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The effectiveness of using localized current drive or heating to suppress the formation and growth
of neoclassical magnetohydrodynamic~MHD! tearing modes is addressed. The most efficient way
to use an auxiliary current source is to cause current to flow in the same direction as the equilibrium
bootstrap current and phase the current relative to the magnetic island such that the current is
deposited on the O-point of the island. Theoretical estimates for the amount of required current to
suppress the formation of a large magnetic island is of order a few percent of the equilibrium
current. If the suppression is successful, the magnetic island will saturate at a width of order the
radial localization width of the current source. Localized heating at the O-point of the magnetic
island can also produce stabilizing effects relative to magnetic island growth. The effects of the
driven current or heating can be illustrated by using a phase diagram of the island growth. ©1997
American Institute of Physics.@S1070-664X~97!02508-1#
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I. INTRODUCTION

Neoclassical effects modify the resistive magnetohyd
dynamic ~MHD! description of tearing modes in toka
maks.1–4 In particular, the self-consistent effects of perturb
bootstrap currents allow pressure-induced magnetic is
formation in the positive shear regions of tokamaks. T
instability process can, in principle, give rise to magne
islands at every low-order rational surface despite the
that resistive MHD theories predict stability.3,4 As tokamak
discharges start to operate more routinely at low collision
ity, with high bu , large bootstrap fraction and long puls
lengths, neoclassical tearing modes will play a more pro
nent role in limiting stored energy and reducing confineme

A number of tokamak experiments have observed
appearance of neoclassical MHD tearing modes.5–9 Associ-
ated with these modes is the formation of slowly growi
magnetic islands that reduce the confinement time of
plasma10 or, if the islands grow large enough, cause a d
ruption. Additionally, in long pulse, low collisionality toka
maks, the neoclassical MHD tearing modes provide beta
its well below that predicted by ideal MHD stability theor
It is anticipated that unless they are stabilized, neoclass
tearing modes will provide a dangerous instability for t
proposed International Thermonuclear Experimental Rea
~ITER! device.8

In this work, the effect of localized current drive or hea
ing sources on magnetic island formation is addressed. S
cifically, we attempt to quantify to what extent these me
ods can be used to stabilize the neoclassical-MHD tea
mode. A number of proposals have been suggested and
ied relative to stabilizing magnetic island formation in tok
maks which are resistive MHD unstable. In particular, the
methods include using applied resonant field errors w
negative feedback,11–15 local heating of the island
region,16–23and local current drive mechanisms.24–28We ex-
tend these studies and use a similar procedure to study
2940 Phys. Plasmas 4 (8), August 1997 1070-664X/97/
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local heating and current drive effects on neoclassical M
tearing modes.

An analytic theory can be developed by including t
effects of perturbed helical bootstrap currents, and the lo
ized sources through a generalized Ohm’s law. In Sec. I
nonlinear island evolution equation is derived that includ
the effects of a phase localized current source. The stab
properties with this new term are illustrated through the u
of phase diagrams for the island evolution. In Sec. IV, t
effects of localized heating are addressed. Localized hea
gives rise to self-consistent deformations of the current p
file through the temperature dependency of the plasma re
tivity. Finally, we apply these results to indicate the lev
needed to suppress the formation of large amplitude neoc
sical MHD tearing modes.

II. ISLAND EVOLUTION EQUATION

Consider an equilibrium with a monotonically increasin
q profile and magnetic surfaces labeled by the ‘‘radial’’ c
ordinate r. The poloidal flux functionc is a function of
r, c5c~r!. The equilibrium magnetic field is writtenB0

5I (r)¹z1c8¹z3¹r5q~r!c8¹r3¹u1c8¹z3¹r wherec8
5dc/dr. In this work, a small aspect ratio assumption
used, so thatuBu>I u¹zu5I /R whereR is the major radius.

Magnetic reconnection can occur at the rational surf
q(rs)5m/n. Now consider a magnetic perturbation resona
at that surfacer5rs of the form B15¹z3¹c̃, where c̃
5c1(r)cos(mu2nz). Near the rational surface, the tot
magnetic field has the approximate form,B>qscs8¹r3¹a
2~cs8qs8/qs!¹z3¹C, where

C5
1

2
x22

qc̃

q8c8
, ~1!

a5u2z/qs is the resonant angle,x5r2rs is the distance
away from the rational surface,qs5q(rs), qs85q8(rs), and
cs85c8(rs). In the vicinity of the island region,B•¹C
50, indicating thatC labels the perturbed magnetic flux su
faces.
4(8)/2940/7/$10.00 © 1997 American Institute of Physics
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Using the constant-c assumption of tearing mode theo
c1(r)>c1(rs), the perturbation gives rise to an island
full width W

W54Aqsc1

qs8cs8
. ~2!

The local approximations are valid if the small island a
sumptionW,rs is satisfied. A helical flux surface averagin
operator is defined by

^C&5

R da

2p

C

A2C1w2 cos~ma!/8

R da

2p

1

A2C1w2 cos~ma!/8

~3!

for any functionC. It has the propertyB•¹^C&50.
In the relevant nonlinear regime where the island wid

exceeds the linear layer width, a variant on Rutherfo
theory is used to construct an island evolution equation.29 In
this asymptotic theory, the form of the current in the vicin
of the rational surface is calculated and matched to the e
rior matching parameterD8, the logarithmic jump in the vec
tor potential across the magnetic surface as constructed in
exterior region. Specifically, the matching condition is

1

2
D8c15m0RE

2`

`

dr R da

2p
cos~ma!Ji . ~4!

In the limit that curvature and inertial effects can be n
glected, the current in the vicinity of the island satisfiesB
•¹Ji50. This condition is met by demanding that the cu
rent profile be a function of the flux surface,Ji5Ji(C)
whereC is given in Eq.~1!.

The description of the inner region solution is complet
by introducing an Ohm’s law that self-consistently accou
for the island in the local magnetic topology. The flux su
face averaged parallel current is given by

Ji~C!5
1

h
^Ei&1

1

hB
^B•¹•p ie&1^Jaux&, ~5!

where the first term is the inductive electric field which d
velops due to the time dependent magnetic island grow
Specifically, this is given by

^Ei&5
1

R

dc1

dt
^cos~ma!&. ~6!

The last term in Eq.~5! allows for an externally controlled
driven magnetic current. Particular forms forJaux will be
considered in the following sections. The second term
scribes the neoclassical effects which give rise to the p
turbed bootstrap current. It can shown that the form for t
term is given by1–4,30–32

^B•¹•p ie&52
me

ne

I

cs8
K ]p

dxL , ~7!

whereme is the electron viscous damping rate andne is the
electron collision frequency. For sufficiently large magne
islands,30–32the pressure profile in the vicinity of the ration
surface is also a perturbed flux function,p5p(C), which
Phys. Plasmas, Vol. 4, No. 8, August 1997
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implies ^]p/]x&5^x&dp/dC. Assuming a cross-field diffu-
sion process and a pressure source located away from
rational surface, the pressure profile in the vicinity of t
rational surface is given by1–4,30,33

dp

dC
5

dp

drU
eq

Q~C2W2/16!

R da

2p
A2C1W2 cosa/8

, ~8!

whereQ is a step function anddp/drueq5ps8 is the equilib-
rium value of the pressure gradient in the absence of
magnetic island. This model of the pressure profile has a
spot inside the island separatrix. For island widths sma
than a characteristic distance determined by the ratio of
pendicular to parallel equilibration processes, the pressu
not a flux function and a different treatment is needed. F
the purposes of this paper, we will restrict our calculation
be relevant for island widths larger than any characteri
threshold distances.30–32,34,35

Using Eqs.~5!–~8! in the matching condition, Eq.~4!,
leads to an island evolution equation forw assumingJaux

50 and that the island width exceeds the thresh
condition,1–4

0.82
dw

dt
5

1

t r
S D8rs1

Dnc

w D , ~9!

wherew5W/rs is the island width normalized to the loca
minor radius,t r5m0rs

2/h, and

Dnc524.6Ae
2m0ps8R

2

cs8
2

qs

qs8
~10!

describes the effect of the perturbed bootstrap current and
large aspect ratio, small collisionality form forme is used
wheree5rs /R is the local aspect ratio. It should be pointe
out that additional effects due to polarization currents34,35

and curvature36 add terms to Eq.~9! and finite pressure dif-
fusion properties modify the neoclassical and curvat
terms.30–32 However, these terms only play a role at sm
island width where they influence the nonlinear isla
threshold condition. These terms play very little role in d
termining the evolution properties of the mode above
threshold or the saturated island width.

Since q8 is generally positive for tokamak discharge
the neoclassical term in Eq.~9! is destabilizing and can caus
the formation of magnetic islands even whenD8 is negative
and stabilizing. WhenD8,0, the islands grow and satura
at the level

wsat5
Dnc

2D8rs
, ~11!

which corresponds to island widths of typical size,Wsat

>rsAebu /m which can be a significant fraction ofrs . In
this work, we will concentrate on the suppression the bo
strap current driven magnetic island in theD8,0 limit.
However, the treatment given here can be easily extende
treat theD8.0 case.
2941C. C. Hegna and J. D. Callen
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III. LOCAL CURRENT DRIVE STABILIZATION

In this section we include the effect of an auxiliary cu
rent drive source in the island region. In order to produc
stabilizing effect, the additional current source is required
deliver current in the same direction as the bootstrap curr
provided that the source is localized in phase to the O-p
of the island. Physically, this can be understood by not
that the origin of the instability mechanism of the neoclas
cal MHD tearing mode is the absence of bootstrap curr
inside the island separatrix.4 The intention of using a local
ized source is to replace this current.28 Following the proce-
dure of the previous section, an island evolution equation
be derived from Eqs.~4! and ~5! in the form

0.82
dw

dt
5

1

t r
S D8rs1

Dnc

w
2

Daux

w2 hauxD , ~12!

whereDaux is dimensionless and is given by

Daux5
I auxm0R

scs8rs

16

p
, ~13!

s5rqs8/qs is the magnetic shear,

I aux52prE dr R da

2p
^Jaux& ~14!

is the total amount of auxiliary current driven in the isla
region, and

haux5

E dr R da

2p
cos~ma!^Jaux&

E dr R da

2p
^Jaux&

~15!

is a measure of how efficient the helical current localizat
procedure is. In the ideal limit of ad-function current source
on the O-point of the magnetic island (a50), haux51. Note
the quantity evaluated in Eqs.~14! and ~15! is the auxiliary
current averaged over the modified flux surface. This av
aging denotes the fast equilibration of the current along fi
lines as described in the leading order quasineutrality co
tion. Since^Jaux& is a flux function,haux can be written

haux5
*21

` dV^Jaux&rda cos~ma!@V1cos~ma!#21/2

*21
` dV^Jaux&rda@V1cos~ma!#21/2 ,

~16!

whereV516C/W2 is a normalized flux surface label whe
V521 is the island O-point andV51 is the separatrix.

A simple model for the auxiliary current profile is a co
stant current density located inside a particular flux surf
VJ , ^Jaux&;Q(VJ2V). The parameterVJ can be inter-
preted asVJ52dJ

2/W221 wheredJ is the radial localization
distance across the O-point region (a50) ~see Fig. 1!. For
this model of^Jaux&, haux is given by

haux512
2

3

~22k2!E~k!1~2k222!K~k!

E~k!2~12k2!K~k!
, ~17!

wherek5dJ /W, and K(k) and E(k) are complete elliptic
integrals of the first and second kind. Figure 2 shows a p
for haux as a function ofdJ /W. It demonstrates that fo
2942 Phys. Plasmas, Vol. 4, No. 8, August 1997
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dJ /W!1, haux does not vary greatly, but as the localizatio
width approaches the island width,haux can be reduced sub
stantially.

As dJ is increased to much larger than the island wid
the efficiency functionhaux as derived for the step functio
model drops quickly. In the asymptotic limitdJ@W, haux

>W2/8dJ
2 and Eq.~12! takes the form

0.82
dw

dt
>

1

t r
S D8rs1

Dnc

w
2Daux

rs
2

8dJ
2D , ~18!

where the last term is independent ofw.
The stability properties of the neoclassical tearing mo

can be described by the phase space diagram of the mag
island~see Fig. 3!. For the purposes of this plot, it is assum
that D8,0, Dnc.0, andDaux.0 so that the bootstrap cur
rent term is destabilizing and the added current is stabilizi
Additionally, for the purposes of simplifying the analysis, w
will assume Wsat5Dnc /(2D8)@dJ , the saturated island
width in theDaux50 limit is larger than the current localiza
tion width. In Fig. 3, the island width is normalized toWsat

anddJ /Wsat50.1.
As described by Eqs.~12! and~18! and shown in Fig. 3,

there are an odd number of steady solutions to the isl
evolution equation. At a sufficiently small enough value
Daux, there is only one steady solution to Eq.~12! given by

FIG. 1. The magnetic island topology inx–a space. The characteristi
distances for the island widthw and current localizationdJ are shown.

FIG. 2. The efficiency functionhaux given by Eq.~17! is plotted as a func-
tion of dJ /W. As this ratio becomes small,haux stays close to unity.
C. C. Hegna and J. D. Callen
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wfixed,J15
Dnc

~2D8rs!
H 1

2
1A1

4
2

hauxDaux~2D8rs!

~Dnc!
2 J ,

~19!

where in the limit hauxDaux!(Dnc)
2/(2D8rs),wfixed,J1

>wsat. In this case, the auxiliary current is very small a
the island evolution is essentially unaffected in that the o
fixed point solution is that given by Eq.~11!. A characteristic
solution of this form is shown as the top curve of the pha
diagram.

At larger values ofDaux, two additional fixed point so-
lutions appear. By using an analytic approximation tohaux

>122dJ
2/3W2, for W.dJ , this transition occurs once th

inequality

Daux.
4

)

dJ

rs
Dnc , ~20!

is satisfied. The steady solution corresponding to the lar
saturated island width is given bywfixed,J1 of Eq. ~19!. This
is a stable fixed point. The value

wfixed,J2>
Dnc

~2D8rs!
H 1

2
2A1

4
2

hauxDaux~2D8rs!

~Dnc!
2 J

~21!

corresponds to an unstable fixed point solution. Equa
~21! is valid provided thatwfixed,J2.dJ /rs . The smallest
steady solution is approximately given by

wfixed,J3>
Dnc

~2D8rs!1Dauxrs
2/8dJ

2 >
8dJ

2Dnc

Dauxrs
2 , ~22!

which is obtained from Eq.~18!. In this limit, the saturated
island width is of orderdJ . Specifically, wfixed,J3 corre-
sponds to

FIG. 3. The effect of the phased auxiliary current drive is demonstrated
a phase space diagram of the magnetic island dynamics as described b
~12!. The assumptionD8,0 is made, where the island width is normalize
to the saturated valueWsat5wnc

0 /(2D8) anddJ50.1Wsat. The top curve is
the phase space of the island evolution forwaux,4dJDnc /rs). In this limit
the auxiliary current has very little effect on the island evolution and sa
ration. The middle curve demonstrates typical solutions for 4dJDnc /rs)

,Daux,Dncwsat/4haux. For this case there are two stable fixed point so
tions given by Eqs.~19! and~22!, and one unstable fixed point solution. Th
lowest curve is the phase space evolution forDaux.Dnc

0 wsat/4haux. In this
limit, only the small saturated island width solution is a fixed point.
Phys. Plasmas, Vol. 4, No. 8, August 1997
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Wfixed,J3;dJ

Jbootstrap

Jauxiliary
, ~23!

which is the current localization width times the ratio of th
local bootstrap to auxiliary current density.

The novel feature of this class of solutions, as describ
by the middle curve of Fig. 3, is that the steady val
wfixed,J2 takes on the role of a threshold island width con
tion. For an island width that is initially larger than th
value, the island amplitude will grow and saturate at t
‘‘large’’ value given in Eq.~19!. However, for island widths
which are initially smaller thanwfixed,J2 , the island evolution
equation indicates an island that will decay down to t
‘‘small’’ saturated value described by Eq.~22!.

As the auxiliary current term increases further, the tw
fixed point solutionswfixed,J1 and wfixed,J2 approach each
other until they obtain a common value whenhauxDaux

5Dncwsat/4. For

hauxDaux.
1

4

~Dnc!
2

~2D8rs!
, ~24!

there is only one steady solution to the island evolution eq
tion corresponding to the small saturated island width giv
by Eq. ~22!. Equation~24! is the condition for the elimina-
tion of the large saturated neoclassical tearing mode by a
iliary current drive. The bottom curve of Fig. 3 demonstra
the structure of this solution.

IV. THE EFFECT OF LOCAL HEATING ON
NEOCLASSICAL TEARING MODES

The effect of a local heating source on a neoclass
tearing mode has been discussed previously.33 The essential
idea behind using localized heating to affect island physic
through the helically resonant temperature variations nea
island causing variations in the Ohmic current profile

dJi5
3

2

dTe

Teo
Jio , ~25!

where Jio5Ei /ho is created from the externally applie
loop voltage,ho is the resistivity evaluated atTeo , and
dTe is the temperature variation. As can be shown from
dial parity considerations, the only contribution from th
mechanism comes from temperature perturbations inside
island separatrix.

The temperature profile can be solved33 for by assuming
a model diffusion equation

¹nx'¹Te52S, ~26!

where x' is the cross-field diffusivity andS is the local
heating source. For the purposes of this study, it is assu
that on the time scales of interestTe will equilibrate along
the perturbed field lines, so thatTe5Te(V) where V
516C/W2 is the normalized flux surface label. It is straigh
forward to show using this assumption that the tempera
profile inside the island separatrix is33

dTe

dV
52

W2

32

E
21

V

dV8 R da
S~V,a!

AV81cos~ma!

R da nx'AV81cos~ma!

, ~27!

th
Eq.

-

2943C. C. Hegna and J. D. Callen
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where the boundary condition isdTe /dV50 on the mag-
netic axis of the island. Equation~27! can be simplified by
assuming a uniformnx' and by using a step function hea
ing profile S(V)5SoQ(Vc2V). Using these assumptions

dTe

dV
52

W2

16

So

nx'

for V,Vc,

52
W2

16

So

nx'

rAVc1cos~ma!

rAV1cos~ma!
, for Vc,V,1.

~28!

From Eq. ~26!, the characteristic temperature perturbati
size scales asdTe>W2So/8nx' for Vc.1 and dTe

>dHWSo/8nx' for Vc,1 wheredH is the radial localiza-
tion of the heating profile defined byVc52dH

2 /W221.
To account for the effect of the local heating on t

neoclassical MHD tearing mode, the same procedure as
previous two sections is used. Using Eqs.~25! and ~28! in
Eq. ~4!, an island evolution equation is derived. First, for t
case of heating throughout the island region,Vc.1, the evo-
lution equation has the form

0.82
dw

dt
5

1

t r
S D8rs1

Dnc

w
2wDheatD , ~29!

where

Dheat5
16

5p

qs

qs8

RmoJio

cs8

Sors
2

nTex'

~30!

is dimensionless. There is only one fixed point solution
Eq. ~29! for D8,0 andDheat.0. The saturated island widt
is given by

wsat,H5
Dnc

2D8rs

2

11A11Y
, ~31!

where

Y54
DheatDnc

~2D8rs!
2 ~32!

is a measure of the effect of the localized heating. In t
limit, the local heating can reduce the saturated island wi
but cannot completely eliminate the neoclassical tear
mode.

In the limit that the heating width is smaller than th
island with Vc,1, the island evolution equation has th
form

0.82
dw

dt
5

1

t r
S D8rs1

Dnc

w
2DheatCo

dH

rs
D , ~33!

whereCo is a constant of order unity and a weak function
dH /w.19 The additional heating cannot prevent the mo
from growing. However, it does lower the saturated isla
width. In this limit, the saturated island width is

wsat,H15
Dnc

0

2D8rs1DheatCodH /rs
. ~34!
2944 Phys. Plasmas, Vol. 4, No. 8, August 1997
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V. DISCUSSION

Of the methods discussed in this work, the most eff
tive means of suppressing neoclassical MHD tearing mo
is by using a localized current drive source. The driven c
rent should be directed in the same direction as the equ
rium bootstrap current and is most effective if the curren
localized to the O-point of the island and has a radial loc
ization width smaller than the characteristic island size.
this limit, it is possible to suppress the existence of a la
stable steady state value of a saturated magnetic island.
criterion is given in Eq.~24!. This condition can be rewritten

I aux

I tor
haux*0.08

ebu
2

sm S r

Lp
D 2

, ~35!

where I tor52prBu(rs) is the total amount of equilibrium
toroidal current flowing inside the rational surface,Lp

52p/(dp/dr) is the equilibrium length scale of the pressu
gradient,bu52mop/Bu

2 is the local poloidal beta and th
approximationD8rs522m is used wherem is the poloidal
mode number. The efficiency factor is assumed to be of
der unity and is given by Eq.~17! for the step function mode
for the auxiliary current drive source. Fore51/4, m52,
bu51, s51, andr/Lp51, Eq.~35! leads to the requiremen
I auxhaux/I tor>0.01.

If this criterion is met, the island will not grow to the
large saturated island width value given by Eq.~19!, but
instead grow to an island width comparable to the rad
localization size of the auxiliary current. This small saturat
island width is given by Eq.~22!.

Even if complete stabilization of the large saturated
land width cannot be achieved, the phased auxiliary curr
will still have a beneficial effect. As pointed out in th
middle curve of Fig. 3, a nonlinear island width threshold
created if the added current is below the stabilization thre
old. As mentioned previously, there are other mechanis
that have been invoked to explain a nonlinear magnetic
land width threshold which are not included in th
work.30–32,34,35So at the very least, the added current dri
can raise the threshold level.

Additionally, it has been pointed out that phasing t
current source relative to the island width phase is not
quired to obtain a stabilizing effect.28 However, not phasing
the current does reduce the efficiency as measured byhaux.
An exterior current source that is applied uniformly ina
does introduce some phase localization do to the rapid eq
bration of the current along the perturbed field lines. Ma
ematically, this is represented by the flux surface averag
procedure in the definition of the efficiency, Eq.~15!. For the
case of an externally applied unphased source,haux>0.37
for dJ,W.28

The effect of local heating on the neoclassical tear
mode has also been calculated. This effect introduces pla
currents in the island region through the self-consistent
formations of the Ohmic current profile. If the temperatu
profile peaks on the magnetic axis of the island relative to
separatrix, the currents are stabilizing. While this mechan
is not predicted to eliminate saturated steady solutions
neoclassical MHD tearing modes, local heating can red
C. C. Hegna and J. D. Callen
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the size of the saturated island, see Eqs.~31! and~34!. Unlike
the local current drive case, there is only one steady s
root to the island evolution equation in theDnc.0, D8,0
limit. In the case of uniform heating in the island region, t
effect of the heating is quantified by the factorY described in
Eq. ~32! and rewritten here,

Y5
18

m2

Aebu

s2

r2

LTeLp

~S/x'! inside

~S/x'!outside
, ~36!

whereLTe52Te(dTe /dr) is the equilibrium electron tem
perature gradient and the approximationmoJi52Bu /r
is made. Additionally, the equilibrium electron temperatu
gradient is assumed to be given byn(dTe /dr)
52r(S/x')/2 whereS andx' are the characteristic heatin
sources and diffusion coefficients of the equilibrium outs
the island separatrix. The last factor in Eq.~36! is the ratio of
the heating to diffusion rates inside and outside the isl
region. Using the same numbers as used after Eq.~35!, the
characteristic size ofY for m52 islands is

Y52.3
~S/x'! inside

~S/x'!outside
. ~37!

In order for local heating to be an effective means of co
trolling the saturated island width~which requiresY@1!,
either the heating rate inside the island separatrix needs t
larger than the equilibrium rate or the cross-field diffusiv
inside the island needs to be much smaller than the cha
teristic value outside the island.

VI. CONCLUSIONS

The effects of localized current drive and heating ma
netic island formation in tokamaks have been calculat
Similar techniques for the prevention of resistive tear
modes and disruption control have been proposed and s
ied previously.16–28 In this work, the prevention and stabil
zation of neoclassical tearing modes have been emphas

It is concluded that a phased spatially localized auxilia
current driven at the O-point of the magnetic island can be
effective way to control the neoclassical MHD tearing mo
by reducing its saturated island width to a level compara
to the radial localization width of the auxiliary current. Th
amount of current needed is of the order of a few percen
the total equilibrium current. If the current is short of th
amount, it still can have the beneficial effect of raising t
nonlinear magnetic island width threshold. Below th
threshold, neoclassically driven magnetic islands would
prohibited from forming. Local heating of the island regio
cannot completely eliminate the mode but it can reduce
saturated island width. However, in order for this to be
appreciable effect, rather dramatic differences in the hea
rate or diffusion properties inside the island separatrix re
tive to outside the island are needed.
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