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Phenomenological arguments on the critical slowing down is presented and “similarity
law™ is proposed on the indices of the critical slowing down. The similarity law is confirm-
ed in linear spin chains near the critical field and in the kinetic Ising model near the critical
temperature. It is exactly shown in the linear spin chains that the critical index of slowing
down is different from that of the static susceptibility and that the dynamical susceptibility

has a logarithmic singularity with respect to the frequency at the critical field and at zero
temperature.

§ 1. Imtroduction

Although many investigations have been made on singularities of several
kinds of dynamical phenomena near the critical point, there are very few that
go essentially beyond a dynamical molecular field theory and afford a unified
point of view on anomalies of dynamical responses in the vicinity of the criti-
cal point. |

The purpose of this paper is to discuss the critical slowing down charac-
teristic of dynamical critical phenomena from a unified point of view. In § 2,
the main results of the Kubo linear response theory” are summarized for con-
venlence to discuss the singularity of dynamical response and critical slowing
down in the subsequent sections. In § 3, the formulation of relaxation time and
its relation with dynamical susceptibility are given for the purpose of phenomeno-
logical arguments on the critical slowing down. “Similarity law” on the criti-
cal slowing down is proposed as a working assumption. In §4, as an example,
the dynamics of linear spin chains is investigated in detail near the critical field.
The rigorous analysis yields that the critical index of slowing down is different
from that of the corresponding susceptibility and that the “similarity law” holds
with respect to the magnetization and partial energy. In § 5, we discuss the
results obtained by our previous perturbational calculation® and those obtained
by a computer simulation® from our point of view.

§2. The Kubo linear response theory

In the present paper, we discuss the singularity of dynamical response and
critical slowing down, starting from the Kubo formula.®? Thus, it is convenient
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On the Singularity of Dynamical Response and Critical Slowing Down 883

to summarize the main results (relevant to our problems) or simple versions of

the Kubo linear response theory.
The response 4B(¢) to an external periodic force F(¢) =F, cos (wt) conjugate

to a physical quantity A is written as
4B(2) =Re 54 (0) Foe™, @1

where the admittance %p4(®) is given by
Y4 () =1lim f bpa(£) e= 0o+t . 2-2)
&—>+0 JO

In the following, # will be replaced by 1; consequently, the response function

$pa (0) is expressed as

bpa () =i Tr[A, p]1B(@) = —i Tr o[A, B®)]

- fTr oA (—i) B()dt

_ fTrpA<—iA>B(t)d/1, 2-3)

where p is the canonical density matrix:
p=exp(—B(H~-¥)), B=1/k:sT,
exp (—B¥) =Trexp(—BI), (2-4)

9( is the Hamiltonian of the system, and A (z) is the Heisenberg representation
of A:

A(z) =" Ae ™. (2-5)
It is frequently convenient to use the relaxation function defined by

05 (1) =lim j % bpa () e At (2-6a)

—; ﬁ "B, Al>dr (2-6b)

w 8 .

—_ j‘ dt’ﬁ AAG) B> (2-6¢)

- :ﬂdl(<A(—i/1)B(t)>—-1tim CA(=iD) B®D) (2-6d)

_ :ﬁdx<A(—i/1)B(t)>—Bltim CAB®S (2-6e)

— :ﬁd,l<A(—i)1)B(t)>—B<A°B°> (2-6f)

—BEy, __ e—ﬁEm

= {1/3 ") 53 (nl AlmyCm| Blnpe #On=tn S =2, (2-6g)
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884 M. Suzuki

where [7) is an eigenstate of the Hamiltonian with an eigenvalue E,, A° and

B’ are the diagonal parts of A and B with respect to ﬂ[ and the average < >
means the canonical average defined by

(A>=TrpA . 2-7)

In terms of the relaxation function, the response function yzs(w) can be writ-
ten as

Xza () = —lim fwéBA (&) e~ oty (2-8a)
&40 0
— 05, (0) — iw> lim r%‘“ (&) e~ gy (2-8b)
e—>40 0
. *© B od
— _lim Jf d J D+ L CABG+ i) (2-80)
e->+0 JO 0 di
— i lim jwe*iwm‘ (CABG+if)S—ABM)S) dt (2-8d)
&40 0
=i lim j TG [B(), A>dr (2-8¢)
&€—>+40 0
~ Amanm (e“ﬁEnw 6—,«S’Em> , (2 . 8f)

() Dy 1 1€

with An,=<{m|Aln)/(Ze ")/, In particular, the static response xz4(0) is given
by

XBa (O) =0z, (O) (2’93)
= ﬁ dUCAB(N > —lim CAB(e+il)} (2-9b)
=i lim e (CAB( i) > — (AB() ) dt (2-9¢)
—i lim j;we*é% [(B(), Al>dt (2-9d)

which should be compared with the isothermal response defined by
v || ACABGDYY—AXB)). (2-10)
The difference of the two response functions is expressed as
= tsa(©) =lim (" dICABG+ D> —8¢AXB)
=8 {lim CAB()> —(AXB)} (2-11)

in terms of Egs. (2-9b) and (2-10). Thus, the two response functions are equal
if the system is “ergodic” in the sense that
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lim CAB(£) > =(AXB) . (2-12)

—>0

Some rigorous examples will be shown to illustrate these situations in § 4.

§ 3. Phenomenological arguments on the critical slowing down

3.1 Relaxation Time

In general, the critical slowing down of a physical quantity A is manifested
by the anomalously long relaxation time v, of the quantity A. As the relaxa-
tion time 7, is defined by the time integral of the corresponding relaxation func-
tion @,,(z) with some weight, it is useful to study the properties of the relax-
ation function, particularly various kinds of its time integrals.

1. If A and B are both Hermitian, then
Opu (1) —real  and r(p,m(z)dz-zo. (3-1)
0

A simple proof for the first equation was given by Kubo” It is also easily
found from the following matrix-element representation:

Dpa(t) =D {Rmn c08 (Omnt) — Ly SIN (Omal) }

m,n

+ 7 3 H{ R I (W) + Linn 08 (Omnt) }» (3-2)
where

JRmn = ‘é— (Antmn + Amanm) F 1mn >

I'm.n = Zl (Antmn - Amanm) an s (3 : 3)

7

A=< Alnp/{2] e PP

and
,Z'Tmn — <e—ﬁlf}n _ e—ﬁ]’:‘*nb) /wmn R wmn — Em _ En s (3 . 4)

which is easily derived from Eq. (2-6g). Obviously the imaginary part of Eq.
(3-2) vanishes owing to the odd symmetry of the above matrix-element repre-
sentation. Thus, the time integral of the relaxation function is given by

LmQBA (Z) dt= EZB Z (Ant'nm -+ BnmAmn) e_ﬁEna (a)mn) . (3 : 5)

In particular, for A=2B, we obtain
j) Opu()dt =78 S | Al ?e="8 (0mn) =0 . (3-6)

That is, the time integral of the relaxation function @4,(¢) is usually positive
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886 M. Suzuki

and it vanishes only when all the secular parts of the quantity A are zero (i.e.
Aum=0 for E,=E,), as is the case of A=B=i[Y, B].

2. It is shown in the same way as in 1 that the time integral of the relaxation
function with a weight function # is given by

Jmmm (B2t =3 A B (6~F5m — c=F) (0, + )%, (3-7)
0

m,n

In particular, for A=B=Hermitian, we find that the time integral is negative:

J\mmAA (t) tdt= — Z ]AnmPanw;jz<O . (3 8)
0

n,Mm

On the other hand, the initial value of the relaxation function is positive:

for A=Hermitian. This means that the value of the relaxation function becomes
negative in some ranges of the time variable z.

3. The above results can be easily extended to the following form:

[ O0ss @ de =% 5 ABr (e (0t i) (3410)
In particular, we find that

| vus @ de= (~ 1728 @R S | Auale 0o (0m)  (31D)
and

r@“ ) Pt = (=1 2k — 1)1 | AP Fo0=2 (3-12)
0 n,m

for an Hermitian operator A.

4. If A and B are both bounded, we find that

fa}m O dt=i([A, B]>, (3-13)

because the- integral of the relaxation function in terms of Eq. (2-6b) is ex-
pressed as

mem @)de=i ﬁmdt f’< [B@), A1>de’

— £w<[B(t),A]>dt

—=i([A, B]>. (3-14)

Instead of the above derivation, we may use the matrix-element representa-
tion (2:6g); i.e.
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On the Singularity of Dynamical Response and Critical Slowing Down 887

Omm (£)dt =i 3 AunBuaFontomn =i [ 4, B] . (3-15)
For A=B, we obtain
fam (t)dt=0. (3-16)
This yields a theorem due to Kubo:*
j;wdt Lﬁ DA (—iD) AW S=0 (3-17)
by noting the following property:
lim (AB@)>=0, (3-18)

if A and B are both bounded. This is proved as follows:
. . T . -
lim CAB(®)> =1lim = j CAB(®)>dt
t—>o T—-)ooT 0
~lim = {(CAB(T)>—(AB)}
Tow [’
=0, (3-19)

or is proved from the expression

<AB (t> > = Z e_ﬂEnAntan)?nneu“’mn. (3 -20)

7, M

5. The above results are extended in the following. If A and B are both bounded,
then

L "Dy (1) e = (— 1) (m 4 n—2) LKA, BI (3-21)

and

(n) dn
A= [dt” 4 (t):lz=o

for m+ n=>2, which are easily proved by mathematical induction or by substitut-
ing B instead of B in Eq. (3-23). In particular, when A and B commute, the
above integral (3-21) vanishes.

6. It is also easily shown in the same way as in the above derivation that
I B uyeny (2) dt = J @m)(n)(t)fzdt:”‘zj B nyemy (2) £ °d2 =0 . (3-22)
0 A A 0 A 4 0 4 4

7. On the other hand, it should be noted that the following time integral does
not vanish:
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.[w@@mon(f)tm+"mﬂi£:=(——1)m(ﬂz+~n—*1)1@34(0)- (3-23)
0 B A

Now, we are ready to define the relaxation time t,. For simplicity, here-
after, we treat only Hermitian operators. Then, the simplest definition of 7,
may be

= j Bade, B =00) /00, (3-24)

which is nonmnegative from the previous discussion given in 1. It should be
noted that this might vanish completely as shown in Eq. (3-16). Thus, it is
convenient to extend the definition of the relaxation time in the following:

7!

r“"———{-» N ora 1dz} , 3-25
= ), 0u® (3-25)

where
+1 for n=4k or 4k-+1,
en::{ (3-26)
—1 for n=4k+2 or 4L+3.
Equations (3-11) and (3-12) yield

Ta GRHD = {7"8 Z If/l Lml e lgL”Cl)n_z 0 %) (wmn> /@A/l (O> }1/(%“) <3 : 27)

%, m

and

Ty @) = {Z_J IAwm lzf’mnwm‘ih/d)zl/i <O> }1/(%) (3 * 28)

2 M

respectively.
As simple examples, Eqs. (3-22) and (3-23) lead to the results

1
t5i=0, T(n)(n) f(n)(n) = ng (nl>) =0
and
T%‘%n) - {0,4(0) /J)uw(w) (0) 3™, (3-29)

if A is bounded.

From Eq. (3:8) or (3-28), the relaxation time t,* does not vanish. Thus,
it is sufficient for our purpose to make use of only 7,® or v,®. It is to be ex-
pected that if both relaxation times t,4,% and t,® are physically significant they
show a common singularity near the critical point. An example in which we
must use the definition of the relaxation time 7,® will be shown in the next
section.

There is a simple relation between the relaxation time 7, and the corre-
sponding dynamical susceptibility y44(w) as follows.

1. a® =2 lim {7, (0) =24 (0)} /w24 (0}, (3-30)

00
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On the Singularity of Dynamical Response and Critical Slowing Down 889

because the susceptibility is expressed as
1) =0, 0) — o [0 di—iv [ 0.) (=Dt (3-31)
in terms of Eq. (2-8b).
2. When 7,9=0, we find the relation
24 = [lim {74 (0) ~ 24 O}/ ("4 O} % (3-32)
which will be used in §4. Thus, the anomaly of the relaxation time is con-
nected with the singularity of the frequency expansion in the susceptibility.

Finally, we remark that in stochastic models, the relaxation time t4(=t4")
is formally written as

) ra= <A%A>/<A2>, (3-33)

where L is an operator to describe the temporal development of the relevant
system. The operator L is usually semi-positive definite as is illustrated in § 5,
so that t, is always positive and does not vanish. Thus, the simplest definition
of the relaxation time 7, is sufficient in stochastic models.

3.2 Critical slowing down

The relaxation time 7, of the relevant quantity A in terms of Egs. (2-6e)
and (3-24), is given by

= f@;A(z)dt, B () =0 /6(0) (3-34)
and
0.4 =B{(A, A®) ~lim (4, A}, (3-35)

where the canonical correlation (B, A) is defined by
8
(B, A) :_g)_f (P Be "  ASd . (3-36)
0

In ergodic systems, the following relation holds:

lim (A, A(2)) =AM (3-37)

t—co
Thus, the relaxation function is expressed by the corresponding canonical cor-
relation itself in ergodic systems: i.e.

D4a(2) =5 (0A, 0A (1)) (3-38)

with 0A=A—{A)>. Hereafter, we consider only ergodic systems and use the
symbol A instead of 04, that is, (A>=0. The reduced relaxation function @ (£)

can be written as
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890 M. Suzuki

Oas()=exp[p (D] = (4, e"FA)/ (A, A), (3-39)
where [ is the Liouville operator for the relevant system, and it is defined by
LA=[Y, A]=H*A . (3-40)

The moment expansion of Eq. (3-39) yields

Ou(0) =3 GV ey ca, oma), (3-41)

w=0 7!

The use of the well-known cumulant expansion® gives the expression
| p p

o) =y G ) (3-42)
n=tonl U

where
M(E) =,
A2 (§) = thotta — 1",
As () = " tts — Bltoptats + 211",
A (E) = 1o’ e — Attt — Bp6* 11* + 120052 11 — 6 111%, et (3-43)

and ¢ indicates temperature 7, a magnetic field H, or any other external par-
ameter. Thus, the relaxation time 7, is expressed as

Ta= J;wexp[:él j%i(ﬁL(iﬁn}dt:/zo/RA(S), (3-44)
where
RA® = e [nf;ﬂ;f—)x”}dx. (3-45)

Under the conditions that
all 2,(§) =finite at the critical point &,, (3-46)
and moreover that
R,=R,(§,) =finite (not zero), (3-47)
the relaxation time shows the singularity
Ta=t/Ra= (A, A) /Ra=%ua/ (BR4) ~e T4 (3-48)

with e= (§—§&,)/&. near the critical point. That is, the index of the critical
slowing down for the quantity A is equal to that of the corresponding suscep-
tibility in the above severe conditions. It is easily found from Egs. (3-43) that
the condition (3-46) is equivalent to the relation

(4, L"A) (A, A)"*=finite at &, for all =, : (3-49)

which is satisfied in the dynamical molecular field theory.” Here the following
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On the Singularity of Dynamical Response and Critical Slowing Down 891

decoupling method is valid:
CLH~LLY", QY= (A4, 04)/(4, A). (3-50)

The condition (3-49) is also satisfied in the situation where the quantity A hap-
pens to be a critical dynamical variable,” namely an asymptotic eigenvector of
the Liouville operator . with an eigenvalue A vanishing at &,:

LA~IA, I~ (A, Aoyt (3-51)

A stochastic model with long-range interaction (where the molecular field approxi-
mation holds) is a nice example for the above situation.

However, the above conditions (3-49) and (3-40) are so much severe that
it is unreasonable in general to expect that the relaxation time should be pro-
portional to the static susceptibility in the vicinity of the critical point. That
is, it should be remarked that in many cases the critical index of slowing down
may be different from that of the static susceptibility. Such examples will be
given in §§4 and 5.

Here, we note that all the odd moments in Eq. (3:-41) do always vanish in
the usual dynamical models described by the Liouville operator .L:

Hamir= (A, L A) = (=D)"((L"A), L(L"A)) =0. (3-52)

The second equality in the above equation is due to the property that the Liou-
ville operator [ is Hermitian in the sense that®

(A*, LB) = ((.LLA)*, B). (3-53)

As the operator A and B are Hermitian (A*=A) in our problem, the above
equation can be written as

(A, LB) = — (LA, B). (3-54)

The third equality in Eq. (3-52) is proved as follows. For a general operator
A, we find that

(8
B(A, AY) = | (" Ae ™" AIL>d)
0
(8
= | (MY Ae " A>dR
0
= K <e(B—x)ﬂ[ﬂAe—(B—x)ﬂA>dl
0

ro
= | (PP Y Ae P  Ae ™" Hd

Jo

re
=\ {MAe ™I A>d]L
0

o

=B(A, HA). (3-55)
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That is,
(A, LA)=(A, YA — (A, AH)=0. (3-56)

This is also derived from differentiating the following symmetry relation® and
putting £=0,

(A, A@))=(A A(—1)). (3-57)

Thus, in dynamical systems, the expression R,(§) in Eq. (3-45) is seen to be
real as arises necessarily from Eq. (3-1):

© o0 — 7
Ry (E) = j exp[’j (D_.zm(s)xﬂdx. (3-58)
0 =1 (2;@!
In stochastic models, a semi-positive definite operator L should be used in-
stead of the operator (—i.L) in the above discussions. That is, the coefficient
R, () in the expression (3-44) of the relaxation time is given by

R@ = (e[ P @2 e (3-59)

% argued that a relaxation time asso-

In the stochastic kinetic Ising model, Abe
ciated with the initial decay is proportional to the susceptibility. Although the
formal results are similar to each other, Abe’s argument is quite different from
ours in that the present relaxation time defined by Eq. (3-24) is associated with
the long time behavior. Of course, they agree each other in the case when they
show a single-exponential decay of a Lorentzian form essentially in the whole
region of the time in stochastic models: @ (z) ~exp(—2/7).

In the kinetic Ising model,2? 19~ 4]l the moments remain finite”™ and
never vanish at &, and consequently the condition (3-46) does not hold. In
fact, as is discussed in §4, it is found from a perturbational calculation that
the critical index of slowing down is different from that of the static suscepti-
bility.

Finally, it should be remarked that the above argument is quite the same
even if we use the other definitions of the relaxation time.

3.3 Similarity law on the critical slowing down

In the previous subsection, we argued that the relaxation time should be pro-
portional to the susceptibility in some severe conditions. Here, we discuss the
general case on the critical slowing down in which the coefficient R(§) is sin-
gular at & and consequently the critical index of slowing down may be different
from that of the static susceptibility. Let us call the slowing down due to the
static susceptibility %4 the “direct critical slowing down” or the “critical slow-
ing down due to direct fluctuation”, (which is called the thermodynamic critical
slowing down in the case of temperature variable (§=7")), and call the remain-
ing part the “indirect critical slowing down (or speeding up)” or the “kinetic
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On the Singularity of Dynamical Response and Critical Slowing Down 893

slowing down (or speeding up)”.

As will be confirmed in some examples given in the subsequent sections,
the conjecture (or a working assumption) of the following similarity law is the
motive of our investigation on the critical slowing down.

Similarity law: The indirect critical slowing down (or the kinetic slowing
down) shows a common singularity near the critical point with respect to some
physical variables in one “regular” system:

R4 ()~ (§—§o)"4, ¢pa=¢p=--=¢ (common). (3-60)

This is easily expected from the consideration that the indirect critical slow-
ing down is due to a kinetic effect characteristic of Liouville operator (or Ha-
miltonian) for the relevant system. In fact, the similarity law always holds in
the results obtained by the simple theory discussed in the previous subsection
in the sense that all ¢,=¢=0.

A system in which the above similarity law holds with respect to more than
two variables may be called “regular” or “regular with respect to critical slow-
ing down”, and such variables satisfying the similarity law may be called
“gimilar variables” or “variables similar with respect to critical slowing down”.

The relevant problem is to investigate in what condition similar variables
appear and consequently the system becomes regular. This is a very difficult
problem. At present, we are to be satisfied with illustrating the similarity law
in some examples.

§4. Example I—Linear spin chains

4.1 Dynamical susceptibility

In this section, a rigorous example is given to show the critical slowing
down different from the singularity of the response function with respect to the
magnetic field (i.e. near the critical field at 77=0). It is also shown that the
dynamical susceptibility x(w) has a logarithmic divergence with respect to the
frequency o at the critical field H,.

The Hamiltonian®™ ™" we consider here is

N
I = =20 JpSu’ Smss “ﬂBH?;lsz, 4-1)

where S,/ is the j-component of the spin operator at the m-th lattice site (the
spin is equal to 1/2): J; is the symmetric tensor of the interaction constants
associated with the transverse components (j, k==, y), 4 the magnetic field and
Uz the Bohr magneton.

The Hamiltonian (4-1) is easily diagonalized by using the following trans-
formation

S, =8"—1iSY=a, [1(1—2a'an)
m<n
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and

S,t=8"+:iSY=11 1A —2axtan) a,, (4-2)
mn

where ' and a, are respectively, the Fermi creation and annihilation operators.
It is convenient to go over to the Fourier transforms of the Fermi operators a,

and a,':
A= L St e*ay ay = L e gt (4-3) .
VN = VN F
Thus, the canonical #, v-transformation,
ap=tpCr+ vetcl s, a_p= —uc_r+ viter
x|+ [0il =1, (4-4)

yields the final diagonalization of the Hamiltonian as'

ﬂZZk(ck*ck—%)ek, (4-5)

where
&= (As'+ | By,
Ap=%(Joat+Jy) cos k— upgH ,
By=i[3(Jow—Jyy) +iay]sin &, (4-6)

and the coefficients #; and v; in Eq. (4-4) are given by

1/2
— Al o [Aeta 1B @-7)
[28].,(Ak+ 83,)] 28k BL

Up

In general, the dynamical susceptibility x(g, w) is given by the Kubo for-
mula (2-8a):

1(a, 0) = ~lim Lwa')q () e-Gororgy (4-8)
where the relaxation function @q(t} is
0,(t) = f MMy (¢-+ i)y~ B lim (MM (D) (4-9)
In the present model, noting that the magnetization M, is expressed as
My=t13 33 S, = i (-0 (@) = X2 ahoats) (4-10)

and that
al_q(2) ap(2) = upttf_oCh-ocr exp iz (ep-g—&n) ]

+ vk—qvk*c—k+qCT—k expliz (e x— 5—k+q>]
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+uf_qoptch_octy expiz (ep-gte-p) ]
+ UgVp—gCorgCr €XP [ — 22 (E_prq+ €x) ] (4-11)
with 2=¢+i4, we find easily that for ¢=~0,
3 e gnal o (aw (D)

= Zk {alvqan(an (2) aneg(2) +alsy(2)a_x(2)) )
= Z; {(1—nz) Mg exp (T2 (66— E+q) ) X (|ttriq*| 2]’ — 0 (q, %))

+ 1 (1 — 72 0) €xp (— 22 (6 — 8xag) ) X (|Vpsol’|val* — b (g, #))
+ 1 eXp (— 12 (Gt €2q) ) X (ttsgl’ Vs’ + ¢ (g, B))

+ (1‘—711;) (l—nmq) exp (z (ex+ €k+q)> X (Iukl2|vk+q|2+ ¢(Q, k))},
(4-12)

where

ny=<cycpy =1/ (exp (Ber) +1),
¢ (q, k) = uptf g0  Viq (4-13)

and we have used Wick’s theorem at finite temperatures and the symmetry pro-

perties such as
Ep=€Cp, U_pz=Up, V=g and Nopy= Ny . (414)

Therefore, we obtain the dynamical susceptibility in the form

© B
1(q, 0) = — iz lim |z j d/le—““’“"% 3 abogas (@l -gaw) (+i0))
0 k, k&

e—>+0 JO

_1, luml luz,lz Bk, @) , |vseql s’ ~ $ (R @)
=Ly [T+ - O S pp— |
\tt5+q” IT’AI2+¢</€ Q) ]uk|21m+q[2+¢(k Q)
+{T(k+q>+T(k>}{ e S }]
(4-15)

with T (k) =tanh(Bez/2). In the case Juu=Jy and Juy=0, this agrees with the
results obtained previously.® It is easily shown from direct calculation of x (0, w)
for w==0 that

lim (g, 0) =1£(0, 0) =~ j by () et , (4-16)
q%
where
2
0, (2) = 2015 ST 142 T (1) cos (26,0). (4-17)
% e

In particular, the static susceptibility (g, 0) is given by
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160, 0) = ot SFEEDZLE e, 4 foul ol 26 (5 @)

5k+q — &g

+ T(k: q);rafl"(k) (ttrq|* [08]? -+ | vpsg*| ] + 26 (&, q))}, (4-18)

Consequently, we find that

lqi_{g 2(g,0) =2(0) +/, (4-19)
where
1 0%
£(0) = 2 513’“; tanh (8ex/2) (4-20)
and
V= 555) oot e CEIY
That is,
lim y(g, 0) = yAs (4-22)
q—>

where %7 is the isothermal susceptibility calculated by Pikin et al.'” This is a

special case of the following relation
10,0 =1"@= [ ACMM 0>~ MMM} (4-23)
for g==0, which is easily shown from the ergodicity
lim (MM (8)> = Lim 33 Cabaaal-o (D) (1)
—0=(MMM.>  for g0, (4-24)

where we have used the theorem of Riemann and Lebesgue. In the case of

g=0, we find easily that
tim ((MM () — (M)
t—>ow

= Uz lrlﬁm Z}c Laday(at (@) ap(t) +aly (@) aw(2)) > — 2 afay)’}

=5 2 (leg® — vl ) (1 —71)

k

=13 (Bey/OH ) /cosh® (Ber/2) (4-25)

which yields the relation (4-22). From Egs. (4-19), (4-21) and (4-22), the
following inequality between the isothermal susceptibility and the isolated suscep-
tibility holds:

2" =2(0), (4-26)
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which has been proved in general by Falk™ and Wilcox.?” Thus, the ergodicity
holds in our system only when 7—0, in the sense that

lim (MM (2) > = (M, (4-27)

[ —> 00

and for T>>0 the ergodicity does not hold in the present system, though the
total magnetization is not a constant of motion. This is because such a part
of the Hamiltonian as does not commute with the total magnetization is of a

special form; i.e. it connects only the two modes a; and al,.

4.2 Singularity of dynamical susceptibility
The real part of the dynamical susceptibility for ¢=0 is given by

e v(o) =25 p [ |B(@) I'T (¢) _
Rew) =P |y o e

T
where
(o) = (A*() +IB@M",  T)=tanh(£e(e)),
A(p) =3 (Jps+ Jyy) cos ¢ — pupH
and

iB(¢) ’2 = [ (Jn' — Jyy)2/4 + ny] Sin2(ﬂEJ2TQ Sinz(ﬂ . (4 . 29)

The imaginary part of the susceptibility is

1m () = 27D " 3, 00 03 (326 (p) —0) +022(p) + )} (430)
o Jo " e()

The above susceptibility is easily found to satisfy the symmetry relations
Re % (w, H) =Re 1(—w, H) =Re (v, —H)

and

Imy(w, H) = —Im 3 (—ow, H) =Im (o, —H), (4-31)

which are generally proved by Kubo.” The case of high temperature limit in
the above expressions has been investigated in detail by Niemeijer.”” Here, we
are interested in the low temperature limit and the neighborhood of the critical
field. In particular, we investigate the singularity of the real part of the dyna-
mical susceptibility, in order to clarify the character of the critical slowing down.

It is easily shown that the real part of the dynamical susceptibility has the
- singularity in the form

2
Re y(w, h, T=0)=-*2_ f(w/2J7, h) (4-32)
2ndr

for small w and %, where
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« g dk
o, h :Pf
Fom=L ) T ik
VD lw|C—+/D| 1 C+1
— |+ — _ 2> pe

2] ¥ loicvD | 2 8c=1] o=

| V=D /elCy 1, [C+1 .,
ol ta (Jfﬁ>+2 log co1 for w’<h? (4-33)

where a is some constant of the order of unity, C= (1—a A", D=w’—H,

h=ug(H—H,)/Jy and ppH,=%(Jps+Jy). For small v and i, we obtain

~iai—_ﬁlog(lwl+ Vol —h) + Vo'~ o] log |k for |w|=>|h],
N o] |o]
flo, h) = S 0]
— W 1 w*% .
[—log]h[— ] tan Vi for |w|<<|A|. (4-34)

In particular, the real part of the dynamical susceptibility shows the logarithmic
singularity

Re x(w, H,, T=0) ~ —log |o] (4-35)

at the critical field H, in the case of y5£0. The static susceptibility %(0) has
a logarithmic singularity with respect to the reduced field #:

% (0) ~ —log | A for v=£0 and for 7T'=0. (4-36)

As the difference R of the isothermal susceptibility from the isolated suscep-
tibility is finite at the critical field H,, the isothermal susceptibility has the same
singularity:

'~ —log |h|, T=0 (4-37)

for v=£0, as was pointed out by Pikin et al.!® It is also easily shown from
Eq. (4-18) that the wave-number dependent static susceptibility shows a logarithmic
singularity

x(q, w=0, H=H, T=0)~ —logq (4-38)
at the critical field and at 77=0 for 7=~0.

4.3 On the critical slowing down

In the present model, the system is ‘“ergodic” with respect to the magneti-
zation at the absolute zero temperature in the sense that

Lim (M, M (¢)) ={M . (4-39)
t—>w
Thus, the relaxation time of the magnetization is defined by

= — ﬁw{(aM, SM(2) ) (M, M)} tdt
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=lim {1(0) ~2(O)}/ {2 (0)}, (4-40)
which reduces to

o =(% ’Bk'2>/<2 Bl o, =1, (4-41)

2 48k5 B &g

near the critical field at 77=0, where the logarithmic singularity has been neg-
lected at the above final expression. On the other hand, the exponent 7y of the
singularity of the fluctuation (M, M) is equal to zero (yx=0); x(0) ~hA ¥~
—log |k|. Thus, the index of the kinetic critical slowing down becomes

It should be noted that for the first time we have found a rigorous example in
which the index of the critical slowing down 4, is different from that of the

susceptibility (4y>7x). The existence of such an example is favorable to the
previous results on the critical slowing down in the kinetic Ising model.”

4.4 Relazxation of partial energy

In order to study whether the similarity law on the critical slowing down
holds in the present system or not, we investigate the relaxation of a partial
energy defined by

E=4Y) 578k, (4-43)
which is written as
E= Z (CZ«”,TCZ”_H + aIL+1a7I, + anTCZrz.i.l -+ Cln+161n) (4 . 44)

in terms of Eq. (4-2). The Fourier transform of the above equation (4-44)
yields

E=>"{2 cos kaylar+i(arial v+ a_zas) sin k}. (4-45)
k

With the use of u#, w-transformation (4-4), we find that
E (t) = 2 (Ak,Cchk + Bk/c~k61k + Fk*e‘Zi&kccmTCT—Ia + Flce_zigktcwkck) > (4 : 46)
k
where
o =2u; cos b+ i (uptve— upvi®) sin k
B =2u;’ cos k— 1 (up*vy— upvy*) sin &

and

Fy=2uyv;, cos k+ 2 (ui’ + vi') sin k . (4-47)

The response function of the partial energy is given by

Es] B
155 (0) = —lim dzj dle‘“‘”‘”‘%(EE(t—ki/l))
[}

e—>+0 0
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—4lim | e¢+tds ST F,l* tanh <—§—ek) sin (26)
e—+0 Jo % 2
=8 (" % £ tanh (Pl ek> dk . (4-48)
7w Jo delt— o’ 2

For simplicity, considering the case J,,=0, we obtain

8J? j” sin’k
A 0 &g <48k2 — 602>

Xzz(0) = {(d—=7)cos k—H/H,}Ydk (4-49)

at T'=0. In the same way as in the previous subsections, we find that

and
Z‘EZZET {45z (0) — %55 (0)} /{0"15x (0) } ~ 27, dp=1. (4-51)

That is, the indices of the critical slowing down are equal to those of the mag-
netization:

TE:O, AE:]. and ¢E:1:¢ﬂ[ (452)

for y50. Thus, the similarity law holds at least with respect to the variables
M and E: ie. they are ‘“variables similar with respect to the critical slowing
down” in this system.

§5. Example II—Kinetic Ising model

As an example of the critical slowing down with respect to temperature
variable, a stochastic kinetic Ising model is discussed. We argue the difference
between the singularity of the relaxation time for the magnetization of the sys-
tem and that of the static susceptibility, on the basis of our previous perturba-
tional calculation” of the dynamical susceptibility, and also discuss the similarity
law with respect to variables such as the magnetization, energy and energy-spin
correlation with the use of the results obtained by a computer simulation.”

(i) As is well known, in this model each spin is assumed to flip spontaneously
with a transition probability which depends on the temperature and the configu-
ration of surrounding spins, but the functional form of the transition probability
is assumed to be the simplest. The master equation is given by

4 p ) =I'P(S,, -+ Sy Sy - 1 5-1

—d-t— (SJ.,'“k,z\’;t) _F (‘Sb“' N')z)) = + ) ( ) )
where P(S, ---Sy; ¢) is the transition probability to find the spins in the con-
figuration (S, ---Sy), and the operator I” is defined by

I'P(S) = _2; Wi (S)P(S) “}‘; Wi(=SpP(, =S, ). (5-2)
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The transition probability W;(S,) is assumed to be®

W, (S,) = % (1= S; tanh 85 2 TwSs),  Ba=1/ksT . (5-3)

It is convenient to use the following operator L:
LZZ;; We(Sy) (1—P), (5-4)
where Pj is an operator to flip the spin %, namely
Puf (S, Sp o) = (S, -y — S ). (5-5)
The following relation between the operators I” and L is easily derived:
T'TFAS)P(S)1=—P,(S)LF(S), I'P,=0. (5-6)

(ii) The critical slowing down of the relevant quantity 7, with wave number
q is manifested by the following formula:

— w,ﬁ@iﬁ!@z — wé%*eHLt%)dz: w1 SN 5.7
q o g dat 0 T <77q 7 "7q>/<ﬂfl % ( )

ii-1)  Magnetization: the relaxation time for the magnitization M=z > ,S; is

given by

rM:<M M>/<M2>~e~w,, e= (T =T /7. (5-8)

1
L
If the index of the kinetic slowing down is expressed by ¢y, then we may put
ii-2) Energy correlation: the relaxation time for the energy 0E=E—{[) is
given by

ta= <6E%6E> /<(6E)2>~s“’5 (5-10)

and

de=a+ ¢z, (6-11)
where ¢z indicates the index of the kinetic slowing down for the energy.
ii-3) Energy-spin correlation below the Curie point 7'.: the relaxation time for
the energy-spin correlation is given by

= (FBLM ) [(MBE~ o] -+m, (5-12)

where

AMEzl”'B“i“ ¢ME (5'13)
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and
(MOE Yyoc|elf, (6-14
It is easy to derive the inequality
24us— (du+ 4p) Sa+2B+7-2 (5-15)

with the use of the following identity valid for a real parameter 4:
<(/1M+ ()‘E)%(AMJr 6E)>20 . (5-16)

(L: semi-positive definite)
If we accept the similarity assertion ¢y=¢z=¢uz=¢ in Egs. (5-9), (5-11) and
(5-13), we find the inequality®”

a+28+r=2. (5-17)
Conversely, if we make use of the equality a+28+7=2, which is derived by

M we obtain

the scaling law,

(iii) In order to examine the nature of the kinetic slowing down, we studied
high temperature expansions®

L:LO—*L/, LOZLZ(I"“PE)s
2t %

L’:—I—ZSktanh< 1 ZkaSj)(l—Pk) (5-19)
2T % kgl 7
and
pM)= (M ) =(u ) (v )
MEMN=(m-— L AN=(m iV (i (5.20
<1 L > \M L= L, L, L (620

By applying the ratio method to the results obtained by high temperature ex-

pansions up to the ninth order in the two-dimensional Ising model, we have
found that?

A4x=2.00+0.05. (5-21)
Therefore, the index of the kinetic slowing down, ¢4, is given by
Par =

where we have used the value of the index y=7/4 in the two-dimensional sys-
22)

, (5-22)

-

tem. Incidentally, we note that in the two-dimensional system the value of the
index ¢y is the same as that of the index 7 (or 7v) defined in the asymptotic

equation

ot £ = &b~ (5-23)
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Now, if we assume that the similarity law
bu=p=pur=0 (5-24)
is valid in the present system, the following relations should hold:
dyp=1—B+¢=5%
and (5-25)
de=a+o=1%.
(it contains a logarithmic divergence; namely vz~ —&"*log ¢)

There are two ways to verify this assertion. One is to execute high tempera-
ture expansions for the energy correlation and energy-spin correlation in the
same way as is shown in Eq. (5-20). The other is to make use of the results
obtained by a computer simulation.” Figure 1 shows the relaxation time t in
the two-dimensional systems. The straight line in Fig. 1 gives an approximate
value 4,=~2. As was pointed out by Ogita et al. far from the Curie point,
however, the relaxation time becomes to be proportional to the susceptibility. This
may imply that the kinetic slowing down becomes more and more conspicuous
as the temperature approaches the critical point. On the other hand, the relaxa-
tion time of the energy, tz is shown in Fig. 2, which seems to yield the con-

jectured value

lOs AE = :i‘ (5 . 26)
from the data close to the critical
7 point. The results obtained by the
d computer simulation does not seem
to be so accurate. At present, we
T
[ '
200t
(00} '
50 ¢ °
]
o °
ool 0l |k ool ol 0 Ik
Ie
Fig. 1. The log-log plots of relaxation time Fig. 2. The log-log plots of relaxation time
of polarization versus (T—7T,) /7T, which of energy versus (T'—T,) /T, which was
was obtained by a computer simulation.® also obtained by a computer simulation.®
The straight line with gradient —2 is ap- The straight line with gradient —% is
proximately fitted by the three points near approximately fitted by three points

T, rather than near 27,. : near T.
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can say only that these results are not inconsistent with those obtained by the
high temperature expansion and with the similarity law.

§6. Summary and discussion

Starting from the Kubo linear response theory, we have formulated the re-
laxation time and connected it with the dynamical susceptibility in ergodic sys-
tems. It has been shown that the relaxation time is proportinal to the corre-
sponding susceptibility (or the canonical correlation function) in some severe
conditions. It was argued with the use of an exactly soluble model on linear
spin chains that the critical index of slowing down is different from that of the
static susceptibility and that there is a possibility that the similarity law holds
in this system.

According to Tomita’s formulation,”™ the Fourier transform X,i(g, ») of
the canonical correlation (A,*, A,(¢)) is expressed by

where

7(q, ») = X4i(q, 0) /%(q, 0), (6-2)

and X;i(q, w) is the force correlation for the quantity A. In particular, if we
put =0 in Eq. (6-2), the relaxation time v, is given by

1
7’“ e (6 * 3)
@0
That is, the force correlation is equal to
Xii(g, 0) =R (T). (6-4)

Although the function X,i(g, 0) is of the same type as Eq. (3-13), usually the
Hermitian conjugate A,* does not commute with A, for ¢#0, and consequently,
the time integral of the canonical correlation function, X,;(¢, 0) never vanishes
for ¢50. In the isotropic Heisenberg model, the anomalous behavior of Xj; or
R,4(T") has been pointed out by Tomita® His results show that the part X4
or R,(I") causes kinetic speeding up.

According to our expression (3-44) for the relaxation time 74, the kinetic
speeding up (or the divergence of R,(§) at &) is brought about, for example,
in the case when all the coefficients 4,(§) vanish as the parameter & approaches
the critical value &.. In stochastic models, the first moment 2, (=), at least,
does not vanish even at the critical point. In fact, the non-divergence of R (&)
at &, can be proved generally in the same way as in a previous paper? or on

the basis of variational principle.’?:*¥

That is, in contrast with the isotropic
Heisenberg model, not kinetic speeding up but kinetic slowing down occurs in
stochastic models.

According to Mori’s theory,” the relaxation time v, is given by
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TR S v .5
fa= S0l = CWVA N EAORALS 6-5)

where the variable f4 is a random force defined by

Fa@ =u@®fs, fa=A-P)A,
u(t) =exp[t(1—P)iL] (6-6)
and
PG= (G, A) - (A, A)'A. (6-7)
That is, we find that

1 B
RA<T>:§£ (Fa(0), Fa)dt . (6-8)

One of the merits in Mori’s theory is the use of a continued-fraction expansion
of the time correlation function (f(z),f). It is, in general, expected that the
convergence® of the continued fraction expansion is better than that of moment
expansion. The investigation on the convergence and on the singularity of the
continued-fraction, however, is a very difficult problem, and it will be instruc-
tive to study the continued-fraction expansion in such an exactly soluble model
as discussed in the present paper.

The study on the wave-number dependent relaxation time 7(g) near the

critical point will be an important problem in the future in connection with the

dynamical scaling law.*®
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Note added in Proof:
Quite recently, I. Hatta has found experimental- data on dielectric relaxation time near the

transition points in NaNO; (to be published in J. Phys. Soc. Japan), which seem to support our
theoretical prediction that the critical index of the relaxation time is larger than that of the static
susceptibility in the stochastic Ising model.
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