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1. Presentation of Theorem.

Let (T,F , P) be 1-dimensional Lebesgue probability space, i.e., T = 1-dimensional
torus ∼= [0, 1), F = B(T), P(dx) = 1-dimensional Lebesgue measure on T.

Let T be binary transformation on 2-dimensional torus T2, i.e., T (x1, x2) = (2x1, 2x2)

(mod 1). T preserves P2 = P × P, and moreover is strong-mixing (cf. (1)).

DEFINITION 1. For a measurable function f : T2 → {−1, 1}, we define a transfor-
mation Tf on T2 × {−1, 1} by

Tf (x, ε) = (T x, f (x)ε), (x, ε) ∈ T2 × {−1, 1} .

This Tf preserves µ(dxdε) := P2(dx) × 1
2 (δ−1 + δ1)(dε), and is called a skew product of T

by f .

We are concerned with the strong-mixing property of Tf where f is defined by means of
irrational rotation. More precisely, we define r : T → {−1, 1} by r(x) = 1[0, 1

2 )
(x)−1[ 1

2 ,1)
(x),

and for k ∈ N and n1, · · · , nk ∈ N; n1 < · · · < nk , we consider f : T2 → {−1, 1} as

f (x1, x2) = r(x1)r(x1 + n1x2) · · · r(x1 + nkx2) .

(We identify the function of T with the 1-periodic function of R in an obvious way. Thus r

is regarded as a 1-periodic function, so that the f above is well-defined !) Then we have the
following:

THEOREM. Let f be as above. Then Tf is strong-mixing, i.e., for ∀A, B ∈ B(T2 ×
{−1, 1})

lim
m→∞ µ(A ∩ T −m

f B) = µ(A)µ(B) . (1)
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2. Reduction of the problem and its motivation.

By the general theory (e.g. [6, Theorem 1.23]), the strong-mixing property of Tf (where
f : T2 → {−1, 1} is general) is equivalent to the following convergence: Let {ϕn}∞n=1 be a
CONS of L2(T2 × {−1, 1} → C, µ), then

lim
m→∞

∫ ∫
�2×{−1,1}

ϕn(T
m
f (x, ε))ϕn(x, ε)µ(dxdε)

=
∣∣∣∣
∫ ∫

�2×{−1,1}
ϕn(x, ε)µ(dxdε)

∣∣∣∣
2

, ∀n ∈ N .

In the present case, we can take, as a CONS of L2(T2 × {−1, 1} → C, µ)

{e
√−12π(p1x1+p2x2), e

√−12π(q1x1+q2x2)ε ; (p1, p2), (q1, q2) ∈ Z2} .

For e
√−12π(p1x1+p2x2), the convergence above holds obviously. Therefore we obtain the fol-

lowing criterion for Tf to be strong-mixing:

PROPOSITION 1. Tf is strong-mixing if and only if, for ∀(p1, p2) ∈ Z2

lim
m→∞

∫
�2

e
√−12π(2m−1)(p1x1+p2x2)f (x1, x2)f (2x1, 2x2) · · ·f (2m−1x1, 2m−1x2)dx1dx2 = 0 .

Now let us go to our problem. Our f : T2 → {−1, 1} was

f (x1, x2) = r(x1)r(x1 + n1x2) · · · r(x1 + nkx2) .

For this we introduce X(m) : T → {−1, 1} by X(m)(x) := ∏m
j=1 r(2j−1x). Then

f (x1, x2)f (2x1, 2x2) · · · f (2m−1x1, 2m−1x2)

= X(m)(x1)X
(m)(x1 + n1x2) · · · X(m)(x1 + nkx2) .

Thus, by Proposition 1 we reduce Theorem to the following:

THEOREM 1. There exists 0 ≤ ρ = ρ(n1, · · · , nk) < 1 such that for ∀p ∈ Z∫ 1

0
dα

∣∣∣∣
∫
�

e
√−12π(2m−1)pxX(m)(x)X(m)(x + n1α) · · · X(m)(x + nkα)dx

∣∣∣∣ = O(ρm)

as m → ∞ .

In the next section Theorem 1 will be proved. Before proceeding, we here mention the
motivation for the study carried out in this paper. In [1], Sugita presented a pseudo-random
number generator by means of irrational rotation, and as its theoretical justification showed
the following:

FACT 1. For almost every α ∈ T, the stationary process {X(m)(· + nα)}∞n=0 on (T, P)

converges in law to the fair coin tossing process (i.e., mean zero {−1, 1}-valued i.i.d. process),
as m → ∞.

After that, in [3] he tried to simplify the proof and stated the following (, though its
statement is weaker than that of Fact 1):
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FACT 2. The stationary process {X(m)(x1 + nx2)}∞n=0 on (T2, P2) converges in law to
the fair coin tossing process, as m → ∞.

In the process of showing this fact, he found the strong-mixing property of Tf , and
utilizing this property, he clarified the reasons behind the validity of Fact 2. Actually he
confirmed its ergodicity and weak-mixing property, and showed an equivalent statement to
this fact:

FACT 2′. For ∀k ∈ N and ∀n1, · · · , nk ∈ N; n1 < · · · < nk

lim
m→∞

∫
�2

X(m)(x1)X
(m)(x1 + n1x2) · · · X(m)(x1 + nkx2)dx1dx2 = 0 .

Fact 2′ follows obviously from Theorem 1 with p = 0; however, his proof is purely of
ergodic theory in comparison with ours, and it itself is of independent interest. Our method
for proving the theorem is based on a method of cancellation, which is the same as in [1].
But, compared with that in [1], our cancellation is more transparent, so that our proof might
be more readily acceptable. In this paper we solve his conjecture by proving the theorem, and
at the same time succeed in his scheme of simplifying the proof of Fact 1 !

The author would like to thank the referee for his / her careful reading of the manuscript
and for several comments.

3. Proof of Theorem 1.

We begin with the following proposition:

PROPOSITION 2 (cf. [5]). For each m ∈ N

X(m)(x) = (
√−1)m−2

2m−1∑
k=1

( m∏
i=1

sin
2k − 1

2i
π

)
e
√−1 2k−1

2m πe
√−12π(2k−1) [2mx]

2m .

LEMMA 1 (cf. [2]). Let X̂(m)(n) be the nth Fourier coefficient of X(m), i.e., X̂(m)(n) =∫
�

X(m)(x)e−√−12nπxdx. Then

X̂(m)(n) =

⎧⎪⎪⎨
⎪⎪⎩

0 if n ∈ 2Z

(
√−1)m−2

( m∏
j=1

sin
nπ

2j

) ∫ 1

0
e−√−12π n

2m (x− 1
2 )dx if n ∈ 2Z − 1 .

PROOF. We define d : T → {0, 1} by d(x) = 1[ 1
2 ,1)(x), and set rj : T → {−1, 1},

dj : T → {0, 1} by

rj (x) = r(2j−1x) , dj (x) = d(2j−1x) .
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Then rj = (−1)dj (∀j ∈ N), {dj }∞j=1 is an i.i.d. random sequence on (T, P), and

x =
∞∑

j=1

dj (x)

2j
, ∀x ∈ T .

Using these facts, we actually compute X̂(m)(n):

X̂(m)(n) =
∫
�

( m∏
j=1

rj (x)

)
e
−√−12nπ

∑∞
j=1

dj (x)

2j dx

=
∫
�

m∏
j=1

(−1)dj (x)

m∏
j=1

e
−√−12nπ

dj (x)

2j e
−√−1 2nπ

2m

∑∞
j=1

dj+m(x)

2j dx

=
( m∏

j=1

∫
�

(−1)dj (x)e
−√−12nπ

dj (x)

2j dx

)∫
�

e
−√−1 2nπ

2m

∑∞
j=1

dj+m(x)

2j dx

=
( m∏

j=1

1

2
(1 − e

−√−12nπ 1
2j )

) ∫
�

e−√−1 2nπ
2m xdx

= e
−√−1nπ

∑m
j=1

1
2j

( m∏
j=1

√−1 sin
nπ

2j

) ∫
�

e−√−1 2nπ
2m xdx

= (
√−1)m

( m∏
j=1

sin
nπ

2j

)
(−1)n

∫
�

e−√−1 2nπ
2m (x− 1

2 )dx .

From this the conclusion follows at once. �

PROOF OF PROPOSITION 2. For simplicity we denote the RHS of the identity in
Proposition 2 by Y (m)(x). Since X(m)(x) and Y (m)(x) are right continuous in x, it is enough
to show that X(m) = Y (m) in L2(T, P).

By Lemma 1

X(m)(x) =
∑

n∈2�−1

(
√−1)m−2

( m∏
j=1

sin
nπ

2j

)∫ 1

0
e−√−12π n

2m (x− 1
2 )dx e

√−12nπx

=
∑
q∈�,

r∈{1,··· ,2m−1}

(
√−1)m−2

( m∏
j=1

sin
q2m + 2r − 1

2j
π

)

×
∫ 1

0
e−√−12π

q2m+2r−1
2m (x− 1

2 )dx e
√−12(q2m+2r−1)πx

=
2m−1∑
r=1

∑
q∈�

(
√−1)m−2

( m∏
j=1

sin
2r − 1

2j
π

)
e
√−1 2r−1

2m π
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×
∫ 1

0
e−√−12πqxe−√−12π 2r−1

2m {x}dx e
√−12qπ2mxe

√−12π(2r−1)x

[where {x} = the fractional part of x]

= (
√−1)m−2

2m−1∑
r=1

( m∏
j=1

sin
2r − 1

2j
π

)
e
√−1 2r−1

2m πe
√−12(2r−1)πx

×
∑
q∈�

∫ 1

0
e−√−12πqxe−√−12π 2r−1

2m {x}dx e
√−12qπ2mx

= (
√−1)m−2

2m−1∑
r=1

( m∏
j=1

sin
2r − 1

2j
π

)
e
√−1 2r−1

2m πe
√−12(2r−1)πxe−√−12π 2r−1

2m {2mx}

= (
√−1)m−2

2m−1∑
r=1

( m∏
j=1

sin
2r − 1

2j
π

)
e
√−1 2r−1

2m πe
√−12π 2r−1

2m (2mx−{2mx})

= (
√−1)m−2

2m−1∑
r=1

( m∏
j=1

sin
2r − 1

2j
π

)
e
√−1 2r−1

2m πe
√−12π(2r−1) [2mx]

2m

= Y (m)(x). �

DEFINITION 2. Let k,m ∈ N and p ∈ Z. We define S
(m)
p : Zk → R by

S(m)
p (l1, · · · , lk) :=

( m∏
i=1

sin
2l1 − 1 + · · · + 2lk − 1 − p

2i
π

)

×
( m∏

i=1

sin
2l1 − 1

2i
π

)
× · · · ×

( m∏
i=1

sin
2lk − 1

2i
π

)
, (l1, · · · , lk)∈Zk .

Clearly S
(m)
p is symmetric and S

(m)
p (· · · , lj +2m−1, · · · ) = S

(m)
p (· · · , lj , · · · ). Also S

(m)
p = 0

if p ≡ k (mod 2).

LEMMA 2. Let k,m ∈ N and p ∈ Z. Then for ∀(α1, · · · , αk) ∈ Rk

∫
�

e
√−12π(2m−1)pxX(m)(x)X(m)(x + α1) · · · X(m)(x + αk)dx

= (
√−1)(m−2)(k+1)(−1)m

∫ 1

0

∑
1≤l1,··· ,lk≤2m−1

S(m)
p (l1, · · · , lk)e

√−1 p

2m πe
√−12πp(1− 1

2m )y

×
k∏

i=1

e
√−12π(2li−1)

[y+2mαi ]
2m dy .
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PROOF. First let p ≡ k (mod 2). In this case, since X(m)(x + 1/2) = −X(m)(x),

LHS =
∫
�

e
√−12π(2m−1)p(x+ 1

2 )X(m)

(
x + 1

2

)
X(m)

(
x + 1

2
+ α1

)
· · ·X(m)

(
x + 1

2
+ αk

)
dx

[by the shift invariance of dx]
= (−1)p+1+kLHS

= −LHS,

so that LHS = 0. On the other hand, since S
(m)
p = 0, RHS = 0. Hence we have the conclusion

in the case of p ≡ k (mod 2).
Next let p �≡ k (mod 2). Since, by Proposition 2

X(m)(x)X(m)(x + α1) · · · X(m)(x + αk)

= (
√−1)(m−2)(k+1)

∑
1≤l0,l1,··· ,lk≤2m−1

( m∏
i=1

sin
2l0 − 1

2i
π

)
× · · · ×

( m∏
i=1

sin
2lk − 1

2i
π

)

× e
√−1

(
2l0−1

2m +···+ 2lk−1
2m

)
π
e
√−12π(2l0−1) [2mx]

2m

k∏
i=1

e
√−12π(2li−1)

[2mx+2mαi ]
2m ,

it turns out that

LHS = (
√−1)(m−2)(k+1)

∑
1≤l0,l1,··· ,lk≤2m−1

( m∏
i=1

sin
2l0 − 1

2i
π

)

× · · · ×
( m∏

i=1

sin
2lk − 1

2i
π

)
e
√−1

(
2l0−1

2m +···+ 2lk−1
2m

)
π

×
∫ 1

0
e
√−12π(2m−1)pxe

√−12π(2l0−1) [2mx]
2m

k∏
i=1

e
√−12π(2li−1)

[2mx+2mαi ]
2m dx .

Here we further compute the integral
∫ 1

0 · · · dx in the last line as

=
2m∑
j=1

∫ j

2m

j−1
2m

e
√−12πp(2mx−x)e

√−12π(2l0−1) [2mx]
2m

k∏
i=1

e
√−12π(2li−1)

[2mx+2mαi ]
2m dx

=
2m∑
j=1

∫ 1

0
e
√−12πp(1− 1

2m )(y+j−1)e
√−12π(2l0−1)

j−1
2m

k∏
i=1

e
√−12π(2li−1)

[y+2mαi ]+j−1
2m

dy

2m

[by the change of variables 2mx − (j − 1) = y]

= 1

2m

2m∑
j=1

e
√−12π(−p+2l0−1+···+2lk−1)

j−1
2m

∫ 1

0
e
√−12πp(1− 1

2m )y
k∏

i=1

e
√−12π(2li−1)

[y+2mαi ]
2m dy
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= 1−p+2l0−1+···+2lk−1∈2m�

∫ 1

0
e
√−12πp(1− 1

2m )y
k∏

i=1

e
√−12π(2li−1)

[y+2mαi ]
2m dy

[
because, for ν ∈ Z

1

2m

2m∑
j=1

e
√−12πν

j−1
2m = 1ν∈2m�=

{
0 if ν �∈ 2mZ ,

1 if ν ∈ 2mZ

]
.

Substituting the last expression into the above, we have

LHS =(
√−1)(m−2)(k+1)

∑
1≤l0,l1,··· ,lk≤2m−1;

−p+2l0−1+···+2lk−1∈2m�

( m∏
i=1

sin
2l0 − 1

2i
π

)

× · · · ×
( m∏

i=1

sin
2lk − 1

2i
π

)
e
√−1

(
2l0−1

2m +···+ 2lk−1
2m

)
π

×
∫ 1

0
e
√−12πp(1− 1

2m )y
k∏

i=1

e
√−12π(2li−1)

[y+2mαi ]
2m dy .

Here, since p + 1 ≡ k (mod 2), we see that for ∀(l1, · · · , lk) ∈ {1, · · · , 2m−1}k

1 ≤ ∃1l0 ≤ 2m−1 such that − p + 2l0 − 1 + 2l1 − 1 + · · · + 2lk − 1 ∈ 2mZ .

For this l0 ( m∏
i=1

sin
2l0 − 1

2i
π

)
e
√−1

(
2l0−1

2m +···+ 2lk−1
2m

)
π

= (−1)m
( m∏

i=1

sin
2l1 − 1 + · · · + 2lk − 1 − p

2i
π

)
e
√−1 p

2m π .

Therefore substituting this into the above, we have the conclusion in the case of p �≡ k

(mod 2). �

In the following, let k ∈ N and n1, · · · , nk ∈ N; n1 < · · · < nk be fixed.

DEFINITION 3. For p ∈ Z and m ∈ N, we define A
(m)
p : Zk = Z × · · · × Z︸ ︷︷ ︸

k

→ C and

ρp(m) ∈ [0,∞) by

A(m)
p (K1, · · · ,Kk) :=

∑
1≤l1,··· ,lk≤2m−1

S(m)
p (l1, · · · , lk)

k∏
i=1

e
√−12π(2li−1)

Ki
2m ,

(K1, · · · ,Kk) ∈ Zk ,

ρp(m) := max
t1∈{0,··· ,n1},······
tk∈{0,··· ,nk}

1

2m

2m∑
j=1

|A(m)
p (n1(j − 1) + t1, · · · , nk(j − 1) + tk)| .
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LEMMA 3. For ∀p ∈ Z and ∀m ∈ N∫ 1

0
dα

∣∣∣∣
∫
�

e
√−12π(2m−1)pxX(m)(x)X(m)(x + n1α) · · · X(m)(x + nkα)dx

∣∣∣∣ ≤ ρp(m) .

PROOF. By Lemma 2∫ 1

0
dα

∣∣∣∣
∫
�

e
√−12π(2m−1)pxX(m)(x)X(m)(x + n1α) · · · X(m)(x + nkα)dx

∣∣∣∣
≤

∫ 1

0
dα

∫ 1

0
dy

∣∣∣∣ ∑
1≤l1,··· ,lk≤2m−1

S(m)
p (l1, · · · , lk)

k∏
i=1

e
√−12π(2li−1)

[y+2mniα]
2m

∣∣∣∣
=

∫ 1

0
dy

∫ 1

0
dα|A(m)

p ([y + n12mα], · · · , [y + nk2mα])|

=
∫ 1

0
dy

2m∑
j=1

∫ j

2m

j−1
2m

dα|A(m)
p ([y + n12mα], · · · , [y + nk2mα])|

=
∫ 1

0
dy

2m∑
j=1

∫ 1

0

dβ

2m
|A(m)

p ([y + n1β] + n1(j − 1), · · · , [y + nkβ] + nk(j − 1))|

[by the change of variables 2mα − (j − 1) = β]

=
∫ 1

0

∫ 1

0
dydβ

1

2m

2m∑
j=1

|A(m)
p (n1(j − 1) + [y + n1β], · · · , nk(j − 1) + [y + nkβ])|

=
∑

t1∈{0,··· ,n1},······
tk∈{0,··· ,nk}

∫ ∫
(y,β)∈[0,1)×[0,1);

[y+n1β]=t1,··· ,[y+nkβ]=tk

dydβ

× 1

2m

2m∑
j=1

|A(m)
p (n1(j − 1) + t1, · · · , nk(j − 1) + tk)|

[because [y + niβ] ∈ {0, · · · , ni} (i = 1, · · · , k)]

≤ max
t1∈{0,··· ,n1},······
tk∈{0,··· ,nk}

1

2m

2m∑
j=1

|A(m)
p (n1(j − 1) + t1, · · · , nk(j − 1) + tk)|

= ρp(m). �

DEFINITION 4. We define s0, s1 : Z → Z by

s1(r) = r + 1r∈2�−1

2
=

⎧⎪⎨
⎪⎩

r

2
if r is even

r + 1

2
if r is odd ,
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s0(r) = r − 1r∈2�−1

2
=

⎧⎪⎨
⎪⎩

r

2
if r is even

r − 1

2
if r is odd .

LEMMA 4. Let m ≥ 2 and (K1, · · · ,Kk) ∈ Zk . Then

A(m)
p (K1, · · · ,Kk) =

∑
δ∈{0,1}

(
√−1)k−1

2

× (

k∏
i=1

(−1)Ki )(−1)(k−1)(1−δ)e−√−1π
p

2m (2δ−1)A(m−1)
p (sδ(K1), · · · , sδ(Kk)) .

PROOF. Let m ≥ 2 and (K1, · · · ,Kk) ∈ Zk . First, noting that

{1, · · · , 2m−1}k
= {(l1 + ε12m−2, · · · , lk + εk2m−2); (l1, · · · , lk) ∈ {1, · · · , 2m−2}k, (ε1, · · · , εk) ∈ {0, 1}k}

and

S(m)
p (l1 + ε12m−2, · · · , lk + εk2m−2)

= S(m−1)
p (l1, · · · , lk) sin

(
2l1 − 1 + · · · + 2lk − 1 − p

2m
π + ε1 + · · · + εk

2
π

)

× sin

(
2l1 − 1

2m
π + ε1

2
π

)
× · · · × sin

(
2lk − 1

2m
π + εk

2
π

)
,

we see that

A(m)
p (K1, · · · ,Kk) =

∑
1≤l1,··· ,lk≤2m−2

∑
ε1,··· ,εk∈{0,1}

S(m)
p (l1 + ε12m−2, · · · , lk + εk2m−2)

×
k∏

i=1

e
√−12π

(
2(li+εi2m−2)−1

)
Ki
2m

=
∑

1≤l1,··· ,lk≤2m−2

S(m−1)
p (l1, · · · , lk)

k∏
i=1

e
√−12π(2li−1)

Ki
2m

×
∑

ε1,··· ,εk∈{0,1}

k∏
i=1

sin

(
2li − 1

2m
π + εi

2
π

)

× sin

(
2l1 − 1 + · · · + 2lk − 1 − p

2m
π + ε1 + · · · + εk

2
π

) k∏
i=1

(−1)εiKi .
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Next, using the identity

∑
ε∈{0,1}

sin

(
X + ε

2
π

)
e
√−1 ε

2 π(−1)εK = √−1(−1)Ke−√−1(−1)KX , ∀X ∈ R, ∀K ∈ Z ,

we compute the summation
∑

ε1,··· ,εk∈{0,1}
· · · in the last line as

= �
(

e
√−1π

2l1−1+···+2lk−1−p

2m

∑
ε1,··· ,εk∈{0,1}

k∏
i=1

(sin

(
2li − 1

2m
π + εi

2
π

)
e
√−1

εi
2 π(−1)εiKi )

)

= �
(

e
√−1π

2l1−1+···+2lk−1−p

2m

k∏
i=1

(
∑

ε∈{0,1}
sin

(
2li − 1

2m
π + ε

2
π

)
e
√−1 ε

2 π (−1)εKi)

)

= �
(

e
√−1π

2l1−1+···+2lk−1−p

2m (
√−1)k(−1)K1+···+Kke−√−1π

∑k
i=1(−1)Ki

2li−1
2m

)

= (−1)K1+···+Kk�
(
e
√−1π

(
k
2 +∑k

i=1(1−(−1)Ki )
2li−1

2m − p

2m

))

= (−1)K1+···+Kk 1
2
√−1

{
e
√−1π

(
k
2 +∑k

i=1(1−(−1)Ki )
2li−1

2m − p

2m

)

− e
−√−1π

(
k
2 +∑k

i=1(1−(−1)Ki )
2li−1

2m − p
2m

)}
.

Substituting the last expression into the above, we have

A(m)
p (K1, · · · ,Kk)

=
∑

1≤l1,··· ,lk≤2m−2

S(m−1)
p (l1, · · · , lk)e

√−12π
∑k

i=1 Ki
2li−1

2m

× (−1)K1+···+Kk 1
2
√−1

{
(
√−1)ke−√−1π

p

2m e
√−12π

∑k
i=1

1−(−1)Ki

2
2li−1

2m

− (−√−1)ke
√−1π

p

2m e−√−12π
∑k

i=1
1−(−1)Ki

2
2li−1

2m

}

= (
√−1)k−1

2 (−1)K1+···+Kk
∑

1≤l1,··· ,lk≤2m−2

S(m−1)
p (l1, · · · , lk)

×
{
e−√−1π

p

2m e
√−12π

∑k
i=1

(
Ki+ 1−(−1)Ki

2

)
2li−1

2m

+ (−1)k−1e
√−1π

p

2m e
√−12π

∑k
i=1

(
Ki− 1−(−1)Ki

2

)
2li−1

2m

}
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= (
√−1)k−1

2 (−1)K1+···+Kk

×
{
e−√−1π

p

2m
∑

1≤l1,··· ,lk≤2m−2

S(m−1)
p (l1, · · · , lk)

k∏
i=1

e

√−12π(2li−1)
s1(Ki )

2m−1

+ (−1)k−1e
√−1π

p

2m
∑

1≤l1,··· ,lk≤2m−2

S(m−1)
p (l1, · · · , lk)

k∏
i=1

e

√−12π(2li−1)
s0(Ki )

2m−1

}

= (
√−1)k−1

2 (−1)K1+···+Kk

{
e−√−1π

p

2m A(m−1)
p (s1(K1), · · · , s1(Kk))

+ (−1)k−1e
√−1π

p

2m A(m−1)
p (s0(K1), · · · , s0(Kk))

}

=
∑

δ∈{0,1}

(
√−1)k−1

2

( k∏
i=1

(−1)Ki

)
(−1)(k−1)(1−δ)e−√−1π

p

2m (2δ−1)

× A(m−1)
p (sδ(K1), · · · , sδ(Kk)) ,

which is just the desired expression. �

LEMMA 5. There exists an m0 ∈ N such that for ∀p ∈ Z and ∀m > m0

ρp(m) ≤
(

1 − 1

22m0−1 (1 − | sin
πp

2m−m0+2 |)
)

ρp(m − m0) .

PROOF. Choose η0, µ0 ∈ N such that 2µ0 ≤ nkη0 < 2µ0+1 and nk−1η0 < 2µ0 , and set
h0,m0 ∈ N by

h0 := 2
[

log nk
log 2

]
+1

η0 + 1 ,

m0 :=
[

log nk

log 2

]
+ µ0 + 3 .

Then, for ∀ti ∈ {0, · · · , ni} (1 ≤ i ≤ k)

ni(h0 − 1) + ti < 2m0−2 (1 ≤ ∀i ≤ k − 1) ,

2m0−2 ≤ nk(h0 − 1) + tk < 2m0−1 ,

i.e., for ∃εi 0, · · · , εi m0−3 ∈ {0, 1} (1 ≤ i ≤ k)

ni(h0 − 1) + ti = εi 0 + εi12 + · · · + εi m0−32m0−3 , 1 ≤ i ≤ k − 1 , (2)

nk(h0 − 1) + tk = εk 0 + εk12 + · · · + εk,m0−32m0−3 + 2m0−2 . (3)

In the following, let ti ∈ {0, · · · , ni} (1 ≤ i ≤ k) be fixed arbitrarily.
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1◦ Noting that for m > m0 ≥ 1

{0, 1, · · · , 2m − 1} = {h − 1 + 2m0(g − 1); h ∈ {1, · · · , 2m0}, g ∈ {1, · · · , 2m−m0}} ,

we see

1

2m

2m∑
j=1

|A(m)
p (n1(j − 1) + t1, · · · , nk(j − 1) + tk)|

= 1

2m

2m0∑
h=1

2m−m0∑
g=1

|A(m)
p (n1(h − 1 + 2m0(g − 1)) + t1, · · · , nk(h − 1 + 2m0(g − 1)) + tk)|

= 1

2m0

2m0∑
h=1

1

2m−m0

2m−m0∑
g=1

|A(m)
p (2m0n1(g − 1) + n1(h − 1) + t1, · · · , 2m0nk(g − 1)

+ nk(h − 1) + tk)| .

2◦ By Lemma 4

A(m)
p (2m0n1(g − 1) + n1(h − 1) + t1, · · · , 2m0nk(g − 1) + nk(h − 1) + tk)

=
∑

δ1,··· ,δm0∈{0,1}

(
(
√−1)k−1

2

)m0 k∏
i=1

(−1)
∑m0

a=1 sδa−1 ···sδ1 (ni (h−1)+ti)

× (−1)(k−1)(1−δm0+···+1−δ1)e
−√−1πp(

2δ1−1
2m + 2δ2−1

2m−1 +···+ 2δm0 −1

2m−m0+1 )

× A
(m−m0)
p (n1(g − 1) + sδm0

· · · sδ1(n1(h − 1) + t1), · · · , nk(g − 1)

+ sδm0
· · · sδ1(nk(h − 1) + tk)) ,

where

sδa−1 · · · sδ1 =
{

id if a = 1 ,

sδa−1 ◦ · · · ◦ sδ1 if a > 1 .

3◦ Note that for 0 ≤ r ≤ n2m0 , 0 ≤ sδm0
· · · sδ1(r) ≤ n (δ1, · · · , δm0 ∈ {0, 1}). By 2◦,

this implies that for each h = 1, · · · , 2m0

1

2m−m0

2m−m0∑
g=1

|A(m)
p (2m0ni(g − 1) + ni(h − 1) + ti)|

≤ 1

2m−m0

2m−m0∑
g=1

∑
δ1,··· ,δm0∈{0,1}

1

2m0
|A(m−m0)

p (ni(g − 1) + sδm0
· · · sδ1(ni(h − 1) + ti ))|

= 1

2m0

∑
δ1,··· ,δm0∈{0,1}

1

2m−m0

2m−m0∑
g=1

|A(m−m0)
p (ni(g − 1) + sδm0

· · · sδ1(ni(h − 1) + ti ))|
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≤ max
τ1∈{0,··· ,n1},······
τk∈{0,··· ,nk}

1

2m−m0

2m−m0∑
g=1

|A(m−m0)
p (ni(g − 1) + τi)|

= ρp(m − m0) .

Here and in the sequel, for simplicity we write A
(m)
p (K1, · · · ,Kk) as A

(m)
p (Ki).

4◦ Let δ(1) = (0, · · · , 0, 0, 1), δ(2) = (0, · · · , 0, 1, 0) ∈ {0, 1}m0 . Then, by (2) and (3)

s
δ
(1)
m0−1

· · · s
δ
(1)
1

(ni(h0 − 1) + ti) = 0 , 1 ≤ ∀i ≤ k ,

s
δ
(1)
m0

· · · s
δ
(1)
1

(ni(h0 − 1) + ti) = 0 , 1 ≤ ∀i ≤ k ,

s
δ
(2)
m0−1

· · · s
δ
(2)
1

(ni(h0 − 1) + ti) =
{

0 1 ≤ ∀i ≤ k − 1,

1 i = k

s
δ
(2)
m0

· · · s
δ
(2)
1

(ni(h0 − 1) + ti) = 0, 1 ≤ ∀i ≤ k ,

and hence

k∏
i=1

(−1)

∑m0
a=1 s

δ
(1)
a−1

···s
δ
(1)
1

(ni (h0−1)+ti )

(−1)(k−1)(1−δ
(1)
m0+···+1−δ

(1)
1 )

=
k∏

i=1

(−1)
∑m0−1

a=1 sa−1
0 (ni (h0−1)+ti )(−1)(k−1)(m0−1) ,

k∏
i=1

(−1)

∑m0
a=1 s

δ
(2)
a−1

···s
δ
(2)
1

(ni (h0−1)+ti )

(−1)(k−1)(1−δ
(2)
m0+···+1−δ

(2)
1 )

= (−1)

k∏
i=1

(−1)
∑m0−1

a=1 sa−1
0 (ni (h0−1)+ti )(−1)(k−1)(m0−1) .

By 2◦, this implies

A(m)
p (2m0ni(g − 1) + ni(h0 − 1) + ti)

=
(

(
√−1)k−1

2

)m0 k∏
i=1

(−1)
∑m0−1

a=1 sa−1
0 (ni(h0−1)+ti)(−1)(k−1)(m0−1)

×
(

e
−√−1πp( −1

2m +···+ −1

2m−m0+2 + 1

2m−m0+1 )

− e
−√−1πp( −1

2m +···+ −1
2m−m0+3 + 1

2m−m0+2 + −1
2m−m0+1 )

)
A(m−m0)

p (ni(g − 1))

+
∑

δ∈{0,1}m0\{δ(1),δ(2)}

(
(
√−1)k−1

2

)m0 k∏
i=1

(−1)
∑m0

a=1 sδa−1 ···sδ1 (ni (h0−1)+ti )
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× (−1)(k−1)(1−δm0+···+1−δ1)e
−√−1πp(

2δ1−1
2m +···+ 2δm0 −1

2m−m0+1 )

× A(m−m0)
p (ni(g − 1) + sδm0

· · · sδ1(ni(h0 − 1) + ti )) ,

and by taking the absolute value

|A(m)
p (2m0ni(g − 1) + ni(h0 − 1) + ti)|

≤ 1

2m0
2| sin

πp

2m−m0+2
||A(m−m0)

p (ni(g − 1))|

+ 1

2m0

∑
δ∈{0,1}m0\{δ(1),δ(2)}

|A(m−m0)
p (ni(g − 1) + sδm0

· · · sδ1(ni(h0 − 1) + ti ))| .

Therefore

1

2m−m0

2m−m0∑
g=1

|A(m)
p (2m0ni(g − 1) + ni(h0 − 1) + ti)|

≤ 1

2m0
2

∣∣∣∣ sin
πp

2m−m0+2

∣∣∣∣ 1

2m−m0

2m−m0∑
g=1

|A(m−m0)
p (ni(g − 1))|

+ 1

2m0

∑
δ∈{0,1}m0\{δ(1),δ(2)}

1

2m−m0

2m−m0∑
g=1

|A(m−m0)
p (ni(g − 1)

+ sδm0
· · · sδ1(ni(h0 − 1) + ti ))|

≤
(

1 − 1

2m0−1

(
1 −

∣∣∣∣ sin
πp

2m−m0+2

∣∣∣∣
))

ρp(m − m0) .

5◦ Collecting 1◦, 3◦ and 4◦, we have

1

2m

2m∑
j=1

|A(m)
p (ni(j − 1) + ti )|

≤ 1

2m0

∑
h∈{1,··· ,2m0 }\{h0}

ρp(m − m0)

+ 1

2m0

(
1 − 1

2m0−1

(
1 −

∣∣∣∣ sin
πp

2m−m0+2

∣∣∣∣
))

ρp(m − m0)

=
(

1 − 1

22m0−1

(
1 −

∣∣∣∣ sin
πp

2m−m0+2

∣∣∣∣
))

ρp(m − m0) ,

from which the conclusion follows at once. �
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PROOF OF THEOREM 1. Let p ∈ Z be fixed. Since
∣∣ sin πp

2m−m0+2

∣∣ < 1/2 for m ≥[ log |p|∨1
log 2

] + 2 + m0 (where m0 is an integer in Lemma 5), Lemma 5 tells us that

ρp(m) ≤
(

1 − 1

4m0

)
ρp(m − m0) .

This yields that for ∀q ≥ 0, 0 ≤ ∀r < m0

ρp

([
log |p| ∨ 1

log 2

]
+ 2 + qm0 + r

)
≤

(
1 − 1

4m0

)q

ρp

([
log |p| ∨ 1

log 2

]
+ 2

)
.

If we express m ≥ 0 as m = qm0 + r (q ≥ 0, 0 ≤ r < m0), then q > m/m0 − 1 and so(
1 − 1

4m0

)q

≤
(

1 − 1

4m0

) m
m0

−1

.

Combining this observation with the above, we have

ρp

([
log |p| ∨ 1

log 2

]
+ 2 + m

)
≤

(
1 − 1

4m0

) m
m0

−1

ρp

([
log |p| ∨ 1

log 2

]
+ 2

)
, ∀m ≥ 0 .

Consequently, by Lemma 3, we conclude that the assertion of Theorem 1 is valid with ρ =
(1 − 1/4m0)

1
m0 . �
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