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(ii) I t  is n o tic e ab le  t h a t  a lth o u g h  th e  B e e r-L a m b e r t law  h o ld s  o n ly  fo r 

m o n o ch ro m a tic  lig h t, a cco rd in g  to  r ig id  o p tic a l th e o ry , th e se  e x p e rim e n ts  

show  t h a t  w ith  n o t  to o  w ide a  b a n d  i t  m a y  s t i l l  be  a p p lie d . T h is  w ou ld  

su g g est t h a t  in  th e  sp e c tra l reg io n  w h ere in  w e h a v e  w o rk ed  th e  a b so rp tio n  

of lig h t b y  N 0 2 is a lm o s t c o n tin u o u s , a n d  t h a t  w e can , w ith o u t serio u s e rro r, 

a ssu m e a  m ean  v a lu e  fo r  e.

On the S ta tistical M echanics o f D ilu te and o f  Perfect Solutions.

B y  E .  A. Gu g g e n h e im , M .A., G onville  a n d  C aius College, C am bridge .

(C om m unicated b y  R . H . Fow ler, F .R .S .— R eceived  O ctober 21, 1931.)

§ 1. Introduction and D efin itions .— I n  a  p rev io u s  p a p e r*  th e  a u th o r  d iscu ssed  

th e  law s of d ilu te  a n d  of p e rfe c t so lu tio n s . I t  w as p o in te d  o u t t h a t  th e  law s 

of d ilu te  so lu tio n s  ta k e  d iffe ren t fo rm s acco rd in g  to  th e  c o n c e n tra tio n  scale 

used, th e se  form s b ecom ing  id e n tic a l o n ly  a t  in fin ite  d ilu tio n . Of th e se  

v arious se ts  of law s t h a t  co rre sp o n d in g  to  th e  m o le -frac tio n  scale  of co n 

c e n tra tio n  h as  in  c e r ta in  re sp ec ts  s im p le r p ro p e rtie s  th a n  th e  o th e rs  a n d  is m ore  

sy m m etrica l b e tw een  so lv en t a n d  so lu te . I n  p a r t ic u la r  o n ly  in  th is  fo rm  is i t  

possib le  fo r th e  law s of d ilu te  so lu tio n s  to  h o ld  a t  a ll c o n c e n tra tio n s , in  w hich  

case th e y  becom e th e  law s of p e rfe c t s o lu t io n s . | I t  w as sh o w n  how  th is  se t 

of law s of p e rfec t so lu tio n s  cou ld  b e  d ed u ced  b y  th e rm o d y n a m ic  reaso n in g  

from  c e r ta in  a ssu m p tio n s  a b o u t th e  a d d i t iv i ty  of energ ies a n d  vo lum es on  

m ix ing , b u t  th e se  a ssu m p tio n s  w ere n o t  of a  v e ry  sim p le  form . N o r w as a n y  

reaso n  fo u n d  w hy  th e  law s of d ilu te  so lu tio n s  sh o u ld  ta k e  th e  p a r t ic u la r  fo rm  

correspond ing  to  th e  m o le -frac tio n  scale  of c o n c e n tra tio n , ex ce p t an a lo g y  

w ith  th e  law s of p e rfec t so lu tio n s . I n  th e  p re se n t p a p e r  a n  a t te m p t  w ill be 

m ad e  to  rem ed y  th is  om ission  b y  c o n sid e ra tio n s  of s ta t is t ic a l  m echan ics.

The m e th o d  u sed  will be  t h a t  of p a r t i t io n  fu n c tio n s  d esc rib ed  in  F o w le r’s 

te x t-b o o k . J. T h is  m e th o d  is m ore  e leg an t th a n  G ib b s’ m e th o d  of th e  c an o n ica l 

ensem ble, does n o t suffer from  th e  log ical in co n sisten c ies  of B o ltz m a n n ’s

* E . A . G u gg en h e im , ‘ J .  P h y s ik  C h em .,’ v o l.  3 4 , p . 1751  (1 9 3 0 ) .

t  Cf. W a sh b u rn , ‘ Z . P h y s ik  C h em .,’ v o l. 7 4 , p . 5 3 7  (1 9 1 0 ) .

% “  S t a t i s t ic a l  M ech a n ic s  ”  (1 9 2 9 ) .
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m eth o d  of “ th e rm o d y n am ic  p ro b a b ility ,” a n d  is m ore  pow erful th a n  either 

of these .

To m a in ta in  so fa r  as possible co n tin u ity  w ith  F o w ler’s tre a tm e n t, th e  

th erm o d y n am ic  fu n c tio n s used  w ill be  th e  tw o  ch a rac te ris tic  fu nctions T  

a n d  <D of P lan ck . As i t  is m ore  u su a l fo r ch em ists  to  use  th e  H elm holtz  free 

energy  A a n d  th e  G ibbs’ free energy  F , i t  is p e rh ap s  as  well to  define these  

various fu n c tio n s a n d  give th e  ex ac t re la tio n s  be tw een  th e m . W hen  an y  one 

of th ese  h as  been  ev a lu a te d , th e  o th e rs  are , of course, o b ta in ab le  b y  pure  

th e rm o d y n am ics  a n d  a n y  one of th e m  is eq u a lly  u tilisab le , th o u g h  n o t neces

sarily  equally  conven ien t, w ith  th e  o th e rs  fo r th e  d e te rm in a tio n  of a n  equili

b rium .

L e t E deno te  th e  energy, T th e  ab so lu te  te m p e ra tu re , S th e  e n tro p y , p  th e  

p ressure , V  th e  volum e of a  w hole sy s tem  or a  w hole p h ase  of a  system , th e n  

we h av e  th e  defin itions

A  =  E  — TS , (1.1)

F  — E  — TS +  p Y  =  A +  p V , (1.2)

XF  =  S — E /T  =  — A /T , (1.3)

O  =  S — E /T  — p Y /T  =  -  F /T . (1.4)

Before com m encing  o u r t re a tm e n t  of so lu tio n s we sh all d iscuss briefly  th e  

re la tio n sh ip s  b e tw een  'F  a n d  <X> a n d  th e ir  dependence  on  th e  p ressu re  on th e  

one h a n d  fo r p e rfec t gases a n d  on  th e  o th e r  h a n d  for liq u id  phases, as an  

im p erfec t u n d e rs ta n d in g  of th ese  re la tio n sh ip s  leads to  confusion. F o r a 

p e rfec t gas co n ta in in g  n  m olecules, w h e th e r all a like or n o t

p V  =  n kT , (2)

w here  k  is th e  gas c o n s ta n t, a n d  so

0> =  T  — nk. (3)

F o r a  liqu id  phase  of g iven com position  a n d  te m p e ra tu re , on th e  o th e r han d , th e  

volum e is re la ted  to  th e  p ressu re  b y  th e  fo rm ula

V =  V* {1 -  Kp}, (4)

w here Y* is th e  value of Y a t  v e ry  low, effectively  zero, p ressures an d  k  is 

th e  com pressib ility , w hich fo r all o rd in a ry  p ressures m a y  be assum ed inde

p en d en t of p . The re la tio n  be tw een  XF  an d  there fo re  ta k e s  th e  form

1 82  E .  A . G u g g e n h e im .

4> =  v  -  ^  a  -  «*>}. (5)
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M echanics o f D ilute and Perfect Solutions. 1 8 3

A p p ly in g  th e  w ell-know n th e rm o d y n a m ic  re la tio n

V ( t  (  ̂^  1
\ d p ) T dp /T

w e o b ta in

_ T { ^ )  -j- V * {1 — Kp] — Y
\ uj) /

Y  = (7)

C om paring  (7) w ith  (4) w e find

( d w \  v*Kp, (&\
\ dp / T T  ’

\°)

a n d  a f te r  in te g ra tin g

_  \p *  i v  v 2 (9)

w here T *  is  th e  v a lu e  of Y  a t  zero  p re ssu re . C om b in ing  (5) a n d  (9) w e o b ta in  

finally

4> =
( 10 )

F ro m  (9) we see t h a t  fo r a n  in co m p ress ib le  liq u id  VF  like  V  is in d e p e n d e n t of 

p . In  th is  case O  is g iv en  by

=  a n

w here a ll th e  q u a n t i t ie s  on  th e  r ig h t , e x c e p t p  itse lf, a re  in d e p e n d e n t of p . 

I t  is c lea r t h a t  fo r a n  in co m p ress ib le  liq u id  i t  is n o t  possib le  to  use V  in s te a d  

of p as a n  in d e p e n d e n t v a r ia b le  defin ing  th e  s ta te  of th e  sy s tem . I f  th e  

liq u id  is com pressib le  i t  is in d eed  p erm issib le  to  u se  V  in s te a d  of p  as  a n  

in d ep en d en t v a riab le , b u t  n o t a t  a ll co n v en ien t, a s  th e  form ulae w ould  a ll becom e 

in defin ite  w hen  p-* 0 in s te a d  of ta k in g  spec ia l sim ple  fo rm s .

§ 2. The Statistical F orm ula tion .— T he ab o v e  co n s id e ra tio n s  a p p ly  to  a  liq u id  

p h ase  of a n y  com position , w h e th e r  s im ple  o r a  m ix tu re .  W e sh all th e re fo re  in  

ou r tr e a tm e n t  of liq u id  p h ases  ta k e  as  in d e p e n d e n t v a riab les  th e  te m p e ra tu re , 

th e  p ressu re  a n d  th e  n u m b e r of m olecules of each  species. F o r  a n  assem b ly  

cons is ting  of nA m olecules of A  a n d  n B m olecules of B , b e tw een  w hich  no  

chem ical reac tio n s  are  su p p o sed  to  ta k e  p lace , th e  c h a ra c te ris tic  fu n c tio n  

is g iven  b y

I  =  nA { log  +  1 { +  n B{log +  l ]  +  B  (T, (12)

H ere  k  is th e  gas c o n s ta n t . GA a n d  G B are  th e  p a r t i t io n  fu n c tio n s  fo r th e
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18 4 E . A . G u g g e n h e im .

k in e tic  energy  a n d  in te rn a l energy  of th e  m olecules A  a n d  B  ; th e  fo rm  of GA 

a n d  Gb need  n o t concern  us here  : i t  suffices to  m en tio n  t h a t  th e y  depend  on 

th e  te m p e ra tu re  a n d  possib ly  th e  p ressu re , b u t  o therw ise  on ly  on  m olecular 

p ro p erties  such  as m ass, m o m en ts  of in e rtia , v ib ra tio n  frequenc ies, e tc ., of 

th e  m o lecules. F in a lly  B  (T, p) th e  p a r t i t io n  fu n c tio n  fo r th e  p o te n tia l energy 

of th e  w hole sy stem  is g iven  by*

B (T, p)  =  C |  e~w/fcT (dwA)na (doiB)nB. 

H ere  W  is th e  p o te n tia l energy  of th e  w hole sy stem , a  fu n c tio n  of th e  space 

co-ord ina tes of a ll th e  nA m olecules of A  a n d  m olecules 

a n  ab b re v ia tio n  fo r th e  p ro d u c t of n A e lem en ts  of vo lum e each  corresponding  

to  one p a r tic u la r  A  m olecule  ; s im ila rly  (dcoB)wB. T he m u ltip le  in teg ra l is 

to  be ev a lu a te d  over th e  w hole of th e  3 ( -f- n B) d im ensional phase  space.

T he w hole p ro b lem  reduces to  th e  e v a lu a tio n  of B  (T, p ) *

F o w le rf  does in deed  d ev o te  a  few  p a ra g ra p h s  to  d ilu te  so lu tions, b u t  th e  

tre a tm e n t  th e re  g iven  is open  to  c ritic ism . F o r  a  pe rfec t gas B  (T, p)  becom es 

s im ply  V w A + n B .  F o r  a  d ilu te  liq u id  so lu tio n  of B  in  A  ( th a t  is n B wA), 

F ow ler s ta te s  t h a t  th e  so lu te  m olecules w ill c o n tr ib u te  a  fa c to r  V nB to  B  (T, p), 

th e  rem ain in g  fa c to r  be ing  in d ep en d en t of n B. T his a rg u m e n t seem s to  be 

due  to  a  false an a lo g y  b e tw een  d ilu te  so lu tio n s a n d  p e rfec t gases, p ro b ab ly  

suggested  b y  th e  p o p u la r b u t  false an a lo g y  b e tw een  osm otic  p ressu re  and 

gaseous p ressure . To e s tab lish  th is  p o in t i t  is b e s t to  rem in d  ourselves w hy 

B  (T, p)  ta k e s  th e  fo rm  V wa + wb  fo r a  pe rfec t gas. T he e x p lan a tio n  is sim ply  

th a t  th e  volum e V  of a  gas is d e te rm in ed  en tire ly  b y  t h a t  of its  co n ta in er an d  

we can  express th is  m a th e m a tica lly  b y  se tt in g

W  =  0 an y w h ere  w ith in  th e  vo lum e V ;

W  =  oo anyw here  o u ts id e  th e  vo lum e V .

In te g ra tio n  th e n  gives im m ed ia te ly

B  (T, p)  =  Vwa+V  (14)

F o r a  slig h tly  im perfec t gas th e  co nd itions are

W  is sm all anyw here  w ith in  th e  volum e V ;

W  =  oo anyw here  ou ts id e  th e  volum e V.

* Vide F ow ler , loc. cit., p . 3 07 . 

f  F ow ler , loc. cit., p arag raph s  13 .2  t o  13 .4 .
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T h u s  th e  in te g ra tio n  over th e  w hole of th e  p h ase  sp ace  m a y  s till be rep laced  

by  in te g ra tio n  over th e  h y p e r-v o lu m e  V n A + w B .  T his lead s  to  th e  formulae 

o b ta in e d  b y  F o w ler fo r im p e rfec t gases .*

F o r  a  liq u id , how ever, th e  c o n d itio n s  a re  e n tire ly  d ifferen t. T he  vo lum e V  

o ccu p ied  b y  th e  liq u id  is n o t a t  a ll d e te rm in e d  b y  a  c o n ta in in g  vessel b u t  b y  

th e  in te rm o le c u la r  fo rces. T he  size of th e  co n ta in in g  vessel w ill m ere ly  d e te r 

m in e  how  m a n y  m olecules w ill b e  p re se n t as  v a p o u r  in  e q u ilib riu m  w ith  th e  

liq u id  ; we m a y  in  a n y  case a ssu m e t h a t  th e se  a re  neg lig ib ly  few  co m p ared  

w ith  th e  m olecules in  th e  liq u id  p h ase . T he  b e h a v io u r  of W  fo r a  single  liq u id  

is b e t te r  d escrib ed  as  follow s. W  h as  a  p ro n o u n c e d  m in im u m  fo r c e r ta in , 

b u t  n o t all, co n fig u ra tio n s  in  w h ich  a ll th e  n  m olecules a re  p a c k e d  to g e th e r  in  

a  vo lum e V  (th e  a c tu a l  vo lu m e of th e  liq u id ). A s sh o w n  b y  th e  la rg e  h e a t  of 

e v a p o ra tio n  of liq u id s (co m p ared  to  &T) n o t  n e a r  th e  c r itic a l p o in t a n d  th e ir  

sm all com p ressib ility , W  w ill be  m u ch  g re a te r , e ffectively  in fin ite , fo r a ll 

co n fig u ra tio n s  in  w hich  th e  w hole  a ssem b ly  occup ies a  v o lum e a p p re c ia b ly  

g re a te r o r less th a n  V. S ince th is  m in im u m  v a lu e  of W  w ill o b v io u sly  be 

p ro p o rtio n a l to  nth e  n u m b e r  of m olecules in  th e  assem b ly , we m a y  w rite

W min —  n . w(T, 

w here  w  (T , p)  is in d e p e n d e n t of n. W e th u s  o b ta in

B (T, p )  =  e-nw/k1 J  | 

w here th e  in te g ra l h a s  now  to  b e  e v a lu a te d  o v e r a ll co n fig u ra tio n s  co n s is te n t 

w ith

W  =  nw. (17)

W e h av e  now  to  e s tim a te  th is  h y p e r-v o lu m e  of p h ase-sp ace . I t  is fa irly  

obv ious th a t  we n eed  n o t ta k e  in to  co n s id e ra tio n  chan g es of co n fig u ra tio n  

co rresp o n d in g  to  a  m ere  m acroscop ic  a l te ra t io n  of sh ap e  o r p o s itio n  of th e  

liq u id  m ass. T here  re m a in  tw o  ty p e s  of ch an g e  of co n fig u ra tio n . C onsider 

th e  m olecules fo rm ing  th e  liq u id  in  one defin ite  co n fig u ra tio n  sa tis fy in g  th e  

co n d itio n  (17). F irs tly , th e re  a re  th e n  o b v io u sly  w ! co n fig u ra tio n s  id en tica lly  

sim ilar to  th is  one e x cep t t h a t  th e  m olecules h av e  in te rc h an g e d  p laces. Secondly , 

in  each  of th ese  configu ra tions w e m a y  im agine  a  sm all c o m p a r tm e n t of vo lum e 

u assigned  to  each  m olecule over w hich  th is  m olecule  m a y  m ove m ore o r less

M echanics o f D ilute and Perfect Solutions. 185

* F o w le r ,  loc. cit., ef o rm u la  (4 8 6 ) .
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1 86 E . A . G u g g e n h e im .

in d ep en d en tly  of th e  o th e r m olecules w ith o u t ap p rec iab ly  d is tu rb in g  the  

re la tio n  (17). E v a lu a tio n  of th e  m u ltip le  in te g ra l th e n  gives

B  (T, p )  —  e~ nw,kT ! ow

This gives u s fo r th e  c h a rac te ris tic  fu n c tio n  of a  single liq u id

Z  =  n-jlog ^  +  l }  — ^  +  n  {log 1} - f  log u,

=  n  [ log Gu — ^ | .  (19)

A s we do n o t know  how  w  a n d  u d ep en d  on th e  te m p e ra tu re  a n d  p ressu re  th is  

leads now here fo r a  single liqu id . T he a rg u m e n t  is, how ever, read ily  ex tended  

to  d ilu te  so lu tions .

§ 3. The Form ulation fo r  D ilute Solutions.— I f  we define a  so lu tio n  of B in

as being  id ea lly  d ilu te  w hen th e re  a re  no  long-range  e lec tro s ta tic  forces betw een 

th e  m olecules a n d  n B/n A is so sm all t h a t  w e m a y  n eg lec t its  square , th e n  of all 

re le v an t possible con figu ra tions th e  n u m b e r of th e m  in  w hich tw o  so lu te  B 

m olecules a re  w ith in  ran g e  of each  o th e r ’s field of force is negligible. In  th is  

case W  will s till h av e  a  p ro n o u n ced  m in im u m  of th e  fo rm

W min =  nA . wA (T, p)  +  

w here wA a n d  w B a re  in d ep en d en t of th e  com position , fo r c e r ta in  configurations 

in  w hich th e  m olecules are  a ll co llected  in  a  space  V . W e th e n  hav e

V pa+wbm,b f  f
B  (T, p) =  e J I (dtoA)wa (dwB)MB, (21)

th e  in teg ra l to  be ex ten d ed  over a ll t h a t  p a r t  of th e  3 (nA -f- n B) d im ensional 

phase  space in  w hich W  h as  th e  va lue  W min g iven  b y  (20). The d e te rm in a tio n  

of th is  hyper-vo lum e proceeds ex ac tly  as  fo r a  single liqu id  a n d  leads to

n A WA  +  n B WB

B (T ,  p) =  e - JcT

a n d  hence

J  -  „ Ii0.,G a oa (»a  +  « b) Wa I
k A rg »A h T i

(nA - f  » B) ! ua ”a

+  n B |lo g G b u B  ( u a  n v )  

,nB

Wb I 
JcT\ '

(22 )

(23)

In  th is  form ula  u, w, G m ay  be functions of th e  p ressu re  as well as th e  tem p e ra 

tu re .  L e t  u*, w*, G* deno te  th e ir  respective  valu es a t  v e ry  low (effectively

 D
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M echanics o f D ilute and Perfect Solutions. 187

zero) p ressu res, th e se  q u a n t i t ie s  b e in g  fu n c tio n s  of th e  te m p e ra tu re  on ly . 

T he second c h a ra c te r is tic  fu n c tio n  O  is th e n  acco rd in g  to  (10) g iven  b y

!  =  % { l0 g 5 V A i 2 A ± % ) w \

JcT
)  +  «3  ( lQ g 6 *BU*B(»A +  «B)

J l JcT

pV *

I t
{i 2 KP}- (24)

k  m a y  be a ssu m e d  in d e p e n d e n t of th e  p re ssu re , b u t  w ill g e n e ra lly  v a ry  w ith  

th e  te m p e ra tu re  a n d  co m p o sitio n  of th e  so lu tio n . B u t  s ince  in  a n  id ea lly  

d ilu te  so lu tio n  w e m a y  n eg lec t th e  in te ra c t io n  b e tw een  th e  so lu te  m olecu les 

th e  vo lum e V  m u s t be  of th e  fo rm

V  =  n AvA (T, p ) +  n BvB (T , p ) , (25)

w here  vA, vB a re  in d e p en d e n t of n A, n B, b u t  d e p en d  on  th e  p re ssu re  as  w ell a s  

th e  te m p e ra tu re .  F o r  e q u a tio n  (25) to  h o ld  a t  e v e ry  p re ssu re  i t  is easily  

show n th a t  k  m u s t d ep en d  on  th e  co m p o sitio n  acco rd in g  to  a  re la tio n  of th e  

fo rm

=  +  * ] W * B

UA V \  +
(26)

w here k a , k b  a re  in d e p e n d e n t of th e  co m p o sitio n  as  w ell as  of th e  p re ssu re  ; 

k a  in  p a r tic u la r  is th e  v a lu e  of k  fo r th e  p u re  so lv en t . S u b s t i tu t in g  (26) in to  

(24) we th e n  o b ta in

G*a u*a  K  +  n B) w *A _ p v* A

JcT JcT
(1 — \ k a p )

+  ttE { lo g GV * «  (”a +  »b)
l  n B

i v \  p v * B (]

JcT JcT [
(27)

H a v in g  now  o b ta in e d  form ulae fo r T  a n d  O , i t  is s tra ig h tfo rw a rd  th e rm o 

d y n am ics  to  deduce a ll th e  law s of id ea l d ilu te  so lu tio n s . T h u s  fo r th e  eq u ili

b riu m  be tw een  tw o  p h ases as  reg a rd s  A, we h av e  to  e q u a te  th e  chem ica l 

p o te n tia l p,A of A  b e tw een  th e  tw o  p h ases  ; s im ila rly  fo r eq u ilib riu m  as re g a rd s  

B , we h av e  to  e q u a te  th e  chem ical p o te n tia l  p,B of B  in  th e  tw o  p h ases . T he 

ch em ica l p o te n tia ls  a re  defined b y

. ( E )
\  onAft , v, nB \ r , p,

, b =  ( |A )  = ( |F )
\  dnB/ t , v, n A \  3n B t , «a

■■CnA /T , V ,  nB

x( |2)
o n B T, v ,  « A

— T ( | ^ )  , (28.1)
- 3n A /T ,  p, nB

- T ( ^ - )  . (28.2)
\o n B't , P, «A

 D
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188 E . A .  G u g g e n h e im .

S tra ig h tfo rw ard  d ifferen tia tio n  of (27) gives

i - log g v a I t t ^  +1 ^  ~ * *  ™

log + f t + " & {1 -  (29-2)

|£b
k T

F o r a  m ix tu re  of th e  v ap o u rs  of A  a n d  B , considered  as  p e rfec t gases, we 

h ave  on  th e  o th e r  h a n d f

Y ' A ' , G 'AV ' , , , f, G'bV' , / |

T  =  “ CT =  MA{lo g 1 7 7  +  1/ + K U l o g 1 7 7  +  1}-
(30)

T he functions referring  p a rtic u la r ly  to  th e  gaseous ph ase  a re  d en o ted  b y  

d ash ed  le tte rs  a n d  th e  G ' a re  fu n c tio n s of th e  te m p e ra tu re  only . Com bining 

(30) a n d  (3) we h av e  fo r <!>'

F' , , G'aV' , , , G 'bV'
A +  B log

k  =  M 1 =  n 'Al o g n  ,

=  n \  log ( n 'A +  n '* ) +  » b log  i G ^\ fY\ tŷ ! \ nn on _ /\ n \

D ifferen tia tion  of (30) a t  c o n s ta n t V  o r of (31) a t  c o n s ta n t p  gives

Fl a
k T

log
n'  i

log
G 'a V

=  log ?7TT, =  l°g

n'  i

G 'bV

G 'a £T n'  a  -f-

p ’ n ' B | 
G'b&T n' A -f- b '

— log

log

P a.
G'a&T’

P 'b

G ^JfcT’

w here p 'A, p 'B a re  th e  p a r t ia l  v a p o u r p ressu res  defined b y

P  A  

P'b =

+  W*B

w'B v'-
n>a  B

F o r equ ilib rium  betw een  liqu id  a n d  v a p o u r we h av e  th e  co n d itio n s

(Aa. [-*• A?

(J-B —  g - B*

nA G 'A*T

These lead  to  

V'a

V  B  =

%  +  ™B G*A0*A

G 'B&T

^A +  ^B G*b 0*b

exp{ f t  +

rT11 l » * B  | P »>*Bn

P i fcT + I t " <1 2 *bP )J

t  F ow ler , loc. cit., e.g., fo rm u la  (4 00 ) or (4 91 ) .

(32.1)

(32.2)

(33.1)

(33.2)

(34.1)

(34.3)

(35.1)

(35.2)
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Mechanics o f D ilute and Perfect Solutions. 189

So fa r  th e  formulae o b ta in e d  h av e  a ll been  of a  fo rm  sy m m e tric a l in  A  a n d  

B . T h is  sy m m e try  is, how ever, a p p a re n t  o n ly  as  i t  m u s t be  rem em b ered  t h a t  

w *A, w *B, u*A, u*B, v*A, v*B, k a , k b a re  p ro p e rtie s  of 

e ssen tia lly  of A . S e ttin g  n B =  0 in  th e  fo rm u la  fo r th e  v a p o u r  p re s

so lv en t a n d  co m p arin g  th e  e q u a t io n  so o b ta in e d  w ith  t h a t  fo r th e  so lu tio n  

we g e t

P a  =  A
+  n

(36)

w here p '°A is  th e  v a p o u r  p re ssu re  of th e  p u re  so lv en t . T h is  is R a o u l t’s law  

in  th e  m o le -frac tio n  scale . I t  is  to  be n o te d  t h a t  a n d  p '°A d e p en d  on  th e  

p ressu re  p  on  th e  liq u id  as  w ell as  on  th e  te m p e ra tu re .  T h ere  is no  c o rre 

spond ing  s im p lifica tion  of th e  e q u a t io n  fo r th e  v a p o u r  p ressu re  of th e  so lu te  

B. W e m a y  w r ite  i t  in  th e  m o re  fa m ila r  fo rm

P 'b  =  K
n A +  n B

(37)

w here K  is in d e p en d e n t of th e  com p o sitio n . K , how ever, d ep en d s  n o t  o n ly  on  

th e  te m p e ra tu re  b u t  also  on th e  p ressu re  p  of th e  so lu tio n  acco rd in g  to  th e  

re la tio n

/ 8 log K \ 

\  dp
i f d - i c  Bp). (38)

§ 4. Osmotic Pressure .— T he o sm o tic  p re ssu re  of a  so lu tio n  of B  in  A  is th e  

e x tra  p ressu re  t h a t  m u s t be  ap p lied  to  th e  so lu tio n  so t h a t  i t  m a y  b e  in  eq u ili

b riu m  as reg a rd s  th e  so lv en t species A  w ith  th e  p u re  so lv en t a t  effectively  

zero p ressu re . I f  w e d en o te  th is  p re ssu re  b y  P  we h av e  as  th e  co n d itio n  of 

o sm otic  eq u ilib riu m

(4a. (T, P> n A, n B) (4a. (T, 0 , n A, 0 ) , (39)

o r acco rd in g  to  (29.1)

log Ua  +  P7V: a  (1 |/cAP ) — 0, (40.1)

o r

X) n  -1 Tn ^T  , +  n B
P  (1 2 ^ A ? ) =  . l o g  ; (40.2)

«*A nA

th is  is th e  c o rrec t fo rm  of th e  law  of o sm otic  p ressu re  on 

sca le .f  Ig n o rin g  co m p ress ib ility  (40.2) sim plifies to

th e  m o le-frac tion

P = C T l 0 g HA + « B .
v*A nA

(41)

t  Vide  G u g g e n h e im , loc. f o rm u la  (4 .3 ) .
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§ 5. Errors in  Fowler's D iscussion.— F o w ler’s p roposed  fo rm u la !  fo r 

be w r itten  in  o u r n o ta tio n

xi" =  ( t , X )  +  {log + 1] , (42)

190  E .  A . G u g g e n h e im .

w here GrE is a  fu n c tio n  of T  only . A ccord ing  to  th e  w ell-know n therm odynam ic  

re la tio n

m  = ? m
\ 0 V / T ,  n B 0  V /  T , Uy

(43)

e q u a tio n  (42) leads to  th e  fo rm u la  fo r th e  p ressu re ,

w hich c an n o t be rig h t, w h a tev e r v a lu e  be  assig n ed  to

(44)

A ccord ing to  ou r in tro d u c to ry  d iscussion, T  is fo r a n  incom pressib le  liqu id  a  

fu n c tio n  of T , nA, n B only . A n y  fo rm u la  fo r VF  w h ich  co n ta in s  Y  explic itly , 

a p a r t  from  co rrec tion  te rm s  to  ta k e  a cc o u n t of co m pressib ility , will th erefo re  

lead  to  an  im possib le  fo rm u la  fo r p .

A ccording to  F o w le r’s tre a tm e n t, fo rm ula  (42) seem ed to  lead  to  a  se t of 

law s of d ilu te  so lu tions n o t differing g re a tly  from  th o se  o b ta in e d  above . C are

ful in v estig a tio n , how ever, show s t h a t  fo rm u la  (42) does n o t in  fa c t lead  to  

R a o u lt’s law  even  ap p ro x im a te ly . F ro m  (42) we deduce b y  d ifferen tia tio n

JAa" __
T

= - * A ( X )  +  ( J - )  X .
\ cnA/ t , v, nB \ n j  \o V /n A/T n A

____ ( d j )

T '0 n B/T, v, wA
=  k  log

Kb

GbV ’

(45)

(46)

F o rm u la  (46) is n o t u n sa tis fa c to ry  fo r t re a tin g  equ ilib ria  invo lv ing  th e  so lu te  

species B  a n d  leads to  H e n ry ’s law  in  th e  fo rm

/ b =  K1^ ,  (47)

w here is in d ep en d en t of th e  com position . A t in fin ite  d ilu tio n  th is  agrees 

w ith  (37). F o rm u la  (45), on  th e  o th e r h an d , if a cc u ra te ly  app lied  to  th e

f  F o w le r , loc. cit., f o rm u la  (9 1 1 ) .
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M echanics o f  D ilute and Pc7'fect Solutions.191

eq u ilib riu m  of th e  so lv en t species A  lead s  to  in c o rre c t re su lts . C o m b in a tio n  

of (45) w ith  (32.1) gives fo r th e  p a r t ia l  v a p o u r  p re ssu re  of A  in  th e  so lu tio n

v > _  q .' £ q  ex p  / _Va  A t  !n a ) —|— _Y_ / _ ^ K _  j}
n " b i W e X P \  ^  j

(48)
,A/v ■■dYJnA

w hile  fo r th e  p a r t ia l  v a p o u r  p re ssu re  of th e  p u re  so lv en t we h a v e

p 'o _  q .' &q ex p  $ —  ) -j_  ^ a  Y| P a -  ^ a ^ 1 ex p   ̂ z„ * o j\>
n \ k \ d Y / n ° AH

w here  n°A/V  d en o te s  th e  v a lu e  of n J Y  in  th e  p u re  so lv e

a n d  (49) w e fin d

P a

P \
ex p ^a (VM°a ) - 4 > a (VM a )

k
+  J L ( J i . L \ - J -

n Ak  0Y /n A ' n°Ak
. (50)

T h is  leads now here  w ith o u t som e a ssu m p tio n  a b o u t th e  fo rm  of tpA (V /n A). 

T o m ak e  (50) lead  to  a  re su lt  a p p ro x im a tin g  to  R a o u l t ’s law , w e h a v e  to  

assume  t h a t  a t  g iven  T  a n d  p

^a  ( V /m a ) _ _ Y _  /  _ ^ K _ \  ( V W _ _ _  / g ^ A  \  I , 0  /  /51 x

k  nAk \d Y /n J k

w here 0 (n B/n A)2 d en o tes  te rm s  of o rd e r (nB/n A)2. T h is  a ssu m p tio n  lead s  to  

R a o u l t’s law  in  th e  fo rm

£ A  =  e X p { - ^ + 0  (52)
P  °a  l  J

T here  is, how ever, no  p h y sica l ju s tif ic a tio n  fo r (51) a n d , as  a lre a d y  p o in te d  o u t, 

n e ith e r  th is  n o r a n y  o th e r  b e h a v io u r of ^ A m ak es  (44) p h y s ica lly  possib le . 

A  s im ila r c ritic ism  app lies to  th e  use  of (45) fo r th e  d e r iv a tio n  of a  fo rm u la  fo r 

th e  osm otic  p ressu re . A c tu a lly  (45) lead s  to

p  n_i  Kp\  _  PT | K a ) ~1~ 4*a  )
V 2 A. /  vu \ 7

v*A [ k,

J L  ( J h J )
n Ak  \0 V

(53)

w hich tra n s fo rm s  to  a n  a p p ro x im a te ly  c o rrec t fo rm u la  o n ly  w ith  th e  help  

of (51 ) .f

f  P r o fe s so r  F o w le r  h a s  k in d ly  in fo rm ed  m e  b y  a  p r iv a te  c om m u n ic a t io n  t h a t  h e  a g r e e s  

w ith  th e  p r e s e n t  m e th o d  o f  tr e a tm e n t ,  a n d  h e  r e c o g n is e s  t h a t  th e  t r e a tm e n t  g iv e n  in  h is  

b o ok  is  fa l la c io u s .  H e  in fo rm s  m e  fu r th e r  t h a t  th e  e rro rs  in  h is  t r e a tm e n t  w e r e  f ir s t  

p o in te d  o u t  to  h im  b y  P r o fe s so r  J .  D .  v a n  d er  W a a ls , ju n r ., in  a  r e v iew  o f  h is  b ook .
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1 9 2 J .  K . R o b e r t s .

In  conclusion, we will say  a  few w ords a b o u t p erfec t so lu tions . In  th e  above 

d ed u ctio n  of th e  law s of d ilu te  so lu tio n  we h a d  to  assum e th a t  in  th e  (nA -j- n B) ! 

p e rm u ta tio n s  of th e  m olecules am o n g st them selves th e  ones lead ing  to  con

figurations w ith  tw o  o r m ore B m olecules in c o n tac t w ere negligibly  few . This 

a ssm n p tio n  is no  longer n ecessa ry  if such  configura tions correspond  to  th e  

sam e m in im um  value  of th e  p o te n tia l energy  a n d  th e  sam e vo lum e occupied by  

th e  whole phase . In  o th e r w ords, i t  m a y  be d ispensed  w ith  if th e  fields of the  

A a n d  B  m olecules are  so s im ilar th a t  th e  “  av erag e  free energy  ” of a  B m ole

cule (or A m olecu le) is th e  sam e w h e th e r i t  is su rro u n d ed  b y  A  m olecules or B 

m o lecules. In  such  a case th e  above  law s w ill h o ld  fo r a ll con cen tra tio n s . I t  

is w ell know n th a t  such  p erfec t so lu tions do in  fa c t ex ist* , an d  fo r th e m  it  is 

on ly  b y  using  th e  m ole-frac tion  scale of c o n ce n tra tio n  th a t  th e  observed laws 

can  be expressed  b y  sim ple formulae.

I  h av e  m u ch  p leasu re  in  th a n k in g  P ro fesso r F ow ler fo r h is  k in d  an d  va luab le  

c ritic ism  of th is  p ap e r .

The Exchange o f Energy between Gas A tom s and Solid  .

I I .— The Temperature Variation o f the Accommodation 

Coefficient o f H elium .

B y  J .  K . R o b e r t s , P h .D ., M oseley S tu d e n t of th e  R o y a l Soc iety .

(Com m unicated by  L ord R utherfo rd , F .R .S .— Rece ived O ctober 23, 1931.)

In  a n  earlier p a p e r f  i t  h as  been  shown th a t ,  b y  p ay in g  carefu l a tte n tio n  to  

th e  rem oval of films of ad so rb ed  gas, considerab ly  low er va lues a re  found  for 

th e  accom m odation  coefficient of h e lium  w ith  a  tu n g s te n  surface  th a n  those  

o rd in arily  m easured . These re su lts  fo r a  c lean  surface, as opposed to  those  

g iven  b y  a surface covered  w ith  ad so rb ed  films of unknow n, co n stitu tio n  an d  

a rran g em en t, m u s t fo rm  one p a r t  of a n y  th e o ry  of th e  in te rac tio n  betw een 

gas a to m s a n d  a solid surface . T he d iscovery  b y  S te rn  of th e  phenom ena of 

a tom ic  reflection  an d  d iffraction  shows th a t  th is  th e o ry  m u s t be tre a te d  from  

th e  p o in t of view of w ave m echanics.

* Vide L ew is  a n d  R a n d a ll , “  T h e rm od yn am ic s  ”  (1 9 2 3 );  a n d  H ild eb ra n d , “  S o lu b ili ty  ”  

(1 92 4 ) .

f  R o b e r ts , ‘ P ro c . R o y .  S o c . , ’ A , v o l. 129 , p . 146  (1 9 30 ) . R e fer en c e s  t o  ea r lier  w ork  

w ill  b e  fou n d  in  th is  p ap er , w h ich  fo r  c o n v en ien c e  w ill b e  re ferred  t o  a s  P a p er  I .
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