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Abstract Two problems of minimum weight design of
plane trusses are dealt with. The first problem concerns con-
struction of the lightest fully stressed truss subject to three
self-equilibrated forces applied at three given points. This
problem has been solved analytically by H.S.Y. Chan in
1966. This analytical solution is re-derived in the present
paper. It compares favourably with new numerical solu-
tions found here by the method developed recently by the
first author. The solution to the three forces problem paves
the way to half-analytical as well as numerical solutions to
the problem of minimum weight design of plane symmetric
frameworks transmitting two symmetrically located vertical
forces to two fixed supports lying along the line linking the
points of application of the forces.

Keywords Minimum weight design · Michell trusses ·
Interior point method

1 Introduction

The aim of the present paper is twofold. The first part deals
with theoretical construction of the fully stressed and the
lightest plane trusses subjected to three self-equilibrated
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co-planar forces applied at three given points. This problem
will not be solved completely, it involves many param-
eters. Nevertheless, an important class of its solutions,
belonging to the Michell (1904) class, will be considered.
Solution of this problem will make it possible to solve a
minimum weight design problem of fully stressed sym-
metric frameworks transmitting two vertical forces to two
fixed hinge supports lying on the line of application of
the forces.

The three-forces problem was discussed by Chan (1960),
this report being unavailable for the present authors, and
these results are cited in Hemp (1973) and in the reports
by Chan (1963, 1964, 1966), being available for the present
authors. Some suggestions of how to solve the three-forces
problem can be found in Dewhurst (2001) and Melchers
(2005). Some continuum based layouts are predicted by
Golay and Seppecher (2001, Section 5). In the present paper
we shall draw upon the methods developed by Chan (1966)
in a report-to the best of the present authors’ knowledge-
never cited till now, including the book by Hemp (1973) and
other papers by H.S.Y. Chan (1963, 1964, 1967, 1975). The
results of Chan (1966) will be re-derived here with using
the notation and some new ideas developed in Lewiński
et al. (1994a, b), Graczykowski and Lewiński (2006a, b,
c, 2007a, b), Rozvany (1998) and Lewiński and Rozvany
(2007, 2008a, b). It is thought appropriate to deliver a pos-
sibly complete derivation of all the formulae describing the
three-forces problem, because they will be useful in the
construction of new analytical solutions to other optimum
design problems within the theory of Michell trusses. The
minimal weight of the truss subject to the three given forces
will be found here by the kinematic method with using the
virtual displacements slightly different than those used by
Chan (1966). The construction of the virtual displacement
fields is rather complex and that is why it is presented here



836 T. Sokół, T. Lewiński

with all details to make the paper readable. The problems
discussed in the paper are of fundamental importance for the
theory of optimum design of structures, hence they deserve
such a detailed treatment.

The analytically found layouts of Michell trusses equi-
librating a given system of three forces are compared with
numerical solutions found by the method developed recently
by Sokół (2010). This numerical method is based on the lin-
ear programming formulation of the problem of optimum
design of fully stressed trusses of finite number of bars, dis-
cussed already in Hemp (1973, Ch. 1), Achtziger (1997)
and Gilbert and Tyas (2003). The new ideas lie in the proper
programming of the problem and in the specific usage of
the Mathematica package. The large linear programming
problems were effectively solved using the interior point
method with sparse matrix representation. The numerical
solutions lie very closely to the analytical results, which
proves correctness of both the analytical and numerical
predictions.

The layouts which solve the three-forces problem are
components of the more complex Michell solutions. In
the present paper these layouts will be used to construct
the optimal shapes of the lightest fully stressed frame-
works transmitting two vertical forces to the fixed supports
lying on the line linking the points of application of the
applied forces. This self-equilibrated system of two verti-
cal forces and two reactions is assumed to be symmetric,
see Fig. 16. The layout concerning the three-forces problem
determines the solutions around the supports. The reactions
are oblique—they are transmitted to the curved reinforcing
bar which becomes straight in the middle part of the struc-
ture, and where it is the only solid member of the solution.
The applied vertical forces are transmitted by the fans of
infinitely thin bars which transmit the vertical force to the
upper curved bar in such a manner that this bar is not bent.
Two methods of construction of the considered optimal
solution are presented. In the first method a one parameter
family of layouts is considered, the optimal one being cho-
sen from the condition of minimum weight. In the second
method a certain auxiliary saddle point problem is formu-
lated, its solution being just the solution characterized by
the minimal weight. The latter method results in an explicit
form of the set of equations, whose solution determines the
unknown design variables. Thus the solutions constructed
in this manner can be viewed as half-analytic. We show that
they almost coincide with the approximate solutions found
by the direct numerical method of Sokół (2010). Similar
layouts for this problem have also been predicted by other
numerical methods, also those based on the continuum for-
mulation with additional techniques of filtering, like SIMP,
see the results by Lógó et al. (2009).

2 The three forces problem

2.1 Formulation

Let three points: R, N, D are given. In this plane we intro-
duce the Cartesian coordinate system (x, y) of origin R,
the x axis being directed along RN, see Fig. 1. The points
R, N, D will be nodes of the unknown framework. Only
these nodes are subject to the forces: P = (Px , Py), Q =
(Qx , Qy), F = (Fx , Fy). Without loss of generality one of
the nodes—the node R—can be assumed to be fixed. Thus
the force at R will be viewed as the reaction P = (Px , Py),
see Fig. 1.

Our task is to find the lightest framework subjected to
the forces P , F, Q at the nodes R, D, N, respectively, of the
areas of cross-sections chosen such that the axial stress in
the members is bounded from both sides as follows: −σp �
σ � σp.

It will occur that in all members the equality: |σ | = σp is
attained, which means that the bars are uniformly stressed.

In the present paper we confine our attention to the sub-
class of the problem of three forces given by the layouts
consisting of two circular fans: RBA (of radius r2) and NAC
(of radius r1) and of a fibrous domain ABDC, composed
of two families of curvilinear and orthogonal fibres. The
force F at D induces the forces in the bars BD and CD of
different signs. Thus the resultant of the components Fx , Fy

must lie within the dashed lines around D. This sub-class
of solutions of the problem of three forces was discovered
by Chan (1966). To make the present paper self-contained
we shall outline the method of Chan of finding the angular
parameters

γ1 = �RNA, θ1 = �ANC, θ2 = �BRA (2.1)

Fig. 1 The problem setting
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which describe geometry of the whole fibrous domain
RBDCNAR.

2.2 Geometry of the domain RBDCNAR

The arcs AC and AB have circular shapes, the radii being

r1 = |NA| = |NC|
r2 = |RA| = |RB| (2.2)

and can be expressed by the angles γ1, γ2

r1 = d cos γ1, r2 = d cos γ2 (2.3)

where γ1 + γ2 = π
2 ; the distance d = |RN| being given.

The sides RA and NA of the right angled triangle RAN
determine a Cartesian coordinate system (x0, y0) of origin
at A. The domain ABDC is parameterized by a curvilinear
orthogonal system (α, β). The coordinates (α, β) of the
vertices of this domain are

A(0, 0), C(θ1, 0), B(0, θ2), D(θ1, θ2)

The analytical construction of the (α, β) net has been
for the first time developed by Carathéodory and Schmidt
(1923) and then by Chan (1964). The Lamé coefficients at
an arbitrary point (λ, μ), referring to the given curvilinear
parameterization are expressed by the formulae

A(λ, μ) = r1G0(λ, μ) + r2G1(μ, λ)

B(λ, μ) = r2G0(λ, μ) + r1G1(λ, μ) (2.4)

cf. (6.7) and (6.8) in Graczykowski and Lewiński (2006a);
the functions Gn(λ, μ) are defined by (1) in Lewiński et al.
(1994a). Let us define the functions

x̄(λ, μ) = r1 F1(λ, μ) + r2 F2(μ, λ)

ȳ(λ, μ) = r1 F2(λ, μ) + r2 F1(μ, λ) (2.5)

where Fn(λ, μ) are given by (2) in Lewiński et al. (1994a).
Let

φ(λ, μ) = μ − λ (2.6)

The Cartesian coordinates (xo, yo) of a point (λ, μ) are

xo(λ, μ) = x̄(λ, μ) cos (φ(λ, μ))

− ȳ(λ, μ) sin (φ(λ, μ))

yo(λ, μ) = x̄(λ, μ) sin (φ(λ, μ))

+ ȳ(λ, μ) cos (φ(λ, μ)) (2.7)

see (6.16) in Graczykowski and Lewiński (2006a). The
coordinates (x, y) of point (λ, μ) are given by

x(λ, μ) = [
xo(λ, μ) + r2

]
cos γ2

− yo(λ, μ) sin γ2

y(λ, μ) = [
xo(λ, μ) + r2

]
sin γ2

+ yo(λ, μ) cos γ2 (2.8)

and just with using these formulae the net of lines in Fig. 2
was constructed.

By using (2.3) and (7)–(14) in Lewiński et al. (1994a)
one can rearrange (2.8) to the form

x(λ, μ)

d
= sin γ2 k1(λ, μ) − cos γ2 k2(λ, μ)

y(λ, μ)

d
= − sin γ2 h1(λ, μ) + cos γ2 h2(λ, μ) (2.9)

with

h1(λ, μ) = − cos (γ2 + φ(λ, μ)) F2(λ, μ)

− sin (γ2 + φ(λ, μ)) F1(λ, μ)

h2(λ, μ) = cos (γ2 + φ(λ, μ)) F1(λ, μ)

+ sin (γ2 + φ(λ, μ)) F0(λ, μ) (2.10)

and

k1(λ, μ) = − sin (γ2 + φ(λ, μ)) F2(λ, μ)

+ cos (γ2 + φ(λ, μ)) F1(λ, μ)

k2(λ, μ) = sin (γ2 + φ(λ, μ)) F1(λ, μ)

− cos (γ2 + φ(λ, μ)) F0(λ, μ) (2.11)

Fig. 2 Parameterization of the fans RBA, NAC and the fibrous domain
ABDC
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2.3 Computation of the reactions at node N

Let xD = x(θ1, θ2), yD = y(θ1, θ2) be coordinates of point
D in the coordinate system (x, y) of origin at R.

Let us write down the equilibrium equations involving
the reactions Qx , Qy at node N. The condition of vanishing
of the moment of external forces with respect to the hinge R
reads

−d Qy − xD Fy + yD Fx = 0 (2.12)

We need one formula more to find the reactions Qx and Qy .
There are two manners to find such a formula. The first,
natural way is very laborious—one should solve the equi-
librium problem of the domain ABDC, starting from the
equilibrium equations of the node D. These two equilibrium
equations result in the values of the axial forces in bars BD
and CD. Having found these axial forces (which are con-
stant along the boundary lines DB, DC) one can solve the
equilibrium problem of the interior of the domain ABDC,
i.e. find the internal forces in the meaning of Hemp (1973)
by following the method developed in Graczykowski and
Lewiński (2007a). These internal forces are defined by

T1 = B NI , T2 = ANI I (2.13)

where NI and NI I are the principal stress resultants within
the theory of plane stress; the principal directions (I, I I )
coincide with the (α, β) trajectories. Having the forces
T1 and T2 along AC one can find the distribution of T2

within the fan NAC and then the resultant of these forces
at N, being the reaction Q. The component Qy thus
obtained will coincide with the solution of the algebraic
equation (2.12). Additionally we shall be able to compute
the component Qx .

Much shorter way of computing Qx was proposed by
Chan (1966). One should make use of the variational equa-
tion of equilibrium, cf. (6.1) in Graczykowski and Lewiński
(2007b):
∫ ∫ [

T1

(
∂u

∂α
+ v

)
+ T2

(
∂v

∂β
+ u

)]
dαdβ

+ LNCD + LRBD = L(u, v) (2.14)

where u(α, β), v(α, β) are components of the virtual dis-
placements (referred to the (α, β) parameterization) the
integration being taken over the whole structure. The lin-
ear form L(u, v) represents the virtual work of the loading.
In the case considered the structure contains two bars (RBD
and NCD) of finite cross sections and that is why the left
hand side of (2.14) is complemented by LNCD + LRBD—
the virtual work of axial forces in these bars on the axial
deformations, like in (2.5) of Graczykowski and Lewiński
(2006a).

Now we choose the fields u and v in such a manner that
the left hand side of (2.14) vanishes

∂u

∂α
+ v = 0,

∂v

∂β
+ u = 0 (2.15)

Then the axial deformations along the fibres α and β van-
ish; consequently, the virtual works LNCD and LRBD assume
zero vales. We shall assume additionally that

εrϑ = 0 in NCA, RBA (2.16)

The virtual work represented by the right-hand side of
(2.14) comprises the virtual work of reactions Px and Py .
To make this virtual work zero it is assumed that

u(R) = 0, v(R) = 0 (2.17)

It will turn out that the family of fields (u, v) satisfying
(2.15) and (2.16) is two-parameter—it depends on two inde-
pendent constants. Thus the (2.14) will imply two algebraic
equilibrium equations. These two equations imply (2.12)
and, additionally, an equation linking Qx , Fx and Fy . It
was already mentioned that this second equation cannot be
easy inferred from the equilibrium equations. Therefore, the
kinematic method proposed by Chan (1966) will turn out to
be especially effective in the problem discussed.

Let us turn to the details. We shall construct the kinematic
fields u, v satisfying the conditions (2.15) within ABDC,
the conditions of vanishing of the radial and circumferen-
tial strains within the fans RBA and NAC, the continuity
conditions as well as the conditions (2.16). We start with
construction of these fields in the fan RBA.

The polar coordinates are denoted by (r, ϑ), the fields
u, v being measured along these directions, cf. Fig. 3. Let
us recall the formulae defining the strain components in the
polar system

εr = ∂u

∂r
, εϑ = u

r
+ 1

r

∂v

∂ϑ
,

2εrϑ = 1

r

∂u

∂ϑ
+ ∂v

∂r
− v

r
(2.18)

Fig. 3 The polar parameterization within RBA
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The conditions

εr = 0, εϑ = 0, εrϑ = 0 (2.19)

imply the following representation of the displacement
fields

uRAB = C̄1 cos(ϑ − ϕ̄),

vRAB = ψ̄r − C̄1 sin(ϑ − ϕ̄) (2.20)

These equations follow from (77) of Lewiński and Rozvany
(2007), where ε = 0 was put. Here C̄1, ψ̄ , ϕ̄ are arbitrary
constants. The conditions (2.17) lead to

uRAB = 0, vRAB = ψ̄r (2.21)

Thus, along AB we have

uRAB|AB = 0 vRAB|AB = ψ̄r2 (2.22)

Let us construct the fields uNAC, vNAC within NAC (Fig. 4).
By (2.22) the fields u, v within NC must satisfy the

following conditions at A:

uNAC
A = ψ̄r2, vNAC

A = 0 (2.23)

The representation (u, v) in NAC is of the form (2.20), or

uNAC(r, ϑ) = C1 cos(ϑ − ϕ),

vNAC(r, ϑ) = ψr − C1 sin(ϑ − ϕ) (2.24)

The conditions (2.22) result in

C1 cos(θ1 − ϕ) = ψ̄r2 ψr1 − C1 sin(θ1 − ϕ) = 0 (2.25)

Fig. 4 Polar parameterization of the domain NAC

Let us introduce the constants

C0
1 = C1 sin(θ1 − ϕ), C0

2 = −C1 cos(θ1 − ϕ) (2.26)

Hence

ψ̄r2 = −C0
2 , ψr1 = C0

1 (2.27)

The representations of (u, v) are

Domain RAB

u = 0, v = −C0
2

r2
r (2.28)

Domain NAC

u = C0
1 sin α − C0

2 cos α,

v = −C0
1

(
cos α − r

r1

)
− C0

2 sin α (2.29)

Along the lines AB, AC, the fields (u, v) in ABDC must be
compatible with (2.28) and (2.29) or

uABDC
|AB = uARB|AB , vABDC

|AB = vARB|AB

uABDC
|AC = −vNAC

|AC , vABDC
|AC = uNAC

|AC (2.30)

Consequently, the values of uABDC, vABDC on the arc AB
refer to the line α = 0

uABDC(0, β) = 0, vABDC(0, β) = −C0
2 (2.31)

while the values of these fields on the arc AC refer to the
case of β = 0

uABDC(α, 0) = C0
1(cos α − 1) + C0

2 sin α

vABDC(α, 0) = C0
1 sin α − C0

2 cos α (2.32)

Let us pass to the construction of the fields u = uABDC,
v = vABDC.

According to (2.15) these fields satisfy the partial dif-
ferential equations of the form

∂2u

∂α∂β
− u = 0,

∂2v

∂α∂β
− v = 0 (2.33)

The values of u, v at an arbitrary point (λ, μ) of the domain
ABDC are given by the Riemann’s formula, cf. (17) in
Lewiński et al. (1994a)

u(λ, μ) = u(0, 0)G0(λ, μ)

+
∫ λ

0
G0(λ − α, μ)

∂u(α, 0)

∂α
dα

+
∫ μ

0
G0(λ, μ − β)

∂u(0, β)

∂β
dβ (2.34)
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Substitution of (2.31), (2.32) gives

u(λ, μ) = −C0
1

∫ λ

0
G0(λ − α, μ) sin αdα

+ C0
2

∫ μ

0
G0(λ − α, μ) cos αdα (2.35)

By using the formulae (16) of Lewiński et al. (1994a) one
finds

u(λ, μ) = −C0
1 F2(λ, μ) + C0

2 F1(λ, μ) (2.36)

while applying the differentiation rules (4) of Lewiński et al.
(1994a) we arrive at

v(λ, μ) = C0
1 F1(λ, μ) − C0

2 F0(λ, μ) (2.37)

Now we can determine the displacements at the node D

u(D) = u(θ1, θ2), v(D) = v(θ1, θ2) (2.38)

The displacements of the point D in the directions x and y
are computed by the rules

wx (D) = u(D) cos(γ2 + φD) − v(D) sin(γ2 + φD),

wy(D) = u(D) sin(γ2 + φD) + v(D) cos(γ2 + φD) (2.39)

where

φD = θ2 − θ1 (2.40)

Substitution of (2.36)–(2.38) results in

wx (D) = C0
1 h1(θ1, θ2) + C0

2 h2(θ1, θ2),

wy(D) = C0
1k1(θ1, θ2) + C0

2k2(θ1, θ2) (2.41)

where h1, h2, k1, k2 are given by the (2.10) and (2.11).
We shall find the displacements of the node N in the

directions x and y. First we shall compute the displacements
in the polar coordinate system within ANC. Substitution of
r = 0, α = 0 in (2.29) gives

uNAC(N) = −C0
2 , vNAC(N) = −C0

1 (2.42)

Thus, see Fig. 5

wx (N) = −uNAC(N) cos γ1 − vNAC(N) sin γ1

wy(N) = uNAC(N) sin γ1 − vNAC(N) cos γ1 (2.43)

Fig. 5 Displacements uNAC(N), vNAC(N)

Substitution of (2.42) gives

wx (N) = C0
2 cos γ1 + C0

1 sin γ1

wy(N) = −C0
2 sin γ1 + C0

1 cos γ1 (2.44)

Now we are prepared to applying the variational equation
(2.14). The displacements fields (u, v) assumed are chosen
such that the left hand side of (2.14) vanishes, or L(u, v) =
0, where L represents the virtual work of all loads. Since the
fields u and v vanish at R, the virtual work is done by the
other point loads

Fxwx (D)+ Fywy(D)+ Qxwx (N)+ Qywy(N) = 0 (2.45)

where wx (D), wy(D), wx (N), wy(N) are given by (2.41)
and (2.44) depending on two parameters C0

1 and C0
2 . Since

Qy can be computed by using (2.12) we shall isolate the
formula which determines Qx . To this end we choose

C0
1 = C0

2 tan γ1 (2.46)

to make wy(N) zero. Substitution (2.46) into (2.41), (2.44)
and (2.45) gives the formula we have looked for

Qx = − [
sin γ1h1(θ1, θ2) + cos γ1h2(θ1, θ2)

]
Fx

− [
sin γ1k1(θ1, θ2) + cos γ1k2(θ1, θ2)

]
Fy (2.47)

Let us stress once again that this formula was originally
found by Chan (1966).

2.4 The volume of the optimal framework

The volume of the framework of Fig. 2 will be found by
the kinematic method. We shall construct a virtual field of
displacements (u, v) satisfying the Michell conditions

εI = 1, εI I = −1 (2.48)
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within the whole feasible domain, being the half-plane
y � 0. Then we shall determine the volume of the lightest
framework by the known rule

V = 1

σp
L(u, v) (2.49)

where L represents the work of the given loads on the given
field (u, v). We shall assume that the components (u, v)

vanish at R; then L becomes the virtual work of the forces
Qx , Qy , Fx , Fy .

The construction of the virtual fields (u, v) starts with
the triangular domain RAN, parameterized by the Cartesian
system (x0, y0), see Fig. 6.

Let us assume that the bar RB is in tension. Then the
fields (u, v) satisfying (2.48) and vanishing at R are of
the form

uRAN = x0 − Cy0 + r2,

vRAN = −y0 + Cx0 + Cr2 (2.50)

where C is a constant. Let us consider the domain RBA with
the polar parameterization (r, ϑ), see Fig. 7.

According to (77) in Lewiński and Rozvany (2007) we
have

uRBA = r, vRBA = −2rϑ + ψr (2.51)

since the bar RB is in tension while point R does not move.
The fields (2.50) and (2.51) must be compatible, i.e. the
continuity conditions along RA should hold. This links two
constants:

C = ψ (2.52)

Fig. 6 Parameterization of the triangle RAN

Fig. 7 The domain RBA. Polar parameterization

Consider the domain NAC. We assume that the radial fibres
are in compression. Thus, according to (77) in Lewiński and
Rozvany (2007) we have

uNAC = −r + C1 cos(ϑ − ϕ),

vNAC = 2rϑ + ψ̃r − C1 sin(ϑ − ϕ) (2.53)

The compatibility conditions linking the fields (2.50) and
(2.53) along NA result in the conditions

ψ̃ = ψ − 2θ1

C1 cos(θ1 − ϕ) = ψr2 + r1

C1 sin(θ1 − ϕ) = ψr1 + r2 (2.54)

Substitution of (2.54) into (2.53), along with the formula
ϑ = θ1 − α results in

uNAC = −r + (ψr2 + r1) cos α + (ψr1 + r2) sin α

vNAC = −2rα + ψr − (ψr1 + r2) cos α

+ (ψr2 + r1) sin α (2.55)

The components of displacements of node N (Fig. 8),
defined as in domain RAN, are given by

uRAN(N) = ψr1 + r2, vRAN(N) = r1 + ψr2 (2.56)

where we have made use of: x0 = 0, y0 = −r1, C = ψ .

Fig. 8 Polar parameterization of the domain NAC
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The displacements of N in the directions x and y are

wx (N) = uRAN(N) sin γ1 − vRAN(N) cos γ1

wy(N) = uRAN(N) cos γ1 + vRAN(N) sin γ1 (2.57)

or

wx (N) = 1

d

[
(r2)

2 − (r1)
2]

wy(N) = 1

d

[
ψ

(
(r1)

2 + (r2)
2) + 2r1r2

]
(2.58)

We see now that constant ψ represents a small angle of rigid
rotation of the whole structure around point R.

Let us pass now to the construction of displacements
(u, v) in the domain ABDC, referred to the lines α and
β. One should determine the values of these fields along the
arcs AB and AC. Due to continuity of displacements on AB
we observe that

uABDC(α = 0, β) = uRBA(r = r2, ϑ = β)

vABDC(α = 0, β) = vRBA(r = r2, ϑ = β) (2.59)

or

uABDC(0, β) = r2

vABDC(0, β) = −2r2β + ψr2 (2.60)

By continuity conditions along AC we have

uABDC(α, β = 0) = −vNAC(r = r1, α)

vABDC(α, β = 0) = uNAC(r = r1, α) (2.61)

hence

uABDC(α, 0) = 2r1α − ψr1 + (ψr1 + r2) cos α

− (ψr2 + r1) sin α

vABDC(α, 0) = −r1 + (ψr2 + r1) cos α

+ (ψr1 + r2) sin α (2.62)

The quantity ψ is arbitrary, since it represents an angle of
rigid body rotation around R. Let us assume this constant
such that ψr1 + r2 = −(ψr2 + r1). Then ψ = −1.

Let us introduce the auxiliary field within ABDC

u0(α, β) = u(α, β) − 2αA(α, β) (2.63)

see (66) in Lewiński et al. (1994a). We compute the values
of the Lamé coefficient A along AB and AC

A(0, β) = r1G0(0, β) + r2G1(β, 0) = r1 + βr2

A(α, 0) = r1G0(α, 0) + r2G1(0, α) = r1 (2.64)

as well as the field u = uABDC

u(0, β) = r2

u(α, 0) = 2r1α + r1 + (r2 − r1)(cos α + sin α) (2.65)

The values of the field u0 on AB and AC are

u0(0, β) = r2

u0(α, 0) = r1 + (r2 − r1)(cos α + sin α) (2.66)

The field u0 satisfies (2.33). Its solution has the form (2.34).
We compute the derivatives

∂u0(α, 0)

∂α
= (r2 − r1)(cos α − sin α)

∂u0(0, β)

∂β
= 0, u0(0, 0) = r2 (2.67)

Substitution of these results into (2.34) gives

u0(λ, μ) = r2G0(λ, μ)

+ (r2 − r1)

∫ λ

0
G0(λ − α, μ) cos αdα

− (r2 − r1)

∫ λ

0
G0(λ − α, μ) sin αdα (2.68)

By using the formulae (16) of Lewiński et al. (1994a) one
finds

u0(λ, μ) = r2G0(λ, μ) + (r2 − r1)

× [F1(λ, μ) − F2(λ, μ)] (2.69)

and then we find u(λ, μ) by (2.63) and (2.4); the result
reads

u(λ, μ) = 2r1λG0(λ, μ)

+ r2 [G0(λ, μ) + 2μG1(λ, μ)]

+ (r2 − r1) [F1(λ, μ) − F2(λ, μ)] (2.70)

The field v is found from the equation

v(λ. μ) = A(λ, μ) − ∂u(λ, μ)

∂λ
(2.71)

see (65) in Lewiński et al. (1994a). By using the dif-
ferentiation rules (4) of the latter paper one finds

v(λ, μ) = −2r1μG1(λ, μ)

− r2(1 + 2μ)G0(λ, μ)

+ (r2 − r1) [F1(λ, μ) + F2(λ, μ)] (2.72)



On the solution of the three forces problem and its application in optimal designing of a class of symmetric plane... 843

The displacements wx (D), wy(D) of point D of coordinates
(θ1, θ2) are determined by (2.39), where

u(D) = u(θ1, θ2), v(D) = v(θ1, θ2) (2.73)

The displacements wx (N), wy(N) of point N are given by
(2.58), where ψ = −1. Having found the displacements of
the nodes N and D as well as the values of the forces Qx and
Qy given by (2.12) and (2.47), one can compute the volume
of the whole framework by using (2.49), or

V = 1

σp

[
Fxwx (D) + Fywy(D) + Qxwx (N)

+ Qywy(N)
]

(2.74)

Let us emphasize once again that the result above is not valid
in general; it refers to the case of such inclination of the
force F = (Fx , Fy) that the bar RBD is in tension and
the bar NCD is in compression. The resultant F must lie
between the lines l1 and l2 shown in Fig. 2.

3 Theorem of Henry Chan

Assume that

Fy = 0, θ1 = θ2 (3.1)

Then the reactions P and Q—equilibrating the optimal
framework—intersect at point D, see Fig. 9. This property
was noted and proved by Chan (1966).

Because the report: Chan (1966) is unavailable it is
thought appropriate to show here the proof of this statement.
It is sufficient to prove that (3.1) implies the equality

xD − d

yD
= Qx

Qy
(3.2)

Fig. 9 Illustration of the theorem by H.S.Y. Chan

for the case of yD �= 0, Qy �= 0. Indeed, the equality (2.12)
along with Fy = 0 gives

Qy = yD

d
Fx (3.3)

while (2.47) gives

Qx = − [
sin γ1h1(θ, θ) + cos γ1h2(θ, θ)

]
Fx (3.4)

where θ1 = θ2 = θ . The (3.3) and (3.4) imply

yD
Qx

Qy
= −d

[
sin γ1h1(θ, θ) + cos γ1h2(θ, θ)

]
(3.5)

and then

yD
Qx

Qy
= d

[
cos2 γ2 F2(θ, θ) − sin2 γ2 F0(θ, θ)

]
(3.6)

According to (2.9) we have x(θ, θ) = xD or

xD = d
[
sin γ2 k1(θ, θ) − cos γ2 k2(θ, θ)

]
(3.7)

Substitution of (2.11) gives

xD − d = d
[

cos2 γ2 F2(θ, θ) − sin2 γ2 F0(θ, θ)
]

(3.8)

which ends the proof of the theorem. We have made use of
the identity

F0(θ, θ) − F2(θ, θ) = 1 (3.9)

see Lewiński et al. (1994a), (7)–(12).

4 Exemplary optimal frameworks equilibrating
systems of three forces

4.1 The frameworks illustrating the theorem
by Henry Chan

Let us assume that the following quantities are given

σp, Fx = 1, Fy = 0, d, γ1, θ1 = θ2 = θ

First the following quantities are computed

ξD = 2
xD

d
, ηD = 2

yD

d
(4.1)

by using (2.9). These equations can be re-written as follows

ξD = 1 + cos(2γ2) G0(θ, θ)

ηD = 2F1(θ, θ) + sin(2γ2) G0(θ, θ) (4.2)
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where γ2 = π
2 − γ1. We have made use of the identity

F0(θ, θ) + F2(θ, θ) = G0(θ, θ) (4.3)

Having xD, yD we compute Qy by (3.3) and Qx by (3.2).
The volume of the optimal structure is computed by using

(2.74) and reffered to U0 = Fx d

σp
.

Four examples satisfying (3.1) will be dealt with. In the
first case γ2 = 45◦ and θ = 50◦, which results in the
symmetric framework, cf. Fig. 10. In the second case of
γ2 = 60◦ and θ = 30◦ the external cable of the upper fan is
exactly horizontal, see Fig. 11.

To enrich the discussion, let us now assume that the point
D is known and the following quantities are given

σp, Fx = 1, Fy = 0, d, xD, yD

Then γ2 and θ can be found from the set of (4.2).
This problem is harder than before because the equations

are transcendental. Solutions can only be obtained numeri-
cally in general. Nevertheless, it is not difficult to calculate
γ2 and θ for reasonably assumed xD and yD. For instance
the Figs. 12 and 13 present two distinctive examples for
differently assumed positions of point D.

4.2 Other exemplary solutions

The four examples presented in Figs. 10–13 relate to the
particular case (3.1) studied by Chan (1966), for angles θ1

and θ2 in both fans being equal. Obviously, the formulas
given in Section 2 are more general (neither θ1 = θ2 nor
Fy = 0), They enable constructing other optimal frame-
works equilibrating systems of three forces, not necessarily
crossing point D. It is possible to investigate many cases
with differently chosen sets of known parameters. How-
ever, from practical point of view the most interesting is the
problem for given three forces F, Q, P applied at points
D, N, R. Without loosing generality one can assume that

Fig. 10 Optimal framework for given γ2 = 45◦ and θ = 50◦. The
volume: V = 7.451U0. Here xD = 0.5d, yD = 2.081d

Fig. 11 Optimal framework for given γ2 = 60◦ and θ = 30◦. The
volume: V = 3.094U0. Here xD = 0.1766d, yD = 1.134d

point R lies at the origin of the (x, y) system and point N
lies on the x axis (see Fig. 2). As before point D is deter-
mined by its coordinates xD, yD. Note that structure under
consideration is not supported at any node, hence the system
of three forces has to be self-equilibrated. It means that only
three of six components of loads: Fx , Fy , Qx , Qy , Px , Py ,
can be chosen independently because they have to satisfy
three equilibrium equations:

Px + Qx + Fx = 0

Py + Qy + Fy = 0

Qyd + Fy xD − Fx yD = 0 (4.4)

Let us assume that Fx , Fy , Qx will be chosen as the inde-
pendent parameters and the remaining quantities Qy , Px , Py

Fig. 12 Optimal framework for given xD = 0 and yD = 2. The
volume: V = 7.273U0. Here γ2 = 60.31◦, θ = 51.00◦
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Fig. 13 Optimal framework for given xD = d, yD = d. The volume:
V = 2.835U0. Here γ2 = 19.92◦, θ = 30.42◦

will be determined from (4.4). Thus in the present problem
the following quantities are given:

σp, d, xD, yD, Fx , Fy, Qx (4.5)

It should be understood that these quantities may not be
fully free if we want to solve the problem using the formulas

Fig. 14 Optimal framework for xD = 1.5d, yD = 1.5d, Fx = 1,
Fy = −0.5, Qx = 0. The volume: V = 6.831U0. Here θ1 = 66.77◦,
θ2 = 29.81◦, γ2 = 38.61◦

derived in Section 2; they have a wide but restricted range of
application (they are not universal). For example, the direc-
tion of the resultant force F should lie in the marked regions
around the point D (see Fig. 2), which however is not known
in advance. Therefore, the results obtained from these for-
mulas have to be carefully verified after finding the solution.
It means that the general problem of three forces is still the
challenge.

Fig. 15 Optimal framework for xD = 1.5d, yD = 0.5d, Fx = 1,
Fy = −1, Qx = 1. The volume V = 4.750U0. Here θ1 = 62.89◦,
θ2 = 23.96◦, γ2 = 7.453◦
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The geometry of the optimal layout is defined by three
angles: θ1, θ2, γ2 which are governed by three equations
(followed from (2.9)–(2.11) and (2.47)):

xD = d[sin γ2 k1(θ1, θ2) − cos γ2 k2(θ1, θ2)]
yD = d[− sin γ2 h1(θ1, θ2) + cos γ2 h2(θ1, θ2)]
Qx = −Fx [cos γ2 h1(θ1, θ2) + sin γ2 h2(θ1, θ2)]

− Fy[cos γ2 k1(θ1, θ2) + sin γ2 k2(θ1, θ2)] (4.6)

As before the system of equations is transcendental and the
solution can only be obtained in a numerical way. It is how-
ever worthy of note that the unique solution can be found for
a very wide range of input data. The problem of uniqueness
of the solution is not the topic of this paper and will not be
dealt with here.

Two pin-jointed frames shown in Figs. 14 and 15 are rep-
resentative examples of the optimal structures found by
solving the system (4.6). The first example was calculated
for xD = 1.5d , yD = 1.5d , Fx = 1, Fy = −0.5, Qx = 0.
The remaining three forces are defined by (4.4) and equal
to Qy = 2.25, Px = −1, Py = −1.75. The optimal
layout with the resultant forces at the nodes R, D, N is
shown in Fig. 14. The second example shown in Fig. 15
was calculated for xD = 1.5d , yD = 0.5d , Fx = 1,
Fy = −1, Qx = 1. The remaining forces are equal to
Qy = 2, Px = −2, Py = −1. The angle γ2 = 7.453◦;
it is small value so the radii r1 and r2 of the two fans are
very distinct. Note that in both examples the directions of
the resultant force F are admissible, hence the presented
results are correct.

5 The lightest fully stressed pin-jointed frameworks
transmitting two vertical forces to two fixed supports

5.1 Prediction of the optimal solution

The analytical solution of the three forces problem can be
used to construct the optimal frameworks transmitting two
vertical forces of magnitude P to two fixed supports R
and R′, see Fig. 16. We note that the forces applied are
symmetric with respect to the supporting nodes R and R′.

Fig. 16 Problem formulation

The feasible domain is the half plane over the line l
linking R and R′. Therefore, given are

σp, d, P, L ,

where 2L = |RR′|, see Fig. 16. Let us introduce a non-
dimensional parameter ξ = d/L describing the positions
of applied loads and the referential volume V0 = P L/σp.
The main unknowns are the characteristic dimensions of the
optimum structure and its volume. The first numerical pre-
dictions of the problem considered were found in the paper
by McConnel (1974), while the first correct topology of the

Fig. 17 Selected numerical solutions for ξ = 0.25, 0.5, 0.6, 0.75
and 1
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Fig. 18 The layout of
the solution

analytical solution for the problem considered has been sug-
gested intuitively by G.I.N. Rozvany (see Lógó et al. 2009).
The latter results, along with new numerical results by Sokół
(2010) shown in Fig. 17 have been an inspiration for the
present authors to predict the exact layouts of the analytical
solutions.

The solutions presented in Fig. 17 suggest that the opti-
mal framework consists of two frameworks constructed in
Sections 2–4 of the present paper and of one or two horizon-
tal bars DD′ and NN′, cf. Fig. 18. More detailed numerical
tests showed that the bottom bar NN′ appears only for
ξ � 0.6. Of course the precision of this prediction is lim-
ited due to discretization error of possible to apply density
of ground structure. It will be improved by the analytical
method presented bellow. We shall separately investigate
two cases: with and without the bottom horizontal bar NN′.
Moreover, it should be emphasized that geometry of the
optimal structure for fixed ξ is fully determined by three
angles θ1, θ2, and γ2. Other geometrical quantities, like
coordinates xD, yD, lengths of bars DD′ and NN′, etc., are
directly dependent on these three angular parameters.

The layout of the envisaged optimal solution is outlined
in Fig. 18. Thus we expect that the curved bar RBDD′B′R′
which reinforces the structure from the upper side is of con-
stant and finite area of the cross sections. One family of the
fibers of the domain ABDC touches this bar orthogonally
transmitting no tangent tractions. Consequently, the axial
stress resultant in RB within this bar is constant along the
boundary BD. The bar RB is also not subjected to tangent
forces, hence the axial stress resultant in RB is constant. The
reaction at R of components H and P is directed towards
point O1. We know from the theorem by Chan that O1 = D
only if θ1 = θ2, which is a rare case. The problem of
Fig. 18 differs from problems of Figs. 1 and 2 consider-
ably. In the problem of Fig. 18 the force Qy is given and
equal P . Let N be the axial force in member DD′. Then
Fx = N and Fy = 0. Thus the tangent line to the curve
β = θ2 (or to the line RBD) at D = D(θ1, θ2) is par-

allel to the x axis. Since this tangent line makes an angle
φD = φ(θ1, θ2) = θ2 − θ1 with the axis x0, hence

γ2 + θ2 − θ1 = 0 (5.1)

or θ1 = γ2 + θ2. This formula eliminates one of three main
unknowns and is valid for both cases under consideration.

5.2 Case 1: the optimal framework without the bottom
bar NN′

Let us now investigate the first case for the structure with-
out the bottom bar NN′, see Fig. 19. The problem is very
specific because Qx = 0 and Fy = 0 simultaneously. By
(2.47), with using (5.1) one arrives at

sin γ1 h1 (θ2 +γ2, θ2) + cos γ1 h2 (θ2 +γ2, θ2) = 0. (5.2)

Fig. 19 The three forces problem with the force at D being horizontal
and the force at N being vertical
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By (2.10) we compute

h1(θ2 + γ2, θ2) = −F2(γ2 + θ2, θ2)

h2(θ2 + γ2, θ2) = F1(γ2 + θ2, θ2) (5.3)

The (5.2) will be written in the form

z(θ2, γ2) = 0 (5.4)

with

z(θ2, γ2) = − cos γ2 F2(γ2 + θ2, θ2)

+ sin γ2 F1(γ2 + θ2, θ2) (5.5)

Equation (5.4) is transcendental but formally enables
one to eliminate the next unknown. More detailed analysis
shows that for wide range of possible angles the best control
parameter is θ2 (it is more convenient than γ2, which should
be treated as the implicit function γ2(θ2)).

Let us fix θ2 for the moment. The value of γ2 is deter-
mined by (5.4), then the value of θ1 is determined by (5.1).
Now we are able to compute all remaining geometrical and
mechanical quantities needed for analysis using the for-
mulas derived in Sections 2 and 3. The point (xD, yD) is
determined by (2.9)–(2.11). The displacements of points N
and D are given by (2.58) and (2.73), respectively. Then we
can compute the value of the force Fx from (3.3), where
Qy = P is the known (applied) load. We compute the vol-
ume V1 of the structure RBDCNAR by (2.74), assuming
Qx = 0 and Fy = 0. The volume of the bar DS equals

V2 = Fx

σp
(L − xD) (5.6)

Finally, the total volume 2V̄ = 2V1 +2V2 of the structure of
Fig. 18 (for the present case: without the bottom bar NN′)
may be written in the form

2V̄ = 2V0

(
ξ

L − xD + wx (D)

yD
+ wy(N)

L

)
(5.7)

This volume should be viewed as a function of two variables
θ2 and γ2. We shall choose these variables such that: γ2 ∈[
0, π

2

]
, θ2 ∈ [0, π ] to make the volume V̄ as small as

possible yet obeying the condition (5.4). This optimization
problem may be written as:

min
{

V̄ (θ2, γ2) | z(θ2, γ2) = 0, γ2 ∈
[
0,

π

2

]}
(5.8)

The solution to (5.8) may be achieved in many different
ways, for example by: (a) using of suitable minimization
procedure (numerical approach), (b) converting the prob-
lem to one variable θ2, treating V̄ as V̄ (θ2, γ2(θ2)). The
following differentiation rule applies

dV̄

dθ2
= ∂ V̄

∂θ2
− ∂ V̄

∂γ2

∂z

∂θ2

(
∂z

∂γ2

)−1

(5.9)

according to the implicit function theorem, or (c) direct
involving of Karush–Kuhn–Tucker optimality conditions.
All three approaches have successfully been tested giv-
ing the same result; however, the last one offers the most
convenient analytical formulation. Using this approach the
problem (5.8) may be reduced to the following compact
form:
{

z(θ2, γ2) = 0

2ξ s(θ2, γ2) + 1 = 0
(5.10)

where z(θ2, γ2) has already been defined in (5.5) and
s(θ2, γ2) is given by

s(θ2, γ2) = (γ2 + 2θ2) s1(θ2, γ2) + θ2 s2(θ2, γ2)

− sin γ2 F1(γ2 + θ2, θ2)

and

s1(θ2, γ2) = sin γ2 F0(γ2 + θ2, θ2)

− cos γ2 F1(γ2 + θ2, θ2)

s2(θ2, γ2) = − sin γ2 G0(γ2 + θ2, θ2)

+ cos γ2 G1(γ2 + θ2, θ2)

This is the system of two transcendental equations of two
unknowns θ2 and γ2. Obviously, a lot of laborious algebraic
transformations (not possible to be presented here) were
needed to obtain so compact form of the problem. It should
be pointed out that the solution of (5.10) is valid only for
ξ ∈ [ξ0, ξ1], where ξ1 is the upper limit value of ξ for the
solution without the bottom bar NN′ and ξ0 is the lower limit
of ξ resulting from restriction of the feasible domain to the
upper half-plane. The values of these limiting parameters
will be given in the sequel.

5.3 Case 2: the optimal framework with the bottom
bar NN′

Let us now proceed to the second case: the structure with the
bottom bar NN′. The formula (5.1) is still valid, contrary to
(5.4) which has to be neglected. The force Qx is defined by
(2.47) which after including (5.1), (5.3) and (5.5) may be
rewritten as

Qx = Fx z(θ2, γ2) (5.11)

The volume V1 of the structure RBDCNAR is given by
(2.74) as before, but now Qx �= 0 and the virtual work
Qxwx (N) has to be included. The volume of bar DS is given
by (5.6). Similarly, the volume of the bar NT is expressed
by

V3 = −Qx

σp
(L − d) (5.12)
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The sign (−) in this formula results from the observation
that the displacement wx (N) is positive, hence the bar NN′
is under compression and the value of the force Qx is nega-
tive. Formally, the magnitudes Fx and Qx appearing in (5.6)
and (5.12) should be replaced by their absolute values, but
this would bring about a much harder to solve non-smooth

problem. The volume 2 ¯̄V = 2V1 + 2V2 + 2V3 of the whole
structure of Fig. 18 with the bottom bar NN′ is expressed by

2 ¯̄V = 2V̄ + 2V0
ξ z(θ2, γ2)

yD
(ξ L − L + wx (N)) (5.13)

In the present case, the optimal structure is determined by
the minimization problem without any constraints

min
θ2,γ2

¯̄V (θ2, γ2) (5.14)

which makes the solution procedure (either numerical or
analytical) simpler than before. Nevertheless, the compu-

tation of the derivatives ∂ ¯̄V
∂θ2

and ∂ ¯̄V
∂γ2

is still a very laborious
task. An essential simplification of the problem formulation
may be achieved from the following observation. The hori-
zontal displacement of point T which lies on the symmetry
axis of the whole structure (Fig. 18) should vanish or

d − L + wx (N) = 0 (5.15)

By (2.58) and (2.3) this condition may be written as

ξ cos(2γ2) + ξ − 1 = 0 (5.16)

or

2ξ cos2 γ2 − 1 = 0 (5.17)

Fig. 20 Selected analytical solutions of problem of Fig. 16
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Therefore, for the structure with the bottom bar NN′ the
angle γ2 directly depends on ξ—the relative position of
applied load P . Note that the solution to these equations
exist only for ξ � 1/2. The remaining unknown θ2 may be
derived from stationary conditions ∂V

∂θ2
= 0 or ∂V

∂γ2
= 0. The

extensive exploration of this problem allowed us to obtain
the possibly simplest system defining the optimal structure
in the following form:

{
2ξ cos2 γ2 − 1 = 0

2ξ s(θ2, γ2) + 1 = 0
(5.18)

Remark The attentive reader may at this moment be a little
confused. Why the similar procedure of using displacement
compatibility condition cannot be used for point S?

The reason is not so obvious. The displacements of the
points D and N, defined in (2.58) and (2.73), were de-
rived for arbitrary chosen rigid rotation of the framework
RBDCNR around the point R. The displacement wx (N) is
parallel to the radius RN and is not sensitive to this rotation,
hence the formula (2.58)1 holds (in the infinitesimal sense
of ψ). Contrary, the displacements wy(N) and wx (D) = uD

are implicitly dependent on the parameter ψ , which was
chosen to be equal −1. This assumption was motivated to

obtain the solution corresponding to this given by Chan
(1966). It is possible to rearrange the formulae for displace-
ments wy(N) and wx (D) by choosing the parameter ψ more
suitably. However, it is not constant and depends on L , θ2

and γ2. The final formulae obtained in this way are more
complicated than (2.58) and (2.73) and will not be presented
here.

5.4 Synthesis of the optimal layouts

The parameter ξ1 separating two cases of the solution has
to satisfy simultaneously the conditions (5.4) and (5.16).
It means that for ξ = ξ1 the bottom horizontal bar NN′
appears to be visible. Thus we construct the system of three
equations

⎧
⎪⎨

⎪⎩

z(θ2, γ2) = 0

2ξ1 cos2 γ2 − 1 = 0

2ξ1 s(θ2, γ2) + 1 = 0

(5.19)

with three unknowns ξ1, θ2, γ2. As before the system is
transcendental. Nevertheless it allows one to find numerical
value of ξ1 = 0.598426. For ξ � ξ1 the optimal structure is
defined by (5.10) and for ξ � ξ1 by (5.18), respectively.

Table 1 The solutions of problem of Fig. 16 for different values of ξ

ξ γ2 θ2 θ1 xD/d yD/d Qx/P Fx/P 2V/V0

0.04881 0.75994 1.57080 2.33074 0.34450 0.41529 0 0.11752 0.85915

0.05 0.75857 1.55696 2.31553 0.34463 0.41538 0 0.12037 0.87436

0.1 0.70214 1.17523 1.87738 0.36392 0.42718 0 0.23410 1.41828

0.16394 0.63881 0.93198 1.57080 0.40739 0.45210 0 0.36262 1.95512

0.2 0.60821 0.84399 1.45221 0.43602 0.46769 0 0.42763 2.21211

0.25 0.57120 0.75291 1.32411 0.47840 0.48983 0 0.51038 2.53184

0.3 0.53950 0.68473 1.22423 0.52280 0.51197 0 0.58598 2.81964

1/3 0.52083 0.64788 1.16871 0.55317 0.52656 0 0.63303 2.99762

0.4 0.48828 0.58848 1.07676 0.61515 0.55517 0 0.72050 3.32723

0.5 0.44871 0.52294 0.97166 0.71019 0.59638 0 0.83840 3.77092

0.59843 0.41759 0.47554 0.89313 0.80519 0.63491 −2.2·10−10 0.94254 4.16355

0.6 0.42053 0.47205 0.89258 0.80588 0.63520 −0.00299 0.94458 4.16953

2/3 0.52360 0.34689 0.87049 0.83617 0.64768 −0.10942 1.02932 4.40104

0.7 0.56394 0.29626 0.86021 0.85191 0.65389 −0.15240 1.07051 4.50303

0.75 0.61548 0.23017 0.84565 0.87599 0.66313 −0.20885 1.13100 4.64170

0.8 0.65906 0.17299 0.83205 0.90046 0.67223 −0.25830 1.19006 4.76534

0.9 0.72973 0.07760 0.80733 0.95005 0.68999 −0.34281 1.30437 4.97460

0.95 0.75907 0.03698 0.79605 0.97501 0.69863 −0.37984 1.35981 5.06287

0.99 0.78035 0.00713 0.78748 0.99500 0.70542 −0.40753 1.40341 5.12657

1 0.78540 0.00000 0.78540 1.00000 0.70711 −0.41421 1.41421 5.14159

The angles γ2, θ2, θ1 are given in radians



On the solution of the three forces problem and its application in optimal designing of a class of symmetric plane... 851

Now we are able to perform parametric study of the in-
fluence of the parameter ξ on the solution. The layouts of
the optimal structures for selected values of ξ are shown in
Fig. 20. More detailed results including the optimally cho-
sen design variables are set up in Table 1. As was expected,
the volume of the whole structure increases monotonically
for growing ξ , see Fig. 21.

The height yD as well as xD and the magnitude of the
force Fx also increase monotonically. Obviously the mag-
nitude of the force Qx equals zero if ξ � ξ1, and then
increases (in negative sense). It should be noted that the
last solution for ξ = 1 corresponds exactly to the well
known solution given by Michell (1904), when γ2 = π

4 ,

θ2 = 0, θ1 = π
4 , xD = 1d , yD =

√
2

2 d , Fx = √
2P and

2V = (π + 2)V0. The force Fx is equal to the force in the
upper cable (like for all other ξ ) but additionally we can dis-
cover that the limiting value of the magnitude of the force
Qx approaches (1−√

2)P if ξ → 1. The dependence of the
angles γ2, θ2 and θ1 on ξ is more complicated, see Fig. 22.
We can easily recognize two branches: ξ � ξ1, ξ � ξ1 of the
optimal solution. The most interesting is the diagram of the
angle γ2, which decreases for ξ � ξ1, and then increases up
to the value of π/4. The smallest value of γ2 = 0.41759
(about 24◦) occurs at the sharp (non-smooth) minimum
for ξ = ξ1.

At the end of the discussion of the results presented in
Table 1 it should be explained what are the two additional
points, characterized by ξ = 0.04881 and ξ = 0.16394. The
first one relates to the lower limit ξ0 for which the solution
obtained from (5.10) is applicable. For ξ lower than ξ0 the
sum γ1 + θ1 is bigger than π and the solution of (5.10) goes
beyond the assumed upper half-plane (see Fig. 16). This
special and relatively rare case will not be investigated in
this paper. We can however calculate the limiting value ξ0

from (5.10) treating it as the system of unknowns ξ and γ2,
and assuming θ2 = π/2. The last condition results from
geometrical relations: γ1 + γ2 = π/2 and (5.1). The point

Fig. 21 The chart of optimal volume depending on ξ

Fig. 22 The chart of γ2, θ2, θ1 (in radians) with respect to ξ

ξ = 0.16394 refers to the solution for which the upper cable
starts vertically from the supporting point R. This case was
considered in similar way as before, using (5.10) with the
obvious statement θ2 + γ2 = π/2.

The values of the volume found by the numerical method
proposed by Sokół (2010) are set up and compared with
analytical solutions in Table 2. A lot of different densities
of ground structures were tested. The calculations lead-
ing to the results given in Table 2 were performed using
the ground structure of density L/100 and internal con-
nections of nodes up to distance of 15 cells. One notes
that if the number of members is bigger than 1,000,000 the
accuracy of the volume predictions remains below 1%. The
linear formulation of the optimization problem assures the
global minimum (in a discrete meaning), hence the layouts
obtained in the numerical way are valuable hints of optimal
frameworks, compare Figs. 17 and 20.

The analytical solutions shown in Fig. 20 do not have
their counterparts in the literature. These solutions can
only be compared with some truss layouts published in

Table 2 Comparison of the analytical and numerical solutions

ξ Va/V0 Vn/V0 err (%)

0.1 1.41828 1.42563 0.52

0.2 2.21211 2.21748 0.24

0.3 2.81964 2.82446 0.17

0.4 3.32723 3.33178 0.14

0.5 3.77092 3.77538 0.12

0.6 4.16953 4.17368 0.10

0.7 4.50303 4.50648 0.08

0.8 4.76534 4.76826 0.06

0.9 4.97460 4.97878 0.08

1.0 5.14159 5.14466 0.06
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Achtziger (1997). These solutions can also be compared
with optimal layouts of the continuum based topology opti-
mization concerning distribution of one material within a
given domain realizing minimization of the compliance. In
particular, some of the Lógó et al. (2009) results compare
favorably with the analytical solutions shown here. It is
nevertheless difficult to justify the noted similarity, due to
essential differences between the formulations: discrete and
continuum. Some remarks towards understanding these two
approaches can be found in the recent papers by Rozvany
(2009, 2010).

6 Final remarks

The classical Michell structures are determined by the rele-
vant Michell–Hencky nets being determined by the bound-
ary conditions. The Michell-like cantilevers belong to this
class. The characteristic feature of these solutions is that
the Michell–Hencky nets are independent of the point loads
applied. For instance, the net shown in Fig. 2 of Lewiński
and Rozvany (2008b), concerning the problem of the exte-
rior of the square, applies to many kinds of the point loads,
as shown in this figure. Let us name this property as insensi-
tivity of the Michell–Hencky net to the loading applied. This
feature of insensitivity implies the superposition principle:
the optimal structure subject to a given set of the admissible
loads is formed by superimposing the optimal structures for
the independent loads.

The mentioned property of insensitivity of the nets cease
to hold in the problem considered. All the Michell–Hencky
nets constructed in the present paper are determined both by
the loading and the boundary conditions. Consequently, the
solutions of Fig. 20 cannot be superimposed. For instance,
the two solutions corresponding to two data sets (P1, d1),
(P2, d2) do not determine the exact solution for the case
of application of the four forces: P1, P2, P2, P1. The four
forces problem should be solved separately. Such problems
were only treated numerically, see Lógó et al. (2009).

Consequently, the case of the distributed vertical load-
ing cannot be solved by superimposing the layouts found
in Section 5, but necessitates a new analytical treatment.
By now only some semi-inverse solutions are available, see
papers by Hemp (1974) and Chan (1975), concerning a care-
fully selected class of the vertical distributed load along
the line linking the supports. In particular, the important
case of the constant loading along RR′ has not been solved
till now.

Lastly, let us note that the exact solutions found in
Section 5 of the present paper, see Fig. 16, have not been
substantiated by the theoretical construction of the kine-
matically admissible virtual displacement fields within the
whole feasible domain, i.e. within the whole half-plane over

the line linking the supports. Some hints towards this issue
can be found in Chan (1975), Rozvany (1998) and Melchers
(2005), but the complete construction is still pending.
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Lewiński T, Zhou M, Rozvany GIN (1994a) Extended exact solutions
for least-weight truss layouts—part I: cantilever with a horizontal
axis of symmetry. Int J Mech Sci 36:375–398
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