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I I .  O n the S tresses in  the N eig h b o u rh o o d  o f  a  C ircu la r  H o le  a  S tr ip  U n d er

T ension .

B y  E . C. J . H o w l a n d , M .A ., M . University College,

(Communicated by L . N . G . F i l o n , F .R .S .)

(Received June 20, 1929.)

Introduction.

T h e  p ro b le m  o f d e te rm in in g  th e  s tre s s e s  in  a  p la te  u n d e r  te n s io n  w h e n  th e  m a te r ia l  is  

p ie rc e d  b y  o n e  o r  m o re  c ir c u la r  h o le s  is  o n e  o f b o th  th e o re t ic a l  in te r e s t  a n d  p r a c t ic a l  

im p o r ta n c e .  P r o v id e d  t h a t  th e  p la te  m a y  b e  r e g a rd e d  a s  in f in i te ly  e x te n d e d  in  tw o  

d im e n s io n s , th e  s o lu t io n  fo r  a  s in g le  h o le  is  e a s ily  fo u n d  a n d  is  w e ll k n o w n .*  T h e  

p re se n c e  of t h e  h o le  le a d s  to  t h e  o c c u r re n c e  o f s tre s s e s  e q u a l  to  th r e e  t im e s  th e  te n s io n  

a t  in f in i ty , th e s e  m a x im u m  s tre sse s  o c c u r r in g  a t  th e  e d g e  o f th e  h o le  a n d  o n  t h e  d ia m e te r  

p e rp e n d ic u la r  t o  t h e  d ir e c t io n  of th e  a p p lie d  te n s io n .

M o re  g e n e ra l s tr e s s  s y s te m s , c o r re s p o n d in g  to  th e  p re se n c e  o f t r a c t io n s  a t  th e  e d g e  o f 

t h e  h o le , m a y  b e  s tu d ie d  b y  s im ila r  m e th o d s , n o t  o n ly  w h e n  t h e  p la te  is in f in ite  b u t  a lso  

w h e n  th e r e  is  a  s e c o n d  c ir c u la r  b o u n d a r y  c o n c e n tr ic  w i th  th e  f i r s t . f  A  n u m b e r  o f 

s p e c ia l s o lu tio n s  fo r  th e  in f in ite  p la te  h a v e  r e c e n t ly  b e e n  p u b lis h e d  b y  B i c k l e y .J

T h e  s o lu t io n  fo r  a  s e m i- in f in ite  p la te  w ith  o n e  c irc u la r  h o le  w a s  o b ta in e d  b y  J e f f e r y , 

u s in g  b ip o la r  c o -o rd in a te s ,§ w h ic h  m a y  b e  a p p lie d  a lso  to  th e  c a se  of a n  in f in ite  p la te  

p ie rc e d  b y  tw o  h o les .

I n  t h e  p r e s e n t  p a p e r  th e  p la te  is  s u p p o se d  b o u n d e d  b y  tw o  p a ra l le l  ed g es , a n d  to  

c o n ta in  a  h o le  m id -w a y  b e tw e e n  th e  ed g es , a n d  a  s o lu t io n  o f th e  te n s io n  p ro b le m  is  

s o u g h t  b y  su cc e ss iv e  a p p ro x im a t io n .  T h e  a n a ly s is  is , h o w e v e r , f ir s t  d e v e lo p e d  fo r  th e  

m o re  g e n e ra l c a se  o f a n y  s tre s s  s y s te m  s y m m e tr ic a l  b o th  a b o u t  th e  a x is  o f th e  s t r ip  a n d  

a b o u t  t h e  d ia m e te r  o f t h e  h o le  p e rp e n d ic u la r  to  th e  a x is . G e n e ra l fo rm ulae  a re  o b ta in e d  

g iv in g  th e  co effic ien ts  o f e a c h  a p p ro x im a t io n  l in e a r ly  in  t e rm s  of th o s e  o f th e  p re c e d in g  

a p p ro x im a t io n .  T h e  p ro c e ss  u s e d  is a n a lo g o u s  t o  th e  a l t e r n a t in g  p ro c e ss  o f S c h w a r z , ||

* See, for exam ple, P r e s c o t t , “ Applied E lastic ity ,” p. 361 (London, 1924). An elem entary solution, 

ascribed to  S o u t h w e l l , is given  by M o b l e y , “ Strength of M aterials,” 4th  edn. (London, 1916) and later 

editions, Appendix.

f  F i l o n , “ Inst. Civil Eng., Selected Papers,” No. 12 (1924).

% ‘ Phil. Trans.,’ A, vol. 227, pp. 383-415 (1928).

§ ‘ Phil. Trans.,’ A, vol. 221, pp. 265-293 (1920).

|| P i c a r d , “ Traite d ’Analyse,” vol. 2, chap. 3, gives an account of the m ethod with references to  the  

original memoirs.

VOL. CCXXIX.— A 6 7 1 . H [P ublished  January 6, 1930.
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5 0 R. C. J. H O W LA N D  O N T H E  ST R E SSE S IN  T H E  N E IG H B O U R H O O D

w h ic h  h a s  b e e n  a p p l ie d  b y  P i c a r d  t o  t h e  g e n e ra l  p a r t i a l  d i f f e r e n tia l  e q u a t io n  o f t h e  

s e c o n d  o rd e r .*  N o  g e n e ra l th e o r y  fo r  t h e  b i-h a rm o n ic  e q u a t io n  a p p e a r s  t o  h a v e  b e e n  

p u b lis h e d . T h e  p ro b le m  of c o n v e rg e n c e  is  a  d if f ic u l t  o n e , th o u g h  i t  m a y  p e r h a p s  b e  

s o lv e d  b y  a n  e x te n s io n  o f t h e  m e th o d  u s e d  h e re  t o  e s ta b l i s h  t h e  c o n v e rg e n c e  o f so m e  

s u b s id ia ry  s e r ie s . I t  w o u ld  b e  o f g r e a t  th e o r e t ic a l  in te r e s t ,  b u t  t h e  l a c k  o f a  g e n e ra l  

th e o r y  is  n o t  s e r io u s  in  p r a c t ic e ,  a s  t h e  d e g re e  o f a p p r o x im a t io n  c a n  b e  t e s t e d  a t  e v e r y  

s ta g e  b y  e x a m in in g  t h e  r e s id u a l  t r a c t io n s  o n  t h e  e d g e  o f t h e  s t r ip .  F r o m  th i s  p r a c t ic a l  

s t a n d p o in t  t h e  c o n v e rg e n c e  m a y  b e  s a id  t o  b e  r a p id  w h e n  t h e  d ia m e te r  o f t h e  h o le  

is  n o t  m o re  t h a n  h a l f  t h a t  o f t h e  s t r ip .

A p a r t  f ro m  t h e  h e a v y  n a tu r e  o f t h e  a lg e b r a  in v o lv e d , th e r e  s h o u ld  b e  n o  e s s e n t ia l  

d if f ic u l ty  in  e x te n d in g  t h e  a n a ly s is  to  c o v e r  u n s y m m e tr ic a l  s t r e s s - s y s te m s , a n d  a  w id e  

v a r i e ty  of p ro b le m s  w ill t h e n  b e  b r o u g h t  w i th in  i t s  r e a c h .

Statem ent o f  M ethod.

W e  c o n s id e r  a  s t r ip  o f is o tro p ic ,  e la s t ic  m a te r ia l ,  b o u n d e d  in  t h e  x, ? /-p lan e  b y  t h e  

lin e s  y  =  ±b, an d  o f u n ifo rm  th ic k n e s s  p e r p e n d ic u la r  t o  t h i s  p la n e . T h e  h o le  w ill

F ig . 1.

b e  s u p p o s e d  to  h a v e  i t s  c e n t r e  a t  t h e  o rig in , a n d  t o  b e  o f r a d iu s  ( <  b). P o la r  

c o -o rd in a te s  ( r , 0) w ill a lso  b e  u se d , a n d  i t  w ill b e  c o n v e n ie n t  to  t a k e  th e  in i t i a l  l in e  a lo n g  

th e  y -axis a n d  th e  p o s i t iv e  d ir e c t io n  o f 6 c lo ck w ise  (fig. 1).

* * J. M athem atique/ vol. 5, pp. 145-210 (1890).
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OF A CIRCULAR HOLE IN  A ST R IP  U N D E R  T EN SIO N . 51

T h e n  th e  r e la t io n  b e tw e e n  t h e  tw o  s y s te m s  o f c o -o rd in a te s  is

W e  s h a ll  a lso  w r i te

x  =  r s in  0 

y  =  r  cos 0
1 ........................................
J

............. (1)

=  x/b , 7) = y/b, p =  r/b . . . .. . . .  (2)

so  t h a t  £ , 7j, p a re  c o -o rd in a te s  m e a s u re d  in  a  u n i t  e q u a l  to  h a lf  th e  w id th  o f t h e  s t r ip ,  

a n d  X is  th e  r a d iu s  o f t h e  h o le  m e a s u re d  in  th e  s a m e  u n i t .  I n  p ra c t ic e  X w o u ld  n e v e r  b e  

g r e a te r  t h a n  a n d  g r e a te r  v a lu e s  t h a n  th is  w ill n o t  b e  c o n s id e re d  in  t h e  p r e s e n t  p a p e r .

T h e  m a te r ia l  w ill b e  s u p p o s e d  to  b e  in  a  s t a t e  o f g e n e ra lis e d  p la n e  s tre s s ,*  sp ec ifie d  

b y  a  s tr e s s  fu n c t io n  %. T h is  fu n c t io n  m u s t  s a t i s fy  th e  fo llo w in g  c o n d it io n s  :—

(a) A t a ll p o in ts  w i th in  th e  m a te r ia l

V4x =  0 ; (3 )

(b) t h e  s tre s s e s  x x  =X  , x y  = ^ , te n d  to  d e f in ite

v a lu e s  a t  in f in i ty  ; in  p a r t i c u la r ,  in  th e  te n s io n  p ro b le m , T  (c o n s ta n t) ,  -*■ 0,

x y -> 0 , w h e n  x-> ±  qo .

(c) O n  th e  s t r a ig h t  ed g es , v) =  ±  1,

32X _  S2X _  0 .

a e  - a s  0y) ’ *

(d) A t th e  r im  of t h e  h o le , p =  X.

/y*

r0

_1

62

i  32x | 1 ax  

_P2 a e 2 ' r  P a?_
= / ( e )

&2 a?  \p  a e /
^ ( 6 )

(4 )

w h e re  / ( 6 )  a n d  </> (0 ) a re  g iv e n  fu n c tio n s , b o th  e v e n  a n d  b o th  s y m m e tr ic a l  a b o u t  

0 =  ; in  p a r t ic u la r ,  in  t h e  te n s io n  p ro b le m , t h e  r im  of th e  h o le  is  fre e  f ro m  s tre s s

a n d / ( 0 )  a n d  cf> (0) b o th  v a n is h .

T o  s a t i s fy  th e s e  c o n d itio n s , w e w r i te

X —  Xo' +  Xo +  Xi +  X2  +  • • • , ......................................... (5 )

* L o v e , “ Theory of E lasticity ,” 4th  ed n .,p . 138 (Cambridge, 1927). The theory was given by F i l o n , 

‘ Phil. Trans.,’ A, vol. 201, p. 67 (1903).
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5 2 R. C. J. H O W LAN D O N TH E STR ESSES IN  T H E  N E IG H B O U R H O O D

w h e re  t h e  t e r m s  o f th e  se r ie s  a re  e a c h , s e p a ra te ly ,  s o lu t io n s  o f t h e  b ih a rm o n ic  e q u a t io n  

(3 ) a n d  h a v e ,  in  a d d i t io n ,  t h e  fo llo w in g  p ro p e r t ie s .

Xo' g iv e s  t h e  s tre s s e s  a t  in f in i ty  a n d  n o n e  o n  t h e  e d g e s  yj == ±  1.

Xo' +  Xo sa tis f ie s  t h e  c o n d it io n s  a t  t h e  r im  o f t h e  h o le  a n d  a t  in f in i ty ,  b u t  n o t  o n  t h e  

e d g es , i.e., i t  is  t h e  s o lu t io n  fo r  a n  in f in i te  p la te .  T h is  w ill b e  s u p p o s e d  k n o w n , Xo 

b e in g  e x p re s s ib le  in  t h e  fo rm

»  /T )  (0) T? (0)\

Xo =  -  D . «  lo g  P +>i 2 1 +  £ * , )  c o s  2 « 6 ............................ (6)

Xi c a n c e ls  th e  s tre s s e s  d u e  t o  Xo o n  t h e  e d g e s  =  ±  1, b u t  in t r o d u c e s  s tre s s e s  o n  t h e  

r im  o f th e  h o le  ; X2 c a n c e ls  th e s e ,  b u t  a g a in  p ro d u c e s  s tre s s e s  o n  t h e  e d g es .

M o re  g e n e ra lly , x 2r +  X2r+i g iv e s  z e ro  s tre s s e s  o n  ±  1, w h ile  x 2r- i  +  X2r

g iv e s  z e ro  s tre s s e s  o v e r  p =  X. F o r  d e f in ite n e s s  w e a d d  t h e  c o n d i t io n s  t h a t  t h e  s t r e s s e s  

d u e  t o  x 2r s h a ll  t e n d  t o  0  w h e n  p -* oo , w h ile  th o s e  d u e  to  x 2r+i s h a l l  b e  f in i te  a t  t h e  o r ig in  

a n d  t h r o u g h o u t  th e  f in i te  p a r t  o f th e  s t r ip .  A ll t h e  s t r e s s  f u n c t io n s  a r e  t h e n  fu l ly  

d e te r m in a te ,  a n d  x  w ill s a t i s fy  th e  r e q u i r e d  c o n d it io n s , p ro v id e d  t h a t  t h e  s e r ie s  in  (5) 

a n d  i t s  d e r iv a t iv e s  u p  t o  th e  f o u r th  a r e  u n ifo r m ly  c o n v e rg e n t .

I f  t h e  se r ie s  is  t r u n c a t e d  a f te r  x 2r i t  w ill g iv e  a  v a lu e  o f x  s a t i s fy in g  a ll  t h e  c o n d i t io n s  

e x c e p t  th o s e  o n  th e  e d g es  t j =  ±  1. I f  t h e  r e s id u a l  t r a c t io n s  d u e  t o  x 2r a r e  s m a l l  e n o u g h , 

th i s  v a lu e  o f x  is , fo r  p r a c t ic a l  p u rp o s e s , t h e  v a lu e  r e q u ire d .  S im ila r ly , i f  t h e  s e r ie s  is  

t r u n c a t e d  a f t e r  x 2r+i t h e  r e s u l t in g  v a lu e  o f x  s a tis f ie s  a l l  t h e  c o n d it io n s  e x c e p t  th o s e  

a t  t h e  r im  o f t h e  h o le  p =  X. I f  t h e  a d d i t io n a l  t r a c t io n s  d u e  t o  x 2r+i a r e  s m a l l  e n o u g h , 

t h e  s o lu t io n  is  a g a in  su ff ic ie n t in  p r a c t ic e .  I n  n e i th e r  c a se  is  th e r e  a n y  p r o b le m  o f 

c o n v e rg e n c e  ; b u t  i t  is  c le a r  t h a t ,  if  t h e  m e th o d  is  t o  b e  p r a c t ic a b le ,  i t  is  n e c e s s a ry  t h a t  

th e r e  s h o u ld  b e  te r m s  f a i r ly  e a r ly  in  t h e  se r ie s  w h ic h  c o r re s p o n d  t o  t r a c t io n s  o f n e g lig ib le  

a m o u n t .  I t  w ill a p p e a r  l a t e r  t h a t ,  if  X d o e s  n o t  e x c e e d  0 *5 , i t  is  n e v e r  n e c e s s a ry  t o  

p ro c e e d  b e y o n d  x 8, w h ile  if  X is  le ss  t h a n  0*25  i t  is  p o s s ib le  t o  s to p  a t  %2. V a lu e s  o f X 

m u c h  la rg e r  t h a n  0*5  w o u ld  le a d  to  v e r y  la b o r io u s  c o m p u ta t io n s .

Fundam ental Formulae.

W e  su p p o se  t h a t  t h e  c y c le  o f o p e ra t io n s  d e s c r ib e d  in  t h e  p re c e d in g  s e c t io n  h a s  b e e n  

c a r r ie d  o u t  r  t im e s ,  a n d  t h a t  w e h a v e  a r r iv e d  a t  th e  v a lu e  o f t h e  s t r e s s - fu n c t io n  y 9r. 

I t  is  t h e  o b je c t  o f th e  p r e s e n t  s e c t io n  t o  d e r iv e  e q u a t io n s  f ro m  w h ic h  x 2r+1 a n d  x 2r+2 

m a y  b e  c a lc u la te d .  T h is  c o m p le te s  a  f r e s h  c y c le , a n d  t h e  p ro c e ss  m a y  th e n  b e  r e p e a te d  

in d e f in ite ly . T h e  v a lu e  o f x 2r w ill b e  a s s u m e d  to  b e  g iv e n  in  t h e  fo rm

00 / T i  M  TT (r )\

X5, =  ~  D 0«  lo g  P +  ^ ; { - p .  +  COS 2 n d , .................. ,  (7 )

a n d  th e  a im  is  t o  f in d  th e  co e ffic ien ts  in  a  s im ila r  se r ie s  fo r  x 2r+2.
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OF A CIRCULAR HO LE IN  A ST R IP  U N D E R  TEN SIO N. 5 3

F o r  s im p lic i ty  o f w r it in g , i t  w ill b e  c o n v e n ie n t  t o  o m it  t h e  su ffix  (r) in  a ll  t h e  

co effic ien ts  u n t i l  i t  b e c o m e s  n e c e s s a ry  to  d is t in g u is h  th e m  f ro m  th o s e  o f t h e  X2r+2 se r ie s . 

M a k in g  th i s  te m p o r a r y  s im p lif ic a tio n  o f n o ta t io n ,  w e  h a v e  fo r  t h e  s tre s s e s  d u e  t o  x 2r>

1 ( \  3x 2, | 1 32X2A  

b2 Vp 0 p p2 ae2 )

i r  D o _ o  l  fn ( 2 n  +  l ) D 2w , 

62 p2 n i l  l  P2n+2 +

(n  +  1) (2 -
2w

Y fn  (2 n+ 1) P 2n t n  (2n  1) sjn  2

t i l  P2w+2 ^  P2w J

D o  , o  5  fn  (2n +  1) P 2,  , (n  -  1)(2» ~  1) B i « l  cos 2n0
T 2 “r  * î 2«+2 I q 2«

dp55 L P M = 1 l  p p

T h e  s tre s s e s  r e la t iv e  t o  t h e  C a r te s ia n  a x e s  a r e  n o w  g iv e n  b y  t h e  e q u a t io n s

~ ____ 1 0 A 3X * _____ ,

6 2 3 p  \ p  0 0  1

Te = I ^ = J - rD n  ' -  ~
6 2 0 p 2 6 2

. ( 8 ) 

• (9 ) 

. ( 10 )

^  =  f r  s in 2 0 +  2r© s in  0 cos 0 +  00 cos2 0

x y  =  ( f r  — 00) s in  0 cos 0 +  r0  (cos2 0 — s in 2 0) >,

y y  =  r r  cos2 0 — 2 r0  s in  0 cos 0 +  00 s in 2 0

w h ic h  d iffe r  s l ig h tly  f ro m  t h e  s t a n d a r d  fo rm s  o n  a c c o u n t  o f t h e  w a y  m  w h ic h  0 h a s  

b e e n  m e a s u re d . T h e se  w e  re -w r i te  in  t h e  fo rm s

x x  =  l  {(rr  +  00 ) — ( r r  — 00) cos 20 +  2 r0  s in  20}

y y  {(rr  +  0 0 ) +  ( r r  — 0 0) cos 20 — 2 r0  s in  20} 

x y  =  \  {(rr  — 0 0 ) s in  20 +  2 r0  cos 20}

. • ( 11 )

N o w  i t  is  e a s ily  s e e n  t h a t

|  ( r r  — 00) =
1

62
^ + 2

LP8

\n  (2 n  +  1) D 2» I n  (2^i 1) p 2 » \v>r>p 2
■ 2n+2 ' ~ 2n

H e n c e

l  ( r r  —  00 ) cos 20 — r0  s in  20

1

62

Do cos 20 +  2  2
n = 1

(2 n  +  1) D 2« l . ri(2 u  1) F2w \ cog +  2) 0
2 « + 2  ' - 2 «

a n d

\  ( r r  — 00) s in  20 +  r0  cos 20

l  TDn • ^  , ’a  S  fn  (2w +  1) D 2b , (2 -  1) E 2» U n  (9n 4 -  0
^   ̂ ------- "2^+2 r  I? ~ s i n  2 0 + 2  ^  %-

i2 n = 1 LLP
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5 4 R. C. J. H O W LA N D  ON T H E  ST R E SSE S IN  T H E  N E IG H B O U R H O O D

A lso

( r r  -j- 0 0 )
=  _ 2  J  (2  -  1) E

1 p ‘

S u b s t i tu t i n g  th e s e  v a lu e s  in to  (1 1 ), w e o b ta in

- n cos 2 n 0 .

x x  =  —  
b2

cos 2 0  — 2 2  ^ cos 2 ^ 0

+  2 , j 1 {n J ~P t e  +  -  — }cos (2 »  +  2) e '

2

62

2 E
-  cos 20 +  2  2  » - E 2n+2)

1 1 2n +  2n = 1

+ 1) E 2nL cog _|_ 2 ) 0
( 12 )

S im ila r ly

2 ^ 2 cos 20 — 2 2  f (2^ +  1) ( ^ 2  +  E 2w+8) 
p2 « = l l  p 2n+2

+  ~  ^ E2wj  c o s  +  2) 0 , . (13 )

x y  =
1

5 2 ^  s in  20 +  2  nl t { —  t j } PlW +  ~  1} M s in  (2 »  +  2)0

(14 )

W e  h a v e  n o w  to  c o n s t r u c t  X2r+ i so  t h a t  i t  p ro d u c e s  o n  t h e  e d g e  o f t h e  s t r i p  s tre s s e s  

c a n c e ll in g  t h e  v a lu e s  o f y y  a n d  x y  in  ( 13) a n d  ( 14 ). A  m e th o d  fo r  c o n s t r u c t in g  s u c h  a  

b ih a rm o n ic  fu n c t io n  h a s  b e e n  g iv e n  b y  F ilo n *  a n d  w a s  e x p re s s e d  in  a  m o d if ie d  a n d  

c o n v e n ie n t  fo rm  in  a  r e c e n t  p a p e r  b y  t h e  A u th o r . f  T h e  r e le v a n t  fo rm u lae  m a y  b e  

s t a t e d  a s  fo llo w s r

L e t  x  b e  t h e  b ih a rm o n ic  fu n c t io n ,  f in i te  a n d  s in g le -v a lu e d  in  t h e  s t r ip ,  w h ic h  g iv e s  

s tre s s e s

y y  =  (5), x y  — ^  ($), 

y y  =  <f>(S), x y  =  — 

<f> (£) a n d  <\> (£) b e in g  b o th  e v e n  fu n c t io n s  ; t h e n

X — X - h  X > ....................................................... ( 15 )

* ‘ Phil. Trans. R oy  Soc.,’ A, vol. 201, pp. 63-155 (1903). 

t  ‘ Roy. Soc. P roc.,’ A, vol. 124, pp. 89-119 (1929).

 D
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OF A CIRCULAR H OLE IN  A ST R IP  U N D E R  TEN SIO N 5 5

w h e re

x '  =  —  f ----- (g +  uc) C cog  (f> cos .
TC Jo W2 S  Jo

x" — —  f -------- —  cos u\. du | d> s in  . dw
TZ Jo u S Jo

k  . . ( i s )

a n d  t h e  sy m b o ls  h a v e  th e  m e a n in g s

s — s in h  u, — c o sh  u  

S .== s in h  7 C =  co sh  

2  =  s in h  2 +  2

( 17)

I n  o rd e r  t h a t  x  m a y  b e  id e n t ic a l  w i th  x 2r+i w e  m u s t  g iv e  (£) a n d  <j> (£) t h e  fo llo w in g  

v a lu e s , d e r iv e d  f ro m  ( 13 ) a n d  (14 ) ;

2 E 2 +  D 0 oft | o  v  J ( 2 «  +  1) ( » D q« +  Ezm -a)
a 008 20  +  2 ^ 1  ( i  + _e ) «+.

+ (?) =

+  ”  (2”  +  cos (2n +  2 ) 6 

- 5 2̂-  s in  20  +  2 £  ( ”  ^
| _ i - f S 2 « = i l  ( i  +  S2)n+1

+ K ( u ; y n} s i i i ( 2 ” + 2 )  e .

(18 )

0 b e in g  t h e  a c u te  a n g le  d e fin e d  b y  th e  e q u a t io n

t a n  0 =  ..................................

I t  is  th e re fo re  n e c e s sa ry  to  e v a lu a te  d e f in ite  in te g ra ls  o f th e  ty p e s

( 19 )

cos 2 . cos uw dw  r  cos (2 »  +  2 ) 6 . cos A „ 

!o ( l + w 2)w ' ’ Jo ( l + w 2)n

a n d  th e  c o rre s p o n d in g  s in e  in te g ra ls ,  w h e re  n o w

t a n  0 —

T o  d o  th is ,  c o n s id e r  f ir s t  t h e  c o m p le x  in te g ra l

 D
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5 6 R. C. J . H O W LA ND  ON T H E  ST R E SSE S IN  T H E  N E IG H B O U R H O O D

t a k e n  r o u n d  a  c o n to u r  c o n s is t in g  o f t h e  r e a l  a x is  a n d  t h e  u p p e r  h a l f  o f a  c irc le  o f la rg e  

r a d iu s  R  w i th  i t s  c e n t r e  a t  w —  0 . T h e  p a r t  d u e  t o  t h e  s e m i-c irc le  t e n d s  t o  0  

a n d  w e  a r e  le f t  w i th

roo giuw poo g i(uw— 2nd)

L  (T +  S f  ' dw  =  L  ( 7 + 1

I f  w  is  r e p la c e d  b y  i-f  a  in  t h e  c o m p le x  in te g ra l ,  t h e  i n t e g r a n d  b e c o m e s

e " K. (?ua/(

a n d  t h e  r e s id u e  a t  t h e  p o le  is  c le a r ly

e~ M . ( iu )2* -1 _  .

i 2n . { 2 n  —  l  )\~T.(2  1 ) !  '
H e n c e

P  e Huw-2n0)̂ - u

—— ■— —  aw  — ------- --------
J-oo (1 +  w2)n (2n  —  1 ) !

o r

f°° cos (uw  — 2 n 0 )  j  . u 2n~x

J-oo (1 +w*y' aw ~  ~(2n  -  1 ) !  •

B e c a u se  o f t h e  r e la t io n  b e tw e e n  0 a n d  w, t h e  in te g r a n d  is  a n  e v e n  f u n c t io n ,  a n d  t h e  

r e s u l t  m a y  b e  w r i t t e n

f00 cos (uw  — 2nQ) A i __ Tze~u . u?n~l 

Jo (1 +  w2)n ' W ~  (2w — 1 )!  *

N e x t  t a k e  th e  c o r re s p o n d in g  c o m p le x  in te g ra l

( 2 0 )

iuw

dw
J (1 — iw ' 

r o u n d  t h e  s a m e  c o n to u r  : t h e  in te g r a n d  h a s  n o  p o le  w i th in  t h e  c o n to u r  a n d  w e o b ta in

[ cT + y A = ° .........................................<2i)

B y  a d d i t io n  a n d  s u b t r a c t io n  o f (20) a n d  (21 ), w e  n o w  h a v e  tw o  o f t h e  r e q u i r e d  in te g r a ls  

e x p re s s e d  in  t h e  fo rm

cos 2w0 . cos uw  

(1 +  w2)n

— XL 4/271—1
dw =  f°° s n̂  : s*n  uw d w _ n e~U '

J  A ( i  -f- w2Y 2 . ( 2  n— 1)!
( 22 )

T o  o b ta in  th e  v a lu e  o f t h e  o th e r  p a i r  o f in te g ra ls ,  w e  re p la c e  t h e  fo rm e r  c o m p le x  

in te g ra ls  b y  th e  p a i r

( 1  - j -  j j j j l  j j lI (1 +  w2) eww h[ ( l  +  w 2) 7

J (1 +  iw Yn+3 * ’ J (1 — 2 * dw’
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OF A C IRC U LA R  H OLE IN  A STR IP U N D E R  TEN SIO N. 5 7

t h e  c o n to u r  b e in g  u n c h a n g e d . W h e n  w  is  r e p la c e d  b y  -j- a ,  t h e  f i r s t  i

e~w '2i(X.)

(i<x.)2n+2

a n d  t h e  re s id u e  is

e~H
q27l-\- 2

(m )2" 1 ■

(2 n  — 1 )!

9 . (iu )2n~1 _  e~u . i/2”-1

1 (2n) I s . (2 w )!
2  (w — n).

H e n c e , p ro c e e d in g  a s  b e fo re , w e f in d

f00 008 (2n  +  2 ) 0 . co s uw  ,  =  f® s in  (2w +  2) 0 . s in  uw  ,

Jo (1 +  w2)re W Jo (1 +

—  —

(2 !

I t  is  n o w  p o ss ib le  to  w r i te  d o w n  th e  v a lu e s  o f th e  in te g ra ls

. . (23 )

rao

(f> (w) cos uw  . dw,  ̂  {w) s in  uw . dw.
Jo

T h e y  a re

</>(w) co s uw  . dw

tc
/ 2n+l

(2E 2 +  D 0) . -  +  2  S  (2n  +  1) {nD2n +  E 2n+2) . -  ^  j

, * /0  u 2n~l (u — n)
+  S 2 n & -  1 ) E > .  (^ ) ! -

% . u

b2

u 2n . 5  t ,  w2n_1

j D ° +  E2”+2> (in -  1 ) !  + » 5 i E2" (2 »  - 2 ) ! .
(2 4 )

1
4* (w) si 

Jo
s in  uw  . dw

tv
/ 2 n +1

D ° ■ 1  +  2 , ! , B (2“  +  D i” • 2  . (2 «  +  1) !

I o  V /o  i \ 17 ^ 2n_1 ~  w )
+  2 „ g , » ( 2 n - l ) E » -  (j n ) , J

■Ke~u . u  f D 0 — 2 E 2 , v  w^2» — (»  +  1) E
+  S

2 « = i (2n) !

2n + 2 w2»_|_ S

i (2 n  — 2 )•
. u 2n—1 (2 5 )

W h e n  th e s e  v a lu e s  a re  s u b s t i tu te d  in to  (16 ) t h e  v a lu e  of x  in  (15) w ill b e  t h a t  of 

X2r+1. W e  h a v e  n o w  to  d e te rm in e  th e  s tre s s e s  p ro d u c e d  b y  th i s  f u n c t io n  a t  t h e  c ir 

VO L. C C X X IX .— A . I
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5 8 R. C. J . H O W LAN D ON TH E ST R E SSE S IN  T H E  N E IG H B O U R H O O D

c u m fe re n c e  o f t h e  h o le , a n d  fo r  th i s  p u rp o s e  i t  is  c o n v e n ie n t  t o  e x p re s s  x 2r+i a s  a  s e r ie s  

in  a s c e n d in g  p o w e rs  o f p. W r i t in g

52 r»
O =  —  (f> (tv)cos .

7 XU Jo

6a r°°
T  =  —  I ^  s in  . dw  

n u  Jo

w e  h a v e

x * +1 =  4  f*  (s«t +  CT )  du -  4  f“ C c o 8 « |  ( s ± u c  9  +  s T |  ^
Jo 2j J o 21 [

(2 6 )

(2 7 )

N o w  i t  is  w e ll k n o w n  t h a t

S . cos — s in h  (up co s  6) . co s  (up s in  6)

\2n+l

, ? o ( 2 M L i n c o s ( 2 ” + 1) 6 -

a n d  th e re fo re

0 0

7)S co s  =  p co s  0 2
( w p ) 2 » + l

ft = 0 (2w +  1)!
co s  (2w + 1 ) 6

® rti2w+l *2̂1+2

(2 n  +  1 ) !  {C0S 2 " 0 +  C0S {2n +  2) 6}

A lso

2 I V  f  W2”-1 p2n . tt2re+1p2n+2l "
up2 +  2  J  ------- . +  ---------- -—— > c o s  2w0

« = i \(2r& — 1 )!  (2 n  +  1) !J

C cos u \  —  2  7 ^ 7 7  cos 2 w0.
w = o ( 2 w ) !

(2 8 )

(2 9 )

S u b s t i tu t in g  th e s e  se r ie s  in to  (2 7 ), w e  m a y  n o w  e x p re s s  x 2r+1 in  t h e  fo rm  

X2 r+ 1  =  S  (L 2n(r) +  M 2nw p2) P2n cos 2w0 , . . . .

du

w h e re
ft = 0

(30 )

L 0W =  — 4  f" {(s +  «e) <t> +  i b T )
Jo

=  ( + 7  j ” [« { (»  -  1) ® -  « ¥ }  +  c (« Y  -  «4>)]
.2 » —1

du >> • • • (31 )

M ’”w =  (2^ T T j i  “ !,+1 • * »

th e  l a s t  e q u a t io n  a p p ly in g  a lso  fo r  % =  0 .
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OF A CIRCULAR H OLE IN  A ST R IP  U N D E R  TEN SIO N. 5 9

T h e  in te g ra l  fo r  L 0(r) c o n ta in s  a  d iv e rg e n t  p a r t*  w h ic h  c o u ld  h a v e  b e e n  re m o v e d  b y  

m a k in g  a  s l ig h t  m o d if ic a tio n  in  t h e  fo rm u la  fo r  x  in  ( lb ) .  B u t  a s  t h e  c o n s ta n t  t e r m  

in  y.2r+iis  w i th o u t  e ffec t o n  th e  s tre s s e s , i t  is  t r i v i a l  a n d  w ill b e  s u p p o s e d  o m it te d .  

T h e  o th e r  co e ffic ien ts  m u s t  n o w  b e  e x p re s s e d  in  a  fo rm  s u i ta b le  fo r  c a lc u la tio n .

T a k in g  M 2„(r) f ir s t ,  w e h a v e

2  (sO  - f  cY ) =  eM (<D - f  Y )  +  e— (Y  — # )

00 y2p

=  (D 0 -  E . )  + ? S i {2j)D 2y -  (2p  +  1) E 2r+2)

u2p~l
e _2“ S  E ,

u 2p~2

S u b s t i tu t in g  th i s  in to  (31 ) a n d  re s to r in g  t h e  su ffix es  (r) t o  th e  co effic ien ts  of x 2r> w e 

n o w  o b ta in

M  M =  1
(2 +  1) !

(D 0«  -  E a« )  L „ +1 +  { 2 p D 2/ >  -  (2p  +  1) E 2p+«} I- g J f

no T oo
I o  V TT1 (r) L 2 n + 2 p  _ V TP. (r) °2w +2j?-l

+  % - i  s*  (2 p  — 2 ) !  *  — 2) !.

t h e  n e w  s y m b o ls  d e n o tin g  t h e  d e f in ite  in te g ra ls

* • = £ £ < * “

US _ 5

.

du
=  lo  S

A fte r  a  l i t t l e  r e - a r r a n g e m e n t  o f t h e  te r m s ,  t h e  e q u a t io n  fo r  M 2nw b e c o m e s

(32 )

GO

M2„<ri =  ”T „D 0« +  2  { % D 2r«  +  ,«->},
P  =  1

w h e re

"Yo
I

2n+l

(2 n -j- 1 ) !

%  =
L2n-f2j3+l

(2 n  +  1 )!  (2 1 )!

* (2 n  +  1 )!  (2 — 2 )!
{(2p  1) 1 2 l.2W-(-2̂  +  J 2»+2i.-l}

(33 )

. (34 )

* A  discussion of the convergence of these integrals and of the significance of divergent terms will be 

found in  the Author’s paper cited above.
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6 0 R. C. J . H O W LA ND  ON TH E ST R ESSES IN  TH E N E IG H B O U R H O O D

T u r n in g  n o w  to  L 2n(r), w e  h a v e

2 |>  {(w — 1) <h — uW} +  c (% T — wd>)]

=  e“ {{n — u)(O +  Y )  — 0>} — e~u +  (0> — T )  — <D}

(n  — u) (D 0 — ^ 2 )  H~ ^  (2p D 2i) — (2 +  1) E 2y+2}
w2̂

2 2  E
, 2 p - l

V =  1 ( 2 p ) !  , - 1  p (2 p  — 2)!_

(% -f- w) e - 2 “ 2  E

,2 p - 2

(1 — e

1 (2 p  —  2 )  !

4 D 0 4 1  2  (D 2p —  E
. 35=1

u 2p *  F

( 2 p  —  1 ) !  ' p . j  —  2 ) ! .

w h ic h  m a y  b e  r e - a r r a n g e d  in  t h e  fo rm

i  « 2»  -  1 ) -  2m +  e - 2*} | D 0 + ^ S i (g 1

+  2  (2  (n  -j- p) u 2p +1 —  (2n p

S u b s t i tu t i n g  th i s  in to  (31 ) a n d  a g a in  r e s to r in g  t h e  su ffix e s , w e  f in d , a f t e r  s o m e  f u r th e r  

r e - a r r a n g e m e n t  o f t h e  t e r m s

L * w - = " a 0D 0« +  2  . D 3/ >  +  » ^ E 3/ > } ,

w h e re
p  =  1

p 2p
(3 5 )

w<xo — J2ri) ! {{2n  ̂ ) ^2w—1 2 12n -f- J 2« - i}

1

p (2n ) ! (2p  — 1 ) !  

2

(2 w ) ! (2 p  — 2 ) !

{ ( 2  f l  1 )  J-2n+2p—l  2  ~f-2n+2p \ l }

{2 (n p  1) I2 (w+^-i) (2 1) -̂2n+2p-z

2 l 2n+2p -l [fl p  1) J2n+2j>-3^

>- (36 )

T h e  co e ffic ien ts  in  x 2r+i a re  t h u s  d e te r m in e d  in  t e r m s  o f th o s e  o f / 2r. T o  c o m p le te  

t h e  c y c le  w e h a v e  n o w  to  d e te r m in e  t h e  co e ffic ien ts  in  x 2r+2 i*1 t e r m s  o f th o s e  o f x 2r+i- 

T h e  s tre s s e s  d u e  t o  x 2r+i a re  g iv e n  im m e d ia te ly  b y  th e  d if f e r e n t ia t io n  o f (30 ) a s

r r

rO —
2

b2

M 0(r) — 2  {n {2n  —  1) L 2n(r)
__ n = 1

2  {n (2 n  — 1) L 2nw +  n  (2
n == 1

M 0«  +  S  [n (2n  -  1) L 2„w
n = 1

+  (n — 1) (2 n  -f- 1) M2„(r)p2} p2w 2 cos 2 6 

+  1) M2n(r)p2} P3”-2  sin  2n0  

+  (n +  1) (2n  +  1) M 2m(V }  cos 2nd

(3 7 )
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OF A CIRCULAR HO LE IN  A STR IP U N D E R  TEN SIO N. 61

T h e  f ir s t  tw o  o f th e s e  m u s t  b e  c a n c e lle d  a t  t h e  ed g e  of th e  h o le  b y  th e  s tre s se s  d u e  t o  

y 2r+3. I f  w e s u p p o se  th i s  e x p a n d e d  in  th e  s a m e  fo rm  a s  Xar> Y1Z-—

fD 2/ +1> , E *< '+1>\
isr+2 =  -  W r+1) lo g  P +  S  +

w = H  P
s 2 n ~  2

cos 2w 0, (38 )

th e  c o rre sp o n d in g  s tre s se s  w ill b e  g iv e n  b y  a d d in g  th e  su ffix  (r  -)- 1) t o  th e  co e ffic ien ts  

in  e q u a tio n s  (8) a n d  (9 ). P u t t i n g  p — X a n d  e q u a t in g  t h e  co e ffic ien ts  t o  th e  n e g a t iv e s  

of th o s e  in  (37), w e o b ta in  th e  fo llo w in g  e q u a t io n s  :—

T i (*■+!) 0

X2
2M 0(r)

n (2 n  +  1) -p (r+i) , (m +  1) (2m_1) E  (f+i) _  _  {n (2n — 1) L 2
^2n+2 2n 1 K x '

+  (m -  1) (2m +  1) M2mw X2} X 

n  (2n_ ± i )  D 2m(/+1) +  -  (2^ 2~ ............E 2n(r+1) =  (m (2m -  1) W f)

(r)

2n—2

y2n-\-2

+  M (2m +  1) M 2n(r)X2} X
2 « — 2

5

w h ic h  m a y  n o w  b e  so lv e d  fo r  D 2n(r+1) a n d  E 2n(r+1) in  th e  fo rm

D 0(r+1) =  2  M 0WX2 ^

D 2n(r+1) =  X4w {(2m -  1) L 2„(r)+  2MX2M 2n(r)}

E 2«(f+1) =  -  X4w_2 {2ML2n(r) +  (2m +  1) X2M 2n(r)} >

(39 )

E q u a t io n s  (33) t o  (36 ) a n d  (39) so lv e  c o m p le te ly  t h e  p ro b le m  of d e te rm in in g  t h e  

co effic ien ts  of e a c h  a p p ro x im a t io n  in  t e rm s  o f th o s e  o f th e  p re c e d in g  a p p ro x im a t io n .  

I t  re m a in s , h o w e v e r , f ir s t  t o  sh o w  t h a t  th e  e x p a n s io n  of xsr+i in  p o w e rs  o f o w a s  a  

le g i t im a te  o p e ra t io n , a n d  s e c o n d ly  t o  d e te rm in e  t h e  n u m e r ic a l  v a lu e s  o f th e  c o e ffic ien ts  

d e fin e d  in  (34 ) a n d  (36 ).

Convergence o f the Series Used in  the Previous Section.

I t  is  c le a r  t h a t  th e  n a tu r e  o f th e  c o n v e rg e n c e  o r d iv e rg e n c e  o f th e  se rie s  (30 ) fo r  X2r+i 

w ill b e  d e te rm in e d  b y  t h e  m a g n i tu d e  o f th e  co effic ien ts  in  X 2 a n d  b v  th e  a s y m p to t ic  

b e h a v io u r  of t h e  in te g ra ls  o f th e  ty p e  I s a n d  J ,  fo r  la rg e  v a lu e s  of s. C o n sid e r th e  

s l ig h tly  m o re  g e n e ra l in te g ra l

(4 0 )

w h e re  t> — 1 a n d  is  n o t  n e c e s sa r ily  a n  in te g e r . I n  th e  n o ta t io n  of (32 ), w e th e n  h a v e

I ,  =  1 ,0 , .. .......................................................<«>
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6 2 R . C. J . H O W LA ND  ON T H E  ST R E SSE S IN  T H E  NE IG H B O U R H O O D

so  t h a t  t h e  r e s u l t s  o f t h e  p r e s e n t  d is c u s s io n  m a y  b e  u t i l i s e d  l a t e r  in  d e a l in g  w i th  th e s e  

s p e c ia l  in te g ra ls .

T o  o b ta in  a n  u p p e r  b o u n d  t o  t h e  v a lu e  o f (4 0 ) w e  d iv id e  t h e  r a n g e  o f in t e g r a t io n  

in to  tw o  p a r t s ,  w r i t in g

w h e re  k  s a tis f ie s  t h e  e q u a t io n

4 k  — e~2k.

T h e  n u m e r ic a l  v a lu e  o f k  is  a b o u t  0 *18 . 

S in c e

E  =  s in h  2  -j- 2

=  |  (e*  — e~2w +  4

w e h a v e ,  fo r  a l l  v a lu e s  o f u, E  4  u,an d  th i s  in e q u a l i ty  is  g o o d  e n o u

ra n g e  (0 , k) o f in t e g r a t io n  ; b u t  in  t h e  u p p e r  r a n g e  w e  h a v e  4  >  a n d  c a n  u s e  t h e  

m u c h  s t ro n g e r  in e q u a l i ty  E  >  §  e2u. H e n c e

y

l s,t <  J  [ V - 1 . e-* * d u  +  2 r u se - 2(t+1)udu
J 0 J/c

c* o  r«
<  i t ' ' j V “ *  +  [ 2 ( < + 1 ) } , 4  dv

l   p— ma t
_____ 1  J ^ s —  1  _ _________ ^  I S  •

4 ' 2 1 +  l ) s+1 ’

j  ^  S I T  1 | 2

s,t^  2 s L(« +  l ) s+1 +  _
(4 2 )

T h is  in e q u a l i ty  w ill b e  o f u s e  in  th e  n e x t  s e c tio n . A t  p r e s e n t  w e r e q u i r e  i t  in  t h e  le ss  

e x p l ic i t  fo rm

^  2*" ‘ (t-j- l ) s+1 ^  e*) ’ ’ * * ‘ • * 

w h e re  e, -*■ 0  a s  s ->qo .

T h e  s ig n  o f in e q u a l i ty  in  (4 3 ) m a y , h o w e v e r , b e  r e p la c e d  b y  o n e  o f e q u a l i ty .  F o r  

w e  h a v e ,  e v id e n t ly ,

o r

W ^  • U> — g~2“ +  4^ )  ,
u se~2tu du

K t - i  ~  Isj+ i +  4 I 8+m  — g T ^ + i  • 

C h a n g in g  tto  t +  1 a n d  t r a n s p o s in g ,

I  =  6 :________ l  T

'■* 2" (t -j- l ) s+1 M+2Ls+1,<+1* (4 4 )

 D
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OF A CIRCULAR H OLE IN  A STR IP U N D E R  TEN SIO N. 6 3

I f  w e  n o w  a p p ly  (43) t o  t h e  tw o  in te g ra ls  o n  th e  r ig h t  o f (44 ) a n d  w r i te  e /  fo r  t h e  

la rg e r  o f t h e  tw o  v a lu e s  o f es, w e  see  t h a t

s !
(1 +

w h e re

gj gj i  jj l )s+1

1 1 <  { ( r + i r +  2 ( r + p  0 + i ) + } (1 +

a n d  te n d s  t o  0  a s  ste n d s  t o  <*>. H e n c e  w e  h a v e  th e  a s y m p to t ic  fo rm u la

s !

2 s ( t +  1)
iS+1

(45 )

T h e  a b o v e  m e th o d  o f e s ta b h s h in g  (45 ) is  a  l i t t l e  a r t i f ic ia l  b u t  h a s  t h e  a d v a n ta g e  

t h a t  i t  g iv es  tw o  re s u l ts ,  v iz ., (42 ) a n d  (4 4 ), w h ic h  w ill b e  o f g r e a t  v a lu e  in  t h e  c a lc u la t io n  

of t h e  in te g ra ls  I s a n d  J s.

W e  h a v e  n e x t  t o  m a k e  so m e  a s s u m p tio n  a b o u t  th e  m a g n i tu d e  o f t h e  co e ffic ien ts  in  

t h e  se r ie s  fo r  Xar* T h is  se r ie s  m u s t  c o n v e rg e  o u ts id e  a  c irc le  o f r a d iu s  X' <  X. A  

su ffic ie n t c o n d i t io n  fo r  th i s  is

J D 2 « |  <  &x'2n

| E 2 « [ <  & x'2- 2

k  b e in g  a  c o n s ta n t .  F r o m  (2 4 ) a n d  (26 ) w e h a v e  

$  =  e'

(4 6 )

u 2n s  E  u 2 n  1
i D ° +  K-i(I>2” “  E2n+s) (2« - T ) l  (2»  -  2 ) ! j  •

H e n c e

S im ila r ly

<I> I <  he i +  i  , +  2  „
2 " H . r 1 (2»  -  1 ) !  “  (2 — 2) !J

=  ke~u [-| -j- \ ' u  s in h  k 'u  + .  u  co sh  \ 'u \ .

T |  <  &e“ “ [§  +  k 'u  s in h  +  +  1) c ° s h  X'w],

H e n c e , u s in g  (31 ),

I M J ^ I  <

<

oo u 2 n + l

( 2 n  +  1 ) !  Jo S  

2  k

(« | 0>| +  c | T | ) d w

w h e re

( 2 n  +  1) I Jo S

•00 y 2n+l
. P  d u , .............................................. (47 )

P  — \ -f- k 'u  s in h  k 'u  +  {u +  | )  co sh  k 'u  +  • cosb  X V,

=  | { 2  +  eVw (1 +  2 ~ + X ' . u )  +  e~Vw (1 +  2 — +  e“ (2_V)M + ' e" (2+A')M).
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6 4 R . C. J . H O W LA N D  ON T H E  ST R ESSES IN  TH E NE IG H BO U R H O O D

I t  is c le a r  f ro m  (4 5 ) t h a t ,  w h e n  th i s  is s u b s t i t u t e d  in  (4 7 ), t h e  im p o r t a n t  t e r m  w h e n

la rg e  w ill b e  

a n d  w e  h a v e

|  (2 - f  X')

n  is

|M2 w| < 2 k  r

(2n  +  1) ! Jo 2 . P

k(2 +  X') r« 

2 . ( 2 n  +  l ) !  Jo

u 2 n+2 

2
eyu du

k (2 - f  X') (2 +  1) !

2 . (2n  -f  1 ) ! 2 2n+1( l  — J x ' ) 2re+2

M 2±  X')

(2  -  x ') ?n+2‘

T h e  d is c u s s io n  o f L 2raw is  a  l i t t l e  l o n g e r : i t  le a d s  to  a  r e s u l t  o f t h e  s a m e  k in d . I t  is  

c le a r  th e r e fo re  t h a t  t h e  se r ie s  fo r  x 2r+i w ill c o n v e rg e  a t  le a s t  in  a  c irc le  o f r a d iu s  2  — X'. 

I f  i t  d iv e rg e s  o u ts id e  th i s  c irc le  t h e  c o n t in u a t io n  o f t h e  fu n c t io n  w ill b e  g iv e n  b y  t h e  

in te g r a l  fo rm u la  (2 7 ), f ro m  w h ic h  e x p a n s io n s  a b o u t  o th e r  c e n tr e s  m a y  b e  d e v e lo p e d .

I t  is  c le a r  a lso  t h a t  w h e n  t h e  a b o v e  in e q u a l i t ie s  fo r  |M 2n(r)| a n d  |L 2n(r)| a r e  s u b 

s t i t u t e d  in to  (3 9 ) t h e  r e s u l t in g  in e q u a l i t ie s  fo r  D 2n(,,+1) a n d  E 2n(r+1) w ill b e  a t  le a s t  a s  

s t ro n g  a s  th o s e  a s s u m e d  in  (4 6 ), so  t h a t  t h e  s u b s e q u e n t  se r ie s  w ill a l l  c o n v e rg e  in  re g io n s  

n o t  s m a lle r  t h a n  th e  c irc le  o f c o n v e rg e n c e  o f

I n  t h e  t e n s io n  p ro b le m  th e  se rie s  fo r  Xo is f in ite . I t  fo llo w s t h a t  t h e  Xar+i s e r ie s  

w ill c o n v e rg e  in  a  c irc le  o f r a d iu s  a t  le a s t  2 . T h e  fo re g o in g  a r g u m e n t  d o e s  n o t  s h o w  

t h a t  t h e  r a d iu s  of c o n v e rg e n c e  c a n n o t  b e  g r e a te r  t h a n  th i s ,  b u t  i t  w ill b e  s e e n  l a t e r  t h a t  

t h e  se rie s  a c tu a l ly  o b ta in e d  c o n v e rg e s  r a t h e r  s lo w ly  w h e n  p e x c e e d s  1.

Evaluation o f  the Integrals.

T h e  c o e ffic ien ts  n<x.p , n $ p , nr p , n8p, d e p e n d  in  a  r a t

I s a n d  J*. M o re o v e r, th e s e  co e ffic ien ts  e n te r  a f re s h  a t  e a c h  c y c le  o f t h e  a p p r o x im a t io n .  

I t  fo llo w s t h a t  e r ro rs  in  t h e  v a lu e s  o f I s a n d  J s w ill t e n d  t o  m u l t ip ly  th e m s e lv e s  a s  t h e  

c a lc u la t io n  p ro c e e d s , a n d  i t  is d e s ir a b le  t h a t  t h e i r  v a lu e s  s h o u ld  b e  k n o w n  w i th  so m e  

d e g re e  o f a c c u ra c y . T h e  v a lu e s  of I s h a v e  th e re fo re  b e e n  c a lc u la te d ,  fo r  v a lu e s  o f 

s f ro m  1 t o  20 , t o  5 s ig n if ic a n t f ig u re s . L e ss  a c c u ra c y  is  n e e d e d  in  t h e  v a lu e s  o f J s 

e x c e p t  fo r  s m a ll  v a lu e s  o f s. T h e  m e th o d  of c a lc u la t io n  is  d if f e re n t  a c c o rd in g  t o  t h e  

m a g n i tu d e  o f s. W h e n  s is  f a i r ly  la rg e , t h e  in te g ra ls  a r e  e a s ily  fo u n d  f ro m  a s y m p to t ic  

fo rm ulae  d e r iv a b le  f ro m  e q u a t io n  (4 4 ) o f t h e  l a s t  s e c tio n . F o r  s m a l le r  v a lu e s  o f s 

t h e y  a re  b e s t  fo u n d  b y  q u a d r a tu r e s .

P u t t i n g  t =  0  in  (4 4 ) w e  o b ta in

** =  2 1' +  ^*’2 ...................................................(4 8 )
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OP A CIRCULAR HOLE IN  A STR IP U N D E R  TEN SIO N. 6 5

A g a in  u s in g  (44 ) in  th e  l a s t  t e r m  of (48 ), t h e  e q u a t io n  b e c o m e s

 ̂ 2^ + 1  ̂ ' “1“ *̂>2 4A*+1>3 +  1 6 l a+2,2
(49 )

W h e n  s is  la rg e  t h e  in te g ra ls  o n  th e  r ig h t  h a n d  of e q u a tio n s  (48 ) a n d  (4 9 ), t h o u g h  la rg e  

c o m p a re d  w i th  u n i ty ,  a re  s m a ll b y  c o m p a r is o n  w i th  th e  in te g r a te d  te rm s .  A n  u p p e r  

l im it  t o  t h e i r  v a lu e  is  e a s ily  fo u n d  b y  u s in g  (4 2 ). I t  is  t h e n  s e e n  t h a t ,  in  (4 8 ), t h e  f i r s t  

t e r m  a lo n e  w ill g iv e  t h e  v a lu e  of t h e  in te g ra l  c o r re c t  t o  5 s ig n if ic a n t f ig u re s  if  s e x c e e d s  

2 0 , w h ile  in  (4 9 ) t h e  r e m a in d e r  t e rm s  m a y  b e  n e g le c te d  if s e x ce e d s  14 .

P ro c e e d in g  in  th i s  w a y , w e  o b ta in  t h e  fo llo w in g  se rie s  o f a s y m p to t ic  fo rm ulae  :

i . - | r a  +  0

=  i l ( i
2s \

=  —  (  
2* l

s \

1 +

' +  1 

2S+1
+  e2 J

. 1 \ 5 + 1 1 4 [s +  1]2

3S+1/ 2«+i 1 3S+3
+  s 3

1 +  A t ') -  2  [* +  1 ] ( 2- L  +  j | s )  +  - ^ ± 1 1  +
¥ \ \ 3S+3

4« + 4

=  { ( !  +  3^  +  6i t ) -  2 [ s  +  l ] ( ^ i  +  4 [ * +  +  j S l )

s ! 

¥

s !

¥

_  8 [S +  1]3 I 16 [s  +  1]4 l £
A s + i  ' g« + 6  ‘ 5

1 +  +  5^ 1) _  2 1* +  +  g r ,  +  & z ) +  4  t *  +
_ L  , J M
3*+3 ~

8  [ » + 1] .  ( +  +  6A )  + 16 [g . t » 1]t -  ^ 1̂ +  +  * 4

 ̂  ̂  ̂  ̂ ^s+i j   ̂  ̂  ̂ i sp + t   ̂ ^$+^  ̂ @5+^y

+  4 Is +  l l a f j p a  +  g lr3 +  _  8 t s + 1]* ( +^.s+4 1

1 ir  r- 1 n  (  1 1 5 \  32 +  1]5 , 6 4 [*  +  l ]6 , .
+  16 [s +  l ] 4( g ^  +  ^ + i)  ^+5------ 1 ^+7 r  £? (50 )

in  w h ic h  [s +  l ] p d e n o te s  th e  p r o d u c t  o f p  f a c to rs  s t a r t in g  w ith  +  1 a n d  a sc e n d in g  

b y  in te g e rs , i.e.,

VOL. CCXXIX.— A, K

[s +  1 ] ,  =  ..................................................... (6 1 )
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6 6 R. C. J. H O W LAN D ON T H E  ST R ESSES IN  TH E NE IG H BO U R H O O D

T h e  re m a in d e r s  b e c o m e  r a t h e r  lo n g  a s  t h e  p ro c e s s  is  c o n t in u e d . T h u s  

2«rS7 I*,8 l b  1*4-1, 7 -j- 96  1*4-2,8 640  1*4-3,7 “f" 1280  1*4-4,8 6144  1*4-5, 7

+  4096  I*+6,8 -  16384  I*+7, 7,

b u t  o n ly  t h e  l a s t  t e r m  m a k e s  a n  im p o r t a n t  c o n t r ib u t io n .  A n  u p p e r  l im i t  t o  e a c h  

r e m a in d e r  m a y  b e  fo u n d  f ro m  (4 2 ), w h ic h  sh o w s  t h a t

8 -*+4,8

sx | <  10“ 5 if s >  20

s 2 1 <  1 0 ~ 5 if >  14

e3 1 <  10“ 5 if >  12

e4 | <  10“ 5 if s >  11

s6 | <  10-6  if >  10

s6 1 <  10-6  if >  9

e7 | <  10-5  if >  9

I f  t h e  a p p ro x im a t io n s  a r e  c a r r ie d  f u r th e r  t h e  im p r o v e m e n t  is  s lo w  a n d ,  fo r  s m a l le r  

v a lu e s  o f s, t h e  m e th o d  o f c a lc u la t io n  is  im p r a c t ic a b le .  I t  is  c le a r ,  h o w e v e r , t h a t  t h e  

a p p ro x im a t io n s  a r e  le a d in g  t o  a  d o u b le  D ir ic h le t  se r ie s  in  w h ic h  t h e  c o e ff ic ie n ts  o f t h e  

su c c e ss iv e  s in g le  se r ie s  a re  th e  f ig u r a te  n u m b e r s  o f s u c c e ss iv e  o rd e rs . T h is  in te r e s t in g  

se r ie s  m a y  b e  o b ta in e d  b y  a  m o re  d i r e c t  m e th o d  o f e x p a n s io n  w h ic h  is , h o w e v e r , le ss  

c o n v e n ie n t  fo r  t h e  e x a m in a t io n  o f t h e  r e m a in d e r  te rm s .

F o r  t h e  c a lc u la t io n  o f J s t h e  a b o v e  m e th o d  is  le ss  f a v o u ra b le ,  b u t ,  f o r tu n a te ly ,  w h e n  

s e x c e e d s  8 i t  is  u n n e c e s s a ry  t o  o b ta in  t h e  v a lu e s  o f J s t o  m o re  t h a n  tw o  s ig n if ic a n t 

f ig u re s , a n d  fo r  v a lu e s  o f s m u c h  la rg e r  t h a n  t h i s  i t  c e a se s  t o  a f fe c t  t h e  c o e ff ic ie n ts  in  

a n y  o f t h e  f ig u re s  r e ta in e d .  T h e  su c c e ss iv e  a p p r o x im a t io n  fo rm u lae  a re

th e  s e c o n d  o f th e s e  c o r re s p o n d in g  t o  t h e  t h i r d  fo r  I „  t h e  in te r m e d ia te  o n e  b e in g  o m it te d .  

T h e  s e c o n d  e q u a t io n  w ill g iv e  t h e  f i r s t  tw o  s ig n if ic a n t  f ig u re s  if  s e x c e e d s  10 ; t h e  f i r s t  

g iv es  a n  e r ro r  o f m o re  t h a n  1 p e r  c e n t ,  u n t i l  s a p p ro a c h e s  20 .

F o r  t h e  c o m p u ta t io n  o f t h e  in te g ra ls  fo r  s m a l l  v a lu e s  o f s, 1 / S  w a s  f i r s t  t a b u l a t e d  to  

9 d e c im a l p la c e s  fo r  v a lu e s  o f u  f ro m  0  t o  6 a t  in te r v a ls  o f 0 *2 5 , a n d  t h e  v a lu e s  o f u'Jh  

w ere  t h e n  fo u n d  fo r  v a lu e s  o f s  f ro m  1 t o  11. T o  o b ta in  t h e  in te g r a n d s  o f J s th o s e  o f 

l s w e re  t h e n  m u l t ip l ie d  b y  v a lu e s  o f e~2u, c o r re c t  t o  8 d e c im a l p la c e s .*  T a b le s  o f d if fe r

en ce s  o f s e v e ra l  o f t h e  in te g r a n d s  w e re  t h e n  c o n s t r u c te d ,  a n d  GrREGORY’s f  fo r m u la  w a s

* The tables used were N e w m a n ’s , ‘ Camb. Phil. Soc. Trans.,’ vol. 13, pp. 145-241 (1883). 

f  W h i t t a k e k  and R o b i n s o n , “ The Calculus of O bservations,” § 72.

(5 2 )
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OF A CIRCULAR HOLE IN  A STR IP U N D E R  TEN SIO N. 6 7

a p p lie d  in  o rd e r  t h a t  t h e  e ffec ts  o f t h e  d iffe ren c es  o n  th e  v a lu e  o f th e  in te g r a l  m ig h t  b e  

o b s e rv e d . I t  w a s  fo u n d  t h a t  e v e n  f if th  d iffe ren c es  m ig h t  a ffe c t th e  s ix th  fig u re  in  

I s o r  t h e  f i f th  fig u re  in  J s. T h e  in te g ra ls  w e re  t h e n  a ll e v a lu a te d  b y  a p p ly in g  W e d d l e ’s  

R u le ,*  w h ic h  is c o r re c t  t o  f i f th  d iffe ren c es , t o  e a c h  q u a r t e r  o f t h e  ra n g e . A  few  w e re  

c h e c k e d  b y  a p p ly in g  to  e a c h  o n e - th ird  o f th e  r a n g e  th e  N e w t o n -Co t e s *)* fo rm u la , w i th  

e ig h t  in te rv a ls .  T h is  is c o r re c t  t o  s e v e n th  d iffe ren ces . I n  t h e  I s in te g ra ls  so  t e s t e d  th e r e  

w a s  a lw a y s  a g re e m e n t t o  t h e  f i f th  s ig n if ic a n t fig u re . A ll th o s e  in te g ra ls  n o t  o th e rw is e  

t e s t e d  w e re  re c a lc u la te d  b y  S i m p s o n ’s  fo rm u la , w h ic h  a lw a y s  sh o w e d  a g re e m e n t in  th e  

f i r s t  f o u r  f ig u re s  a n d  so m e tim e s  in  t h e  f if th .

T h e  r a n g e s  o f t h e  in te g ra ls  a b o v e  u  =  6 w e re  c a lc u la te d  b y  re p la c in

e v a lu a t in g  t h e  r e s u l t in g  e le m e n ta ry  in te g ra l .  I t  is  e a s y  t o  f in d  a n  u p p e r  l im it  t o  th e  

e r ro r  in t r o d u c e d  in  th i s  w a y  a n d  t o  v e r ify  t h a t  t h e  f i f th  fig u re  is  n e v e r  a ffe c te d .

W h e n  s e x c e e d s  8 t h e  a b o v e  m e th o d  o f c a lc u la t io n  c a n n o t  g iv e  m o re  t h a n  fo u r  

s ig n if ic a n t f ig u re s  c o r re c t ly  u n le ss  1 / £  is  t a b u la te d ,  fo r  v a lu e s  o f u  b e tw e e n  5 a n d  6, to  

m o re  t h a n  9 d e c im a l p la c e s . T h e  fo rm e r  m e th o d  o f c a lc u la t io n  t h e n  b e c o m e s  t h e  

m o re  re lia b le . F o r  s =  9 , 10 a n d  11, b o th  m e th o d s  w e re  u se d , a g re e m e n t b e in g  re a c h e d

in  t h e  f ir s t  4  f ig u res .

T h e  v a lu e s  o f t h e  in te g ra ls  a n d  th e i r  r a t io s  t o  t h e  a s y m p to t ic  v a lu e s , s ! /2 s of I s a re  

g iv e n  in  T a b le  I .  W h e n  s e x ce e d s  20  i t  is  su ff ic ie n t to  t a k e  th e  a s y m p to t ic  v a lu e  o f I s.

Ta b l e  I . — V a lu e s  of t h e  In te g r a ls  I s a n d  J s.

s. I»* 2-1,/s! Js. 28Js/s\

1 3-8429 X 10-1 0-76858 1-1006 X 10-1 0-22012
2 3-8392 X 10-1 0-76784 4-396 X 10-2 0-08792
3 6-2078 X 10-1 0-82771 3-252 X 10-2 0-04336
4 1-3253 0-88353 3-386 X 10-2 0-02257
5 3-4706 0-92549 4-472 X 10-2 0-01192
6 1-0735 X 101 0-95422 7-074 X 10-2 0-00629

7 3-8302 x  101 0-97275 1-297 X 10-1 0-00329

8 1-5504 X 102 0-98439 2-698 X 10-1 0-00171

9 7-0233 x  102 0-99095 6-27 X 10-1 0-00088
10 3-5257 X 103 0-99492 1-61 0-00045
11 1-9438 X 104 0-99718 4-5 0-00023
12 1-1676 X 106 0-99846 1-4 X 101 0-00012

13 7-5950 X 10® 0-99916 4-5 X 101 0-00006

14 5-3234 X 10® 0-99955 1-6 X 102 0-00003
15 3-9897 X 107 0-99976 6-0 X 102 0-00002

16 3-1921 X 10® 0-99987 2-4 X-103 0-00001

17 2-7135 x  102 0-99993 1-0 X 104 —

18 2-4422 X 1010 0-99996 4-5 X 104 —

19 2-3202 X 1011 0-99999 2 X 10® —

20 2-3202 X 1012 0-99999 1 X 10®

* Ibid. § 75. 

t  Ibid. § 76.
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6 8 R. C. J . H O W LA ND  ON T H E  STR ESSES IN  TH E NE IG H B O U R H O O D

E valuation o f  the Coefficients.

T h e  co e ffic ien ts  o f t h e  t r a n s f o r m a t io n  m a y  n o w  b e  c a lc u la te d  in  a  d i r e c t  m a n n e r  

f ro m  e q u a t io n s  (34 ) a n d  (3 6 ). I t  is  c le a r  t h a t  th e s e  c o e ff ic ien ts  a r e  n o t  in d e p e n d e n t .  

T h e  fo llo w in g  re la t io n s  b e tw e e n  t h e m  a re  e a s y  t o  v e r i fy  :

n . n*p —  p. 

P  . * ~ % +1 -  n  . 2,- 1Sn+1 =  ( n - p ) .  ;

2  n . na 0 +  =  2  (n  — 1) . n~ \ 0 ;

»a  J _  —    1  n -X  .
+  d«+1 —  “  • >

n V  {nPp+ 1 —  pp * + i) =  ( p  —  n ) .  n~ \ p ; H

n  (2 n  — 1 ) .  n$p =  p(2 p  — l ) pPn ;

n - i  _  p - l  . 
ip in ?

t i f f  _  w— I wR — w-lv _2 (2W "f" 1) n  .
a p ° p + i  r Pp+i —  Tp “  • Tp ?

•Pi =  -  4  (2n +  1) *ro.

(5 3 )

T h e s e  n in e  e q u a t io n s  h a v e  b e e n  s e le c te d  in  s u c h  a  w a y  t h a t  e v e r y  c o e ff ic ie n t f in d s  a  

p la c e  in  th e m  fo r  so m e  v a lu e s  o f t h e  p re f ix e s  a n d  su ffix es . T h e  c o e ff ic ie n ts  w e re  t h e n  

a l l  e v a lu a te d  in d e p e n d e n t ly  a n d  (53 ) w e re  u s e d  in  a  s y s te m a t ic  m a n n e r  t o  t e s t  e v e r y  

f ig u re  a r r iv e d  a t .  I n  c o n se q u e n c e  i t  m a y  b e  s t a t e d  t h a t  im p o r ta n t  e r ro r s  a r e  m o s t  

u n l ik e ly  t o  r e m a in .  T h e  fo u r  s e ts  o f co e ffic ien ts  a r e  g iv e n  in  T a b le s  I I  t o  Y .

T a b l e  I I . — V alu es o f — nap.

n —  1. n —  2. n  —  3. n —  4. n =  5. n —  6. n =  7.

p  — 0 0-13674 0-031489 0-005656 0-001038 0-000201 0-000041 8-9 x lO -6
p  =  1 0-99865 0-45889 0-16450 0-052939 0-016141 0-004786 0-001374
p  =  2 1-4962 1-3544 0-81924 0-40283 0-17503 0-06944 0-02594
p  —  3 1-1319 1-7166 1-5778 1-1016 0-64151 0-33048 0-15524
p  — 4 0-6298 1-4485 1-8875 1-7673 1-3354 0-86497 _
p  —  5 0-2950 0-9609 1-6801 2-0401 1-9382 _ _

3̂ =  6 0-1238 0-5415 1-2274 1-8741 — — —

T a b l e  I I I . — -Values of — »6Pjo-

« =  1. n =  2. n =  3. n —  4. M =  5. n =  6. n =  7.

P =  1 0-96807 0-24555 0-063167 0-015777 0-003932 0-000979 0-000243
P =  2 1-4733 1-2367 0-65456 0-28145 0-10748 0-03795 0-01282
P =  3 0-94750 1-6364 1-4759 0-96677 0-52208 0-24995 0-10896

=  4 0-44176 1-3134 1-8048 1-6709 1-2220 0-75544 0-41400
p =  5 0-17693 0-80607 1-5662 1-9638 1-8548 1-4416
p  =  6 0-06463 0-41742 1-0998 1-7807 2-1143 — —
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OF A CIRCULAR HO LE IN  A STR IP U N D E R  TEN SIO N. 69

T a b l e  IV .— V alu es of ny p.

n  =  0. n  —  1. u  =  2. n  — 3. n  — 4. n  — 5. n  — 6.

v  =  0 0-38429 0-10346 0-028922 0-007599 0-001935 0-000487 0-000122
r
np  =  1 0-62078 0-57843 0-31918 0-13935 0-053566 0-019027 0-006407
r
T )  =  2 0-57843 1-0639 0-97546 0-64279 0-34883 0-16658 0-072627
Jtr

v  —  3 0-31918 0-97546 1-3499 1-2558 0-91621 0-56649 0-31050
r

V =  4 0-13935 0-64279 1-2558 1-5706 1-4837 1-1533 —

p  =  5 0-053566 0-34883 0-91621 1-4837 1-7620 — —

p  —  6 0-019027 0-16658 0-56649 1-1533

T a b l e  V .— V alues of n8p.

n —  0 . n =  1 . n =  2 n  =  3. n — 4. n — 5. n — 6 .

7) —  1 0-27349 0-33288 0-14962 0-053899 0-017495 0-005363 0-001588
Jr
7) =  2 0-3779 0-9178 0-81267 0-49046 0-24142 0-10482 0-041652
J r

j) =  3 0-1697 0-8225 1-2289 1-1271 0-78645 0-45818 0-23605
r

V =  4 0-05811 0-4941 1-1279 1-4689 1-3746 1-0386 0-67276

p =  5 0-01810 0-2421 0-78772 1-3747 1-6692 1-5858 —

p  =  6 0-00543 0-1053 0-45826  

IJ:

1-0386 1-5858

T h e  f if th  s ig n if ic a n t f ig u re , w h e re  i t  is  g iv e n  in  th e s e  T a b le s , is  n o t  q u i te  re lia b le . 

W h e re v e r  t h e  e r ro r  in  i t  w a s  l ik e ly  t o  e x c e e d  2  i t  h a s  b e e n  o m it te d .

The Tension Problem.

T o  o b ta in  t h e  s o lu t io n  fo r  a  te n s io n  T  a p p lie d  t o  t h e  s t r ip ,  t h e  r im  of th e  h o le  a s  w ell 

a s  th e  ed g es  o f th e  s t r ip  b e in g  f re e  f ro m  s tre s s , w e s t a r t  w i th

Xo' =  i&2T p2 (1 +  cos 2 0 )

Xo =  W T — 2 X2 lo g  p — ( 2 X2 — ^  Jco s 20
(54 )

t h e  c o rre sp o n d in g  s tre s s e s  b e in g

r r  o =  | T

6 0 o — i ’T

1 — 4  ^  +  3 co s  20
p P /

cos 20

W e  n o w  h a v e

r e 0 =  J T ( l + 2 ^ - 3 ^ s m 26

D 0»  =  162T x2, D / 1 =  x>,

E 2(0) =  — | 6 2T x 2,

y . (55 )

(56)
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a l l  t h e  o th e r  c o e ff ic ien ts  b e in g  z e ro , a n d  (33 ) a n d  (35 ) n o w  g iv e

W 0) =  p T X 2 (1  (”a 0 -  ”ffi) +  1  1

M !,<»> =  ^ T x» { | ( « Yo - " S 1) +  .................... (57)

F r o m  th e s e  i t  is  e a s y  t o  c a lc u la te  t h e  v a lu e s  o f t h e  c o e ff ic ie n ts  o f x i a n d  t o  p ro c e e d  t o  

th o s e  of X25 r e ta in in g  X a s  a  p a r a m e te r .  W h e n , h o w e v e r , t h e  a p p r o x im a t io n  is  t o  b e  

c a r r ie d  f u r th e r ,  i t  is  b e s t  t o  g iv e  X a  d e f in i te  n u m e r ic a l  v a lu e . T h e  c a lc u la t io n  h a s  b e e n  

c a r r ie d  o u t  fo r  X =  0 * 1 , 0 * 2 , 0 * 3 , 0 * 4 , 0 * 5  a n d  t h e  c o e ff ic ie n ts  a re  r e c o rd e d  in  T a b le s  

V I  t o  I X ,  w h e re  t h e  fo llo w in g  a b b r e v ia t io n s  h a v e  b e e n  u s e d  :

7 0  R . C. J . H O W LA ND  ON T H E  STR ESSES IN  TH E N E IG H B O U R H O O D

d 0w =  D 0(r)/6 2T , 

e2»(r) =  E 3n(r)/6 2T , 

m 0(r) =  M 0(r)/6 2T ,

V *  =  D 2»(r)/&2T , 1  

L (r) =  W  1-

m 2n{r) =  M 3n(r)/ 52T . J
(5 8 )

T a b l e  V I .— C oefficients for X =  0*1 and X =  0*2.

X =  0- 1. X = 0 - 2 .

r =  0. r =  1. r =  0. r =  1.

<Z0 ( r ) 5 X 10-8 1-14 x  10-5 2 X 10“2 1-97 X 10-4
i , < r > 2-5 X 10~5 4-11 x  10-7 4 X 10-* 2-54 X 10-®
<Z4 <f > — 3-15 x  10-11 — 3-05 x  10-8
d6W — 1 -40 x  10-15 — 2-13 X 10-11
d f ) — 5-00 X 10~20 — 1-19 x  10-14

e2(f) — 5 X 10-3 -  8-23 x  10-6 — 2 X 10-2 — 1-28 X 10-8e4W — -4 -2 1  x  10-9 — — 1-02 X 10-8
e6(f) — -  1-68 X 10-18 — — 6-41 X 10-10
e8(r) — -  5-72 x  10-18 — — 3-41 x  10-18

J,« 4-132 x  10-8 _ 1-623 x  10-2
I4w 1 -059 X 10-3 — 4-098 X 10-8
Ur) 2-834 x  10-4 — 1-084 x  10-8
h {r) 7-238 x  10-5 — 2-736 x  10-4
ho{r) 1-825 x  10-5 — 6-816 x  10-6
l j r) 4-65 x  10-8 — 1-80 x  10-®

1-15 x  10-6 — 4-41 x  10~8 —

m 0 ( r ) 5-695 x  10-4 _ 2-464 x  10-8
m 2 (r ) — 1-133 x  10-8 — — 4-353 x  10-8
m 4 (f ) — 5-955 X 10-4 — — 2-286 x  10-8

— 2-280 x  10-4 — — 8-703 x  10-4
— 7-646 x  10-® — — 2-898 X 10-4

mio ( r ) — 2-390 x  10-® — — 8-99 x  10-®
- 7 - 3 0  x  10-8 — — — 2-86 x  10-6 —
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OF A CIRCULAR H OLE IN  A STR IP U N D E R  TEN SIO N. 71

T a b l e  V I I .— C oeffic ien ts  fo r  X =  0*3.

r — 0. t  =  1 . r =  2.

4-5 x  1 0 -2 1 -1 2 4  X 1 0 -3 -  1 -9 6  X 1 0 -4

df) 2  -025  X 1 0 -3 2 -7 3 3  X 1 0 -4 4 -2 4  X 1 0 -5

df) 1 -6 0 0  X  1 0 -6 2 -5 1  X 1 0 - 7

d f — 5 -4 7 5  X 1 0 -9 8 -4 9  X 1 0 -10

d f — 1 -4 9  X 10~n 2 -3 4  X 1 0 -12

e f —  4 -5  X 1 0 -2 —  6 -1 4 8  X 1 0 -3 - 9 -5 7  x  1 0 -4

e f — —  2 -3 8 1  X 1 0 -5 —  3 -7 4  x  1 0 -6

e f —
-  7 -3 1 9  x  1 0 - 8 — 1 -1 3 5  X  1 0 -8

e f — — 1 -8 9 9  x  1 0 -10 - 2 -9 7  X 1 0 -11

I f 3 -5 3 9  X 1 0 -2 5 -5 5 8  x  1 0 -3 —

I f 8 -7 0 4  X  1 0 -3 1 -3 7 6  X 1 0 -3 —

If) 2 -2 5 5  X  1 0 -3 3 -5 1 4  X 1 0 -4 —

If) 5 -5 6 1  X 1 0 -4 8 -7 4 8  X 1 0 -6 —

ho{r) 1 -3 5 2  X 1 0 -4 2 -1 8 5  X lO ' 6 —

h f 3 -2 5 3  X 1 0 -5 5 -4 7 6  X 1 0 -6 —

h f 7 -7 4 0  X  1 0 -6 1 -3 7 8  X  1 0 -6 —

mf) 6 -2 4 3  X 1 0 -3 —  1 -088  X 1 0 -3 —

mf) -  9 -1 5 3  x  1 0 -3 — 1 -7 9 2  X 1 0 -3 —

mf) - 4 -7 8 5  X 1 0 -3 - 8 -1 8 0  X 1 0 -4 —

mf) —  1-8 0 1  x  1 0 -3 -  2 -9 5 5  X  1 0 -4 —

mf —  5 -9 1 8  X 1 0 -4 —  9 -5 9 9  X  1 0 -6 —

m10(r) —  1 -8 0 9  X 1 0 -4 —  2 -9 4 8  X 1 0 -6 —

rthf) —  5 -3 0 0  x  1 0 -6 - 8 -7 6 6  X 1 0 -6 —

Ta b l e  V II I .— C oeffic ien ts  fo r  X =  0*4.

r =  0 . r —  1 . r =  2 . r =  3 .

d f ) 8  X 10~2 4 -1 0 8  X 1 0 -3 —  8 -1 9  X  1 0 -4 -  4 -4 3  X 1 0 -4

d f ) 6 -4  X  lC h 3 1-4 1 9  x  1 0 -3 3 -6 4  x  1 0 -4 9 -9 4  X 1 0 -5

df ) — 2 -4 7 0  X 1 0 -6 6 -7 0  X 10 - ® 1 -8 3  X 10 - ®

d f ) — 2 -5 2 3  X 1 0 -7 7 -0 9  X 1 0 -8 1 -9 1  X 1 0 -8

df ) — 2 -0 3 0  X 1 0 -9 6 -1 9  X 10 -10 1 -6 6  X 1 0 -10

ef ) —  8  X 1 0 -2 —  1-811  X 1 0 -2 —  4 -6 8  X  1 0 -3 — 1 -2 8  X 1 0 -3

ef ) —
- 2 -0 7 5  X  1 0 -4 - 5 -6 3  X 1 0 -6 — 1 -5 4  X 10 - ®

e f — — 1 -9 0 2  x  10 - ® - 5 -3 4  X 1 0 -7 -  1 -4 4  x  1 0 - 7

ef ) — — 1 -4 5 6  X  1 0 -8 - 4 -4 4  X  1 0 -9 — 1 -1 9  X 1 0 -9

I f 6-011  x  1 0 -2 1 -5 8 2  x  1 0 -2 4 -3 5  X 1 0 -3 —

I f 1 -4 1 9  X 1 0 -2 3 -8 9 3  X  1 0 -3 1 -07  X 1 0 -3 ‘ ---

I f 3 -5 4 8  X  1 0 -3 1 -005  X  1 0 -3 2 -7 2  X  1 0 -4 —
If) 8 -4 0 4  x  1 0 -4 2 -5 6 4  X  1 0 -4 6 -9 0  X 1 0 -5 —

h f 1-951  x  10 -4 6-6 3 1  x  1 0 -6 1 -7 8  X 1 0 -6 —

h) 4 -4 4 2  x  1 0 -5 1 -7 3 4  X 1 0 -5 4 -6 6  X 10 - ® —

h f 9 -9 1 3  X 10 - ® 4 -6 0 3  X 10 - ® 1 -2 4  x  10 - ® —

mf) 1 -2 8 4  x  1 0 -2 — 2 -5 5 8  X 1 0 -3 -  1 -3 8 6  X 1 0 -3 —

. • mf) — 1 -4 6 5  x  1 0 -2 - 4 -9 4 9  x  1 0 -3 -  1-477  x  1 0 -3 —

mf ) -  7 -6 1 3  X 1 0 -3 — 2 -2 8 5  X  1 0 -3 - 6 -4 8  X  1 0 -4 —

mf) - 2 -8 1 2  x  1 0 -3 - 8 -3 5 1  X 1 0 -4 - 2 - 3 2  X 10-4 —

m f — 9-020 x  1 (H -  2 -7 5 7  X 1 0 -4 — 7-56  x  1 0 -6 —

Whow - 2 -6 8 3  X 1 0 -4 - 8 -6 5  x  1 0 -6 — 2-36  X 10-* —

nhf) — 7-63  x  1 0 -6 — 2-64  x  1 0 -6 — 7-16  X 10-®
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7 2 R . C. J . H O W LAN D ON TH E STR ESSES IN  T H E  NE IG H BO U R H O O D

T a b l e  I X .— C o effic ien ts  fo r  X =  0 *5 .

r =  0 . f  ass 1. r =  2. r =  3. r =  4.

r f 0 ( f )
1 -2 5  X 1 0 -1 1*177 x  1 0 -2 — 1*890 X 1 0 -3 -  1*920 X 1 0 -3 — 9*84  x  1 0 -4

d f 1 -5625 x  1 0 -2 4*906 X 1 0 -8 1*802 X 1 0 -3 7*07 x  1 0 -4 2*85 x  1 0 -4

d f — 1*901 X 1 0 -4 7*910 X 1 0 -5 3*16  X 1 0 -5 1*28 X 1 0 -8

d f — 4*315 X 1 0 - 6 2*053 X 10-* 8*17 x  1 0 - 7 3*29  X 1 0 - 7

d f — 7*46 X 1 0 - 8 4*47 X 1 0 - 8 1*80  X 1 0 - 8 7*2 X 1 0 - 9

e f ) - 1 * 2 5  X 1 0 -1 — 4*047 X 1 0 -2 — 1*505 X 1 0 -2 — 5*93  X 1 0 -3 — 2*40  x  1 0 -3

e f ) — — 1 *027 x  1 0 -8 -  4*281 x  1 0 -4 — 1*71 x  1 0 -4 — 6*92 x  1 0 -8

e f — — 2*089  x  1 0 -5 -  9*94  X 1 0 -6 - 3 * 9 6  X 10-* -  1*59 x  1 0 -6

6»<r>» — — 3*436  x  1 0 - 7 — 2*058  x  1 0 - 7 — 8*26  X 1 0 - 8 — 3*31 X 1 0 - 8

h(r) 8*831 X 1 0 -2 3*392 x  1 0 -2 1*355 X 1 0 -2 5*510  x  1 0 -3 ____

I f ) 1*959 x  1 0 -2 8*356  X 1 0 -3 3*364  x  1 0 -3 1*367 X 1 0 -3 —

I f ) 4*618  X 1 0 -8 2*224 X 1 0 -3 8*921 x  1 0 -4 3*601 X 1 0 -4 —

I f) 1*015 x  1 0 -8 5*950 X 1 0 -4 2*403 x  1 0 -4 9*66 X 1 0 -8 —

U r) 2*140  X 1 0 -4 1*632 x  1 0 -4 6*67 x  1 0 -6 2*68  X 1 0 -8 —

1 (r) 4*25  X 1 0 -6 4*54  x  1 0 -5 1*89 x  IQ -5 7*56 X 10-® —

1 (r)1̂4 7*76 x  1 0 -6 1*29 x  1 0 -6 5*48 x  1 0 -6 2*18 X 10-« —

m f ) 2*355 X 1 0 -2 — 3*779 x  1 0 -3 — 3*841 x  1 0 -3 — 1*969 X 1 0 -3 ____

mf — 1*964 X 1 0 -2 — 1 *017 x  1 0 -2 -  4*478 X 1 0 -3 — 1*891 X 1 0 -3 —

m f ) — 1 *010 X 1 0 -2 — 4*819 X 1 0 -3 -  2*012 X 1 0 -3 -  8*30  X 1 0 -4 —

m f ) — 3*610  x  1 0 -8 — 1*809 x  1 0 -3 -  7*425 X 1 0 -4 — 3*03 X 1 0 -4 —

m f ) — 1*108 X 1 0 -8 — 6*170 X 1 0 -4 -  2*524 X 1 0 -4 -  1*02 X 1 0 -4 —

m10(r) — 3*122  X 1 0 -4 — 2*014  x  1 0 -4 — 8*26 X 1 0 -5 — 3*34 X 1 0 -8 —

- 8 * 3 1  X 1 0 -5 — 6*41 x  1 0 - 5 - 2 * 6 5  X 1 0 -8 — 1*07 X 1 0 -8 —

T h e  a p p r o x im a t io n  is  in  e a c h  c a se  c a r r ie d  o u t  u n t i l  t h e  g r e a te s t  r e s id u a l  s t r e s s  o n  t h e  

e d g e  o f t h e  s t r ip  is  1 p e r  c e n t ,  o f T  o r  le ss . W i th  X =  0 • 5 t h e  in c lu s io n  o f Xs is  b a r e ly  

su ff ic ie n t, t h e  r e s id u a l  s tr e s s  y y  a t  t h e  p o in t  o n  t h e  e d g e  w h e re  i t  is  m e t  b y  t h e  «/-axis 

b e in g  a b o u t  1 • I  p e r  c e n t ,  o f T . S in c e  t h e  d i s t r ib u t io n  o f s t r e s s  n e a r  t h e  h o le  is  t h e  

m a t t e r  o f g r e a te s t  in te r e s t ,  t h e  a p p r o x im a t io n  is  a lw a y s  e n d e d  w i th  a  s t r e s s  f u n c t io n  

of e v e n  o rd e r  so  t h a t  t h e  h o le  is  f r e e  f ro m  r e s id u a l  t r a c t io n s .

T h e  v a r io u s  s tr e s s  fu n c t io n s  h a v e  n o w  t o  b e  s u m m e d  to  g iv e  t h e  f in a l v a lu e  o f x* 

T h is  m a y  b e  w r i t t e n —

X =  i&2T p2 (1 +  cos 2 0 )

+  62T d 0 lo g  p - j -  m q p 2 -f -  2
n = l i p

TSrs +  (kn +  mi,?p2“|  cos 2nd(5 9 )

w h e re

d 0 =  S  d 0(r\
r

e 2n ~  ^  e 2n 
r

m 0 =  2  m0(r),

=  S  d2nM

m 2n =  2  ™ J r)

(6 0 )
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OF A CIRCULAR H OLE IN  A STR IP U N D E R  TEN SIO N. 7 3

T h e  s tre s s e s  a re

(1 — cos 2 0 ) -j- 2
do

2 S  fn (2 ^  +  1) 4 n  | (w +  l ) ( 2 w  — l ) e 2

n  — 1
‘2n +  2

+  n { 2n  — l)  k n?2n~ 2 +  {n — 1) +  1) m 2np2* > cos 21

00 (1 -j- cos 2 0 ) -f- 2m 0 -f-

_ j_  2  S  f -  ( 2 n  +  L )  d̂n—  1 )  —  1 )  e 2r
S -  • (61 )

n  = 1 l p"'* p

+  n  (2n  — 1) h n P 2n~ 2 +  (w +  1) (2n -j- 1) m 2wp2n [■ cos

r0 s in  20 -j- 2 X 4 w (2 n  — 1) ( Z2np

+  w (2n  -+- 1) ( m 2no2n — * 4 ^ 1  sin  2

T h e se  e q u a tio n s , to g e th e r  w i th  T a b le  X , w h ic h  g iv es  t h e  co effic ien ts  fo r  v a r io u s  v a lu e s  

of X, g iv e  t h e  c o m p le te  s o lu t io n  fo r  t h e  s tre s se s  in  t h e  n e ig h b o u rh o o d  o f t h e  h o le .

T a b l e  X .— C o effic ien ts  in  th e  F in a l  V a lu e  o f t h e  S tre s s  F u n c t io n .*

X =  0-1. X == 0-2. X =  0-3. X =  0-4 . X =  0-5.

d0 5*01 X 10-» 2-02 X 10-2 4-59 X 10-2 8 '2 8  X 10-2 1-32 X IO-1

do 2-54 x  10 -5 4-25 X 10-4 2-34 X 10-3 8-28 X 10-3 2-33 X 10-2

di 3-15 X 10-11 3-05 X 10-8 1-85 X 10-6 3-32 X 10 -5 3-14 X IO-4

do 1-40 X 10-15 2-13 X 10-11 6-32 X 10 -9 3-42 X IO -7 7-51 X 10 -6

do 5-00 X 10-20 1 '19 X 10-14 1-72 X 10-11 2-82 X 10-® 1*45 X IO-7

e2 — 5-08 X lO -3 -  2-13 X 10-2 — 5-21 X 10-2 — 1-04 X IO-1 — 1-89 X IO-1

e4 — 4*21 X 10 -9 — 1-02 X 10-* — 2-75 X 10 -5 — 2 '7 9  X 10-4 — 1-70 X 10-3

u — 1-68 X 10-13 — 6-41 X lO -10 — 8-45 X 10 -8 — 2*58 X 10 -6 — 3-64 X 10 -5

— 5-72 X 10-18 — 3-41 X 10-13 — 2-20 X lO-10 — 2-02 X 10-8 — 6-7 X 10 -7

h 4-13 X 10-3 1-62 X 10-2 4-09 X 10-2 8-03 X IO-2 1 *40 X IO-1

# 1-06 X 10-3 4-10 X 10-3 1-01 x  io - 2 1-92 X 10-2 3-27 X 10-2

h 2-83 X 10-4 1 '0 8  X 10-3 2-61 X 10-3 4-82 x  10-3 8-09 X 10-3

h 7-24 X 10 -5 2-74 x  10-4 6-44 X IO"4 1-17 X 10-3 1-95 X 10-3

lio 1-82 X 10 -5 6-82 X 10 -5 1*57 X 10-4 2-79 X 10-4 4 -71 X 10-4

h2 4-65 X 10-6 1*80 X 10 -5 3-80 X 10-5 6-64 X 10-5 1*14 X 10-4

1̂4 1*15 X 10 -6 4 '41  X 10-6 9-12 X 10-« 1*58 X 10 -6 2-8  X 10 -5

m0 5-69 X 10-4 2-46 x  10-3 5-15 X 10-3 8-89 x  10-3 1 *40 X 10-2

m 2 — 1-13 X 10-3 — 4-35 X 10"? — 1-09 X IO-2 — 2-11 X 10-2 — 3-62 X 10-2

m4 — 5-95 X 10-4 — 2-29 X 10-3 — 5-60 X 10-3 — 1-06 X 10-2 — 1-78 X 10-2

m6 — 2*28 X 10-4 — 8-70 X 10-4 — 2-10 X 10-3 — 3-88 X 10-3 — 6-47 X 10-3

ms — 7*65 X 10-* - 2 - 9 0  X 10-4 — 6-88 X 10-4 — 1-25 X IO"3 — 2*08 X 10-3

mio — 2-39 X 10-5 — 8-99 X 10-6 — 2-10 X 10-4 — 3-78 X 10-4 — 6 '3 0  X 10-4

m12 — 7-30 X lO -6 — 2-86 X 10-5 — 6-17 X 10-5 — 1-10 x  io - 4 — 1-84 X IO-4

* Most of the entries in th is table would be modified if the series for y were carried further, but the effects 

on the calculated stresses would be slight.

VO L. C C X X IX .— A . L
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74 R . C. J. H O W LA ND  ON T H E  ST R ESSES IN  T H E  NE IG H BO U R H O O D

The N um erical Values o f  the Stresses.

T h e  p ro b le m  o f g r e a te s t  in t e r e s t  is  t h a t  o f f in d in g  t h e  s tre s s e s  a t  t h e  c irc u m fe re n c e  

o f t h e  h o le . H e r e  w e  h a v e  r r  =  r 0 =  0  w h ile , p u t t i n g  p =  X i n  t h e  s e c o n d

( 61 ) ,

w h e re

00 =  T  [p0 +  p% cos 20  +  Pi co s  40  +  •••],

Po — i d -  2m 0 -f- d0/x 2 

p% —  \ d-  6d 2/ x 4 d -  2?a d -  X2 

p 4 == 20d 4 /X6 —j— 6 6 4  IX4 —(— 12Z4 X2 —J— 30m 4 X4

p 6 —  42d6/X8 +  20e6 /X 6 +  30?6X4 -f- 56m 6 X6 

p s =  72 4 /X 10 +  42e8/X8 +  56Z8X6 +  90m 8X8

..........................(62 )

(63 )

T h e  v a lu e s  o f th e s e  c o e ff ic ie n ts  a re  s h o w n  in  T a b le  X I  a n d  t h e  c o n s e q u e n t  v a lu e s  o f  

00 fo r  v a lu e s  o f 0 f ro m  0° t o  90 ° a t  in te r v a l s  o f 15° a r e  g iv e n  in  T a b le  X I I .  I t  w ill b e  

s e e n  t h a t  t h e  s t r e s s  a t  0 =  0  is , w h e n  X =  0 *5 , a b o u t  4 § t im e s  T  a s  c o m p a r e d  w i th  

3T  fo r  a  h o le  w h ic h  is  v e r y  s m a l l  c o m p a r e d  w i th  t h e  w id th  o f t h e  p la te ,  w h ile  t h e  n e g a t iv e  

v a lu e  o f 00 a t  0 =  90 ° is  o v e r  1 *5T a s  c o m p a r e d  w i th  T  fo r  a  v e r y  s m a l l  h o le .

T a b l e  X I . — C o effic ien ts  in  e q u a t io n  fo r  0 0 a t  r im  o f h o le .

X =  0 -1 . X =  0 -2 . X =  0 -3 . X =  0 -4 . X =  0 -5 .

P o 1-00 1-01 1-02 1 -0 4 1-06

P i 2-0 3 2-12 2 -3 0 2 -5 6 2-91

P i — 0-01 0 -0 4 0 -1 3 0 -3 0

P o
—

— — 0-01 0 -0 4

P o ~~~ 0-01

Ta b l e  X I I  (see fig. 2, p. 83).— V alu es of —  a t rim  of h o le .*

6 '

X =  0. X — 0 -1 . X =  0 -2 . X =  0 -3 . X =  0 -4 . X =  0 -5 .

0° 3 -0 0 3 -0 3 3 -1 4 3-3 6 3 -7 4 4-32
15° 2-7 3 2 -7 4 2-8 5 3 -0 3 3-3 2 3 -7 2
30° 2-00 2-01 2 ’07 2-1 5 2*25 2 -3 2
45° 1-00 1-00 1-00 0*98 0-91 0*77
60° 0-00 — 0-01 — 0 -0 6 — 0 -1 5 — 0*30 — 0-51
75° - 0 - 7 3 — 0 -7 4 — 0 -8 2 — 0 -9 5 - 1-12 — 1-32
90° — 1-00 — 1-0 3 — 1-11 — 1-26 — 1-4 4 — 1-5 8

* In  th is and in later Tables of stresses the second decim al place m ay a t tim es be inaccurate.
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OF A  CIRCULAR H OLE IN  A STR IP U N D E R  TEN SIO N. 75

T h e se  v a lu e s  a re  c o n s id e ra b ly  h ig h e r  t h a n  th o s e  fo u n d  b y  Co k e r , Ch a k k o  a n d  

S a t a k e *  b y  t h e  m e th o d s  of p h o to -e la s t ic i ty .  A p p ly in g  a  te n s io n  o f 556  lb s . / in .2 t o  a  

s t r ip  of b r e a d th  1 in c h  c o n ta in in g  a  h o le  o f d ia m e te r  t h e y  fo u n d  a t  th e  r im  of t h e  

h o le  t h e  v a lu e s  o f 0 0 sh o w n  in  th e  s e c o n d  c o lu m n  of T a b le  X I I I .  T h e  r a t io s  o f th e s e  t o  

t h e  a p p l ie d  te n s io n  a re  g iv e n  in  t h e  t h i r d  c o lu m n  a n d  t h e  v a lu e s  c a lc u la te d  b y  th e  p r e s e n t  

m e th o d  a re  r e p e a te d  in  t h e  f o u r th  c o lu m n . T h e  d is c r e p a n c y  im p r o b a b ly  d u e  t o  t h e  

v e r y  r a p id  v a r ia t io n  o f t h e  s tre s s  n e a r  t h e  h o le . I f  t h e  v a lu e  o f 0 0 o n  a  c irc le  o f r a d iu s  

p == 0*55" is  c a lc u la te d  i t  is fo u n d  t o  b e  g iv e n  b y  e q u a t io n  (62 ), w i th  t h e  fo llo w in g  

v a lu e s  fo r  t h e  co e ffic ien ts  :

p 0 =  0 *9 7 , ^ 2 =  l - 9 3 , Pi =  0*18 , =  0 *0 2 , 

a n d  th e s e  le a d  t o  t h e  v a lu e s  o f e l  in  t h e  l a s t  c o lu m n  of T a b le  X I I I .  T h e se  a re  m u c h  

lo w e r t h a n  t h e  s tre s s e s  fo u n d  a t  t h e  r im  o f t h e  h o le  b y  t h e  o p t ic a l  m e th o d . I t  is  c le a r , 

th e re fo re , t h a t  if  t h e  m e a s u re m e n ts  m a d e  c o r re s p o n d e d  to  p o in ts  e v e n  a t  a  v e ry  s h o r t  

d is ta n c e  f ro m  t h e  h o le  t h e  e s t im a te s  o f 00 w o u ld  b e  c o n s id e ra b ly  to o  lo w .

Ta b l e  X I I I  ( see fig. 3, p . 83 ).— C o m p a ris o n  o f th e  a b o v e  r e s u l ts  w i th  th o s e  o b ta in e d  

b y  Co k e r , Ch a k k o  a n d  Sa t a k e , u s in g  o p t ic a l  m e th o d s .

0.

Stress a t rim of hole (p =  X =  0*5) found  

by optical m ethod.

Stress a t rim of hole and on a neighbouring  

circle (p =  0 -5 5 ) by calculation.

00 . e e / T . 00/T  for p = 0 - 5 . 00 /T  for p =  0*55.

0 1960 3 -5 3 4-32 3 -3 4

15° 1800 3-2 4 3-72 2*94

30° 1190 2-12 2-32 1*94

45° 490 0-88 0*77 0 -7 8

60° — 280 — 0*50 — 0-51 — 0-22

75° — 600 — 1-08 — 1-32 — 0*84

90° — 700 — 1-26 — 1 *58 — 1-06

I t  is  a lso  of g r e a t  in te r e s t  t o  d e te rm in e  t h e  d i s t r ib u t io n  of te n s io n  a c ro ss  th e  m in im u m  

s e c tio n . T h is  is  fo u n d  b y  p u t t i n g  0 =  0  in  t h e  e q u a t io n  fo r  0 0 , t h e  r e s u l t  b e in g

00 =  T (1 +  2 m 0 +  2 /2) +  12 (m 2 +  k )  p2 +  30  (m 4 +  Z6) p4 

56  (wt6 -f- ls) p6 90  ( - f - 110) p8 •

I d0 , 6 (d 2 -f- e4) , 20  (d4 -f- e&)

P2 P4 P6

i 42  (d6 +  e8) |

p8 ' * J  '
(64 )

* “ P hoto-E lastic and Strain M easurements of the Effects of Circular H oles on the Distribution of 

Stress in Tension M embers,” ‘ Institu tion  of Engineers and Shipbuilders in Scotland,’ 1920.
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7 6 R. C. J. H O W LA ND ON T H E  ST R ESSES IN  TH E N E IG H B O U R H O O D

W h e n  t h e  v a lu e s  o f t h e  c o e ff ic ie n ts  in  T a b le  X  a r e  in s e r te d  in to  (6 4 ) t h e  l im i te d  n a tu r e  

o f t h e  c o n v e rg e n c e  b e c o m e s  a p p a r e n t .  I n  o rd e r  t h a t  v a lu e s  o f 60  o n  t h e  e d g e  o f t h e  

s t r ip .  i.e.> fo r  p =  1, m a y  b e  fo u n d  c o r r e c t ly  t o  t h e  s e c o n d  d e c im a l p la c e , i t  is  n e c e s s a ry  

t o  in c lu d e  p o s i t iv e  p o w e rs  o f p b e y o n d  t h e  1 2 th , a n d  t h i s  r e q u ir e s  m o re  c o e ff ic ie n ts  t h a n  

h a v e  b e e n  g iv e n  in  T a b le  X ,  b u t  t h e  e r r o r  m a d e  in  s to p p in g  a t  p12 w ill b e  sm a ll .

T h e  v a lu e s  o b ta in e d  a re  s h o w n  in  T a b le  X I V . A  r e m a r k a b le  f e a tu r e  is  t h e  v e r y  

r a p id  d ro p  in  t h e  v a lu e  o f t h e  t e n s io n  n e a r  t h e  e d g e  o f t h e  s t r ip .  T h is  d ro p  is  g r e a te r  

t h a n  w a s  r e v e a le d  b y  o p t ic a l  m e th o d s .  W i th  a  h o le  o f d ia m e te r  e q u a l  t o  h a l f  t h a t  o f 

t h e  s t r ip ,  Co k e r , Ch a k k o  a n d  Sa t a k e  f o u n d  a  t e n s io n  s l ig h t ly  g r e a te r  t h a n  T  o n  

t h e  e d g e  o f t h e  s t r ip  a t  t h e  m in im u m  s e c t io n , so  t h a t  t h e i r  m e a s u re m e n ts  a g a in  se e m  

t o  c o r re s p o n d  t o  a  d is ta n c e  o f a b o u t  0  • 0 5 " f r o m  t h e  b o u n d a r y .

Ta b l e  X I V  ( see fig. 4, p . 83).— V a lu e s  o f 0 0 /T  a t  p o in ts  o n  t h e  m in im u m  s e c tio n .

p* X =  0-1. X =  0-2. X =  0-3. X =  0-4. X =  0-5.

0-1 3-03
0-2 1-23 3-14
0-3 1-08 1-57 3-36
0-4 1-04 1-26 1-93 3*74
0-5 1-03 1-16 1-47 2-30 4-32
0-6 1-02 1-11 1 -28 1-75 2-75
0-7 1-01 1-07 1*17 1-48 2-04
0-8 1*01 1-05 1-07 1-28 1*61
0-9 1-00 1-01 0-96 1-08 1 ’22
1 0 0-99 0-97 0-89 0-81 0-73

T h e  d if f ic u l ty  o f m a k in g  c a lc u la t io n s  o u ts id e  t h e  c irc le  p = l  is  a  m o re  s e r io u s  h in d r a n c e  

w h e n  s tre s s e s  in  d ir e c t io n s  o th e r  t h a n  0 =  0  a r e  c o n s id e re d . F o r  e x a m p le , t h e  te n s io n  

o n  t h e  a x is  is  g iv e n  b y  p u t t i n g  0 =  t : / 2 in  t h e  fo r m u la  fo r  r r  i n  (61 ) :  t h i s  le a d s  t o  t h e  

se r ie s

r r  =  T (1 -f- 2  l2-j- 2m 0) — 12Z4p2 -f- 10  (Sl6 — m 4) p4 

2 8  (2?g wtg) P6 18  {5 lio  —  3 w 8) p8 

-  44  (3Z12 -  2 m 10) p18 +  2 6  (7 Z14 -  5 m 12) p12

dp___ 4 e2 . 6 (d 2 3c4)

p 2 7

_  20 (d±-  2efi) 14 (3d6 -  5e8)
(65)

W ith  a ll  t h e  te r m s  g iv e n  in  (65), a n d  n o  m o re  c a n  b e  in c lu d e d  w i th o u t  e x te n d in g  t h e  

l is t  o f c o e ffic ien ts  in  T a b le  X ,  i t  is  n o t  p o s s ib le  t o  a d v a n c e  f a r  b e y o n d  p =  1. T h e  

v a lu e s  o f t h e  te n s io n  fo r  X =  0*5 a re  g iv e n  in  t h e  f i r s t  c o lu m n  o f T a b le  X V . I n  t h e  

s e c o n d  colu m n a re  s h o w n  t h e  c o r re s p o n d in g  v a lu e s  fo r  a  p la te  o f in f in i te  w id th .  I n
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OF A CIRCULAR H OLE IN  A STR IP U N D E R  TEN SIO N. 7 7

o rd e r  t h a t  t h e  c o m p a r is o n  m a y  b e  c a r r ie d  b e y o n d  p =  1, so m e  v a lu e s  o f th e  te n s io n  

in  th e  s t r ip  h a v e  b e e n  c a lc u la te d  b y  a n o th e r  m e th o d . W e  f ir s t  w r i te  th e  v a lu e  o f t h e  

s t r e s s  fu n c t io n  in  th e  fo rm

X  —  X a r  .4 " . . .......................................................................................................  ( 6 6 >

w h e re

X 2r =  X</ +  Xo +  X2 +  Xi + ............................................ I6 7 '

a n d  w ill c o r re sp o n d  to  a  c o n s ta n t  t e r m  a n d  n e g a t iv e  p o w e rs  in  th e  se r ie s  fo r  t h e  s tre s se s , 

w h ile

X 2 r + 1  =  X l  +  X 3  +  X 5  + ............................................... ...... * * ’ I**8 )

a n d  c o rre sp o n d s  to  a  c o n s ta n t  t e r m  a n d  p o s it iv e  p o w e rs . W h e n  th i s  p a r t  of t h e  se rie s  

is  u n s u i ta b le  fo r  c a lc u la tio n , th e  te rm s  o n  th e  r ig h t  of (68) m u s t  b e  r e g a rd e d  as  d e fin e d  

b y  t h e  in te g ra l  fo rm u la  (27 ). A d d in g  th e s e  te rm s  a n d  u s in g  e q u a t io n s  (24 ) t o  (26 ) 

a n d  (58 ) a n d  (60 ), w e  h a v e

X =  46ST  [ r  y fic o s v x , 0̂  +  c T )
_J0 Zi

_ 4  f* C cos +  +  s y W

Jo 2  V

w h e re

O =  e

,2 n — 1

W> +  h - 1 (<*2” ~  e2n+2) (2  n -  1) ! 1 , r r “  (2n -  2 )! .
“h  ^  e2n

Y  — e
d0 2e2 ■ 

2  ~r

nd2n — (n -f- I )  e2n+2 2»_|_ v  _

»=i (2 n )! w=i (2w — 2 ) !

^2 n y ^ n~~1

(69 )

(70 )

(71 )

E x p a n s io n s  o f (69 ) a b o u t  o th e r  p o in ts  t h a n  t h e  o r ig in  m a y  n o w  b e  o b ta in e d . U n 

fo r tu n a te ly ,  t h e  co e ffic ien ts  in  th e s e  e x p a n s io n s  c a n n o t  b e  w h o lly  e x p re s s e d  in  te r m s  

of t h e  in te g ra ls  so  f a r  t a b u l a t e d  a n d  t h e  im p o r ta n c e  o f a  d e ta i le d  d is c u s s io n  o f t h e  

s tre s s e s  o u ts id e  t h e  c irc le  p =  1 d o es  n o t  s e e m  t o  b e  g r e a t  e n o u g h  to  w a r r a n t  a  f r e s h  

t a b u la t io n  of in te g ra ls .  A n  a l te r n a t iv e  is  t o  d e te rm in e  t h e  s tre s se s  a t  s e le c te d  p o in ts  

b y  a  d i r e c t  c o m p u ta t io n  of th e  in te g ra ls  o b ta in e d  b y  d if f e r e n tia t in g  (69 ). T h e  a d d i t io n a l  

e n tr ie s  in  T a b le  X Y  w e re  o b ta in e d  in  th i s  w a y .

T h e  s tre s s  in  t h e  d ir e c t io n  o f t h e  cc-axis is  g iv e n  b y

r p r p  ■ —; _
lA/tv f  /v

1 /S 2X:

b2 V 0V
+ S 2X 2 r + l  \

0 V)2 J

=  X X 1 +  4 T
'* u 2 t ]S +  2uC

cos . (sO -j- c 'F ) du

a>ljL— ^ QS -f- du  , . . (7 2 )

w h e re  xx\  is  e a s ily  d e r iv e d  f ro m  th e  a p p ro p r ia te  p a r t  o f (59 ).
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7 8 R . C. J . H O W LA ND  ON TH E STR ESSES IN  TH E NE IG H B O U R H O O D  

O n  t h e  l in e  =  0 , t h i s  r e d u c e s  t o

x x  =  r r  =  T +  •• • +  4 P

t h e  n e g a t iv e  p o w e rs  h a v in g  t h e  s a m e  c o e ff ic ien ts  a s  in  (65 ) w h ile

(7 3 )

P  -  Jo {(s -  wc) O +  (2c -  us) T ) — c ° s ^  d u ....................... (74)

I n te g r a l s  o f th i s  k in d  a r e  r e a d i ly  c o m p u te d  b y  t h e  u s e  o f F i l o n ’s  e x te n s io n  o f S i m p s o n ’s  

fo rm u la .*  T h e  in te g r a l  in  (7 4 ) is  r a p id ly  c o n v e r g e n t ,  t h e  e ffe c t iv e  u p p e r  l im i t  b e in g  

5 o r  6 . S in c e  t h e  v a lu e s  o f O a n d  T  c a n  b e  f o u n d  o n ly  t o  3 s ig n if ic a n t  f ig u re s , t h e  v a lu e  

o f P  is  u n l ik e ly  t o  b e  c o r r e c t  t o  m o re  t h a n  2  f ig u re s , b u t  th i s  d o e s  n o t  m a t t e r  a s , w h e n  

P e x c e e d s  1 , t h e  c o n t r ib u t io n  f ro m  P  t o  x x  is  a  s m a l l  o n e . T h e  

5 P

t t /2 0 -0 3 7

2 t t /3 0 -0 3 5

7C 0 -0 2 2

T h e y  le a d  t o  t h e  l a s t  t h r e e  e n tr ie s  in  t h e  f i r s t  c o lu m n  o f T a b le  X V .  T h is  t a b l e  r e v e a ls  

t h e  in te r e s t in g  f a c t  t h a t  t h e  te n s io n  o n  th e  a x is  te n d s  t o  i t s  l im it in g  v a lu e  m o re  r a p id ly  

t h a n  in  a  p la t e  o f g r e a t  b r e a d th .

Ta b l e  X V . S tre s s e s  o n  t h e  a x is  o f a  s t r ip  w h o se  d ia m e te r  is  tw ic e  t h a t  o f t h e  h o le  

c o m p a re d  w i th  th o s e  in  v e r y  b r o a d  p la t e  w i th  t h e  s a m e  s ize  o f h o le .

5

x x /T  ( =  rr/T). H /T  ( =  00/T ).

Strip. Infin ite
P late .

Strip. Infin ite

P late .

0 -5 0-00 0-00 - 1 - 6 — 1-00
0-6 —0 -0 9 —0*01 - 0 - 7 — 0 -3 8
0 -7 0-02 0-12 — 0 -4 - 0 - 1 4
0-8 0-1 7 0 -2 5 - 0 - 1 - 0 - 0 3
0 -9 0-31 0 -3 7 0-0 0-01
1*0 0 -4 4 0-4 7 +  0 -1 0 -0 3
7r/2 0-81 0 -7 6

2n/S 0 -9 5 0*86
7C 1-00 0 -9 4 —

T h e  c ro s s -s tre s s  o n  t h e  a x is  is  g iv e n  b y  p u t t i n g  0 =  t t /2  in  t h e  fo rm u la  fo r  00 in  (61 ). 

T h e  c a lc u la te d  v a lu e s , t o  t h e  f i r s t  d e c im a l p la c e , a re  s h o w n  in  t h e  t h i r d  c o lu m n  of

* L. N . G. F il o n , * Proo. R oy. Soc., E d in .,’ vol. 49, pp. 38 -4 7  (1929).
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OF A  CIRCULAR H OLE IN  A STR IP U N D E R  TEN SIO N. 7 9

T able  X V , an d  th o se  fo r a n  in fin ite  p la te  w ith  a  hole of th e  sam e size a re  g iven  in  th e  

la s t colum n. I t  does n o t seem  necessary  to  tra c e  th ese  stresses fu rth e r . I n  th e  in fin ite 

p la te , a fte r  p — 1 is passed, Vy increases v e ry  slig h tly  to  a  m a x im u m 'a n d  th e n  decrea

to w ard s zero. T here  is no reaso n  to ’d o u b t th a t  th e  v a lu e  of in  th e  s tr ip  w ill b eh av e  

in  a sim ilar w ay.

I t  is of m u ch  g rea te r in te re s t to  de te rm ine  th e  values of th e  ten s io n  in  th e  edge of 

th e  s tr ip  an d  to  see in  w h a t w ay  i t  passes from  th e  v e ry  sm all v a lu e  n ear th e  hole to  

its  a sy m p to tic  valu e  a t  in fin ity . Co k e k , Ch a k k o  a n d  S a t a k e * fo u n d  b y  op tical 

m eth o d s th a t  th e  v a lu e  of xx at  \  =  0 is a  m in im um , a n d  th a t  a  la rg e  m ax im u m  oc

a t  a p o in t fu r th e r  along th e  edge.

I n  o rder to  d iscover w h e th er th e ir  resu lts  a re  confirm ed b y  th e  p resen t m eth o d , we 

re tu rn  to  e q u a tio n  (72) a n d  p u t  rj =  1. A fte r a l it t le  red u c tio n , th e  eq u a tio n  becom es

a ;  =  +  4 T  r  {(eg -  « ) O +  2C>Y} w 4 c ° s d u ...................... (75)
Jo

T h is  in te g r a l  d o e s  n o t  c o n v e rg e  a s  r a p id ly  a s  t h e  o n e  in  (74) a n d  a  f u r th e r  r e d u c t io n  is  

h e lp fu l. T h is  is  o b ta in e d  b y  u s in g  t h e  r e la t io n s ^

sc — w =  J  2  — 2u | /7fiv 

2ca =  S  — 2u  +  +  1 J ’ ........... 1 '

a n d  t h e n  s e p a r a t in g  o u t  t h e  te r m s  f ro m  w h ic h  S  c a n  b e  re m o v e d . W e  th e n  h a v e

rco __  _

x x  =  x x x -j- 4 T  (̂ <J> +  T*) ucos u^du  
Jo

-  4 T  r  (2 u (O  +  T )  — (1 +  e~2u) Y }
Jo ^

T h e  s e c o n d  in te g r a l  is  n o w  v e ry  r a p id ly  c o n v e rg e n t ,  w h ile  th e  f i r s t  m a y  b e  e v a lu a te d  

in  a  c o n v e n ie n t  fo rm . F o r ,  w h e n  t h e  v a lu e s  o f a n d  T* a re  in s e r te d  f ro m  e q u a t io n s  

(70) a n d  (71) t h e  in te g ra l  re d u c e s  t o  a  se r ie s  o f in te g ra ls  of t h e  t y p e

. cos u \  . du.

T h e se  in te g ra ls  a re  w e ll k n o w n , t h e y  m a y  b e  e v a lu a te d  b y  ta k in g  t h e  e le m e n ta ry  t y p e

f e~au. cos u \d u  =  a v-2,
Jo +  * |l

*  L og . cit.

A Cf. p. 107 of the Author’s paper cited above.
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8 0 R . C. J . H O W LA ND  ON T H E  STR ESSES IN  T H E  N E IG H B O U R H O O D

a n d  d if f e r e n t ia t in g  n  t im e s  w i th  r e s p e c t  t o  a. T h is  le a d s  a t  o n c e  t o  t h e  e q u a t io n

poo

e~u . u n co s  u \  . —
Jo

n  ! co s  +  1) 0
n + 1

(i +  e ) 2

_ n  ! c o s (n  + - 1) 6
, n + 1

w h e re

t a n  0 =  £

p =  V I  + ' ?

( 7 8 )

(79)

so  t h a t  p . 0 a r e  t h e  p o la r  c o -o rd in a te s  o f a  p o in t  o n  t h e  e d g e  o f t h e  s t r ip .  U s in g  t h i s  

r e s u l t  w e  e a s i ly  o b ta in

4 ( (!<P -j- T )  uco s  . du  =  (3 
Jo p

+  2 X (2 n  +  1) {3n d u  -  (8 »  +  2) e2ll+2} cos +  2) -
n =  1

i a  v o /o i\  cos (2n +  i) 0+  6 S  2 n {2 n  —  1) e2„ --- V— i—J —
n =  1 P

(80)

T h e  fo rm u la  fo r  x x x m a y  b e  w r i t t e n  d o w n  b y  m a k in g  a  few  o b v io u s  c h a n g e s  o f n o t

in  (12) a n d  a d d in g  t h e  u n ifo r m  te n s io n  t e r m  d u e  t o  x 0' ; i t  is

xxx  =  T 1 - f  i  .cos 20 +  2 S  j - 2 -  i
n =  1

+  U f t s l  cos (2« +  2) 6 . . . (81)

W h e n  th e s e  r e s u l t s  a re  s u b s t i t u t e d  in to  (77) a n d  t h e  t e r m s  a r e  c o lle c te d , i t  b e c o m e s

x x  —  T +  1
2 (2  dp — 3e2)

co s 20

j 2  s  |  -f~ 1) (4 ud^n Sn~{~ 1 
« =  1 1  p 2« + 2  p 2 n  J

+  6 2  —  cos (2n  + 1 ) 9  — 4 q "

w h e re

Q =  {2u(O +  T )  — (1 +  e~2“) T }
w cos ut,

■ ( 8 2 )

• (83)
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If  (82) is w r i t t e n  a s
x x  =  T  (R  -  4 Q ), ..........................................

OF A CIRCULAR H OLE IN  A STR IP U N D E R  TEN SIO N. 81

an d  if th e  nu m erica l va lues of th e  coefficients for X =  0 -5  are in se rted , we find—

R, =  1 -f- cos 26 — cos 30 
p2 P

, /0 -6 2  0 • 3 8 \ . a 0 -1 2
4 - --------------—  cos 4 0 -------— cos 50
^  \  p4 p2 !  p5

/ 0 ^ 3 _ ^ 0 2 \ COS 6 d _ 0 - 0 1  CQS ? 0  

1 \  p6 P4 J  P7

+ ............. . . . . .............................................................. (85)

T he va lu es of Q are  m o st read ily  ca lcu la ted  b y  F i l o n ’s  fo rm ula* if £ is a  sim ple 

sub -m ultip le  of n,  an d  as th is  does n o t m u ch  increase th e  difficulty of ca lcu la tin g  R, 

th e  in te rv a l chosen for £ w as t t / 18, in s tea d  of a  sim ple decim al. T he values of Q, R  an d  

x x  a re  g iven  in  T ab le X V I. T he ex p ec ted  m ax im u m  occurs a n d  is rem a rk ab ly  la rge , 

fo r th e  ten s io n  rises to  1-86 tim es its  a sy m p to tic  valu e  a t  a  d istance  from  th e  c e n tra l 

section  of a b o u t 0 -7  of th e  sem i-d iam eter of th e  s trip . T he m ax im u m  o b ta in ed  b y  

ph o to -e lastic  m eth o d s w as a b o u t 1 • 6 tim es th e  app lied  ten s io n  an d  occurred ra th e r  

fu r th e r  from  th e  c en tra l section. T he d iscrep ancy  is p ro b ab ly  due once m ore to  th e  

d ifficulty  of m ak ing  o p tica l m easu rem en ts  v e ry  close to  th e  b o u n d ary .

T a b l e  X V I.— V alues of th e  te rm s in  e q u a tio n  (84) an d  of th e  ten s io n  in  th e  edge  of

th e  strip . (A =  0*5)

! 5

R. Q. x x /T.

0 0*51 -  0 -051 0 -7 1

t t /18  = 0 -1 7 0 -7 3 -  0 -05 1 0 -9 3

t t /9  =  0 -3 5 1 -1 9 -  0 -0 4 7 1 -3 8

t c/6  = 0 -5 2 1-57 -  0 -0 4 2 1 -7 4

2 t t /9  = 0 - 7 0 1 -72 -  0 -0 3 6 1 -86

5rc/18  =  0 -8 7 1*71 -  0 -0 2 9 1 -8 3

7t /3  =  1 05 1 -59 -  0 -0 2 4 1 -69

t t /2  =  1 -57 1 1 8 -  0 -0 1 6 1 -2 4

T he va lue  of x x  a t  th e  cen tral section is sligh tly  low er th a n  th e  va lue  g iven for 00 

a t  th e  sam e p o in t in  T able X IV . T he p resen t m eth o d  of ca lcu la tion  is p ro b ab ly  th e  

m ore reliable. I t  serves to  em phasise still fu rth e r  th e  ra p id ity  w ith  w hich th e  tensio n  

varies on th e  cen tra l section  n ear th e  edge. T his w ould  m ake an  op tica l d e te rm in a tio n  

of th e  stress ex trem ely  difficult.

VOL. COXXIX.— A.

*  L og . cit. ante. 
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8 2 R . C. J . H O W LA ND ON T H E  STR ESSES IN  T H E  N E IG H B O U R H O O D

Sum m ary.

T he p ro b lem  of d e te rm in in g  th e  stresses in  a  p e rfo ra te d  s tr ip  u n d e r te n s io n  is com 

p le te ly  solved b y  e q u a tio n s  (61) if only  th e  im m ed ia te  n e ig h b o u rh o o d  of th e  hole is 

considered. T he series becom e u n su ita b le  fo r p u rposes of c a lcu la tio n  o u ts id e  a  circle 

co n cen tric  w ith  th e  hole a n d  of d ia m e te r  eq u al to  t h a t  of th e  s tr ip . T he p o sitiv e  pow ers 

m u s t th e n  be  rep laced  b y  a n  in te g ra l fo rm ula . T he coefficients in  th e  series h a v e  to  

be c a lcu la ted  b y  a  process of successive a p p ro x im a tio n  fo r w h ich genera l form ulae 

a re  g iven. T hese lead  ra p id ly  to  th e  req u ire d  values if th e  ra tio  ( X )  of th e  d ia m e te r  of 

th e  hole to  th a t  of th e  s tr ip  does n o t exceed 0*5. T he coefficients a re  ta b u la te d  fo r 

va lu es 0*1, 0 -2 , 0*3, 0*4, 0*5 of X a n d  could  be  e s tim a te d  fo r in te rm e d ia te  va lu es of 

X b y  in te rp o la tio n .

F o r  th e  la rg e r va lu es of X th e  c o n c e n tra tio n  of s tre ss a t  th e  b o u n d a ry  of th e  hole  is 

v e ry  h igh, th e  g re a te s t v a lu e  w hen  X =  0*5 bein g  n e a rly  4^ tim e s  th e  ap p lied  ten sio n . 

A co rresp ond ing  low  ten sio n , less th a n  f  of th a t  a t  in fin ity , occurs a t  th e  edge of th e  

s tr ip  on th e  m in im u m  section. A t a  sh o r t  d is tan c e  a long  th e  edge th e  te n s io n  rises 

to  n e a rly  tw ice  i ts  a sy m p to tic  v a lu e . T he p h en o m en a  a re  q u a lita tiv e ly  id en tica l 

w ith  th o se  rev ea led  b y  o p tica l m eth o d s, b u t  th e  v a ria tio n s  in  s tress  a re  m ore  ex trem e . 

T h e  va lu es on th e  b o u n d aries  differ g re a tly  fro m  th o se  a t  a  sh o rt d is tan ce  in side  th e  

m a te ria l, a n d  i t  seem s like ly  th a t  th e  d ifficulty  of m ak in g  o p tica l m easu rem en ts  v e ry  

n e a r th e  b o u n d a ry  h as led  to  th e  va lu es of th e  s tress  a t  a b o u t 0 • 05" from  th e  b o u n d a ry  

be in g  ta k e n  as th e  b o u n d a ry  values.

T he m e th o d  used  m a y  be  ap p lied  to  m ore general s tress-sy stem s in  a  p e rfo ra te d  

s tr ip . B u t th e  formulae so fa r  developed  ap p ly  only  to  sy stem s sy m m etrica l a b o u t 

b o th  co -o rd in a te  axes, th e  edges of th e  s tr ip  being p ara lle l to  one axis, a n d  th e  te n s io n  

p rob lem  is th e  only  one of m u ch  in te re s t t h a t  possesses th is  k in d  of sy m m etry . S im ila r 

m e th o d s m ay  lead  to  th e  so lu tio n  of o th e r  p rob lem s of b i-harm onic  an aly sis  in  th e  reg ion  

b e tw een  tw o  boundaries.

I n  conclusion, I  h av e  to  th a n k  P ro f. L . N . G. F i l o n  fo r h is c o n tin u ed  in te re s t in  th is  

w ork. I  am  in d e b te d  also to  Mr. A. C. S t e v e n s o n  fo r v e rify in g  som e im p o r ta n t  

p a rts  of th e  analysis.

A dded  23 rdSeptember, 1929.— I t  h a s  b e e n  s u g g e s te d  t o  m e  t h a t  I  s h o u ld  a d d  a  fe w  

d ia g ra m s  in  i l lu s t r a t io n  o f m y  re s u l ts .  T h e  s tre s s e s  a t  t h e  r im  o f t h e  h o le , r e c o r d e d  in  

T a b le  X I I ,  p . 74 , a re  s h o w n  g ra p h ic a l ly  in  fig. 2 . T h e y  a re  p lo t t e d  o n  a  p o la r  d ia g ra m , 

te n s io n s  b e in g  d e n o te d  b y  r a d i i  d r a w n  o u tw a rd s  f ro m  th e  r im  o f t h e  h o le  a n d  p re s s u re s  

b y  r a d i i  d r a w n  in w a rd s . A  c o m p a r is o n  w i th  t h e  s tre s s e s  fo u n d  e x p e r im e n ta l ly  b y  

Co k e e , Ch a k k o  a n d  S a t a k e * is m a d e  in  fig. 3, w h ic h  c o r re s p o n d s  to  T a b le  X I I I ,  

p . 75. I n  fig. 4  a re  s h o w n  th e  s tre s s e s  a c ro ss  th e  m in im u m  s e c t io n  fo r  d i f f e re n t  v a lu e s  

o f X ; t h e  c o r re s p o n d in g  n u m b e rs  a re  t o  b e  fo u n d  in  T a b le  X I V , p . 76.

*  Loc. b a n t e .
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OF A CIRCULAR H OLE IN  A STR IP U N D E R  TEN SIO N.

0 = 0 °

8 3

F ig . 2.— Curves showing the variations of stress at 

the rim of the hole for different values of X. 

(Table X II , p. 74). I, X =  0 -5  ; II , X =  0 -4  ; 

III , X =  0 ‘3 ; IV, X =  0. Tensions are measured  

radially outwards from the h o le ; pressures 

radially inwards.

F i g . 3 .— I is the sam e as in  fig. 2 and gives the  

stress a t the rim of the hole for X =  0 -5 . II  

gives the stress on a circle slightly  greater than the  

hole (p =  0*55). I l l  gives the stress found at the  

rim of the hole by optical methods, (cf. Table 

X III , p. 75.)

F i g . 4.— Variation of Tension across the Minimum Section for Different Values of X. The D otted  Curve 

shows the Increase in the Maximum Stress Concentration as X increases.

M 2
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8 4 R . C. J . H O W LA ND  ON T H E  STR ESSES IN  T H E  N EIG H B O U R H O O D

Fig. 5 su m m arises a ll th e  re su lts  fo r a  s tr ip  w hose d ia m e te r  is tw ice  t h a t  of th e  hole 

(X =  0* 5) a n d  com pares th e  c a lcu la ted  va lu es w ith  th o se  o b ta in e d  b y  e x p e rim e n t. 

T he c a lcu la ted  v a lu es a re  ta k e n  fro m  T ab les X I I  to  X V I, pp . 74 , 75 , 76 , 78  a n d  81. 

T he ex p e rim e n ta l re su lts  a re  ta k e n  fro m  T ab le  1, p . 17, of th e  p a p e r  b y  Co k e r , Ch a k k o  

a n d  S a t a k e  c ited  above . T he fo rm  of th e ir  re su lts  m u s t be  m odified  a  l i t t le  befo re  a 

com parison  can  be  m ad e  ; th e ir  co -o rd ina tes, x, y,  m u s t be  d o u b led  to  co rre sp o n d  w ith  

th e  E, tq of th e  p re sen t p a p e r, a n d  th e ir  ab so lu te  v a lu es of th e  stresses m u s t b e  d iv id ed  

b y  th e  m ean  ten s io n  of 5 56  lb s ./in .2 I n  ad d itio n , th e y  o ften  m easu red  th e  sam e s tress 

b y  tw o  d is tin c t m eth o d s  a n d  also a t  tw o  sy m m etrica lly  p laced  p o in ts . W h erev e r th is  

w as done, a  m ean  v a lu e  h as  b een  ta k e n .

T h e  e x p e r im e n ta l  r e s u l t s  fo r  t h e  s tre s s e s  r o u n d  t h e  h o le  h a v e  a l r e a d y  b e e n  g iv e n  in  

T a b le  X I I I .  T h o s e  fo r  t h e  te n s io n s  a c ro s s  t h e  m in im u m  s e c t io n  a n d  o n  t h e  e d g e  a re  

r e c o rd e d  in  T a b le s  X V I I  a n d  X V I I I  b e lo w . T h e  c a lc u la te d  v a lu e s  f ro m  T a b le s  X I V  

a n d  X V I ,  pp. 76 a n d  81, a r e  a d d e d  fo r  c o m p a r is o n .

T he figures show  c learly  th a t  th e  ag reem en t b e tw een  th e  ca lcu la ted  stresses a n d  th o se  

fo u n d  b y  ex p erim en t is u su a lly  close. D iscrepancies, w hen  th e y  occur, a re  a lw ays in  

th e  n e ig h b o u rh o o d  of a  b o u n d a ry  ; b u t  as th e  m ax im u m  a n d  m in im u m  stresses occur 

a t  th e  b o u n d aries, th e se  d iscrepancies a re  of im p o rtan ce . I t  h as b een  suggested  t h a t  

th e y  a re  to  b e  ex p la in ed  b y  th e  d ifficulty  of m ak in g  o p tica l m easu rem en ts  v e ry  close 

to  a n  edge, a  d ifficulty  w hich will be  increased  if th e  stre ss v a ries ra p id ly  fro m  p o in t to  

p o in t. B u t, a lth o u g h  th is  is th e  m o st like ly  e x p lan a tio n , i t  is n o t c e rta in ly  th e  co rrec t 

one. A n o th e r p o ssib ility  is t h a t  th e  a ssu m p tio n s of th e  th e o ry  a re  n o t ju stified  in  th e  

neigh b o u rh o o d  of th e  edge. F u r th e r  ex p erim en ts w ith  a  la rg e r specim en  a n d  w ith  

specia l a tte n tio n  to  th e  co n d itio n s n e a r th e  b o u n d aries  shou ld  b e  ab le  to  se ttle  th is  

qu estion .

T a b l e  X V II .— S tresses on th e  M in im um  S ectio n  of a S trip  (X =  0*5) b y  E x p e rim e n t

an d  b y  C alcu lation .

I

E xperim ent. Calculation.

XX. x x /T . x x /T .

0 -5
lb s ./in .2

1,992 3 -5 8 4-3 2
0 -6 1,437 2-59 2-75
0 -7 1,077 1-94 2 -0 4
0 -8 880 1-58 1-61
0*9 655 1 1 8 1 '2 2
1 -0 597 1-07 0 -7 3

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

4
 A

u
g
u
st

 2
0
2
2
 



OF A CIRCULAR HOLE IN  A ST R IP  U N D E R  TEN SIO N. 8 5

ft f J - j

0 -5 1 0-6 0-7 0-8 0-9 I-

F i g . 5.— Stresses in a Strip containing a Hole of D iam eter equal to  half that of the Strip (X =  0-5). I, 

Stress a t R im  of H ole, repeated from fig. 2 ; II, Stress on Minimum Section, repeated from fig. 4 ; 

III, Tension on the Axis (Table X V ) ; IV, Cross-Stress on the Axis (Table X V ) ; V, Tension on the  

Edge (Table X V I). The dotted  curves give the values obtained by experim ent.
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8 6 R. C. J . H O W LAN D ON TH E STR ESSES IN  A ST R IP  U N D E R  TEN SIO N .

T a b l e  X V I I I .— T ensions in  th e  E dge  of a S trip  (X =  0* 5 ) by E x p e rim e n t a n d  b y

C alcu la tion .

£

E xperim ent. Calculation.

X xx/T . x x /T .

0
lb s ./in .2 

595

I

1-07

|

0*71

a "
is G
O II O — — 0 -9 3

0-2 615 I l l —

rr/9 =  0 -3 5 — — 1 -3 8

0 - 4 690 1-24 —

7t/6 = 0 - 5 2 — 1 -74

0-6 792 1-42
2t t /9  =  0 -7 0 — — 1-86

0-8 817 1 -47 —  ■

5t t /18  =  0 -8 7 — — 1-83

1 0 830 1-50* —

t c / 3  =  1-05 —
_ 1-69

1-2 775 1-39 —

1-4 677 1*22 —

rc/2 =  1-57 —

1

1-24

* On p. 81 above the m axim um  value was stated  as 1*6, and th is is approxim ately  correct for th e  

greatest m easured stress. The low er value in Table X V III  results from averaging in the w ay described.

In  th e  p re p a ra tio n  of th e  figures I  h av e  b een  g re a tly  help ed  b y  th e  lo an  from  P ro f. 

E . Cl. Co k e r  of a  copy  of h is P a p e r, an d  b y j i i s  perm ission to  m ak e  use of h is T a b le s ; 

I record  m y  th a n k s  to  h im  here.
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