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On the space of entire fumetions
over certain non-archimedean fields and its dual

by

T. T. RAGHUNATHAXN (Pocna, India) *

1. Introdwetion. In [5],' Theorem 3.1, we gave a characterization
of the dual K (x> of the class K {(z) of all entire functions over a non-
archimedesn field X, with certain restrictions on the valuation of K,
topologized by a suitable metric. The main object of the present paper
is to give another characterization (Theorem 3.2) of K (x). As an appli-
cation of this characterization we prove in Section 4 the Hahn-Banach
Theorem for K{x). We also give an alternative approach (in Theorem 3.1)
to the topology of K <{z).

2. Definitions and notations. A waluation of rank 1 of a field K is
& mapping | | from K into the reals such that for all @, b K

|af > 0 and = 0 if and only if ¢ =0,
labl = |a|1b], |a+b| < ja]+-1b].
If the valuation satisfies, in addition, the eondition
la+bl < max(lal, b}),

then it will be called a non-archimedean field (Bruhat [1], p. 4, calls such
& valuation a real valuaiion.) In the sequel, K denotes a complete non-
archimedean non-trivial valued field. We reeall that

=]
(3.1) a=a{@) = D aa®, .k,
n=0
is an entire function (see [1], p. 114) over K if 3 a,2™ converges for all
r=0
weX, or equivalently, if [e,[" — 0 as n — co. K {z> denotes the class
of all entire funections topologized by the metric |a— B| (a, feK {zd),
‘where

(2.2) la] = max[lay], la.*", n > 1].
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In what follows the symbol | | is used to denote the funetional defined
in (2.2) and also the valuation of K. With this topology, K (x> is a non-
normable linear metric space over K (see [5]). We use K {(x) for denoting
the algebraic space of entire funections or this space with the metric
topology defined earlier or the topology of the metric itself, as needed
in the context. K {x) denotes the dual of K {z). Every element f cK<z> €}
is of the form (see [5], Theorem 3. 1) o

oy
(2.3) flg) = cham, o= > o

. n=0 n=0
where
(2.4) {|6./¥"} is bounded as g — oo.

3. The main theorem. Given an entire function

. ad .
a = a(®) = Zanm“

over K, we define, for each r £ 0 and reNg = {|a]; aeK}, lasr| as
follows: . .

{3.1) larr} = sup [laal#", » > 0],
7

It is easily seen that, for » # 0 in Ng, (8.1) defines a non-archimedean
norm on the class K {z). We denote K (x> (or the topology on K <{a))
with this non-archimedean norm by H,{z) and the corresponding dual
of K{z> by iz &>, If ry >y, then |a:r]>> |a:r,] and therefore K, (x>
is weaker (in the semse of Vaidyanathaswamy [6], p. 71) than K, , {2
(we actually mean by K, {(z) and K, ,<2> the topologies mduced on
E{z> by the respective norms; for convemence we shall prefer to make
sueh statements in the sequel also), and hence K, {2} = K,,{z). Further,
if () 15 @& sequence in K (o) such that [o,] -+ 0 as ¢ —+ oo, then for each
r 70 in Ng,

lag:r] >0  ag g - co.

Hence K, (z) is stronger than K (w}. Thus {K,{»)} forms a decreaging
family, as r increases, of normed topologies on K (@), each of which is
stronger than X ().

I 8 is any subset of K(z) and T any topology on K <{x), we denote
by (C18)r the closure of § in the topology T. Theorem 3.1 characterizes
K<z in terms of the family {I, (x>}:

THREOREM 3.1. Let 8 be a subset of H{z>. Then
(3'2) (OIS K(:G) = m (OlS)Kr<z>-

TeNg

TE.
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Proof. Since each K.(z) is stronger than K {x», we have

(C18 )K(x> ¢ (al S)K,.(z) .
Therefore

(C1S)z, € B = () (CL8)x oy
0sreNg

Thus to prove (3.2) we have only to prove that if a is at a positive
distance from 8 in K (&), then it is 50 in K, {zy for some r # 0 (and there-
fore also for all pufficiently large ). But this follows Immediately from

Lemma 3.0, If lal=d> 0, then la:v| = d for ol reNg such that
r > A(1]d), where, for >0, 4(t)=max(1,?1).

Proof. Let a = Za,nw and || = 4> 0. If, for some » > @, la:#| < d,

then it follows that
lag] <dy e < &P A(D) (1),

This means that if A{d)}r < d, then {o| < d which coniradicts the
hypothesis. Hence A(d)jrz=d, ie. r<A(d))d=AQ/d). Thus, if
r > A(1/d), then |a:r| > d.

The following is a parallel for X,{(z) of the result for K (x> quoted
at the end of Section 2:

Liemma 3.2, Bvery functional in K.{(x) ig of the form

{3.3) fla) = 20,,@,;, a= 2 @,
=0 N=0

where

{3.4) {lj%[} is bounded as n — oo,

and conversely. ‘

Proof. Suppose f(«) is a continunous linear functional on K,{x).
Then, by known results ([3], p. 1134-1135, Theorems 9 and 10), there
exists an M such that

fla)l < Mlaxr|.

Let:

O0n=a" and f() =en (0=0).

Then

flo) =lm(eyap+ ...+ Catta)
T—00

e=]
- Saa,
n=0
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since, in H,.{#), ay0y+...+ 30, > a a8 n — oo, Also
Jenl < M 18,27 = ",

Therefore (3.4) is true. Conversely, if (3.4) is frue, the functional
defined by (3.3) exists for all « and |f(e¢)| < Mla:v| for some M > 0.
Hence, by a result of Monna ([3], Theorem 10) f(a), which is obviously
linear, is continuous on X, {z).

We now prove the main result:
THROREM 3.2. H{z) = | K.{z).

OF#Fe N g
Proof. Since a functional continuouns in any topology will also be
eontinuous in a weaker topology, we infer that K,{z) is contained in
K {z)y for every 0 in Nx. Thus

(38.5) U K, (o> < E(o).
r£0

We have to prove the reverse inclusion. For this, let feE ¢z} be
[=<] [er)
given by fla) = 20 Calyn, Where a = ' a,a". Then, by (2.4), there exists
n= n=0
a real number M > 0 such that |e,/™ < M, n > 1. Since X is non-trivial
valued, we can find » 5 0 in ¥g such that 0 < M < » Thus |6,['" <7,

@21, reNg. Hence {lc.}fr"} is bounded and, by Lemma 3.2, feX, ().
Therefore »

(3.6) Exy < | K<),

TED
(3.5) and (3.6) together yield the resuls.
In view of Lemma 3.2, Theorem 3.2 i8, in faet, equivalent to Theorem
3.1 of [5] gquoted at the end of Section 2. For, if feE{%), then fe K. (x>
oo

for somz (0 #)reNg. Then, by Lemma 3.2, for aeK (&), a = > az”,
0

T "
fla) :gncna,, and [ep)fr" <k for all m. Hemce |o,|'™ < ¥¥"r and is
bounded.
4. Application. We need the following eoncepts defined by In-
gleton [2].

Definition 4.1. A nest of (closed) spheres in K is a set of {alosed)
spheres totally ordered by ineclusion.

Defi_nition 42. A non-archimedean feld is said to be spherically
complete it every nest of spheres in the field hag a common point.

icm®
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Definition 4.3. X is said to have Huahn-Banach property if, for
any pormed space F over K, every linear functional defined on a subspace
of F has an extension of the same norm defined on the whole of F.

‘We alse need the following theorem of Ingleton [2]:

TraeEoREM +4.1. 4 non-archimedean valued field has the Hahn-Banach
property if and only if it is spherically complete.

In the rest of this section we assume, that K is spherically complete.
Then the Hahn-Banach theorem for A <z) can be stated as

THEOREM 4.2. Let § be a linear subspace of K <x). Let f(a) be o lincar
Sfumctional defined and continuous (in the topology of K {x)) on L. Then
there is a functional F e K (x> such that F(a) = f(a) for aef.

Theorem 4.2 i3 a special ease of a more general result of Monna
([4], p. 400)(1). The proof given below differs in details considerably from
that of the general result and is of independent interest as an application
of Theorem 3.2.

Proof. By Theorems 4.1 and 3.2 it is enough to prove that if f(e)
satisfies the conditions of the theorem, then it is continucus on § in the
topology of K,{z) for some # %0 in Ng. This we prove as

LemMMA 4.1. Let S be @ linear subspace of K {x). Let f(a) be a linear
Functional defined and comtinuous on 8 in the topology of K {x)>. Then f{a)
is continuous on 8 in the topology of I.{x> for some r 7 0 in Ng.

Proof. Suppose f(a) is not continuous on § regarded as subspace
of K.{x) for any » # 0 in Ng. Since K has a non-trivial valuation, there
exists a sequence {4} in K such that [4;] — co a8 ¢ - co. Then by Monna’s
results ([3], p. 1134-1135, Theorems 9 and 10), we can for each 4 choose
an o; sueh that, given any M and A,

(4.1) [f (@)l > M|z |4l

Now let #;e K be such that

1 1
4.9 0 < il <o 77
(4.2) W< Tamm]

this being possible since the valuation of & is non-trivial. We put a; = L.
Then |f(a:)] = f{t:)l = (t:]1f(e3)]. Therefore, by (4.1) and (4.2), we have

(4.3) (@)l > M |t} |os: 1Al |-

(1) The author is grateful to Pref. Dr. A. F. Monna for having peinted out
this fact and for having kindly serutinized an earlier version of this paper.
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Now, we choose M such that M[t,—”a;:llﬁ,‘ > 1. Hence, by (4.3),
[f(as)] > 1, and, by (4.2),

, 1
la: 4] = Itallas ids)] < T
This implies, by definition of |e;: |4l in (3.1) that
- 1 1
[0 <W7 e ™ | 2] QW, nzl,
ie.
i 1

(4'4) [ainl ULJ < A ["l_“ .

Since |4;| - oo, we can agsume that |1 = 1 for all <. Then (4.4} gives
that lam"" A< 1, fe |ag"" <14 for sach #>1. Thus we have

1yn

1
PN g . &g — =
(@] < e ; lan"" < 7l ) n =
Therefore, by definition of |a;| in (2.2), |o} < 1/|4]. But 1/|4;] -0
as 4 ~» oo, Therefore |o;) 0 a8 ¢ — oo, On the other hand, }f(e;)| >1,
i.e. f(e) is not continuous on § in the topology of K (). This proves the
resulf.

The author is indebted fo the referee for correcting an error in an
earlier version of the paper and for pointing out that Theorem 3.2 is
equivalent to Theorem. 3.1 of [5].
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An I'-algebra for algebraieally irreducible semigroups*
by

JOHN G. BERGMAN and NEAL J. ROTHMAN (Urbana, I11.)

1.1. Imtroduction. This paper is another chapter in the theory of
Ir-algebras of linearly quagi-ordered semigroups. Algebraically irreducible
commnutative semigroups are known to be a special case of linearly quasi-
ordered semigroups, buf the structure of the semigroup over an idem-
potent arc in the decomposition space §/& is more amenable for the
algebraically irreducible semigroups (see Theorem 1.3). Adapting the work
of Lardy [4] on I'(a,b), where (s,}) is an idempotent ecommutative
semigroup and using Lebesgue measure .on {a, b) we introduce a. measure
M on the algebraically irreducible semigroups § for which §/# is an
idempotent semigroup. We show that I8, M) is semisimple and that
the multiplicative linear functionals (maximal ideal space) of his algebra
is in one-to-ome correspondence with the messurable semicharacters
on 8. We conclude the paper with some remarks as $0 the extension of the
results here to a wider class of linearly quasi-ordered semigroups. Our
work here was motivated by Lardy [4] and the remarks in Rothman [7]
about assigning meagure zero to idempotent arcs in §/%. The methods
of [6] and [7] are used. While the notation here is different, it is clear
that it is in agreement with that of [6] and [7] when passing from funec-
tions in LY(S, M) to the corresponding measures in M (8).

1.2, Definitions and basic theorems. In what follows, a semigroup S
is & Hausdorff topological space together with a centinuous associative
multiplieation. We shall use 1 to denote the identity element, K to denote
the minimal idesl (which exists in § is compaet [9]), and H to denote the
maximal subgroup of § with identity 1.

A compact connected semigroup § is algebraically irreducible about
B 8 it 8 eontains no proper closed connected subsemigroup confaining B.
In particular, a compaet connected abelian semigroup with an idel_ltity
element, 1, algebraically irredneible about K v H will be-called an 4-1
semigroup [B]. We use. the left equivalence of Green [2] defined for §

* The authors were supported in part by the NSF Grant aP 5370.
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