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I n t r o d u c t i o n

F o r som e years a f te r  its  suggestion  an  a p p ro x im a te  m e th o d  o f so lu tion  o f 

th e  b o u n d a ry  lay er eq u a tio n s  due  to  K a rm a n  a n d  P o h lh au sen  w as th o u g h t 

to  be reaso n ab ly  accu ra te . T he p re sen t w rite r (1934) recom m ended  i t  for 

general use because i t  ag reed  w ith  e x p erim en t as fa r as th e  p o in t o f sep a ra 

tio n  for th e  flow p a s t a  c ircu lar cy linder (w hen th e  observed  p ressu re  d is

tr ib u tio n  w as used  in  th e  th e o re tic a l so lu tion). T here  seem s to  be little  

d o u b t th a t  th is  m e th o d  gives a reaso n ab ly  a ccu ra te  so lu tion  in  a  region  o f 

acce lera ted  flow, b u t  m ore recen tly  its  ad eq u acy  in  a  region  o f re ta rd e d  flow 

has been questioned . T he flow p a s t a  c ircu lar cy linder is n o t a n  ex h au stiv e  

te s t  fo r a  re ta rd e d  reg ion  because th e  p ressu re  rises v e ry  ra p id ly  from  its  

m in im um  va lue  leav ing  little  d o u b t as to  th e  position  o f sep ara tio n .

S chubauer (1935) has m easu red  th e  p ressu re  d is trib u tio n  a ro u n d  a n  

ellip tic  cy linder o f fineness ra tio  2 -96 :1  a n d  also observed , b y  in tro d u cin g  

sm oke ju s t  b eyond  th e  sep a ra tio n  p o in t, th e  a c tu a l position  o f sep ara tio n . 

O n app ly ing  P o h lh a u sen ’s m e th o d  to  his observed  p ressure  d is tr ib u tio n  

S chubauer fails to  find an y  sep a ra tio n  a t  all. B y  m easu rem en ts  o f th e  

ve locity  d is tr ib u tio n  in  th e  b o u n d a ry  lay er he finds th a t  P o h lh au sen ’s 

m e th o d  agrees reaso n ab ly  w ith  th e  observed  one up  to  a p o in t a b o u t five- 

seven ths o f th e  w ay  be tw een  th e  p ressure  m in im u m  a n d  th e  observed  p o in t 

o f sep ara tio n ; th e  ca lcu la ted  d is tr ib u tio n  th e n  diverges from  th e  observed  

one.

F a irly  recen tly  K a rm a n  an d  M illikan (1934) p u t fo rw ard  a n o th e r a p p ro x i

m a te  m eans o f so lu tion  o f th e  b o u n d a ry  lay er equations. M illikan (1936) 

has app lied  th e ir  m e th o d  to  S ch u b au er’s p ressure  d is trib u tio n ; he finds 

sep ara tio n  a b o u t six -seven ths o f th e  d is tance  from  th e  p ressure  m in im um  

to  th e  observed  p o in t o f sep ara tio n . M ore precisely , if  x  is th e  ra tio  o f th e  

d is tance  m easured  along th e  surface from  th e  forw ard  s tag n a tio n  p o in t to  

th e  leng th  o f th e  m inor axis, th e  pressure  m in im um  occurs w hen x  =  1-30,
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5 4 8 L . H o w a r th

th e  observed p o in t o f sep a ra tio n  is x 1-99 a n

for th e  position  o f sep ara tio n .

A new  a p p ro x im a te  m e th o d  o f so lu tion  o f th e  b o u n d a ry  lay er equations 

is suggested  below. T his m e th o d , w hen  app lied  to  S ch u b au er’s observed 

pressure  d is trib u tio n , gives sep a ra tio n  w hen  x  =  1-925 com pared  w ith  the  

observed  value  1-99. R easons a re  g iven  below  (see pp . 575 an d  576) for 

believing th a t  th e  R eyno lds n u m b e r o f S c h u b a u er’s experim en ts  is scarcely 

h igh enough for th e  b o u n d a ry  lay e r eq u a tio n s  to  be valid . T here  is, in  fact, 

an  appreciab le  p ressu re  d rop  across th e  b o u n d a ry  layer. I t  is difficult to  

e stim ate  how  im p o r ta n t th is  p ressu re  d rop  is, b u t  th e  ag reem en t betw een 

th e  th eo re tica lly  o b ta in ed  po sitio n  o f sep a ra tio n  an d  th e  observed one is 

p ro b ab ly  as good as could be ex p ec ted  in  th e  c ircum stances; th e  agreem ent 

is som ew hat b e tte r  th a n  th a t  o b ta in ed  b y  K a rm a n  a n d  M illikan’s m ethod .

This new  m e th o d  o f so lu tion  is also com pared  w ith  th e  ex ac t solution 

g iven by  F a lk n e r an d  S k an  (1930) w hen  th e  ve locity  d is trib u tio n  a t  th e  edge 

o f th e  b o u n d a ry  lay er is o f th e  form  x ~m; fa irly  g

T he m e th o d  suggested  below  developed  from  a  com parison  betw een 

th e  resu lts  o b ta in ed  b y  K a rm a n  an d  M illikan’s m ethod , K a rm a n  and  

P o h lh au sen ’s m e th o d  an d  an  acc u ra te  so lu tion  o f a p a r tic u la r  problem .

K a rm a n  an d  M illikan app lied  th e ir  m e th o d , w hen i t  w as first in troduced , 

to  th e  problem  of th e  flow along a  fla t p la te  p laced  edgew ise to  an  inc iden t 

s tream  w hen a  re ta rd in g  p ressu re  g ra d ie n t v a ry in g  linearly  w ith  th e  

d is tance  from  th e  lead ing  edge is superposed . W e m ay  w rite  th e  velocity  

d is trib u tio n  a t  th e  edge o f th e  b o u n d a ry  lay er as

TJ = b0 — hxx ,

so th a t  th e  p ressure  g rad ien t is P^ii^o — b1x); K a rm a

sep ara tio n  occurs w hen  x*( = b1x /b0) is equal to  0-102, w here

m eth o d  does n o t give sep a ra tio n  u n til * =  0-156. I n  o rder to  de term ine 

which, if  e ither, o f th e  m ethods is reasonab ly  accu ra te  i t  w as decided to  

a tte m p t to  solve th e  b o u n d a ry  lay er eq uations accu ra te ly  for th is  velocity  

d is trib u tio n . This p rob lem  is discussed a t  len g th  below  in  P a r t  I ; i t  adm its  

o f a so lu tion  in  series o f th e  ty p e

u  =  ^ { f o ( v ) - ^ * f ' i ( v )  + (8^ ) 2f2(v)-•••}>

w here rj and  som e o f th e  coefficients f 0, f x, ... ar

(2), (5)-(13). S epara tion  occurs w hen

f Z ( 0 ) - 8 x * f l ( 0 )  + ( 8 x * ) Y 2 ( 0 ) - -  =  0.
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Laminar boundary layer equations 5 4 9

T he coefficients in  th is  series h ave  been  de te rm in ed  up  to  an d  in c lud ing  

/ g(0). T hey  are  sufficient to  show  th a t  unless su b seq u en t coefficients increase  

enorm ously— an d  th e re  seem s to  be no reason  to  believe th e y  do for, a p a r t  

from  / 0, f x a n d  / 2 w hich a re  excep tional, th e y  decrease stead ily  over th e  

range  covered— th e  value  x*  — 0-102 for sep a ra tio n  is m u

F u rth e rm o re , x* =  0-156 is v e ry  m uch  too  large.

U n fo rtu n a te ly  th e  series converges v e ry  slow ly in  th e  ne ighbourhood  o f 

8a;* =  1 a n d  sufficient te rm s h av e  n o t been o b ta in ed  to  give th e  p o in t o f  

sep ara tio n . H ow ever, if  we assum e th a t  th e  h igher te rm s in  th e  series 

con tinue  to  a lte rn a te  in  sign a n d  decrease (or rem ain  co n s ta n t in  ab so lu te  

m ag n itu d e  as th e  earlie r o n e s /3, . . . / 8 do) i t  is easy  to  show  th a t  th e  p o in t 

o f sep a ra tio n  lies be tw een  x*  =  0-119 a n d  0-129. A n a p p ro x im a te  m e th o d  o f  

d e te rm in in g  th e  e rro r o b ta in e d  b y  re ta in in g  only  th e  te rm s ca lcu la ted  g ives 

x* =  0-120 as th e  p o in t o f sep ara tio n .

In  P a r t  I I  below  a  m e th o d  o f so lu tion  o f th e  b o u n d a ry  lay er e q u a tio n s  is 

suggested  u tiliz ing  th e  so lu tion  o f th e  p rob lem  of P a r t  I  b y  rep lac ing  th e  

ve locity  d is tr ib u tio n  a t  th e  edge o f th e  b o u n d a ry  lay er b y  a  po lygon  o f  

in fin itesim ally  sm all sides a n d  jo in ing  on th e  so lu tion  in  a d jac e n t sides b y  

m ak ing  th e  m o m en tu m  in teg ra l

con tinuous a t  th e  v e rte x . U p  to  th e  p ressu re  m in im um  P o h lh a u sen ’s  

so lu tion  m ay  be used . A lte rn a tiv e ly , if  th e  n u m b e r o f te rm s co m p u ted  in  

th e  so lu tion  in  series s ta r tin g  from  th e  fo rw ard  s tag n a tio n  p o in t (H o w a rth  

1934) is sufficient to  ca rry  th e  so lu tion  as fa r  as th e  p ressu re  m in im um  th is  

m e th o d  is to  be p re fe rred  in  th e  acce lera ted  region. I f  th is  so lu tion  does n o t  

ex ten d  q u ite  fa r  enough  i t  m ay  be ex ten d ed  b y  th e  so lu tion  co rrespond ing  

to  th e  one g iven below  for th e  re ta rd e d  region; th is  ex tension  is lim ited , 

because th e  series does n o t converge ra p id ly  enough  b eyond  x* =  0-10.

A so lu tion  in  series can  also be o b ta in e d  w hen th e  ve locity  d is tr ib u tio n  

a t  th e  edge o f th e  b o u n d a ry  lay er is o f th e  form

U  =  b0 — bxx  —

so th a t ,  if  necessary , th e  m e th o d  o u tlin ed  above could be m ade m o re  

accu ra te  b y  rep lacing  th e  a c tu a l ve locity  d is tr ib u tio n  a t  th e  edge o f th e  

b o u n d ary  lay er b y  a  series o f parabo las.
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5 5 0 L . H o w a r th

P A R T  I

Th e  s o l u t i o n  o f  t h e  b o u n d a r y  l a y e r  e q u a t i o n s

FO R  A  P A R T IC U L A R  P R E S S U R E  D IS T R IB U T IO N

W e consider, first o f all, th e  so lu tion  in  series fo r a  ve locity  d is trib u tio n  

a t  th e  edge o f th e  b o u n d a ry  lay er o f th e  form

U = bQ — bl x,

w here b0 an d  b1 are  positive  co n stan ts .

W e assum e an  expansion  o f th e  form

f  =  6Ja* v*{/0(t i) -  8 x* fi (y )  +  ( $ x * f f 2(7i) -  (8 + ( 8 -  ...}

( 1 )

for th e  s tream  fu n c tio n  w here

7] = \y x~ ^  v~̂6|, an d  (2)

S u b s titu tin g  th is  form  in  th e  b o u n d a ry  lay er eq u a tio n

du
U --- h V
ox

du

dy

1 dp  

p  d x ^

vd2u

W ’
(3)

w here ~ p f a  =

a n d  e q u a tin g  coefficients o f th e  various pow ers o f x* ,  we find th a t  

f o  + /o /o  =  0,

/ r + / o / ; - 2 / ; / ; + 3 / ; 7 1 =  - i ,

f t  + /0 /2  -  4 f o f ' 2 + 5/0/2 =  - 1 / 8  +  (2 / i2 -  3 / J I ) ,

n  + /0 /3  -  6 / ; / o + 7 /0 /3  =  ( e / i / i  -  3 / J 2  -  s / ; / a),

/ r  + / 0 / 1  -  s / ; / ; + 9 / 0 / 4  =  ( 4 / ^  -  5 / 2 / 2 ) + ( 8/ i / s  -  3 / J 3  -  7/ i / 3),

(4 )

(5 )

( 6 )

(7 )

( 8 )  

(9 )

/ s '+ / 0 / 5 - 1 0 / ^ + I I /0 /5 ( 1 0 / i / 4 - 3 /4 /4 - 9 / I / 4)

+  (1 9 /2 /3 —5 /2 /3 — 7/2/3), (10)

/ • + / « / ; -  1 2 / i / i +  1 3 / ^ .  =  (1 2 /i /5  — 3 / j /g — H /4 /5 )

+  (12/2/4 -  5/2/1 -  9/2/4) +  (6/32 -  7/3/3), (11)

/ ?  + / o / ;  -  14/o /7  +  15/ o /7  =  ( 14/ i / e  "  3/ i / e  -  13/ 1/ . )

+  ( I 4 / 2 / 5  -  5 / 2 / 5  -  1 1 / 2 / 5 )  +  ( 14/ 3 /4  -  7 / 3 / 4  -  9 / 3 / 4 ) ,  ( 1 2 )
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551Laminar boundary layer equations

f s + f o f s - W o f s  +  17/S /s  =  ( 16/ i / 7- 3/ 1/ ; -  15/ ' i / 7)

+  (1 6 /2 /6  -  6 /2 /6  -  1 3 / 2 / 6 ) +  (1 6 /3 /5  -  7 /3 /5  -  11 /3 /5)

+  ( » / ? - 9 / J I ) ,  (13)

(w here dashes deno te  d ifferen tia tions w ith  reg ard  to  >/) to g e th e r w ith  th e  

b o u n d a ry  conditions:

f r  =  f r  =  0 w hen rj =  0 for a
r (14)

/ i = i >  /2  = / a  = f i  =  ••• =  0 w hen 7/ =  00. J

B lasius (1908), T oepfer (1912) a n d  G oldstein  (1930, p. 15) have  g iven th e  

so lu tion  o f (5). In d eed  th e  prob lem  considered is a  p a rtic u la r  case o f a  m ore 

general p rob lem  discussed  by  G oldstein  (1930, p. 15), th o u g h  no m ore of th e  

coefficients f r a re  g iven  in  th a t  p ap er. T he m e th o d  of so lu tion  for th e  re 

m ain ing  equations, w hich  are  all linear, is ex ac tly  th e  sam e as th a t  described  

b y  th e  p re sen t w rite r in  a  p rev ious p ap er (1934). T he following resu lts  have 

been  ob ta in ed :

/o (0) =  1-328242, /" (0 ) =  1-02054, /" (0 ) =  -0 -0 6 9 2 6 ,

fU 0) =  0-0560, /" (0 ) =  -  0-0372, /" (0 ) =  0-0272,

/e (  0) =  -0 -0 2 1 2 , /" (0 ) =  0-0174, =  -0 -0 1 4 7 .

T he velocity  d is tr ib u tio n  is g iven by

u  =  ^ { f o ( v ) - ( 8 x * ) f i ( y )  + (8 x *)2f ' 2 ( v ) - (15)

T he functions fof'of'o••• f e f ' e f e  are  ta b u la te d  in  T able  I.

T he condition  for sep ara tio n  ( du /dy )0 =  0 leads to

/ ; ( 0 ) H S * * ) / : ( 0 )  +  ( t e * r a 0 ) - . . .  =  0. (16)

F rom  th e  te rm s calcu la ted  i t  will be seen th a t  th e  series converges qu ite  

slow ly in  th e  neighbourhood  o f 8x* = 1; p ro b ab ly  a t  leas t e igh t m ore te rm s 

w ould be requ ired  in  o rder to  de term ine  th e  value  of the  series in  (16) to  

th re e  places of decim als. W e can, how ever, se t fa irly  close lim its to  th e  values 

o f x* for sep ara tio n  (henceforw ard we shall refer to  th is  n um ber as x f )  if  

we assum e th a t  for r> 9 th e  values of /" (0 ) do n o t increase in  a
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5 5 2 L . H o w a r th

T a b l e  I

V fo f o fo f l /  i f i

0-0 0-00000 0-00000 1-32824 0-00000 0-00000 1-02054

0 1 0-00664 0-13282 1-32795 0-00494 0-09705 0-92054

0-2 0-02656 0-26553 1-32589 0-01908 0-18411 0-82054

0-3 0-05974 0-39788 1-32033 0-04142 0-26116 0-72057

0-4 0-10611 0-52942 1-30957 0-07098 0-32823 0-62073

0-5 0-16557 0-65957 1-29204 0-10674 0-38532 0-52125

0-6 0-23795 0-78756 1-26637 0-14771 0-43250 0-42258

0-7 0-32298 0-91253 1-23147 0-19291 0-46989 0-32545

0-8 0-42032 1-03352 1-18666 0-24137 0-49768 0-23094

0-9 0-52952 1-14953 1-13173 0-29214 0-51621 0-14045

1 0 0-65003 1-25954 1-06701 0-34432 0-52596 0-05565

1 1 0-78120 1-36263 0-99341 0-39706 0-52759 - 0-02161

1-2 0-92230 1-45798 0-91237 0-44959 0-52195 - 0-08948

1-3 1-07252 1-54492 0-82582 0-50124 0-51006 - 0-14633

1-4 1-23099 1-62303 0-73603 0-55143 0-49309 - 0-19093

1-5 1-39682 1-69210 0-64544 0-59973 0-47231 - 0-22262

1-6 1-56911 1-75218 0-55651 0-64581 0-44900 - 0-24145

1-7 1-74696 1-80354 0-47151 0-68949 0-42442 - 0-24817

1-8 1-92954 1-84666 0-39234 0-73069 0-39972 - 0-24418

1-9 2-11605 1-88224 0-32050 0-76946 0-37588 - 0-23138

2-0 2-30576 1-91104 0-25694 0-80592 0-35367 - 0-21198

2-1 2-49806 1-93392 0-20208 0-84027 0-33363 - 0-18827

2-2 2-69238 1-95174 0-15589 0-87273 0-31608 - 0-16240

2-3 2-88826 1-96537 0-11793 0-90357 0-30116 - 0-13625

2-4 3-08534 1-97558 0-08748 0-93305 0-28879 - 0 1 1 1 3 0

2-5 3-28329 1-98309 0-06363 0-96141 0-27882 - 0-08861

2-6 3-48189 1-98849 0-04537 0-98889 0-27098 - 0-06879

2-7 3-68094 1-99231 0-03171 1-01566 0-26496 - 0-05212

2-8 3-88031 1-99496 0-02173 1-04192 0-26045 - 0-03855

2-9 4-07990 1-99675 0-01459 1-06779 0-25715 - 0-02785

3-0 4-27964 1-99795 0-00961 1-09338 0-25480 - 0-01965

3 1 4-47948 1-99873 0-00620 1-11878 0-25315 - 0-01356

3-2 4-67938 1-99922 0-00392 1-14403 0-25203 - 0-00914

3-3 4-87931 1-99954 0-00243 1-16919 0-25128 - 0-00603

3-4 5-07928 1-99973 0-00148 1-19430 0-25079 - 0-00389

3-5 5-27926 1-99984 0-00088 1-21936 0-25048 - 0-00245

3-6 5-47925 1-99991 0-00051 1-24440 0-25029 - 0-00151

3-7 5-67924 1-99995 0-00029 1-26942 0-25017 - 0-00091

3-8 5-87924 1-99997 0-00017 1-29443 0-25010 - 0-00054

3-9 6-07923 1-99999 0-00009 1-31944 0-25005 - 0-00031

4 0 6-27923 1-99999 0-00005 1-34444 0-25003 - 0-00018

4 1 6-47923 2-00000 0-00003 1-36944 0-25002 - 0-00010

4-2 6-67923 2-00000 0-00001 1-39444 0-25001 - 0-00005

4-3 6-87923 2-00000 0-00001 1-41944 0-25000 -  0-00003

4-4 7-07923 2-00000 0-00000 1-44445 0-25000 - 0-00002
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Laminar boundary layer equations 5 5 3

T a b l e  I  ( c )

V / a n n fz f z f
0-0 0-0000 0-0000 - 0-0693 0-0000 0-0000 0-0560
0 1 - 0-0004 - 0-0075 - 0-0816 0-0003 0-0056 0-0560
0-2 - 0-0015 - 0-0163 - 0-0932 0-0011 0-0112 0-0560
0-3 - 0-0037 - 0-0261 - 0-1031 0-0025 0-0168 0-0559
0-4 - 0-0068 - 0-0368 - 0-1108 0-0045 0-0224 0-0556
0-5 - 0-0111 - 0-0482 - 0 1 1 5 6 0-0070 0-0279 0-0551
0-6 - 0-0165 - 0-0599 - 0-1170 0-0101 0-0334 0-0541
0-7 - 0-0230 - 0-0715 - 0-1144 0-0137 0-0387 0-0524
0-8 - 0-0307 - 0-0826 - 0-1077 0-0178 0-0438 0-0499
0-9 - 0-0395 - 0-0928 - 0-0965 0-0224 0-0486 0-0463
1 0 - 0-0493 - 0-1018 - 0-0812 0-0275 0-0530 0-0414

M - 0-0598 - 0-1089 - 0-0620 0-0330 0-0569 0-0352

1-2 - 0-0710 - 0-1141 - 0-0397 0-0388 0-0600 0-0275

1-3 - 0-0825 - 0-1168 - 0-0152 0-0450 0-0623 0-0185

1-4 - 0-0943 - 0 1 1 7 1 0-0100 0-0513 0-0637 0-0082

1-5 - 0-1059 - 0-1148 0-0346 0-0577 0-0639 - 0-0028

1-6 - 0-1171 - 0-1102 0-0571 0-0640 0-0631 -  0-0142

1-7 - 0-1278 - 0-1035 0-0762 0-0702 0-0611 - 0-0252

1-8 - 0-1378 - 0-0951 0-0908 0-0762 0-0581 - 0-0352

1-9 - 0-1468 - 0-0855 0-1005 0-0818 0-0541 - 0-0437

2-0 - 0-1549 - 0-0752 0-1049 0-0870 0-0494 - 0-0500

2 1 - 0-1619 - 0-0647 0-1046 0-0917 0-0442 - 0-0540

2-2 - 0-1678 - 0-0544 0-1000 0-0958 0-0387 - 0-0555

2-3 - 0-1728 - 0-0448 0-0922 0-0994 0-0332 - 0-0547

2-4 - 0-1768 - 0-0361 0-0822 0-1025 0-0278 - 0-0519

2-5 - 0-1800 - 0-0284 0-0710 0-1050 0-0228 - 0-0476

2-6 - 0-1825 - 0-0219 0-0595 0-1071 0-0183 - 0-0422

2-7 - 0-1844 - 0-0165 0-0484 0-1087 0-0144 - 0-0363

2-8 - 0-1859 - 0-0122 0-0384 0-1100 0-0111 - 0-0304

2-9 - 0-1869 - 0-0088 0-0296 0-1109 0-0083 - 0-0247

3 0 - 0-1876 - 0-0062 0-0222 0-1117 0-0061 - 0-0195

3 1 - 0-1882 - 0-0043 0-0163 0-1122 0-0044 - 0-0150

3-2 - 0-1885 - 0-0029 0-0116 0-1126 0-0031 - 0-0112

3-3 - 0-1888 - 0-0019 0-0081 0-1128 0-0021 - 0-0082

3-4 - 0-1889 - 0-0012 0-0055 0-1130 0-0014 - 0-0059

3-5 - 0-1890 - 0-0008 0-0037 0-1131 0-0010 - 0-0041

3-6 - 0-1891 - 0-0005 0-0024 0-1132 0-0006 - 0-0028

3-7 - 0-1891 - 0-0003 0-0015 0-1132 0-0004 - 0-0018

3-8 - 0-1891 -  0-0002 0-0009 0-1133 0-0002 - 0-0012

3-9 - 0-1891 -  0-0001 0-0006 0-1133 0-0001 -  0-0007

4 0 - 0-1892 - 0-0001 0-0003 0-1133 0-0001 - 0-0005

4 1 - 0-1892 - 0-0000 0-0002 0-1133 0-0001 - 0-0003

4-2 - 0-1892 -  0-0000 0-0001 0-1133 0-0000 - 0-0002

4-3 . - 0-1892 -  0-0000 0-0001 0-1133 0-0000 - 0 0 0 0 1

4-4 - 0-1892 -  0-0000 0-0000 0-1133 0-0000 - 0-0001
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Ta b l e  I  ( continued)

Laminar boundary layer equations 5 5 5

V /« n n

0-0 0-0000 0-0000 - 0-0212
0 1 - 0-0001 - 0-0021 - 0-0212
0-2 - 0-0004 - 0-0042 -  0-0212
0-3 - 0-0010 - 0-0064 - 0-0211
0-4 - 0-0017 - 0-0085 - 0-0208
0-5 - 0-0027 - 0-0105 - 0-0204
0-6 - 0-0038 - 0-0125 - 0-0197
0-7 - 0-0052 - 0-0145 - 0-0188
0-8 - 0-0067 - 0-0163 - 0-0177
0-9 - 0-0084 - 0-0180 - 0-0162
1-0 - 0-0103 - 0-0197 - 0-0145
1-1 - 0-0123 - 0-0209 - 0-0123
1-2 - 0-0145 - 0-0221 - 0-0099
1-3 - 0-0168 - 0-0229 - 0-0072
1-4 - 0-0191 - 0-0234 - 0-0042
1-5 - 0-0215 - 0-0237 -  0-0009
1-6 - 0-0239 - 0-0236 0-0026
1-7 - 0-0263 -  0-0231 0-0061
1-8 - 0-0285 - 0-0223 0-0093
1-9 - 0-0307 - 0-0212 0-0122
2-0 - 0-0328 - 0-0199 0-0146

V /« /  6 n

2-1 - 0-0347 - 0-0184 0-0165
2-2 - 0-0364 - 0-0167 0-0179
2-3 - 0-0380 - 0-0148 0-0186
2-4 - 0-0394 - 0-0129 0-0186
2-5 - 0-0405 - 0-0111 0-0181
2-6 - 0-0416 - 0-0094 0-0171
2-7 - 0-0424 - 0-0077 0-0157
2-8 - 0-0431 - 0-0062 0-0140
2-9 - 0-0437 - 0-0049 0-0124
3-0 - 0-0440 - 0-0038 0-0102
3-1 - 0-0442 - 0-0028 0-0084
3-2 - 0-0444 - 0-0021 0-0066
3-3 - 0-0445 - 0-0016 0-0051
3-4 - 0-0446 - 0-0011 0-0038
3-5 - 0-0447 - 0-0007 0-0028
3-6 - 0-0447 - 0-0005 0-0021
3-7 - 0-0447 - 0-0003 0-0015
3-8 - 0-0447 - 0-0002 0-0010
3-9 - 0-0447 - 0-0002 0-0007
4-0 - 0-0447 - 0-0001 0-0004

m ag n itu d e  as r  increases a n d  con tinue  to  a lte rn a te  in  s ig n . | (E ach  te rm  in  

(16) a f te r  th e  first is th e n  negative.)

W e can  th e n  o b ta in  lim its  for x f  by  p u ttin g  f ir s t /" (0

th e n  b y  p u tt in g  |/" (0 )  | — | / g ( 0) | for 9. I n  th e  first case we find 

a;* =  0-129 a n d  in  th e  second x f  — 0-119. I t  is, therefo

assum e th a t  x f  lies w ith in  th e  in te rv a l 0-119 to  0-129.

W e can o b ta in  an  a p p ro x im a te  answ er in  th e  following w ay. W e m ay  

reg ard  th e  te rm s a lread y  o b ta in ed  u p  to  an d  includ ing  x 6, say, as an  a p p ro x i

m a te  so lu tio n .| I t  ap p ea rs  th a t  each  o f th e  te rm s /g  a n d /g ,  an d  as fa r as 

th e y  h av e  been o b ta in e d ,/ ?  a n d /g  are  expressib le w ith  reasonable  accuracy  

in  th e  form  K r7ie~ariz, w here th e  K r are  co n stan ts  (different for different / r).§ 

In  fig. 1 /g  is com pared  w ith  K 67je~ar>z w ith  an  ap p ro p ria te  value —0-0221 

for K 6 a n d  a  =  0-1. I t  is ev id en t by  tr ia l th a t  a  re ta in s  th e  sam e value for

f  I t  w ill  b e  s e e n  f ro m  t h e  e q u a t io n s  (5 )—(1 3 ) t h a t  a p a r t  f r o m  f 09f ± a n d  / 2, w h ic h  h a v e  

e x c e p t io n a l  r i g h t - h a n d  s id e s ,  t h e  e q u a t io n s  d e f in in g  t h e  f r m a y  b e  c o n s id e re d  to  b e  

o f  t h e  s a m e  f o r m ;  i t  s e e m s  r e a s o n a b le  th e r e f o r e  to  a s s u m e  t h a t  t h e y  c o n t in u e  to  

a l t e r n a t e  in  s ig n  a n d  d e c r e a s e  in  a b s o lu te  m a g n i tu d e  b e y o n d  r  — 8.

t  T h e  t e r m s  in  x 1 a n d  x 8 w e re  n o t  o b ta in e d  s u f f ic ie n t ly  a c c u r a t e ly  in  t h e  o u te r  

p a r t  o f  t h e  b o u n d a r y  la y e r  to  b e  u s e d  h e r e ;  i t  is , in  f a c t ,  n e c e s s a r y  to  o b t a i n  f * (0) 

to  a n  a c c u r a c y  c o n s id e r a b ly  g r e a t e r  t h a n  is  r e q u i r e d  fo r  f "  in  t h e  o u te r  p a r t  o f  t h e  

b o u n d a r y  la y e r .

§ T h e  e r r o r  i n c u r r e d  b y  e x p r e s s in g  / /  in  t h i s  f o rm  is  n o t  g r e a t .
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5 5 6 L . H o w a r th

th e  different fu n c tio n s /£ . I f  we assum e t h a t  a ll th e  te rm s a f te r  6 are  o f th e  

form  K rije-0’lria th e  ve locity  u  a t  a n y  p o in t m ay  be w ritte n  {Uq + u -̂ ), w here

u o = ~£{fo(V)~ +  ••• + (17)

a n d (18)

V

n

-0-0221ye-0̂ 3

F i g . 1

w here F (x* )  is a  fu n c tio n  to  be de term ined . I t  w ill be no ticed  th a t  th e

fu n c tio n  rje~°'lria satisfies th e  conditions

du d2u  

dy  2
... =  0 w hen oo,

u
d2u

W2

w hen 0,

a  considerably  g rea te r n u m b er of conditions th a n  th e  polynom ial used in  

th e  o rd inary  P oh lhausen  m ethod . M oreover, th e  choice o f a  ( =  0-1) so as to  

give agreem ent w ith  th e  form s o f f ' 5 a n d  f '6 p resum ab ly  corresponds to
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Laminar boundary layer equations 5 5 7

satisfy ing  an  ad d itio n a l condition , th o u g h  i t  is n o t obvious w h a t th is  

cond ition  is.

W e m ay  w rite  th e  b o u n d a ry  lay er m om en tu m  in teg ra l in  th e  form

CO 0 p
^ ( u 2- U 2) d y - U \

0 ox  J (
( u — U )d y

/  d u \

“ W  o ’

(19)

i.e.

J 7  S i ( “ « -  V 2 ) d y  -  u j l Y x [(“° -  U ) 'dy+  2 J „ ”  <

=  - 1' ( S r ) 0 - ’ © ) 0 - <2 0 >

L e t us w rite  

du0 b0

+  I p 

6
o -  i  {fo~8 ® * / i +  +  ( 8 » * )  6/ e }  =  f  t>,

t

( 2 1 )

( 2 2 )

(23)

d x ~  +  Sx * ( vfi~ 2/ i ) “  • • • “ (8 ^ * ) 6 ~  12/

5  -  i & ( « - 8 * r i + . . . + ( t e * w  -  f

E q u a tio n  (20) m ay  th e n  be w ritten

j   ̂ {vv ' +  8x*( 1 -  a;*)} drj - (1 -  x*)  -  yf'0 +  8a:* {rjf[ -  3 /x + |  j

-  (8**)2 (vfz - ¥2) +  ... -  (&**)• fo /i  -  1 3 /,)]

+  E ( a : * ) j ^  — J  v(7je~0'lr>3 — O-Sy^e-0 '1̂ 3) + j  — ( 1  — J* J

+  2E '(a:*)a;* |^J' vrje~0'lr>3 d y  — (1 — a;*)J J

+  2F (x* )  F ' ( x* )  x*f  y 2e~°'2l>3dy  — [F (x* )]2 f
J o  J o

- \ V ' - \ F { x * ) . (24)

S ta rtin g  from  th e  value  o f F (x* )  a t  x*  =  0-0875 g iven  b y  th e  te rm s in  x * 7 

an d  a;*8, eq u a tio n  (24) m ay  be in te g ra te d  g raph ica lly  for F (x* ) .  T he con

d ition  for sep ara tio n  is, o f course,

F (x* )  =  - ( 2 5 )

t  T h e  d a s h e s  o n  v  a n d  V  d o  n o t  d e n o te  d i f f e r e n t ia t io n s .
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5 5 8 L . H o w a r th

I t  will be seen from  e q u a tio n  (24) th a t  F ' ( x * )  becom es in fin ite  w hen

P 00 f* 00 f* 00
F ( x * ) \  y 2 e ~ ° ' 27>3 d y  + j  v y e ~ ° ' lr>3 d y  — (1 — 

Once th e  in teg ra l cu rve  reaches th is  cu rve  i t  becom es im ag inary . The 

in teg ra l curve to g e th e r w ith  th e  curves g iven  b y  (25) an d  (26) is show n in  

fig. 2. I t  w ill be no ticed  th a t  th e  in te g ra l reaches th e  curve g iven b y  (26) 

w hen x *  =  0-120 a n d  th a t  i t  has n o t th e n  reach ed  th e  curve g iven b y  (25) 

by  a  q u a n tity  o f th e  o rder o f 2 x 10~2.

This fa ilu re  to  find sep a ra tio n — alth o u g h  th e  a c tu a l va lue  o f th e  skin 

fric tio n  given b y  th e  la s t rea l p o in t on th e  in te g ra l curve is sm all— m u st 

be due  to  th e  form  assum ed  for th e  co rrec tion  te rm . I t  seem s fa irly  reaso n 

able to  assum e th a t  i t  is on ly  in  th e  neighbourhood  of th e  p o in t w here 

F ' ( x * )  becom es in fin ite  th a t  th e  so lu tion  is in v a lid a ted . I f  we suppose th a t  

th e  so lu tion  g iven  is v a lid  as fa r  as F ( x * )  —0-110, =  0-119 say, we m ay

com plete  th e  so lu tion  using  a  re su lt s ta te d  b y  G oldstein  (1930, p. 4), viz.

I +  v

d u  d 

d y  d7 

\  3
x 2+ .... (27)

T ak ing  th e  values o f du /dy  a n d  0% /0y4 o b ta in e d  by  ou r m e th o d  o f so lu tion  

we find sep ara tio n  w hen  x *  =  0-120. T he values of g iven by  th e

ap p ro x im a te  m e th o d  are  sufficient to  show  th a t  th e  th ird  te rm  in  th e  series 

is negligible over th e  range  of va lues o f x *  (0-001) over w hich we requ ire  

th e  solu tion .

A n a lte rn a tiv e  m e th o d  o f so lu tion  is o b ta in ed  by  using th e  resu lt g iven  

by  d ifferen tia ting  th e  first b o u n d a ry  lay er e q u a tio n  tw ice w ith  reg ard  to  y;  

we find

— ^  =  i/-— / —  t  1281
dx \  dy)dŷ j dy

along th e  w all. W e m ay  use th e  sk in  fric tion  g iven by  th e  first n ine te rm s o f 

th e  series as an  a p p ro x im a tio n  and  again  use a  te rm

u i  =  ^ < t>{x * ) y e
Zj

as a correction . E q u a tio n  (28) th e n  gives a  first o rder d ifferential equation  

for (j). A lthough  we are  still using th e  sam e form  for th e  correction  te rm , y e t 

app ly ing  (28) (which gives th e  correct g row th  o f th e  sk in  friction  along th e  

+ T h is  r e s u l t  is , o f  c o u rs e ,  c o n t a in e d  in  (27).
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Laminar boundary layer equations 559
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x —  x

F ( x * )

C o n d i t io n  fo r  s e p a r a t i o n  

C u rv e  a lo n g  w h ic h  F ' ( x * )  is  

in f in i te  a n d  a b o v e  w h ic h  F ( x * )  

b e c o m e s  im a g in a r y  

<f>(x*) - ( 8 x * ) ' f l ( 0 )  + ( 8 x * ) » f Z ( 0 )

F ig . 2

Vol. CLXIV—A. 3 7
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5 6 0 L . H o w a r th

w all) in s te ad  o f (24) (w hich is th e  expression  o f th e  m om en tu m  law  th ro u g h 

o u t th e  layer) w ould  be ex p ec ted  to  p roduce  a to ta lly  d ifferent re su lt from 

(24) if  th e  form  assum ed  for th e  co rrection  te rm  w ere in ad eq u a te . The 

in teg ra l cu rve  for (j)(x*) is show n in  fig. 3; th e  corresponding  value  of

4>{X*) -/?(<>)(8 x * y  + /" (0 )  (8z*)8

-0-14

-0-06

- 0-02

x*

-------- <p(x*)

............. C o n d i t io n  fo r  s e p a r a t i o n

F ig . 3

is show n d o tte d  in  fig. 2. T his q u a n ti ty  is th e  one we have  to  com pare w ith  

F (x* ) .  I t  w ill be seen th a t  th e  ag reem en t betw een  th e  curves is v ery  good 

an d  th a t  b o th  lead  to  th e  resu lt th a t  sep ara tio n  occurs w hen x*  — 0-120. 

T he curve in  fig. 3 w hen ^(a;*) becom es in fin ite  coincides in  th is  case w ith  the 

curve o f condition  for separa tion . (Of course, th e  accu ra te  value of 0% /0y4
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Laminar boundary layer equations 561

is zero a t  th e  sep ara tio n , b u t th e  p re sen t m ethod , being app rox im ate , does 

n o t give th is  re su lt a n d  consequen tly  y ields a n  infin ite  value for ^ '(x*) a t  

the  p o in t o f separa tion .)

T a b l e  I I

*

0-0000 00

0-0125 2-739

0-0250 1-772

0-0375 1-309

0-0500 1-011

0-0625 0-790

0-0750 0-613

0-0875 0-459

0-1000 0-315

0-1125 0-163

0-120 0-000

■S-l^
II

iO | X

0-000 0-000

0-199 0-076

0-292 0-110

0-371 0-137

0-447 0-162

0-523 0-186

0-603 0-209

0-691 0-231

0-794 0-254

0-931 0-276

1-110 0-290

1-1

4?  a  

x '
oo 0-000

3-17 0-024

2-39 0-046

2-08 0-066

1-93 0-084

1-85 0-100

1-82 0-115

1-81 0-128

1-84 0-138

1-88 0-147

1-92 0-151

%
I

rH

■O

b  I «

oo
2-773

1-817

1-360

1-064

0-843

0-663

0-503

0-345

0-184

0-000

I n  T ab le  I I  th e  va lues of

60&i

b \ e

Pi
a n d

V*

are  ta b u la te d  ag a in s t x* over th e  en tire  range  o f th e  so lu tion , w here 0  is 

th e  m om en tu m  in teg ra l j* 1 1 — j j  d y  an d  is th e  d isp lacem ent th ickness

J  °° 11 - ^ j d y .  T he  values o f these  functions are  show n graph ically  in  figs. 4,

5 a n d  6. T he ve locity  d is trib u tio n s  corresponding to  x* =  0-0125, 0-025, 

0-0375,0-05,0-0625,0-075,0-0875,0-1, 0-1125 an d  0-120 are given in  T able  I I I  

an d  som e of these  velocity  curves are  show n graph ically  in  fig. 7. V alues of

3^ /, , i  ^  i ,  TTTr---- * 0-025, 0-05, 0-075, 0-1 an d
dy / M i are  ta b u la te d  in  T able  IV  for x*

0 - 120 .

A n ad d itio n a l check on th e  m ethods of so lu tion  used  to  com plete th e  

so lu tion  in  series m ay  be o b ta in ed  in  th e  following w ay. I f  we denote  by
3 7 - 2
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5 6 2 L . H o w a r th

s | si

F i g . 4

x *

F i g . 5
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Laminar boundary layer equations 5 6 3

F i g . 6

V

F ig . 7
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5 6 4 L . H o w a r th

X th e  non-d im ensional q u a n ti ty  db \lv i i t  is necessary  in  th e  following w ork 

to  de term in e  dx /d x* ;  th is  m ay  m o st easily  be done from  th e  m o

in teg ra l eq u a tio n , w hich  m ay  be w ritte n

Tx+(H+2)e
1._dU  

U  d x p U 25
(29)

w here H  =  8 ^ 6 . Eq u a tio n  (29) m ay  be w ritte n , in  th e  case o f ou r p rob le

dx (ff  +  2 ) X __ \ dy/ o  
dx* 1 — (1 — ^* )2606f ’

T h u s th e  va lue  o f d x /d x *  co rrespond ing  to  a  p a rtic u la r  va lue  o f x*  m ay  be 

d e te rm in ed  from  th e  v a lu es show n in  T ab le  I I  b y  d irec t ap p lica tio n  o f th e  

m o m en tu m  in te g ra l eq u a tio n . I f  th is  e q u a tio n  w ere n o t satisfied  we should  

ex p ec t a  d iscrepancy  to  arise  b e tw een  th e  va lues o f d x /d x *  g iven  b y  (30) 

a n d  those  o b ta in e d  g rap h ica lly  from  th e  cu rve  or from  num erica l differen

tia t io n  o f th e  ta b le  o f va lues o f y . I t  w as in  fa c t m ade  v e ry  e v id en t b y  tr ia l 

th a t  a n  e rro r as sm all as 0-001 in  th e  va lu e  o f x f  w ould  cause a  considerable 

d iscrepancy  be tw een  th e  va lu e  o f d x /d x *  g iven  b y  (30) a n d  th a t  ob ta in ed  

from  th e  x ( x * )  curve. S ta r t in g  from  th e  va lu e  o f y  a t  =  0-0625 a n d  b y  

in te g ra tin g  th e  va lues o f d x /d x *  o b ta in e d  from  (30) we o b ta in  th e  values of 

y  g iven  in  th e  second co lum n o f th e  follow ing tab le . T he values o f y  a lread y  

d e te rm in ed  b y  in te g ra tio n  from  th e  ve lo city  curves a re  g iven  in  th e  th ird  

colum n. T he ag reem en t will be seen to  be v e ry  good.

X
C a lc u la te d  f r o m C a lc u la te d

t h e  v a lu e s  o f « b y  i n t e g r a t i o n

d x / d x *  g iv e n  b y f r o m  t h e

X * e q u a t i o n  (30 ) v e l o c i t y  c u r v e s

0 -0 6 2 5 — 0 -1 8 8

0 -0 7 5 0 0 -2 0 9 0 -2 0 9

0 -0 8 7 5 0 -2 3 2 0-231

0 -1 0 0 0 -2 5 4 0 -2 5 4

0 -1 1 2 5 0 -277 0 -276

0 -1 2 0 0-291 0 -290

W e m ay  ta k e  th is  ag reem en t as fa irly  conclusive p ro o f th a t  th e  value of 

(0-120) d e term in ed  by  e ith e r o f th e  a p p ro x im a te  m ethods is th e  co rrec t 

one.
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Laminar boundary layer equations 5 6 5

P A R T  I I

N e w  m e t h o d  o f  s o l v i n g  t h e  b o u n d a r y  l a y e r  e q u a t i o n s

F O R  T H E  G E N E R A L  C A SE  O F R E T A R D E D  FL O W

F o r sim plicity., we will consider in  th e  first p lace th e  m ethod  as i t  was 

crudely  conceived orig inally . T he orig inal idea w as to  replace th e  velocity  

d is trib u tio n  a t  th e  edge o f th e  b o u n d ary  layer, in  a re ta rd e d  region, by  a 

polygon o f a  fin ite  n u m b e r o f sides. W e will suppose th a t  th e  so lu tion  has 

been carried  as fa r  as th e  re ta rd e d  reg ion  by  som e o th e r m ethod , because 

th e re  seem s to  be little  d o u b t th a t  m a n y  o f th e  ex isting  m ethods (Pohl- 

h au sen ’s fo r exam ple) a re  reaso n ab ly  ad eq u a te  in  an  accelerated  reg ion. 

W e m ay  suppose, therefo re , fo r ou r p re sen t purpose  th a t  th e  sk in  friction

m en t o f th e  first side; we m ay  w rite  th e  ve locity  d is trib u tio n  corresponding 

to  th e  first side in  th e  form  U  = b'0 — bx X,w here X  is m ea

first v e rte x . T he essen tia l a ssu m p tio n  in tro d u ced  now  is th a t ,  once th e  

pressure , th e  p ressu re  g ra d ie n t a n d  th e  sk in  fric tion  (or th e  m om entum  

in teg ra l) a re  know n  a t  a  p a r tic u la r  p o in t, th e  velocity  d is trib u tio n  th ro u g h 

o u t th e  b o u n d a ry  lay e r is com ple tely  de te rm in ed  an d  is g iven b y  th e  

a p p ro p ria te  one o f th e  singly  in fin ite  fam ily  o f velocity  curves given by  th e  

p roblem  o f P a r t  I . A lth o u g h  n o t precisely  tru e  i t  is hoped th a t  such an  

a ssu m p tio n  offers a  reasonab le  basis for ap p ro x im atio n .

T he m e th o d  consists in  d e te rm in in g  60 an d  x* ( = b1x 0/b0) so th a t  w hen 

x  = x 0 in  th e  so lu tion  o f th e  p rob lem  we have  j u s t d iscussed (w ith U  = b0 — b1x) 

th e  sk in  fric tio n  is id en tica l w ith  th e  know n skin  fric tion  a t  th e  beginning 

o f th e  first side a n d  U  is equal to  b'0 th e re . T he so lu tion  a t  an y  p o in t in  th e  

first side is th e n  g iven  b y  p u ttin g

th e  so lu tion  as fa r  as th e  second v e rte x  is therefo re  know n an d  th e  process 

can  be rep ea ted . T he d e te rm in a tio n  o f b0 a n d  x*  is sim ple; we notice  th a t

com m ence-

&o — 6q — b0( l o )?

an d  since {du/dy)x=0 is supposed  know n we can  ev a lu a te

( 3 1 ) D
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5 6 6 L . H o w a r th

In  v ir tu e  o f (31)
m

\ ^y_nt o
6 0(1  — x

(32)

W e can  p lo t th e  r ig h t-h a n d  side o f (32) once a n d  for all as a  fu n c tio n  of 

(see T ab le  I I  a n d  fig. 8) a n d  from  th e  g ra p h  we can  read  off from  th e  given 

value  o f

m

th e  ap p ro p ria te  v a lu e  o f x*. K now ing  x* , 60 is d e te rm in ed  from  (31), a n d  

a t  an y  p o in t o f th e  first side x*  is de te rm in ed  b y  th e  expression  x*  +  (bl X / b 0). 

S im ilarly  x*  is d e te rm in ed  in  su b seq u en t sides.

T a b l e  I I I . V a l u e s  o f u jU

N X * 0-0125 0-025 0-0375 0-050 0-0625 0-075 0-0875 0-100 0-1125 0-120

V

0-0 0-000 0-000 0-000 0-000 0-000 0-000 0-000 0-000 0-000 0-000

0-2 0-125 0-117 0-108 0-099 0-089 0-078 0-066 0-052 0-034 0-010

0 4 0-251 0-237 0-222 0-205 0-188 0-168 0-146 0-120 0-085 0-038

0-6 0-377 0-358 0-338 0-317 0-293 0-267 0-237 0-202 0-152 0-085

0-8 0-498 0-477 0-455 0-430 0-403 0-372 0-337 0-294 0-234 0-149

1 0 0-611 0-590 0-567 0-541 0-513 0-480 0-442 0-394 0-325 0-227

1-2 0-711 0-692 0-670 0-645 0-617 0-585 0-546 0-498 0-426 0-318

1-4 0-796 0-779 0-760 0-738 0-712 0-682 0-646 0-598 0-527 0-416

1-6 0-864 0-850 0-834 0-815 0-794 0-769 0-736 0-692 0-625 0-517

1-8 0-914 0-904 0-891 0-877 0-860 0-839 0-812 0-776 0-716 0-616

2-0 0-949 0-942 0-934 0-923 0-910 0-894 0-872 0-844 0-794 0-708

2-2 0-972 0-967 0-962 0-954 0-946 0-934 0-918 0-897 0-858 0-787

2-4 0-985 0-983 0-979 0-975 0-969 0-961 0-951 0-936 0-908 0-853

2-6 0-993 0-991 0-990 0-987 0-984 0-979 0-972 0-962 0-943 0-903

2-8 0-997 0-996 0-995 0-994 0-992 0-989 0-985 0-978 0-967 0-940

3 0 0-998 0-998 0-998 0-997 0-996 0-995 0-992 0-989 0-982 0-965

3-2 0-999 0-999 0-999 0-999 0-999 0-998 0-997 0-994 0-991 0-981

3-4 1-000 1-000 1-000 1-000 1-000 0-999 0-999 0-998 0-995 0-990

3-6 — — — — — 1-000 1-000 0-999 0-998 0-995

3-8 — — — — — — — 1-000 0-999 0-998

4 0 1-000 0-999

4-2 1-000

K now ing x*  a t  every  p o in t th e  so lu tion  is com pletely  de term ined . F or, 

in  th e  first place, th e  ve locity  d is tr ib u tio n  is g iven by  th e  corresponding one 

o f th e  singly infin ite  system  of ve locity  curves (some o f these curves a re
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Laminar boundary layer equations 567

show n in  T able  I I I  a n d  fig. 7). F u rth erm o re , if  U  an d  jd x  a re  respectively  

th e  velocity  an d  th e  velocity  g rad ien t a t  th e  p o in t considered

U  = b0( l

by  th e  defin ition  o f 60 a n d  x* .  T herefore

-(£). J S L
606|(1 —x*)

This q u a n tity  is show n in  T ab le  I I  a n d  p lo tte d  in  fig. 8 as a  func tion  of x*.

T hus g iven x*,
' ( a

U ( - d U / d x ) *  

g iven th e  sk in  fric tion  can  be ev a lu a ted .

is de term ined , a n d  since U  an d  dU jd x  are

F ig . 8
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5 6 8 L . H o w a r th

W e n a tu ra lly  o b ta in  a  con tinuous cu rve  for th e  sk in  fric tion . T his m ethod  

is n o t a ll th a t  could be desired , because m ak in g  th e  sk in  fric tio n  continuous 

a t  th e  vertices  corresponds to  in tro d u c in g  an  im pulse  a t  each  v e rtex .

P ro b ab ly  a  m ore sa tis fa c to ry  m e th o d  w ould  be to  m ake  6  continuous. 

T he so lu tion  o f th is  p rob lem  is sim pler th a n  th e  preced ing  because 

is g iven  as a  fu n c tio n  o f x*  b y  th e  orig inal p rob lem . 

6f 0 /f * can  be e v a lu a te d  a t  th e  beg inn ing  of th e  first side o f th e  po lygon an d  

th e  co rresponding  va lue  o f x*  re a d  off from  th e  g ra p

T he so lu tion  a t  a n y  o th e r p o in t is g iven, as before, b y  p u tt in g

cr* =  Xq +  ? w here b0 = b'0/ ( l —x$).
bo

T he va lu e  o f 6  being  th u s  d e te rm in ed  a t  th e  second v e rte x  th e  process m ay  

be rep ea ted .

T a b l e  IV . T a b l e  o f  v a l u e s

OF "‘( 1 ) /
M i -

x * 0-025 0-050 0-075 0-100 0-120

V \

0-0 1-772 1-011 0-613 0-315 0-000

0 4 1-866 1-162 0-801 0-533 0-240

0-8 1-796 1-200 0-906 0-691 0-454

1-2 1-467 1-050 0-860 0-733 0-604

1-6 0-960 0-741 0-663 0-632 0-642

2-0 0-481 0-406 0-401 0-432 0-504

2-4 0-179 0-168 0-184 0-229 0-367

2-8 0-049 0-051 0-064 0-093 0-193

3-2 0-009 0-011 0-016 0-028 0-103

3-6 0-002 0-002 0-004 0-006 0-023

4 0 0-000 0-000 0-000 0-001 0-006

4-4 — — — 0-000 0-000

T he o b jection  to  th is  m e th o d  is t h a t  b y  m ak in g  6 con tinuous we m ake th e  

sk in  fric tion  d iscon tinuous a t  each  jo in , an d  since th e  sk in  fric tion  is one 

o f th e  m ost im p o r ta n t re su lts  o f th e  ca lcu la tion  i t  is n o t sa tisfac to ry .

T his m eth o d  o f so lu tion  can, how ever, be ex ten d ed  to  th e  case w hen th e  

sides o f th e  po lygon are  m ade to  te n d  to  zero, th e  n u m b er o f sides ten d in g  

to  in fin ity . B y  so doing we o b ta in  a  con tinuous sk in  fric tion  w ith o u t 

in tro d u cin g  a  series o f im pulses.

L e t us a p p ro x im a te  to  th e  velocity  d is tr ib u tio n  a t  th e  edge o f th e  b o u n 

d a ry  lay er b y  m eans o f a c ircum scrib ing  po lygon w hose sides are  infin i

tesim ally  sm all. Suppose B  is one v e rte x  o f th is  polygon an d  th a t  A  an d  C  

are  th e  po in ts  o f co n tac t o f th e  sides th ro u g h  B .  Suppose A ,  B  and  C  have

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



Laminar boundary layer equations 5 6 9

abscissae x , x  + 8xx, x  +  8xrespectively . W e m ay  th e n  w rite  th e  slope 

A B as (dU /dx )x an d  th a t  o f BC as (dU /dx )x+Sx.

The m eth o d  essen tia lly  consists in  de term in ing  th e  value o f x*  a p p ro 

p ria te  to  a n y  va lue  o f x. L e t us suppose th e  value o f x*  is know n a t  A . T he 

change 8 x f  in  x*  as we pass from  A  to  

re ta in in g  th e  sam e n o ta tio n  as we used  previously ,

bx8xx _  61^a;1(l — cr*)

T he change 8x% in  x*  as we pass from  B ,  considered as a p o in t o f A B ,  to  B  

considered as a  p o in t o f S C  is g iven  b y  ou r hypo thesis  th a t  6 is con tinuous 

a t  B .

N ow
0 X  
7* = W

H ence if  6  is con tinuous

y (x * +  &r *) +  &£*)

( _ d U \ *  =  ( _ d U \ *

\ d x  J  x \ d x

i.e.

M oreover,

1 + h « &  =  1 + ( | )  * , t

2 \  d U / d x  J x

\Xdx*)x*+Sx* U  d x * )x .

re ta in in g  only first o rder q u an titie s . T hus

Sx*= \ m j dJ L M
2 2 \ d x 1 / d x  dx* \

Sx.

(33)

(34)

(35)

F u rth e r, th e  change Sx*  in  x* as we pass from  to  along B

* * = ~ ^ - x* - sx* i v dA j sx- sxi)’

*)• S in c e  ^  is  k n o w n  t o  b e  a  d i f f e r e n t ia b le  f u n c t i o n  o f  a?*, a n d  s in c e  S x * w ill b e  s m a ll  

so  lo n g  a s  t h e  c h a n g e  in  s lo p e  f ro m  A B  t o  B C  is  s m a ll ,  w e  c a n  w r i te

X ( x *  +  S x *  +  S x * )  =  X ( x *  +  ) +

to  t h e  f i r s t  o r d e r .  E q u a t i o n  (3 4 )  t h e n  fo llo w s  im m e d ia te ly .
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5 7 0 L . H o w a r th

w here Sx*  is th e  to ta l  change in  x*  from  A  to  C. T h u s to  th e  first o rder

8x* =  — (1 —
l l _ d U \  

[ u  d x )
(Sx  —  Sx^ .

H ence th e  to ta l  change in  x * as we pass from  to  is

Sx* = Sx'f +  Sx$  +  f

( X ^ U d x + 2 d x  d U /d x  i ^ ‘

( dx*  J

P roceeding  to  th e  lim it w hen  th e  sides a ll te n d  to  zero we see th a t

dx* 1 d U  1 y(#*) d^U /dx*

d x  U  d x  X ^  2 dx(%*)

d x *

( 3 6 )

(37)

(37) is a  d ifferen tia l e q u a tio n  for x* in  te rm s  o f x ,  s

tio n  o f x*  show n in  T ab le  I I  a n d  fig. 5, a n d  U  is a  know n  fu n c tio n  o f x. T he 

so lu tion  m a y  be o b ta in e d  g rap h ica lly  or o therw ise once th e  in itia l va lue  o f 

x* is know n. If , as before, we suppose th e  so lu tion  s ta r ts  from  a g iven v a lue  

6q o f 6  a t  x  = x 0, th e n  we can  e v a lu a te

I d U A d ,

\  d x  ) Xo *

a n d  de term ine  th e  in itia l va lue  o f from  th e  g rap h  o f x i x * )-  T hus th e  

in itia l va lue  o f x * corresponding  to  x 0 is d e te rm in ed , an d  hence th e  com plete 

re la tio n  be tw een  x*  a n d  x  is know n from  th e  so lu tion  o f (37). Once th e  value  

o f x*  a p p ro p ria te  to  a  g iven  va lu e  o f x  is know n we can  de term ine  th e  skin  

fric tion  an d  th e  velocity  d is trib u tio n . T he skin fric tion  is o b ta in ed  by  read ing  

off th e  corresponding  va lue  of

60(1 — xb\

from  T able  I I  or fig. 8; since 60(1 — x*) = U  an d  b1 =

de term ined . T he velocity  d is trib u tio n  is g iven  b y  th e  ap p ro p ria te  one o f th e  

singly infin ite  fam ily  o f ve locity  curves g iven by  d ifferent values o f x * in  

th e  ex ac t so lu tion  o f th e  orig inal prob lem . Som e o f these  curves are shown 

in  T able  I I I  an d  fig. 7.

So fa r  i t  has been assum ed th a t  a n o th e r m e th o d  has been used  to  carry  

th e  so lu tion  ju s t in to  th e  re ta rd e d  region (i.e. ju s t p a s t th e  pressure  m inim um ).
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Laminar boundary layer equations 571

In  all app lica tions i t  w ould p ro b ab ly  be m ost convenien t to  s ta r t  th e  so lu tion  

a t  th e  p ressure  m in im um . Since dU /d x  vanishes a t  th e  pressure  m inim um  

it  is ev id en t th a t  x*  also van ishes th e re  (since i t  con tains dU /d x  as a  factor). 

F u rth e r , e q u a tio n  (37) has a  singular p o in t w hen 0 an d  dU Id x  0,

since y  (see below ) fo r sm all values o f x*. T he ap p ro p ria te  value of 

dx* /d x  m u st be d e te rm in ed  from  th e  value  of 6  a t  th e  p ressure  m inim um  

ob ta ined , o f course, from  th e  m eth o d  of so lu tion  used  as fa r as th e  pressure 

m inim um .

W e m ay  proceed here  as we d id  before. L e t us suppose th a t  A  is th e  

velocity  m ax im um  (the  p ressu re  m in im um ) an d  suppose th a t  A B  an d  B C  

are  tw o a d ja c e n t sides o f th e  circum scrib ing  polygon ( A B  will therefore  be 

p ara lle l to  th e  cr-axis). As before we ta k e  th e  abscissae of an d  C  to  be 

x , x  + dxx a n d  x  +  dx. T h u s th e  slope o f B  is, to  th e  first o

T he value d0 o f 6  is supposed  g iven a t  A  b y  th e  m eth o d  o f so lu tion  used  in  

th e  accelerated  region  an d  will be used  as ou r s ta r tin g  po in t. A p a rt from  a 

first o rder q u a n tity  th e  value  o f 6 at  B considered as a  p o

be 60. T herefore th e  va lue  o f y  a t  B  considered as a  p o in t o f  B C  is de term ined

by  m ak ing  6  con tinuous a t  B  a n d  is |  j neglecting q u an titie s  of

th e  order o f (dx)*. N ow  y  van ishes a t  A , so we m ay  w rite , a t  C,

(38)

M oreover, for sm all values o f x* ,  y  is o f th e  form  Kx**,% w

T herefore to  th e  sam e o rder

d x  =  K ( (39)

since y  =  dx  w hen  x*  =  dx*. E q u a tin g  th e  values o f dx  from  (38) a n d  (39) 

we see th a t
d x * 

d x
2-269

<B U 6 l

d x 2 v '
(40)

T hus, s ta r tin g  from  th e  pressure  m in im um  w ith  a know n value o f 60 i t  is 

necessary to  solve th e  eq u a tio n

d x *  1 d U  . .  ,  < PU  j d £  d x

d x  Udx f 2X

t  S in c e  t h e  c h a n g e  in  y  f ro m  B  to  is  0 (& r)2.

% F r o m  t h e  s o lu t io n  in  s e r ie s  fo r  u  w e  se e  t h a t

h i  IQ / co
x  = A f  = 2x*iJo
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5 7 2 L . H o w a r th

dx*  d 2U  102\
w ith  th e  b o u n d a ry  conditions x*  =  0, - - - -  =  — 2*269 I I (the  ad d itio n a l 

b o u n d a ry  cond ition  being  req u ired  since 0 is a singu lar p o in t w ith  an  

in fin ite  n u m b e r o f in teg ra ls  passing  th ro u g h  it). T he fu n c tio n  y  / is 

show n in  T ab le  I I  a n d  fig. 9, ta b u la te d  o r p lo tte d  a g a in s t x* .

0 0*02 0*04 0*06 0*08 0*10 0*12

x *

F i g . 9

Co m pa r i s o n  w i t h  a  k n o w n  s o l u t i o n

F a lk n e r an d  S kan  h ave  g iven th e  e x ac t so lu tio n  o f th e  b o u n d a ry  lay er 

eq u a tio n  for a  ve locity  d is trib u tio n  U  = x~m a t  th e  edge o f th e  b o u n d a ry  

lay er for values o f m  be tw een  0*09 an d  0 (they  also give th e  so lu tion  for 

negative  values o f m ,  b u t  th a t  need n o t concern us here). T he p resen t m ethod  

o f so lu tion  does n o t lend  itse lf to  s ta r tin g  from  th e  infin ite  value o f U  a t
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Laminar boundary layer equations 5 7 3

x  =  0; we can, how ever, s ta r t  from  th e  e x ac t value of 6  a t  any  p o in t fu r th e r 

dow nstream  an d  con tinue  b y  m eans o f th e  p resen t so lu tion  in  order to  te s t 

th e  ad eq u acy  o f th is  m e th o d  o f so lu tion . E q u a tio n  (40) reduces to

dx*

d x
t o(1 —x*) — 4(t o + 1 ) ~ -

d x

dx*

(41)

F a lk n e r a n d  S k an  do n o t, how ever, give sufficient in fo rm ation  to  enable 

us to  calcu la te  6  a t  a n y  p o in t for a g iven  value  of t o, b u t we m ay  choose th e  

in itia l va lue  o f x*  fo r s ta r tin g  ou r so lu tion  so th a t  i t  leads to  th e  rig h t 

sk in  friction .

F o r th e  va lue  t o =  0*09 F a lk n e r an d  S k an  find a  so lu tion  in  w hich th e  

sk in  fric tion  van ishes for all values o f x .  L e t us consider th e  sam e problem  

an d  s ta r t  ou r so lu tion  from  th e  value  o f x*  w hich  gives th e  rig h t skin  fric tion  

in itia lly  (zero), i.e. we s ta r t  from  x*  =  0*120.

W ith  x*  =  0*120 we find from  (41) th a t

In  o rder th a t  th e  sk in  fric tio n  should  v an ish  everyw here d x* /d x  m u st van ish  

everyw here so th a t  x*  re ta in s  th e  va lue  0*120 for all values o f a;; we require  

therefo re
t o _  0*0755 

t o + 1 0*880 ’

w hich leads to  a va lue  t o = 0*0938.

T hus th e  p re sen t m e th o d  gives a  va lue  0*0938 for t o com pared  w ith  th e  

value  0*09 o b ta in ed  b y  F a lk n e r a n d  Skan. H a rtre e , using th e  d ifferential 

analyser, has  recen tly  g iven a  va lue  0*0905 for th is  q u a n tity  (1937).

/  d  XJ S ^ \
P o h lh a u sen ’s eq u a tio n  for Al =  - j -  — I m ay  be p u t in  th e  

f x  -  + w % m  < H o w a r t h  I 9 3 4 ’ p - I 4 ) -

d x

T his m e th o d  gives sep a ra tio n  w hen A =  —12, so th a t  app ly ing  a sim ilar 

analysis here to  de term ine  th e  ap p ro p ria te  value of t o we find

t o  h ( —  1 2 )

toT T  = “ / ( -  12) ’

w hich leads to  a re su lt t o = 0*100.
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5 7 4 L . H o w a r th

T he ag reem en t g iven  b y  th e  p re sen t m e th o d  w ith  th e  e x a c t so lu tion  is 

m uch  b e tte r  th a n  th a t  g iven  b y  P o h lh a u se n ’s m e th o d  a n d  m ay , I  th in k , 

be considered  q u ite  good for th e  follow ing reason . T he p rob lem  to  w hich 

i t  has been ap p lied  is p ro b a b ly  th e  one m o st likely  to  show  u p  a n y  defects 

because th e  p ressu re  g ra d ie n t is decreasing  in  th e  d irec tio n  of th e  flow. I t  

is e v id en t from  th e  va lues a lre ad y  g iven  th a t  w ith  th is  ty p e  o f flow th e  

p re sen t m e th o d  gives sep a ra tio n  too  la te ; a n  e x am in a tio n  of e q u a tio n  (37) 

suggests th a t  w hen  th e  p ressu re  g ra d ie n t is increasing  in  th e  d irec tio n  of 

th e  flow (as i t  u su a lly  does in  p ra c tic a l cases be tw een  p ressu re  m in im um  an d  

sep ara tio n ) th e  p re sen t m e th o d  m a y  give sep a ra tio n , if  an y th in g , to o  early  

since th e  sign o f th e  la s t te rm  in  th e  e q u a tio n  depends on  th e  c u rv a tu re  of 

th e  p ressu re  curve.

R e tu rn in g  now  to  th e  m e th o d  suggested  in  th is  p a p e r  we can  te s t  i t  

a g a in s t th e  e x a c t so lu tio n  b y  choosing som e sm all va lue  o f m ,  say , 0*04. T hen

dx*

d x
0*04(1 —x*)  — 0-52

d x

dx*_

(42)

W ith  th is  va lu e  for m  th e  g ra p h  g iven  b y  F a lk n e r  a n d  S k an  show s th a t

v%\

( 3 m + l )

=  0-26x  2  ,-j-

S ta rtin g  from  th e  va lu e  =  1 we see th a t

v i ^  I  u ( -  —  ]* = —
dy I \  d x  I  0 2

=  1-3.

(43)

T he a p p ro p ria te  v a lu e  o f x*  d e te rm in ed  from  fig. 8 is 0*040. W hen  =  1 a n d  

x* =  0*040, d x* \d x  =  0*015. N ow  d x* /d x  =  0 fo r all values o f x  w hen  

x* =  0*042. I t  is m ade clear b y  tr ia l  th a t  th e  so lu tion  is g iven  b y  x*  =  0*042 

for a ll va lues o f x  a p a r t  from  a sm all in itia l reg ion  o f th e  o rd e r x  =  0*2 w hen 

x* passes from  0*040 to  0*042. N ow  w hen  x*  =  0*042,

so th a t

for all values o f x .

=
dy

( 3 m + l )

2 (44)

f  T h is  v a lu e  w a s  o b ta in e d  (m o re  p r e c is e ly  i t  w a s  h a l f  th i s  v a lu e )  f r o m  a  s m a ll  s c a le  

g r a p h ,  so  t h a t  i t s  a c c u r a c y  is  s o m e w h a t  d o u b t f u l .
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C om paring (43) a n d  (44) we see th a t  th e  ag reem ent m ay be considered 

excellent especially  in  view  of th e  d e te rm in a tio n  of th e  0-26 in  equation  

(43) from  a  sm all scale g raph . I t  is, in  fac t, a lm ost im possible to  d istinguish  

betw een  th e  abscissae corresponding  to  th e  values 0-25 an d  0-26.

Laminar boundary layer equations 5 7 5

Co m pa r is o n  w it h  e x p e r im e n t

S chubauer (1935) has m easu red  th e  p ressu re  d is trib u tio n  aro u n d  an  

e llip tic  cy linder o f fineness ra tio  2 -96 :1 . I t  is doub tfu l, how ever, w h eth er 

th e  R eyno lds n u m b e r he used  w as sufficiently high.

I f  V  is th e  ve locity  a t  in fin ity , if  u  is th e  ra tio  o f th e  ve locity  a t  a p o in t in  

th e  b o u n d a ry  lay er to  V  a n d  if  p is th e  ra tio  o f th e  pressure  to

te rm s in  th e  second b o u n d a ry  lay er e q u a tio n  (the e q u a tio n  o f flow p e r

pen d icu la r to  th e  wall) a re

dp  2

dy r

w here y  is th e  ra tio  o f th e  no rm al d is tance  from  th e  b o u n d ary  to  th e  m inor 

axis B  an d  r  is th e  ra tio  o f th e  rad iu s  o f c u rv a tu re  of th e  b o u n d ary  a t  th e  

p o in t considered to  B .  T herefore  th e  difference betw een  th e  value o f p  a t  

a  p o in t y  an d  th e  va lue  p s o f p  a t  th e  surface is g iven  by

P ~ P s  ~
2 U *8 [ vls

" T j  0 U r

w here U  is th e  va lue  of u  an d  8 is th e  v a lu e  of y  a t  th e  edge of th e  bo u n d ary  

layer.

N ow  in  S c h u b au er’s m easu rem en ts, w hen x  =  1-946 (he found  separa tion  

a t  1-99), th e  v alue  o f y  g iven  b y  u  =  0-9517 is ap p ro x im ate ly  0-04 so th a t  th e
2 x 1 - 5 x 0 - 0 4  1

change in  p  across th e  b o u n d a ry  layer is app ro x im ate ly  -  x ^ 5

i.e. 0-010. T he value  1/3 w hich has been used  here for th e  in teg ra l is slightly  

low com pared  w ith  th e  one o b ta in ed  b y  using S chubauer s velocity  d is tr ib u 

tio n  (a value 0- 4 was o b ta in ed  b y  th e  p resen t w rite r by num erical in te g ra tio n ) , 

Schubauer also gives th e  resu lt th a t  r  varies betw een  0-17 a t  th e  end  ol th e  

m ajo r axis to  4-4 a t  th e  end  of th e  m inor axis 1-6), so th a t  th e  value 4 

for rat  a p o in t well p a s t th e  end  of th e  m inor axis is p robab ly  on the  large 

side. T hus th e  value  0-010 is a v ery  conservative e stim ate  of th e  change in p  

across th e  layer. N ow  th e  th ird  figure in  p  is significant in  determ in ing  th e  

pressure g rad ien t to  th e  accuracy  w ith  w hich i t  is requ ired  in  th e  re ta rd e d  

region. T he average pressure  g rad ien t over th e  region Irom  th e  p iessu ie

*
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5 7 6 L . H o w a r th

m in im um  ( x =  1-3) to  th e  observed  p o in t o f sep a ra tio n  1*99) is 0-190 

ap p ro x im a te ly . M oreover th e  change in  p  across th e  lay er is n o t a  co n stan t 

b u t depends p rim arily  on 8 so th a t  th e  p ressu re  d is tr i

th e  b o u n d a ry  lay er p ro b a b ly  gives a n  en tire ly  d ifferen t p ressu re  g rad ien t 

d is trib u tio n . (S chubauer e s tim a te s  th a t  does n o t v a ry  g re a tly  in  th e  

re ta rd e d  region, he gives a  v a ria tio n  o f from  0-040 to  0-049, b u t  M illikan who 

has also exam ined  S c h u b a u e r’s ex p erim en ta l d a ta  gives a considerab ly  

g re a te r  v a ria tio n  from  0-032 a n d  0-051.) T here  is th erefo re  a  reasonab le  

d o u b t w h e th e r th e  p ressu re  g ra d ie n t o b ta in e d  b y  S ch u b au er is a d eq u a te  for 

th e  purpose  o f te s tin g  th e  accu racy  o f th e  m e th o d  o f so lu tion  suggested  

above.

1-3 t-4 L-5 1-6 1-7 1-8 1-9 2-0

x

F i g . 10

H ow ever, using  th e  velocity  d is trib u tio n  a t  th e  edge o f th e  b o u n d a ry  

layer deduced  b y  S chubauer from  his observed  p ressu re  d is trib u tio n , I  

e s tim a ted  d U  \d x  an d  d 2 U jd x 2 g raph ica lly  in th e  re ta rd e d  region an d

th e  m eth o d  suggested  above s ta r tin g  from  th e  value  o f 6  a t  th e  p ressure  

m in im um  given b y  P o h lh au sen ’s m ethod . T he in teg ra l curve for x*  is show n 

in  fig. 10; i t  w ill be no ticed  th a t  th e  va lue  o f x  a t  th e  p o in t o f sep ara tio n  is 

1-925 an d  th a t  x*  does n o t rise m uch  above th e  sep ara tio n  value (since 

d x* jd x  is sm all a t  th e  p o in t o f separa tion ). T he values o f th e  sk in  friction  in
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th e  re ta rd e d  region are  show n g raph ica lly  in  fig. 11 .f  Schubauer using sm oke 

to  locate th e  sep a ra tio n  p o in t found  x =  1-99 for separa tion , w hilst M illikan 

using K a rm a n  a n d  M illikan’s m e th o d  gives x  = 1-88.

Laminar boundary layer equations 5 7 7

F i g . 11

I t  should  be rem ark ed , how ever, th a t  using th e  values Schubauer e sti

m a te d  for dUIdx an d  d 2U / dx 2 th e  p re sen t m eth o d  failed to  give

x*  d id  n o t rise above 0-10. T he values e stim a ted  by  S chubauer and  those I  

used  are show n in  T ables V a  an d  V b respectively . The reason for failure was 

largely  th e  v e ry  early  inflexion in  th e  velocity  curve given by  S chubauer

T a b l e  V

T J
dU  . d2U

X u
dx dx2

1-250 1-295 0-002 -0-170
1-350 1-295 -0-012 -0-183
1-457 1-292 -0-033 -0-192
1-600 1-284 -0-070 -0-208
1-700 1-275 -0-094 -0-203
1-832 1-261 -0-121 -0-012
1-900 1-252 -0-120 + 0-108

t  I t  is  im p o s s ib le  to  e s t im a te  a t  a l l  a c c u r a t e ly  t h e  s k in  f r ic t io n  f ro m  S c h u b a u e r ’s 

m e a s u r e m e n ts .  I n  a d d i t io n  t o  t h e  la rg e  c o r r e c t io n  h e  f in d s  i t  n e c e s s a r y  to  a p p ly  

n e a r  to  t h e  s u r fa c e ,  t h e  p o in ts  a r e  s c a t t e r e d  in  t h e  r e t a r d e d  r e g io n .  I  h a v e  n o t  

a t t e m p t e d ,  th e r e f o r e ,  t o  in c lu d e  h is  r e s u l t s .

38-2

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



5 7 8 L . H o w a r t h

Ta b l e  V b

T J
dU d2U

X u

dx dx2

1-3 1-295 0-000 - 0-215

1-4 1-294 - 0-024 - 0-255

1-5 1-290 - 0-050 - 0-260

1-6 1-284 - 0-075 - 0-255

1-7 1-275 -  0-100 - 0-220

1-8 1-264 - 0-119 - 0-140

1-9 1-252 - 0-126 - 0-005

1-925 1-249 - 0-126 +  0-055

a n d  for w hich  I  h av e  been  u n ab le  to  find  a n y  evidence. M y e s tim a tio n  gave 

a  va lu e  1-90 fo r x  a t  th e  inflexion  w h ils t S c h u b a u e r’s v a lu e  w as a b o u t 1-84. 

I n  a n y  case th e  co m p ara tiv e ly  la rge  v a lu e  o f th e  p ressu re  difference across 

th e  lay e r m akes i t  v e ry  d o u b tfu l w h e th e r we a re  ju s tified  in  d e te rm in in g  th e  

second d e riv a tiv e  a t  all.

I t  m a y  also be re m a rk e d  th a t  w hen  P o h lh a u se n ’s m e th o d  w as app lied  to  

th e  values I  e s tim a te d  fo r d U /d x  a n d  th e  m ax im u m  va lu e  for —A

w as a b o u t 7-5 a  va lu e  considerab ly  below  th e  v a lu e  12 re q u ired  b y  th is  

m e th o d  fo r sep ara tio n .

I  w ish to  express m y  g ra ti tu d e  to  th e  A ir M in istry  for p rov id ing  m e w ith  

a  co m p u te r to  p e rfo rm  m u ch  o f th e  m echan ical lab o u r necessary  in  th e  

so lu tion  of th e  eq u a tio n s  ( 7 ) - ( l l ) .

Su mm a r y

Par t  I .  T he p rob lem  o f th e  flow along a  fla t p la te  p laced  edgew ise to  a  

s tead y  s tream , w hen a  re ta rd in g  p ressu re  g ra d ie n t v a ry in g  linearly  as th e  

d is tan ce  x  from  th e  lead ing  edge o f th e  p la te  is superposed  is discussed. 

I f  y  deno tes d is tan ce  m easu red  p e rp en d icu la r to  th e  p la te , a  so lu tion  is 

o b ta in ed  in  th e  form  o f a  pow er series in  x  w hose coefficients are  func tions 

o f y / x t .D ifferential eq u a tio n s are  o b ta in ed  for these  coefficients. Seven

of th e  coefficients h ave  been o b ta in ed  w ith  reasonab le  accu racy  an d  th e  

e igh th  an d  n in th  roughly . U n fo rtu n a te ly  i t  ap p ears  th a t  a b o u t e igh t m ore 

te rm s are req u ired  to  ca rry  th e  so lu tion  to  th e  p o in t o f sep a ra tio n ; th e  

w ork involved  in  th e ir  d e te rm in a tio n  is p roh ib itive . Two ap p ro x im ate  

m ethods have  been developed for de term in ing  th e  e rro r w hen th e  first 

seven te rm s o f th e  series are used  as an  ap p rox im ation . These m ethods lead 

to  th e  d e te rm in a tio n  o f th e  p o in t o f sep ara tio n  and  are  in agreem ent as to
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its  position . I f  b0 is th e  velocity  a t  th e  edge o f th e  b o u n d ary  layer a t  th e  

leading edge of th e  p la te  an d  b1 is th e  velocity  g rad ien t, separa tion  is found 

w hen bxx jbQ =  0-120.

Part I I .  A m e th o d  is developed  for th e  so lu tion  o f th e  b o u n d ary  layer 

eq u a tio n s  in  a n y  re ta rd e d  region. I t  is o b ta in ed  b y  rep lacing  th e  velocity  

d is trib u tio n  a t  th e  edge o f th e  b o u n d a ry  lay er b y  a  circum scribing polygon 

o f  in fin itesim al sides an d  app ly ing  th e  preced ing  so lu tion  to  each o f these 

sides, m ak ing  th e  m o m en tu m  in teg ra l con tinuous a t  each  v e rtex . T he 

problem  is th e re b y  reduced  to  th e  so lu tion  o f a first o rder d ifferen tia l 

eq u atio n .

Laminar boundary layer equations 5 7 9

R e f e r e n c e s

B la s iu s  1 9 0 8  Z .  M a th .  P h y s .  5 6 , 1—3 7 .

F a l k n e r  a n d  S k a n  1 9 3 0  R e p o r t s  a n d  M e m o r a n d a ,  N o . 1314 .

G o ld s te in  1 9 3 0  P ro c .  C a m b . P h i l .  S o c .  2 6 , 1.

H a r t r e e  1 9 3 7  P ro c .  C a m b . P h i l .  S o c .  3 3 , 2 3 7 .

H o w a r t h  1 9 3 4  R e p o r t s  a n d  M e m o r a n d a ,  N o . 1632 .

K a r m a n  a n d  M il l ik a n  1 9 3 4  N a t .  A d v i s .  C om . A e r o . ,  R e p o r t  N o . 504 . 

M il l ik a n  1 9 3 6  J . A e r o  S c i .  3  ( J a n u a r y ) ,  9 1 -4 .

S c h u b a u e r  1 9 3 5  N a t .  A d v i s .  C om . A e r o . ,  R e p o r t  N o . 527 .

T o e p f e r  1 9 1 2  Z .  M a th .  P h y s .  6 0 , 39 7 —8.

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 


