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ON THE STICKELBERGER IDEAL
AND THE RELATIVE CLASS NUMBER

TATSUO KIMURA AND KUNIAKI HORIE

ABSTRACT. Let k be any imaginary abelian field, R the integral group ring
of G = Gal(k/Q), and S the Stickelberger ideal of k. Roughly speaking,
the relative class number A~ of k is expressed as the index of S in a certain
ideal A of R described by means of G and the complex conjugation of k;
¢~ h™ = [A: 8], with a rational number ¢~ in %N = {n/2;n € N}, which
can be described without A~ and is of lower than h~ if the conductor of %
is sufficiently large (cf. [6, 9, 10}; see also [5]). We shall prove that 2¢~, a
natural number, divides 2([k: @]/2){¥: @)/2, In particular, if k varies through
a sequence of imaginary abelian fields of degrees bounded, then ¢~ takes only
a finite number of values. On the other hand, it will be shown that ¢~ can
take any value in %N when k ranges over all imaginary abelian fields. In
this connection, we shall also make a simple remark on the divisibility for the
relative class number of cyclotomic fields.

Let Z,Q,R, and € denote the rational integer ring, the rational number field,
the real number field, and the complex number field, respectively. A finite abelian
extension over @ contained in C will be called an abelian field. Let k be an imagi-
nary abelian field, namely, an abelian field not contained in R. We denote by R(k)
the group ring of the Galois group G = Gal(k/Q) over Z and by s(H), for any
subgroup H of G, the sum in R(k) of all elements in H. Put

A(k) ={a € R(k); (1 + jk)a = as(G) for some a € Z},
where j; denotes the complex conjugation of k. Let h, denote the relative class
number of k (i.e., the so-called first factor of the class number of k), Qx the unit
index of k, gx the number of distinct prime numbers ramified in &k, and S(k) the
Stickelberger ideal of &k in the sense of Iwasawa-Sinnott, which is an additive sub-
group of A(k) with finite index (for the definition of the Stickelberger ideal, see [6,
10]). We define ¢, as the ratio of the index [A(k) : S(k)] to Ay :

i hi = [A(k) : S(R)].

The product Qxc, is known to be a natural number and is determined by Sinnott
in various cases, for example, in the case gy = 1 or 2 (cf. [10]). He has also shown in
[9] that, if k is a cyclotomic fleld, then ¢, = 2° where b = 0 or 29*~! — 1 according
as gx = 1 or g > 2 (for the case gx = 1, see [6]).

In this paper, we shall give an additional result concerning the range of ¢ .
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728 TATSUO KIMURA AND KUNIAKI HORIE

THEOREM. In general, 2¢; is a natural number dividing 2([k : Q)/2)l:Ql/2,
and the following assertions hold.

(1) If g =1, then ¢, = 1.

(ii) If gx = 2, then ¢, = % or 1; and, for either ¢ € {%, 1}, there exist infinitely
many imaginary abelian fields K with g = 2 and ¢ = c.

(iil) If g = 3, then ¢, = 2' for some rational integer t > —1. On the other
hand, for any given rational integer t > —1, there exist infinitely many imaginary
abelian fields K with gx = 3 and cx = 2.

(iv) For any given pair {m,n) of natural numbers with m > 4, there exist in-
finitely many imaginary abelian fields K satisfying gx = m and cx = n/2.

This is verified as a consequence of basic results in [4 and 10]. It might be of
some interest that the proof of the Theorem also leads us to the following:

COROLLARY. Letn be any natural number. For each z > 0, let c(x) denote the
number of cyclotomic fields with conductor < z and ¢(z) the number of cyclotomic
fields K with conductor < z such that hy,; is divisible by n. Then the ratio ¢(z)/c(x)
coverges to 1 as = goes to infinity:

m ﬂ)- =1.
»5 o(z)

We note here that the above corollary is a simple analogue of Gerth’s asymptotic
result for class number divisibility in cyclotomic fields and in their maximal real
subfields (cf. Theorem 1 of [3]), which follows from the results of Cornell and
Washington [2].

In conclusion, the second author wishes to thank Professor K. limura for intro-
ducing him to the study in this paper and is also grateful to his teacher, Professor
M. Ishida, for valuable advice.

1. For each natural number m, let IK,,, denote the cyclotomic field of mth roots
of unity. Let k be an abelian field. Let &(k) denote the group ring of Gal(k/Q)
over @, so that the group ring R(k) of Gal(k/Q) over Z is a lattice in the Q-vector
space (k). We write fi and fj, respectively, for the conductor of k and for the
product of all prime numbers ramified in k. Let p be any prime number and ¢ the
rational integer > 0 such that p* is the highest power dividing fi. Then there exists
a unique prime ideal p of IK,: dividing p, which is unramified in Ky, . We define
(%) to be the restriction to & of the Frobenius automorphism of p for the extension
Ky, /Kpe. Let T'(p, k) denote the inertia group of p for k/Q and let, in &(k),

. _ 3(T(p,k)) (k)_l
kY = | — .

P B = T, mr

Here, for any finite set H, [H| denotes the cardinality of H. We note that, if

p is unramified in k, then (p,k)* = (%)"1 and (%) is nothing but the Frobenius

automorphism of p for k/Q. Let n be any natural number dividing fi and let T'(n, k)
denote the compositum in Gal(k/Q) of the inertia groups T'(g, k) as ¢ varies through
the prime numbers dividing n. We then also put

(k)" =[]0 0", G) =11 G)

q
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STICKELBERGER IDEAL AND RELATIVE CLASS NUMBER 729

in 6(k). Regarding S(k) as an R(k)-module in the obvious manner, we define
U(n, k) to be the R{k)-submodule in &(k) generated by the elements
s(T(u, k) T (1= (v,0))
vin/u
for all natural numbers u dividing n, with » in the above product ranging over the
prime numbers that divide n/u. It is known that U(n, k) becomes a lattice in &(k).
In particular, U(1, k) = R(k).

In general, let X and Y be any lattices in a finite dimensional vector space V
over @. Then there exists a Q-linear automorphism 7 of V such that 7(X) =Y.
We denote by (X : Y) the absolute value of the determinant of 7, which does not
depend on the choice of 7. Note that, if X 2 Y, then (X : Y) is equal to the index
X:Y]

Let o be any element in &(k) and m a natural number dividing n, so that
aU{(m, k) and aU(n, k) are lattices in aS(k). It follows from [10] that (aU(m, k):
al(n, k)) is a natural number. Now, let £ be imaginary and let

el: = %(1 _jk)v U(k) = U(fk,k)
Theorem 2.1 of [10] then states that
e = (1/Qk)(ex R(K) : e, U (k).
Moreover we have the following
PROPOSITION 1. For any imaginary abelian field k, (e R(k) : e, U(k)) is a
divisor of ([k : Q]/2)lk:Q1/2,
PROOF. We start the proof with the identity
Yok JI 0=k =
ul v| fi/u

in &(k), where the sum is taken over the natural numbers u dividing fx, with v
ranging over the prime divisors of fi/u. Note, in the above, that

. _ ST k) (kN7
k — .
(u, )" = [T(u, k)] \u
Further, if [k : Q]/|T(u, k)| is odd, then jx € T(u,k) and so e, s(T(u,k)) = 0.
Consequently, we obtain the following element in e, U (k):

uk Q Z gl[jk‘: qu)l (k>- e, s(T'(u, k)) H (1= (v, k)").

v fi/u

Since U(k) is an R(k)—module, it follows that

[k ;Q] er R(k) € eTU(k).

On the other hand,
(ex R(k) : e, U(k)) (e;U(k) P e—_ )

- (e;R(k); [k;Q]e,:R(k)) ({ . Q] >[k Q)2
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730 TATSUO KIMURA AND KUNIAKI HORIE

Hence we have

.ol [k:Ql/2
e rw: ) (S52)

REMARK 1. Let k be an abelian field, @ any element in &(k), n a natural
number dividing fi, and m a natural number dividing n. Then an argument similar
to the above shows that (alU(m,k): aU(n,k)) | |T(n/m,k)|", where r is the rank
of aR(k) over Z.

2. We shall show some lemmas for the proof of the Theorem.

LEMMA 1 (CF. |4, 10]). Letk be an imaginary abelian field in which only one
prime number is ramified. Then Qr =1, (e R(k) : e U(k)) =1, and so ¢, = 1.

By a character of a finite abelian group H, we mean a homomorphism of H
into the multiplicative group C* of C. For an abelian field &, each character ¢ of
Gal(k/Q) can be extended to a Q-algebra homomorphism &(k) — C in the usual
way. Then 1 induces a primitive Dirichlet character x satisfying x(n) = ¥((n, k)*)
for every prime number n. We call such a character x a (primitive Dirichlet)
character associated with k. Let X; denote the (group of) primitive Dirichlet
characters associated with k and X the odd characters in Xj:

X7 = {x € Xu; x(-1) = -1},

By definition, X, is not empty if and only if & is imaginary. When this is the
case, X is the disjoint union of X and X+, where k* denotes the maximal real
subfield of %.

LEMMA 2. Let k be an imaginary abelian field such that ezxactly two prime
numbers p and g (> p) are ramified in k. Then the following assertions hold.

(i) (e R(k) : egU(k)) = 1 or 2; and further, if (e, R(k) : e, U(k)) = 2, then
Qr = 2.

(ii) ¢ =1 if ji is not contained in T(2,k) (e.g., if p > 2).

(ili) ¢ = % of ji 1s contained in T(2,k) (so that p = 2) but not in T(q, k) and if
the highest power of 2 dividing |T(q, k)| is equal to that dividing ¢ — 1.

PROOF. Theorem 5.1 of [10] implies the first part of (i), and also states that
(e R(k) : e, U(k)) = 2 if and only if ji is neither in T(p, k) nor in T(q, k). Let
K be the cyclotomic field of fxth roots of unity: K = Kj,. Since Gal(K/Q) =
T(p,K) xT(q,K), jk is uniquely decomposed as

Ik =Jplay  Ip €T(p, K), jg € T(g, K).
Taking the restriction map p: Gal(K/Q) — Gal(k/Q), we then have
k= pUp)p(sa)s  pldp) € T(p, k), p(3g) € T(g, k).

Now, assume that (e; R(k) : e U(k)) = 2 and p > 2. Then ji ¢ T(q,k), i.e.,
p(Jp) # 1; T(p,K) is a cyclic group, and it follows that jp, the only element of
order 2 in T(p, K ), is not in the kernel of the surjective homomorphism p}T(p, K) :
T{(p,K) — T(p, k). Hence the ratio |T(p, K)|/|T(p, k)| is an odd integer. A similar
argument shows that |T(q, K)|/|T (g, k)| is also an odd integer. On the other hand,
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STICKELBERGER IDEAL AND RELATIVE CLASS NUMBER 731

Je & T(p, k) UT(q, k) implies p(jp) & T'(p, k) NT(q, k) and p(j,) & T(p. k) NT(q, k).
Since p(7p), p(Jq), and jx are the elements in Gal(k/Q) of order 2, it follows that
|T(p, k) N T(q, k)| is odd, and consequently that the integer

[k:Q]  |T(p,k)| |T(g;k)]

is odd, where ¢ denotes the Euler function. The assumption of Satz 26 in [4] is thus
satisfied for k, so that we have Qx = 2. Assume next that (e R(k) : e, U(k)) = 2
and p = 2. Let t be the natural number such that 2¢ || f¢. As in the above case, we
can see that the ratio

e(fr) _ |T(g K)|

(kK2 Q] [T(q, k)l

is an odd integer. Furthermore, since jx ¢ T(q,k), the inertia field of ¢ for k/Q
is imaginary and, hence, there exists a character in X, with conductor a power
of 2. We then obtain Q; = 2 again from Satz 26 of [4]. The proof of (i) is now
completed.

Because of (i), ¢, = 1if (e R(k): e U(k)) = 2. Hence, for the proof of (ii), we
may assume that (e, R(k) : ef U(k)) = 1 or, equivalently, jx € T'(p, k) UT(q, k) as
well as that j, & T(2,k). In such a case, there exists a prime of k% ramified in &
and lying above an odd prime € {p,q}. Note that k does not contain /=1 since
any prime of k¥ above an odd prime is unramified in k*(y/=1). Then Satz 22 of
[4] shows Qi = 1, so that ¢, =1 (see also Satz 19 of [4]).

To prove (iii), let u be the natural number such that 2% || (¢—1), i.e., 2% || |T(g, K)|.
Assume that ji € T(2,k)\T(q, k) and 2*|||T'(q,k)|. Then (e} R(k) : e, U(k)) =1
and, as in the proof of (i), ©(fk)/[kiz: : Q] becomes an odd integer, where t is
the natural number such that 2¢|| fx. Furthermore, it follows that there exists a
character in X, with conductor a power of 2. The assumption of Satz 26 of [4] is
now satisfied for k. Therefore we can conclude that Qx =2 and ¢ = 1.

Thus we have proved all assertions of the lemma.

REMARK 2. As Iwasawa has shown, ¢, = 1 for every cyclotomic field &
with gx = 2 (cf. [9, 10], (ii) of the above lemma). On the other hand, if k¥ =
Q(v-1,v/~2q) or Q(v/~2,\/=2q) with q a prime number = —1 (mod 4), then

¢; = % by (iii) of Lemma 2.

T o, k) N T(a, )

LEMMA 3. Let k be an tmaginary abelian field in which only a prime number
p is ramified, and k' a real abelian field with conductor prime to p. Then, for the
compositum K = kk', Qi = 1.

PROOF. Rewriting the assumptior in terms of Dirichlet characters, we can
deduce the lemma from Satz 22 of [4].

LEMMA 4. Let k be an imaginary abelian field, p a prime number ramified in
k, and r a natural number dividing fi/p. Suppose that ji lies in T(p,k). Then
e, U(r,k) =e U(rp, k), so that (e U(r, k) : e U(rp, k)) =1.

PROOF. As ji € T(p, k) implies e s(T'(p, k)) = 0, this lemma follows immedi-
ately from the definitions of U(r, k) and U(rp, k).
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732 TATSUO KIMURA AND KUNIAKI HORIE

LEMMA 5. Let k be an imaginary abelian field such that Gal(k/Q) is the direct
product of inertia groups, for k/Q, of all prime numbers ramified in k. Then

(i) For a natural number r dividing fx, (ex R(k) : egU(r,k)) = 1 unless ji lies
n T(r, k).

(1) If i lies in T(p, k) for some prime number p, then (e R(k) : e, U(k)) =
1, Qk‘ =1.

PROOF. The arguments in [9, §§5, 6] provide the proof of (i). Assume now
that there exists a prime number p for which jx € T(p, k). Since jx & T(fx/p, k),
it follows from (i ) that (e, R(k) : e; U(fx/p,k)) = 1. Furthermore, by Lemma 4,
(e U(e/p.k) : g U(K) = 1. Therelore

(e R(K) : e;ZU(k)) = (ex R(k) : ex U(fu/p: k) (e U(fi/p, k) : g U(k)) = 1.

1t is easy to see Qr = 1 from Lemma 3. Thus (ii) of the lemma is proved.
REMARK 3. Let k be as in Lemma 5. The proof of the Theorem in [9] implies

that, if jx is not in T(r, k) for any natural number r dividing fx and less than f,

then (e, R(k) : e, U(k)) = 2%, where a = 0 or 292 according as g = 1 or > 1.

LEMMA 6. Let k be an imaginary abelian field in which exactly three distinct
prime numbers are ramified. Then (e R(k) : e  U(k)) = 2! for some rational
integer t with 0 <t < [k : Q]/2.

PROOF. Let ! be any odd prime, L the highest power of [ dividing (e, R(k) :
e; U(k)), and ' the maximal subfield in & of I-power degree. Theorem 5.2 of [10]

then states that
L= H U(my, k')

where the product is taken over the characters x in X, of order prime to [ and, for
each such x, m, denotes the product of prime numbers p ramified in &’ such that
x(p) = 1. However, in the above, each x is not principal, so that the number of
prime numbers dividing m, is less than 3. Therefore L = 1 by Proposition 5.2 of
[10]. This means that (e; R(k) : e, U(k)) = 2* for some rational integer ¢ > 0.

Now, let p1,p2,p3 be the prime numbers ramified in k. For simplicity, we put
G = Gal{k/Q), T = T(ps, k), and

dv = (ex U(p1, k) : €, Ulp1p2, k),
dg = (e U(pip2, k) : e, U(K)).

Then, again by Proposition 5.2 of [10], (e, R(k) : e, U(k)) = didz. Lemma 4
says that, if jy € T, then d; = 1; while we see easily that, even if jx ¢ T, d;
divides |T|[¢:T)/2 = (|T|/IT1)[k:Q1/2 (cf. (10, 5]). Since d; is a power of 2, it follows
that d; = 1 also when |T| is odd. Furthermore, note that |T|'/IT} < 21/2 if |T|
is even. We have therefore d; < 2(¥'Q/4  Similarly, we also have dy < 2[:Ql/4,
Consequently

2! = (e R(k) : ef U(k)) < 2lFQ1/2,

This completes the proof of Lemma 6.
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LEMMA 7. Let k and K be imaginary abelian fields, with k contained in K.
Then Qy divides Qi if the 2-power degree roots of unity in K are also contained
in k. Furthermore, Qr = Qk if [K: k] is odd.

PROOF. See (10, §7] as well as [4].

For any natural number n and any abelian field &, we let Z(n, k) denote the com-
positum in Gal(k/Q) of the decomposition groups, for £/Q, of all prime numbers
dividing n.

_ LEMMA 8. Let k be an imaginary abelian field, v a natural number dividing
Sk, and p a prime number dividing fi./r. Suppose that T(p, k) is disjoint from the
compositum of {1, jx} and Z(r, k) in Gal(k/Q). Then (e, U(r k) : e, U(rp,k)) = 1.

PROOF. The assumption implies that the R(k)-module e, U(r, k) is free over
T(p, k). Then the arguments in [9, §5] lead us to the conclusion of this lemma.

LEMMA 9. Let t be any natural number. Let p be a prime number = 1
(mod 2(¢ + 1)); let 1 and qo be distinct prime numbers = 1 (mod p). Further-
more let k be a compsitum of the real cyclic field' of degree t + 1 with conductor
p, an imaginary cyclic field with conductor q;, and an imaginary cyclic field with
conductor g3. Then (e R(k) : e U(k)) = 2!, Qi = 2, so that ¢, = 2.

PROOF. Let k' be the (real) cyclic field of degree t + 1 with conductor p and
k' the maximal subfield of k with conductor g;q2; k = k'k”. It then follows from
Lemma 7 that Qx = 2, since k # /—1 and since Qg = 2 by Satz 26 of [4]. It also
follows that

Je €T(q1q2, k) = Z(q1q2, k), k€ T(q1, k) UT (q2,k),
T(p, k)N Z(q1q2,k) = 1.

Hence, by Proposition 5.2 of [{10] and Lemma 8,

(ex R(k) : e, U(k)) = (e R(K) : e U(quq2,k)) (e U(quge, k) : e, U(k))
_ 5lGal(k/Q@):Z(q102.k)] _ olk':Q] _ gt+1

Thus Lemma 9 is proved.

3. Let us now begin to prove our Theorem.

PROOF OF THEOREM. Let k be an imaginary abelian field. Since @ =1 or 2,
Proposition 1 shows that 2c; is a natural number dividing 2([k : Q}/2)*:@l/2. The
assertion (i) of the Theorem is an immediate consequence of Theorem 5.1 in [10] and
Satz 23 in (4] (see Lemma 1). The assertion (ii) follows from Lemma 2 and Remark
2. The first part of (iii) follows from Lemma 6. Now, let K = Q(\/—2p, \/q), where
p and ¢ are distinet prime numbers = —1 (mod 4). Then Satz 26 of [4] shows
@k = 2. Since jx € T(2, K)NT(p, K), (ex R(K) : exU(K)) = 1 by Proposition 5.2
of [10] and Lemma 4, so that ¢ = % This fact, Lemma 5, and Lemma 9 verify the
second part of (iii). The assertion (iv) will be obtained from the following lemmas
(in particular, Lemmas 11, 12), Proposition 2, and above-mentioned Remark 2.

1 An abelian field k& will be called a cyclic field if Gal(k/Q) is a cyclic group.
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LEMMA 10. Let K be an imaginary abelian field. Assume that K 1s a com-
positum of its subfield k and k'; K = kk', and that all prime numbers ramified in
k are completely decomposed in k'. If furthermore k is real, then

(exR(K) : ecU(fi, K)) = (R(k) : U (k)12

PROOF. It follows from the assumption that fi is prime to fx-. Hence Gal(K/Q)
is the direct product of T'(fx, K) = Gal(k/Q) and T(fx/, K) = Gal(k'/Q), so that
we have a canonical Q-linear isomorphism 7: S(K) — &(k) ®g S(k'). Since
Z(fx,K) = T(fx,K), n induces U(fx,K) = U(k) ®z R(k') as well as R(K) =
R(k) ®z R(k'). Therefore, if k is real, then n also induces

exR(K) = R(k) ®z e, R(K'), exU(fr, K) = U(k) ®z e, R(K').
The lemma now follows from these isomorphisms.

LEMMA 11. Let n be any natural number and p1,pa,p3 three distinct prime
numbers =1 (mod 4n). For each i € {1,2,3}, let k; be a real cyclic field of degree
divisible by n with conductor a power of p; and take an element o; of order n in
T(pi, k1kzks). Furthermore let K = k(+/—1), where k is the abelian field consisting
of all elements in k1koks fized by 010203. Then Qx =1, (exR(K) : exU(K)) =n,
so that ¢ = n.

PROOF. Note that all prime numbers ramified in k (i.e., py,p2, and p3) are de-
composed in Q(y/—1). It then follows from Lemma 10 that (ex R(K) : exU(K)) =
(R(k) : U(k)). On the other hand, Gal(kykoks/k) N T(r,kikoks) = {1} for all
natural numbers r dividing p;psps and less than pypsps. Hence, by Theorem 5.4
of{10], (R(k) : U(k)) = [kyksks : k] = n. Thus we have (e R(K) : ex U(K)) = n.
We also have Qx = 1 by Lemma 3.

LEMMA 12. Let n be any odd integer > 3; let p1,p2,p3 be three distinct prime
numbers such that p1 = 3 (mod 8), (—2/p2) = (=2/p3) =1, p1 = p2 = p3 = 1,
{mod n). For eachi € {1,2,3}, let k; be the cyclic field of degree n with conductor
p; and let o; be a generator of T'(p;, kikoks). Put K = k(v/=2, V/P1), where k 1is
the subfield of kikoks consisting of all elements in kiksks fized by o10903. Then
Qrx =2, (exR(K) : egU(K)) =n, and hence cx =n/2.

PROOF. Let F = Q(v=2,/p1), so that Qp = 2 and (exR(F) : exU(F)) =1
(cf. Remark 2). Theorem 5.2 of [10] then shows that (ex R(K) : exU(K)) is odd.
Let | be any prime number dividing (egxR(K) : egU(K)) and k' the maximal
subfield in K of [-power degree. Obviously, k' is also the maximal subfield of k
of [-power degree. The choice of py,ps, p3 implies that the odd Dirichlet character
associated with Q(v/—2) is a unique element x in X satisfying x(p1) = x(p2) =
x(p3) = 1. Hence, by Proposition 5.2 and Theorem 5.2 of [10], the highest power of [
dividing (ex R(K) : exU(K)) is equal to that dividing (R(k) : U(k)). Consequently
(exR(K) : exU(K)) = (R(k) : U(k)). It also follows from Theorem 5.4 of [10]
that (R(k) : U(k)) = n. Thus we have (exR(K) : exU(K)) = n. It remains to see
Qx = 2, but this follows from @r = 2 and Lemma 7.

LEMMA 13. Let k be an imaginary abelian field, | a prime number such that
the l-primary part of Gal(k/Q) is cyclic, and p a prime number ramified in k such
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that |T(p, k)| is a power of I. Then (e U(r,k) : e, U(rp, k)) = 1 for every natural
number r dividing fi/p.

PROOF. This follows from Lemma 5.1 and Theorem 5.3 of [10].

PROPOSITION 2. Let k be an imaginary abelian field, m a natural number, and
l a prime number not dividing [k : Q). Then there exist infinitely many imaginary
abelian fields K containing k such that [K 1 k]| =1, gk = g + m, Qk = Qk,

(ex R(K) : exU(K)) = (e R(k) : ex U(K)),
and hence ¢ = ¢ .

PROOF. By the Tschebotareff density theorem, there exist infinitely many m-
tuples (q1,...,¢m) of distinct prime numbers = 1 (mod !) for which no prime
number ramified in k is an {th power residue (modg ---¢ym,). Take such a m-
tuple (¢1,...,¢m). Let K be a compositum of k£ and a cyclic field of degree [ with
conductor q; - - - gm. Then [K : k] =, fx = fxq1 '+ @m, 9x = gk + m. Since the [-
primary part of Gal(K/Q) is of order [ and since |T(q1, K)| = - = |T(gm, K)| =,
it follows from Lemma 13 that

1) (exU(fe, K )'GRU( )
H U(feqr - Qz'—l,K)16}U(ka1”-qi,K))=1.

Next, let x be any character in Xx but not in X, so that the conductor of x is
divisible by ¢; - - - ¢m. As [k : Q] is prime to I, the choice of ¢y, ..., gx then implies
that x(p) # 1 for any prime number p ramified in £. Hence we have, by Theorem
5.2 of [10], (exR(K) : exU(fk,K)) = (e, R(k) : ey U(k)). This and (1) induce
(exR(K) : exU(K)) = (e; R(k) : e, U(k)). Further, noting that [K : k] = [ is odd,
we obtain Qx = Q% from Lemma 7. Consequently ¢ = ¢, , and the proposition
is proved.
4. To prove the corollary, we prepare the following lemma.

LEMMA 14. Let K/F be an extension of imaginary abelian fields, with F' con-
taining an imaginary root of unity. Then [A(F) : S(F)]|[A(K) : S(K)).

PROOF. For any imaginary abelian field k, let
R(k)” = {a € R(k); jroa = —a} = (1 — jx)R(k),
S(k)™ =S(k)NR(k)™, e = 3(1+ k).

Since R(k)~ C A(k) and e} A(k) = 35(Gal(k/Q))Z, it follows from Lemma 6.1 of
[9] that

[A(k) : S(k)] = [A(k) rWR(k) S(k) ™ Jlex A(k) - e S(k)]
= [R(k)™ : S(k)~ ][%S(Gal(k/Q))Z 6}55(/6)]

Hence [A(k) : S(k)] = [R(k)™ : S(k)~] if and only if there exists o € S(k) such
that ef o = 1s(Gal(k/Q)).
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Now, let F' be an imaginary cyclotomic field contained in F. Then Theorem 3.1
of [9] and Theorem 2.1 of [10] imply that [A(F') : S(F')] = [R(F')” : S(F')7], so
that

eh.8= $5(Gal(F'/Q))

for some 3 € S(F'). Applying to both sides the corestriction map ¢: R(F') — R(F),
we have

exi(B) = 35(Gal(F/Q)),  «(B) € S(F).

Therefore [A(F) : S(F)] = [R(F)™ : S(F)~]. We have similarly [A(K) : S(K)] =
[R(K)~ : S(K)"]. Furthermore the restriction map R(K) — R(F) induces a sur-
jective homomorphism R(K)~/S(K)~ — R(F)™/S(F)~. In particular, [R(F)™ :
S{F)7] is a divisor of [R(K)~ : S(K)~], namely, [A(F) : S(F)] is that of [A(K) :
S(K)).

REMARK 4. For any extension K/F of imaginary abelian fields, we can see at
least that [A(F): S(F)] | 2[A(K) : S(K)].

PROOF OF COROLLARY. As in the statement of the Corollary, let n be any
natural number; for each z > 0, let ¢(z) denote the number of cyclotomic fields
with conductor < z and €{z) the number of cyclotomic fields K with fx < z such
that hy is divisible by n. We note that

c(z) =32+ 0(1), asz— oo.

Let p be any prime number and let C, denote the set of cyclotomic fields with
conductor divisible by p and by three distinct prime numbers = 1 (mod 16np).
Take a cyclotomic field k£ in C, such that fx/p is a product of three distinct prime
numbers = 1 (mod 16np). Theorem 5.4 of [10] and Lemmas 3, 10 then show, as
in the proof of Lemma 11, that there exists an imaginary subfield &’ of k for which
k2 Kap, Qu = 1, 8n| (e R(K') : e, U(K')), and hence 8n|[A(K") : S(K’)]. On
the other hand, by (9, 10], [A(k) : S(k)] = 8h . It therefore follows from Lemma
14 that n|h,. Furthermore, for any cyclotomic field K containing k, hy | hx
by Lemma 5 of (8], so that n|hy. Consequently, n|hy always holds whenever
K is a cyclotomic field in Cp,. For each z > 0, let dy(z) denote the number of
cyclotomic flelds, not lying in Cp, with conductor divisible by p and not larger
than z. Obviously d,(z) does not exceed the number of natural numbers < z/p
divisible by at most two distinct rational primes = 1 (mod 16np). Hence, by means
of asymptotic formulae in analytic number theory, we can see that

z(log log r)?
(2) dy(z) = <W>

as z — oo (see, e.g., [3]).

Now, for any = > 0 and any y > 0, let ¢{z,y) denote the number of cyclotomic
fields K with fg < z such that q| fx for some prime number ¢ < y; let €(z,y)
denote the number of cyclotomic fields K such that n|hg, fk < z, and ¢| fx for
some prime number ¢ < y. According to the above argument,

c(z,y) —&z,y) < Y dy(a),

p<y
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where p ranges over the rational primes < y; so that

c(z) — &(2) < e(z) ~ &(z,9) < e(2) —e(z,y) + ) dy(a).

Since

c(z) —c(z,y) =0 c(m)H(l——l-> , forz>0andy>0,

p<y p
it then follows from (2) that
limsupc—(m=0 H <1—1> =O<L>, for y > 0.
Z—00 C(Z) p<y p logy

This completes the proof.

REMARK 5. The above proof is essentially based upon the analytic class number
formula for abelian fields.

We have used, in the proof of the Corollary, a simple fact on the divisibility for
the relative class number of a cyclotomic field. Let us add in passing a similar but
somewhat stronger fact as follows:

PROPOSITION 3. Let K be a cyclotomic field with conductor divisible by distinct
prime numbers p and q. Suppose that ¢ > 2 and that the order a of ¢ (mod pu) is
odd, where u = 1 or 2 according as p > 2 or p = 2 {so that 2a divides u(p — 1)).
Then phy is divisible by {(q — 1)/2}#p=1)/2a It furthermore, ¢ # 1 (mod p) or
g =1 (mod p?u), then hy is divisible by {(g — 1)/2}#(P—1)/2a,

PROOF. Indeed class field theory (together with genus theory and the ambiguous
class number formula) provides an algebraic proof of the proposition (see, e.g., [1])
but, in the following, we deduce the proposition from some consequences, in [4, 8,
9], of the analytic class number formula.

Again by Lemma 5 of [8], we may assume that K = Kyp,. Let [ be any prime
number dividing (¢ — 1)/2, and e the natural number such that ¢ || (¢ — 1)/2. It
suffices to show that

(3) leu(p—l)/Za—& |hI_(
where

6=1, ifl=p, e=1, and hence a =1,
=0, otherwise.
For each character y in Xk, we let
-1

O(x) = m x(z)z,

the sum taken over the natural numbers z < upg prime to pq. Let X be the set
of odd primitive Dirichlet characters with conductor upg. Then the analytic class
number formula implies

(4) hx = hi,, b, 1 ©00-
XEX
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Each ©(x) in the above is known to be an algebraic integer (cf. [4, §28]). Let ®
be the set of odd primitive Dirichlet characters of order dividing u(p — 1)/a with
conductor up. We note that ¢(q) = 1 for every ¢ in ®. Let ¥, denote, for each
natural number ¢ < e, the set of even primitive Dirichlet characters of order ¥ with
conductor ¢g. Take any ¢ in ® and any ¢ in ¥, so that ¢ belongs to X. As in [4,
§28], simple calculations show that

= " ¢(qz)9(upy),

(z,9)

= ¢lqz) -

(z,y)

B(¢)-

Here, in both sums, (z,y) ranges over the pairs of natural numbers such that
z <up/2,y < q/2, and y/q < z/up; and further

— Z(t)(z/ z

the sum taken over all natural numbers z’ < up/2. On the other hand, ©(¢) =0
since ¢(g) = 1 (cf. Lemma 2.1 of [9]). Therefore

= ) $(qz)(W(upy) — 1) + —73(@

(z.y)
with {(g — 1)/up)B(¢) an algebraic integer in K,_;. If follows from this that
-1
(5) 6(p¥) = T_~B(#) (mod 1),

where [ is a unique prime ideal of ;. dividing [. Hence, if

(6) qu_plB(qs) =0 (mod )

holds, then 6(¢y) =0 (mod ) so that

(7) IT e@¢)=0 (mod).
P'eEY,

Now, assume that ¢ is of order less than ¢(up) = u(p—1). In such a case, p > 2
and, by [4, §31], B(¢) = 0 (mod p), which implies (6) and therefore (7). Thus we
obtain that

(8) II ( IT ete'v) ) =0 (mod [#(P~1)/2a) ifa>1,

¢ \Y'ev,
=0 (mod [#P~D/2=ele-1))  jfgq =1,

where ¢’ ranges over all characters in ® of order less than u(p — 1).
Assume next that ¢ is of order u(p — 1), so that a = 1. In the case where | # p
or e > 2, (6) is easily verified and so is (7). Thus we have

(9) H( II ew@"v) ) =0 (mod 1°P~D),

" \W'e¥,
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where ¢ ranges over the characters in @ of order p — 1. In the case wher | = p,
e =1, and hence ¢t = 1; it follows from [4, §31] that B(¢) =0 (mod p/B) for some
prime ideal B of K,_; dividing p. Therefore, by (5), ©(¢¢) = 0 (mod p/B*),
where p = [ and B* is a unique prime ideal of K;(,_;) dividing ®B. Taking the
norm for K,(,_1)/@Q of the above, we have

(10) IT TI e@"¢)=0 (modpeP=11),

o wer
with ¢” running over the characters in ® of order p — 1.

Since the disjoint union (J;_,{¢'¥’;¢' € ®,9' € ¥,} is contained in X, (3)
follows from (4), (8), (9), and (10). The proposition is thus proved.

REMARK 6. Class field theory also shows that there exists a subgroup
H of the ideal class group of K such that H is isomorphic as a group to
(Z/((g —1)/2)Z)*(P~1)/22=1 and such that o/* = a~! for all o in H.
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