roots

of this equation are
√

2/f
(±b+√d

2

)
where b ≡ 0 (mod 3) and b2−d

4 ≡ 1 (mod 16), so
the numbers λ and µ can be obtained easily, using an analogue of the proposition
in §1 to find the numerical values of their conjugates. These two numbers have
relatively small height and generate H+, so we again get reasonable equations for
generating the class field. Some examples are given in Table 5. In all cases either
θ = λ or θ = µ (or θ = 0 if h = 1) generates H+, but the cases d = −83 and
d = −427 show that neither λ nor µ alone always works. We do not know whether
there is a universal combination of λ and µ which always generates the class field.

Note that, since the Galois group of H/Q is solvable (dihedral), we could have
given a closed formula for the generator θ in the last column instead of its minimal
polynomial over Q. For instance, the θ for d = −155 has the minimal polynomial

X2 − 1+
√

5
2 X + 1−√5

2 over Q(
√

5) (the real subfield of the genus field of Q(
√
d))

and is given explicitly by

θ =
1 +

√
5

4
+

√
−1 + 5

√
5

8
,

while for d = −107 we have

θ =
3
√

6
√

3 +
√

107 +
3
√

6
√

3−√107√
3

.

B. We now consider the case when d ≡ 1 (mod 8) but 3|d. Then the class number

h of Q(
√
d) is divisible by 2, the Hilbert class field H contains the biquadratic

field Q(
√
d,
√−3), and its subfield H+ has degree h/2 over the real quadratic field

Q(
√−d/3). Let ε be the fundamental unit of this latter field. The number α =
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Table 5. Class fields for discriminants d ≡ 5 (mod 8)

|d| h(d) λ µ minimal polynomial of θ ∈ H+

11 1 1 1 X
19 1 0 −1 X
35 2 θ θ X2 −X − 1
43 1 1 0 X
59 3 θ θ2 − θ X3 − 2X2 − 1
67 1 1 −1 X
83 3 1 θ X3 −X2 − 3X + 4
91 2 1 θ X2 +X − 3
107 3 θ (θ2 − θ − 2)/2 X3 −X − 4
115 2 θ θ X2 − 3X + 1
131 5 θ (−θ3 + θ2 − θ + 2)/2 X5 − 2X4 +X3 − 4X2 + 7X − 4
139 3 θ (θ2 − θ − 2)/2 X3 −X2 − 2X − 4
155 4 θ −1− θ X4 −X3 − 3X − 1
163 1 3 2 X
179 5 θ (θ2 − θ − 2)/2 X5 − 5X3 − 16X2 − 16X − 8
187 2 θ θ X2 − 3X − 2
211 3 θ −θ X3 − 3X2 +X − 2
235 2 −θ + 3 θ X2 −X − 1
403 2 −2θ − 2 θ X2 + 5X + 3
427 2 θ −1 X2 − 7X − 3

√
2/f(

√
d) has degree 3h rather than h over Q and only its cube lies in H+. However,

in all the examples we looked at, it was the case that (for an appropriate choice of
ε)

α3h/ε = cube (of a unit) in H+ .(17?)

Suppose that this is true. Then we have the following two possibilities:
i) If the class number h is ≡ ±1 (mod 3), then (17?) implies that α/ε±1/3 belongs

to H+, so again we get relatively small generators of the class field. As an example,
take d = −159, with h = 10. Then the minimal polynomial of α3 over Q is

X10 −X9 +X8 + 7X7 + 63X6 + 121X5 + 219X4 + 196X3 + 146X2 + 47X − 1 ,

with discriminant 312112174535592792, while that of α/ε1/3, where ε = (7+
√

53)/2,
is

X10 − 3X9 + 7X8 − 2X7 + 15X6 + 18X5 − 37X4 − 60X3 − 27X2 − 2X + 1

with discriminant 385357922232, which is somewhat better. However, the discrimi-
nant of H+ is 34535 and this field contains an element with the yet simpler minimal
polynomial

X10 −X9 + 2X8 + 7X7 +X6 − 15X5 − 5X4 + 8X3 + 5X2 − 5X + 1

of discriminant 38192535, so the polynomials obtained from α3 and α/ε1/3 are— as
is to be expected — not as good as the ones obtained directly from α in the case
3-d.

ii) On the other hand, if h is divisible by 3, then (17?) no longer lets us obtain an
equation of degree h for α by dividing by ε±1/3. Instead, it says that H+ contains
the sextic field Q(ε1/3). Then α3, which has degree h over Q, can also be given by
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an equation of degree h/2 over Q(ε) and by an equation of degree h/6 over Q(ε1/3).

For instance, the generator x = (
√

2/f(
√
d))3 of H+ for d = −87 (class number 6)

satisfies the equations

x6 + x5 + 4x4 − 4x3 + 11x2 + 13x− 1 = 0 ,

x3 − (2 + ε−1)x2 + (3− ε−1)x− ε−1 = 0 ,

3x+ (2ε5/3 + ε4/3 + ε− 10ε2/3 − 7ε1/3 − 3) = 0

where ε = (5 +
√

29)/2. Similarly, the generator x for d = −231 (h = 12) satisfies

3x2 − (6η5 − η4 − 53η2 + 9η − 2)x+ (2η5 − 2η4 + η3 − 19η2 + 17η − 2) = 0

where η = ε1/3, ε = (9 +
√

77)/2.
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