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1 Introduction
We consider the following nonlinear partial differential equation:

1 . 1 ..

5 Di(a? D;W) + SaV DiIWD;W +b- VW +V = A in RY (1.1)
or equivalently

%aijDijW + %dijDiWDjW +b- VW +V =A, b(z)=0bi(z)+ %Djaij(x), (1.2)
where a(z) = [a”(z)], a(z) = [a¥(z)] are symmetric matrices, b(z) = (b'(x), -+, o™ (x))
is mapping of RY into RY, V() is function on RY. Here we utilize the notations
D;; = 8%/0x;0x;, D; = 8/0z; and summation convention for multiple indexes. We think
of a pair (W, A) of function W (x) and constant A as a solution of (1.1). (1.1) is called
ergodic type Bellman equation. This kind of equations is treated in ergodic control
problems (cf. [1]). In the ergodic control problems, a is negative-definite and more
general forms of (1.1) have been studied under rather general conditions (cf. [2]). On the
other hand, (1.1) also appears in risk-sensitive control problems in infinite time horizon
and has been studied under certain conditions (cf. [5], [8], [9], [13]). One of the main
features of (1.1) in risk-sensitive control is that a might be positive-definite. Recently,
it is also known that this case happens in some investment problems in mathematical
finance (cf. [3], [4], [6], [7], [14]). We shall study the solutions of (1.1) in the case that a
is positive-definite.

The studies of solutions for Bellman equations from analytical point of view are con-
sidered to be fundamental to determine an optimal control for control problems (see the
explanation later in this section). Note that solutions of (1.1) have ambiguity of addi-
tive constant, i.e., if (W, A) is a solution of (1.1), W(z) + ¢ still satisfies (1.1) for each
constant ¢. As some examples show, it is known that (1.1) has multiple solutions even
if we identify the solutions up to additive constants. So, it is important to study how
we pick up a particular solution of (1.1) which gives an optimal control for the problems



at hand. A common way to obtain a particular solution for ergodic type Bellman equa-
tions is to study the discounted type equations. The discounted type Bellman equation
corresponding to (1.1) is as follows:

1 iy 1.
aDi(a”DjWa) -+ adUDiWaDjWa + b- VWQ + V= OéWa

a > 0 is called discount factor. Under certain conditions, it is shown that W, (x)—W,(zo)
normalized at some point zg € RY and oW, converge to some function W (x) and some
constant A respectively. Furthermore (W, A) satisfies (1.1) (cf. [5], [8], [9]). Under the
conditions including Linear Exponential Quadratic Gaussian (LEQG) control problem,
we need to consider the case that b(z) (resp. V(x)) is at most linearly growing (resp.
quadratic growing). Under such a kind of settings, W is characterized to meet some
growth condition and (W, A) obtained by this process is considered to be the right solution

(ct. [8], [9]).

In the present paper, we directly tackle (1.1) without the procedure using discounted
type equation under the conditions including LEQG case. We shall specify the set of A
for which (1.1) has a smooth solution. Furthermore we shall characterize the set of A by
noting the global behavior of diffusion process which is related to some control problem.
One of our advantages is that we can treat more general b(z) compared to [8], [9].

To explain how we relate (1.1) to a control problem, we shall give a control interpre-
tation to (1.1). Let (2, F, P,{F;}) be a probability space with filtration. Consider the
following controlled stochastic differential equation (SDE):

dX, = (0(X,) + w)dt + o(X})dBy, Xo =z € RY, o(z) = a(x)/?

where B; is N-dimensional F;-Brownian motion and wu,; is J;-progressively measurable
process taking its value in RY. {u;} is considered as control process. We define the value
function as follows:

T—t 1 o
v(t,x) = sup B, [/ V(Xs) — §di—j1(Xs)u§ugdS] ,
u, 0

where di_jl is (4, 7)-component in inverse of a. By using Bellman principle, we see that
v(t, x) satisfies the following equation formally:

1 .. ~ 1 o
% + aatz‘jU + sup {(b(x) +u)- VW — idijluluj} +V =0in (0,7) x RY (1.3)
ue N

v(T,z) =0, v € RY. (1.4)

Since sup,e ~{(b+u)- VIV — (1/2)a;; ' v'u’} = (1/2)a" DivDjv + b- Vv, (1.3) reduces to
the following:

O 1 1 -
a—: + aaUDi]’U + Q&Z]DZ"UD]"U + b- VW + V =0.

Note that the supremum is attained at u(x) = aVW (x). If (Ov/0t)(0,z) converges to
some constant A and v(0,z) — v(0, zo) normalized at some point zo € RY converges to



some function W (x) as T' — oo, we have formally the following equation which we shall
discuss in this paper:

1 .. 1 .. ~
507Dy W + A DWD;W +5- VW +V = A.

This is considered to characterize the long-time average cost defined as following:

— 1 T 1 o
A= jlgrolo sgp TEz {/0 V(Xs) — idi_jl(Xs)u’Suids ) (1.5)
Following Bellman principle, we can expect that u; = a(X;)VW (X;) should be an can-
didate of optimal control for (1.5), where X; is defined by the controlled SDE with
Uy = ﬂt = d(Xt)VW(Xt)

dX, = (b(X,) + aVW(X,))dt + o(X,)dB:, X = . (1.6)

We shall study the structure of solutions of (1.1) by relating to (1.6) under condi-
tions which include LEQG case, i.e., b(x) (resp. V(z)) has at most linear growth (resp.
quadratic growth).

The paper is organized as follows.

In §2, we shall specify the set of A for which (1.1) has a solution under rather general
conditions on b(z) and V(x). Indeed, it is proved that the set of A is equal to closed
half-line [A*, 00) for some A* € (—o0, 00).

In §3, we shall classify A according to the global property of the diffusion process
defined by (1.6) under certain stability condition for b(x) (see (A1)"). We shall prove
that for A > A* the diffusion process {X;} in (1.6) corresponding to solution (W, A) is

transient and for A = A*, {X;} is ergodic. Moreover, we shall show that solution W (x)
corresponding to A* is unique up to additive constant.

We note that the structure of A specified in this paper is considered to be a gener-
alization in the theory of positive harmonic function for linear differential operators (cf.

[15]).

2 The set of A having a solution

In the present section, we shall consider the set of A for which (1.1) has a classical solution
W under rather general conditions. In the next section, under certain stability property
of b(x), we shall classify A by following the global behavior of the diffusion process related
to the solution W corresponding to A.

We define the following set:
A= {A : there exists smooth function W satisfying (1.1) for A}.

Under the assumptions given below, we can prove that A has the following form for some
A* € (—o0,00) :
A =[A*, 00)
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For simplicity, we always assume a/, a*, b, V are sufficiently smooth. We shall give the
following assumptions :

(A1) Da%(z) is bounded and there exist ¢1, ca > 0 and m > 1 such that
[b(@)] < er(1+ J2[™), [Db(x)] < ex(1+ |27,
V(@) < a1+ [2[*), [DV(2)] < ea(1 + J2[*™7).
(A2) There exist 0 < v; < 1, such that
nlé? < a¥(2)68 < wlé* Va, £ € RY.

(A3) There exist 0 < uy < po such that
mlé? < av(x)6&; < polé|* v, £ e RY.
(A4) There exists some function Wy(x) such that
%Di(aiijWO) + %&ijDiWODjWO +b-VWy+V — —c0 as |z| — 0.
Remark 2.1. Note that it follows from (A2), (A3) that there exist ¢, ¢ > 0 such that
ca(z) < a(x) < éa(r), v € RY. (2.1)

Remark 2.2. For the purpose of discussion in the present section, we can replace (A4)
with the existence of a super-solution of (1.1) for some A to ensure that A # (). We need
(A4) to classify A in the next section

_ As for sub-solutions, under (A1)—(A3), we can show that for arbitrary A, there exists
Wo(x) such that

1 . ~ 1 .. ~ ~ ~
QDZ'(G,ZJD]'WO) + adeiWODjWO + b- VWO + \% Z A in RN.

Indeed, we can take Wo(z) = a|z|™ + B|z|* and choose «, 3 satisfying the above
inequality:.

In order to see A # (), consider the following Dirichlet problem :

1 g 1.
iDi(a”DjWR) + §&Z]DZ-WRDJ'WR +b-VWr+V =A in Bg, (2.2)
WR = Wo on 8BR, (23)

where Bp, is open ball with radius R centered at 0 and W} is taken from (A4). Note that
(2.2) is equivalent to

1 .. 1 .. -
éanDszR + QdZJDiWRDjWR + b- VWR + V = A in BR, (24)
By (A4), W, satisfies the following inequality for some A :
1 g 1 .
5 Di(a? D;Wo) + 56V DWoD;Wo +b- VWo +V < A in RY.
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Also, from Remark 2.2, we have
1 . ~ 1 .. ~ ~ ~
5 Di(a? DWo) + 54 DWoD;Wo +b- YWy +V > A in RY,

Then, under (A1)-(A4), there exists Wgr € C?%(Bpg) satisfying (2.2), (2.3) (cf. [10],
Chapter 4, Theorem 8.4).

We need a uniform bound for VW5 in compact sets to obtain a solution W of (1.1)
by sending the radius R to co. The following gradient estimate is also useful in the later
discussions.

Lemma 2.3. Let Wg be a smooth function satisfying (2.2). Under (A1)—(A3), we have
for each r >0 and R > 2r

sup [VWg| < C(A)(1+ [r[™), (2.5)
Br
where C(A) is a constant independent of v and R and non-decreasing on A.

Proof. (1.1) has the nonlinear term similar to those treated in [8], [9] and we can follow
the same arguments to obtain the gradient estimate. However, we shall give a proof to
specify the dependence of A and growth order on 7.

We set W = Wy for simplicity. By differentiating each side of (2.4) on xj, we have
1 . 1 .. 1 - .
§DkCLUDZ‘jW + ia”DzjkW + §DkdUDZWD]W + deDiWDjkW
+ Db’ D;W 4+ 0 DyeW + DV = 0. (2.6)
Let us set G = (1/2) Y, (DyW)?. Then, using (2.6)
1 .. . ~.
— §CLZ]DZ']'G — AZ]DZ'WDJ'G — bZDZG
1 .. 1 .. - o
= —aa”DkWDijkW — aa”D;ﬂ-WijW — a”’D;W DWW Dy W — b DiW Dy W
1 . 1 g
= 5Dka”DkVVDijT/V + aDkd”DiWDjWDkW
~. 1 ..
We note the second order derivative terms. Then, we have

1 y )
] < 1712 2 - 2 2
RHS of (2.7) < 45(; |Da” |*)| DW | —|—4|D W

1 - ~
+ §Dk&”DiWDjWDkW + Dipb'D;W D)W

1 .. 1 ..
+ DkVDkW - Za”Dkz‘WijW - ZCLUD/W'WD/W'W
1

. 1 . ~.
< E(Z |Da”|?)| DW|? + 5 D DiW D;W DWW + Db DiW D

i3

1 ..
+ DkVDkW - ZCLUD/W'WD]W‘VV,



where 6 > 0 is a small constant. Indeed, we can take § satisfying § < 4. From matrix
inequality (tr AB)? < Nuy(tr AB?) where A, B are N x N-symmetric matrices, A is non-
negative definite and 14 is the maximum eigenvalue of A, we finally obtain the following
inequality by using (A1):

1 .. . ~.
— §CLZ]DZ']'G — AZ]DZ'WDJ'G — bZDZG

1 .
< C(1+ |z]*™ Y DW|+ C + |z|™ )| DW|* + C|DW|* — W(a”DijW)2 in By,
D)
(2.8)
Here and in the proof below, we suppose that C' is constant independent of r and R.

Fix arbitrary £ € B, and take a cut-off function ¢ € C§°(RY) satisfying the following:

OS(pglinRN, e(&) =1, p=0in B.(§)°,

2.9
V| < Cyp, |D*o] <C, (2:9)

where B, (€) is open ball with radius r centered at £. Let 25 be a maximum point of pG
in B,(§). By maximum principle, we can see

1 .. . ~.
0 S —aa”Dij(ch) - dZJDZWDJ(QDG) - szl((pG)
1 .. . ~.
=@ {_EGUDUG — AZJDZ‘WDJ‘G — szzG}
1 .. - . ~
— 5&” (DUQO>G — OJZ]DZ'QODJ'G — CAIZJDJ()D(DZW)G — bZ(DZ(p)G
1 .. - ~
< o) {—ia”DijG — AZ]DZ'WDJ'G — bZDZG} + C(l + |33"m>G + C¢1/2G3/2 at Xy,
(2.10)

where we used 0 = D(¢G) = GDg¢ + ¢ DG and (2.9). From (2.4) and (2.8), it implies

RHS of (2.10)
< {0(1 + 2P NGV 4 C(1 A+ 2™ G+ OGP2 — ﬁ(a”DZjW)?}
2

+ C(1 4+ |z|™G + Cp?G3?

_ ¢{o<1 PTG 4 O+ oG+ OGY?

1 1. y 2
— —— | —Z4"D,WD,W —0'D;W —V + A
NV2< 50 D;WD;W W=V + )}
+C(1 + |2|™G + Cp2G*? at . (2.11)

Noting (A1), (A3), then, the following inequalities hold for some positive constants
depending on pu;

1 .. ~.
—5a DIWD;W —=HDIW —V + A < —%\DW\Q +O(1+ [2|™)DW] -V + A
< k[ DWP4+CA+|z*™) -V +A. (212)



In the case that —k|DW|? + C'(1 + |z|*™) — V + A > 0 at zg, we have

K| DW (o) < C(1 4 |z0o|*™) — V(20) + A
<O+ |zo™) + A< C(1+ [r]P™) + A,

where we used (Al) and mg € Ba,. Since (1/2)|[DW|*(&) = (1/2)|DW]*(&)p(¢) <
G(z0)p(xg), we obtain the following gradient estimate at &:

IDW(E) < C(1+ [r*™) + A.

We next consider the case that —x<|DW |+ C(14|z|*™) =V + A < 0 at 2. By (2.12),
RHS of (2.11)
< go{C(l + |z HGV2 4 C(1 + |z G + CG3?

1
- (—k|[DW > + C(L+ |z|*™) = V + A)2 } + O+ |2|™)G + C'/2G3?
2

< 90{0(1 PTG 4 O+ oG+ OGY?

45> 8k
_ G2
NVQ + NVQ

G(C(1+ |z*™) =V + A)} + O+ |2™)G + Cp 2632 (2.13)

If C(1+ |zo)*™) =V + A > kG(x0)/4 or C(1 + |xo*™ 1) > G(x9) we have the bound
|IDW2(€) < C(1+ |r)*™) + A in the same way as the above case. We shall consider the
case that C(1+|zo|*™) =V +A < kG(x0)/4 and C(1+ |zo|*™ 1) < G. Then, from (2.13),
we have

0<¢ {C‘G?’/2 + O+ |z|™HG + CG¥? — 4—'{202 + 2—'{2(12}
Nuvy Nuvy
+ C(1+ |z|™ G + Cp?G3/?
< —CipG” + Cop' PG + Cy(1+7™)G
= —C1pG? + Cop' PGP + C3G at zy, Cs = Cs3(14+r™)
where C4, Cy, (3 are positive constants independent of r;, R and A. By setting X =

©2G"Y2 | we have
O S _ClX2 + CQX + 03.

Therefore, we have

C2 205 C%2  205(1+1™)
X2 = oG <« Z2 23 o2 A3\ e T )
st catT g
Since (1/2)|DW*(&) = (1/2)|DW*(£)p?(€) < G(xo)p(x0), we obtain the bound for

|IDWI(E). O
We may normalize Wx as Wgr(0) = 0 because (1.1) does not include zeroth term on
Wgx. Then, from Lemma 2.3, there exists W € C(RY) such that Wy converges to W on
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each compact sets as R — oo by taking a subsequence if necessary. Also, since {Wgr}r>o,
is bounded in H'(B,) by Lemma 2.3, Wg converges to W L -strongly and H._-weakly.
Furthermore, we can see that VIWg converges L?

ie-strongly in a similar way to [9], [13],
We rewrite (2.2), (2.3) in integral form :
1 [ . 1 [ .
- 5 /(IZ]DZ‘WRDJ‘QP dx + 5 /CLUDZ‘WRD]‘WR()O dx
—f-/b-VWR(p dx—I—/Vgo dx = /A(p dx, ¢ € C(Bg).

Fix » > 0. Since Wg converges to W H}

oe-Strongly, we obtain the following by sending
R to oo :

1 . 1 iy
-3 /a”DiWngo dr + 5 /&”DiWDjWSO dx
+/ﬁ.vw¢dx+/ﬁwdx=/ﬁwd% p € Cg°(By), r>0.

Owing to the regularity theorem of elliptic equations and imbedding theorem, we have
W as a classical solution of (1.1). Therefore, we have proved that A # ().

We shall state and prove the form of the set of A.

Theorem 2.4. Under the assumptions (A1)—(A4), there exists A* € (—o0,00) such that
A =[A* 0).

Proof. In order to show inf A > —oo, we suppose inf A = —oo, i.e., there exists
{A,} C A such that A, tends to —oo as n — oo. Let W, be a solution of (1.1)
corresponding to A,,. Then, by the integral form of (1.1), we have

1 iy 1 iy
— 5 /GZJDiWnDjQO dx -+ 5 /dZJDZWnDJWn (2 dx

-I—/b-VWncp dx—i—/Vgo dx:/Anap dr, @€ CE(RY). (2.14)

Take ¢ € C5°(RY) such that [ pdz # 0. Since {A,} is bounded from above, it implies
from Lemma 2.3 that
sup |[VIW,| < C,, (2.15)
Br

where C). is a constant independent of n and r is taken such that supp ¢ C B,.. Therefore,
the left hand side of (2.14) is bounded on n. On the other hand, the right hand side of
(2.14) is unbounded because of the assumption which we made above. This leads to a
contradiction.

‘We shall next prove if A € A, then [A,00) C A . Let W be a solution corresponding
to A. For arbitrary A > A, we have

1 . ~ 1 .. ~ ~ ~ ~
Egmwmm+§wgwmw+hvw+vagAmRN (2.16)



By Remark 2.2, there exists W such that
1 . ~ 1 .. ~ ~ ~ ~
§Di(a”DjW0) + id”DiWODjWO +b-VWo+V >A inRY, (2.17)

Consider the Dirichlet problem (2.2) with boundary condition W5 = W, on dBg. From
(2.16), (2.17), the existence of a classical solution for this Dirichlet problem is guaranteed
by [10]. In the same manner as that right after the proof of Lemma 2.3, we can see that
there exists a smooth function W satisfying (1.1) for A.

We shall prove that A* = inf A actually belongs to A. {A,} is a sequence in A such
that A,, — A* and W, is a solution of (1.1) corresponding to A,, normalized as W,,(0) = 0.
Then, W, satisfies (2.14). Since {A,} is bounded, it follows from Lemma 2.3 that (2.15)
holds for some constant C) independent of n. Following the same way as the discussion
after Lemma 2.3, we can see that W, converges to W* € C(RY) uniformly on compact
sets and H,. -strongly. By taking a limit in (2.14) as n — oo, we have

1 y 1
—3 /a”DiW*ngo dz + 3 /dDiW*DjW* @ dx

—l—/b'VW*(p dx—l—/V(pdx:/A*go dz, Yo € CF°(RY).

Therefore, the existence of a classical solution W* of (1.1) for A* follows from the regu-
larity theorems of elliptic equation and imbedding theorem. [J

3 Classification of solutions

3.1 Transience and ergodicity of diffusion processes

In the last section, we proved that the set of A for which (1.1) has a smooth solution
is A = [A*,00) for some A* € (—00,00). In the present section, we shall study the
classification of A by global behavior of {X;} defined by (1.6) under stronger conditions.
Instead of (A1), we assume the following:

(A1)" Da¥ is bounded and there exists c;, ¢, > 0 such that

b(2)] < ex(1+ [2]), [Db(z)] < 1,
V(@) < e2(1+ |al), [DV ()] < ea(1 + Ja]).

(A1)" There exist i, 72 > 0 such that

z-b(z) < =’ + 72, € RY.

Let (2, F, P,{F:}) be a filtered probability space on which N-dimensional Brownian
motion {B;} is defined. For given A € [A*, 00), consider the SDE:

dX, = (b(X,) + aVW(X,))dt + o(X,)dB;, X, =z, (3.1)
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where W (z) is a solution of (1.1) corresponding to A. We shall classify A according to
the global properties of {X;}. More precisely, we shall prove that for A > A* {X;} is
transient and for A = A*, {X;} is ergodic.

First of all, we shall see that diffusion process {X;} defined in (3.1) does not explode
in finite time. Let us define diffusion process {Y;} governed by the following SDE:

dYy = b(Y,)dt + o(Y;)dB,, Y, = .
Under (A1), {Y;} is well-defined on [0, 00). Let us introduce a new measure as follows:

ap
dP

T T
= exp U aVW(Yt)dBt—%/ aVW - VW (Y;)dt | . (3.2)
Fr 0 0

Indeed, as proved below, it implies from (A1)’, (A1)", (A2), (A3) that P is a probability
measure. Therefore, (3.1) has a solution on each closed interval [0, 7] by change of drift
under P.

Lemma 3.1. Suppose that (W, A) is a solution of (1.1) and {X;} is a solution of (3.1).
Under (A1), (A1)", (A2), (A3), P defined in (3.2) is a probability measure on Fr.

Proof. 1t is sufficient to prove that there exists # > 0 such that

sup E, [eewwm)ﬁ] < 00.
0<t<T

See [11], p.220. By Lemma 2.3, VIV is at most linearly growing on z, i.e., there exists
C; > 0 such that

VW (2)| < C(1 + |z]), = € RY. (3.3)
Therefore, we need to see that for some 6 > 0,
sup F, [69\1/42} < 00. (3.4)
0<t<T

The way to prove (3.4) is relatively standard by using (A1), (A1)" and its proof is given
in Appendix. [

We shall next discuss transience of {X;} for A € (A*, 00). We introduce the operator
associated to solution (W, A) of (1.1):

T f(2) = B[ f(X0), f € Co(RY),
where {X}} is a solution of (3.1) corresponding to (W, A).

Lemma 3.2. Under (A1), (A1)", (A2)-(A4), the following inequality holds for each
solution (W, A) of (1.1)

TV f(z) < ke A=A fe CuRY), f >0,

where ¢ is in Remark 2.1 and k is a constant independent of t.
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Proof. Let W* be a solution of (1.1) corresponding to A*. We set W, = cW, W' = cW*,
where ¢ > 0 is taken from Remark 2.1. Then, we have from (1.2)

%aijDich + QLCWDZ-WCD]WC +b- VW, +cV = cA, (3.5)
%aijDijW: + %A”DiW(j‘Dij +b- VWS + ¢V = cA*. (3.6)
Subtracting (3.6) from (3.5),
%aijDij(Wc—W:)+(l~7+dVW*)-V(WC—W:)%—idV(WC—W:)-V(WC—W:) =c(A—A").
Setting W = W, — W, we have
%aijDijW + (b+avVW*) - VW + QLC&VW VW = ¢(A — AY). (3.7)
Let us define diffusion process {X;} satisfying the following SDE:
dX, = (b(X,) + aVW (X,))dt — aVW (X,)dt + o(X,)dB,
= (b(X,) + aVW*(X,))dt + (%avm‘/(f(t) - aVW()N(t)) dt + o(X,)dB,
Xy ==z
By Girsanov theorem,
TVAf(2) = B, [f(X,)] = Es [f()N(t)e LoV (X,)dBs—1 gaVW~VW()~(s)ds:| (3.8)
Applying Ito formula to W (X,),
dW (X,)
= VIV - (6 +aVIW* + %avw — aVW) (X,)dt + %aiJDijW(Xt)dt + oVIW(X,)dB,
= (%aijDijW + (b+avVIwr) . VW> (X,)dt + (%&vw VW —aVW - VW) (X,)dt
+ oVIW(X,)dB;
— (—%avv‘v VW + c(A — A*)) (X;)dt + (%avv‘v VW —aVW - vv‘v) (X;)dt
+ oVW(X,)dB,
= oVW(X,)dB, — %aVW VW (X,)dt + % (%a — a> VW - VW (X,)dt + c(A — A*)dt
(3.9)
Here we used (3.7). Then, by (3.8) and (3.9), we have
TtW’Af(x) — B, [f(Xrt)e—c(A—A*)t—‘rW(f(t)—W(m)—i-% g(a—%&)VW-VW(XS)ds]

< || f ] coe® PV W) =W(2): yesupp f}o—c(A=A")t By

[e% g(a,%@)vw-vvv(xs)dﬂ

11



Since ca(z) < a(x), we have

T f(x) < ke N k= | flleexp(sup (W(y) = W(2)). L

yesupp f

Now we have the result on transience.

Theorem 3.3. Let (W, A) be a solution of (1.1) and {X;} be a solution of (3.1) corre-
sponding to (W, A). If (A1), (A1)", (A2)—(A4) hold, then for A > A*, {X,} is transient.

Proof. Let f € Co(RY) and f > 0. Since A > A*, we can see that by Lemma 3.2,

/ VA f(2)dt < oo.
0

Therefore, {X;} is transient. O

We proved that for A > A*, {X;} defined by (3.1) is transient. We next show that if
A = A*, the corresponding diffusion process { X/} satisfying (3.1) is ergodic.

We have to show the following proposition

Proposition 3.4. Let (W, A) be a solution of (1.1) and {X;} be the corresponding dif-
fusion process defined by (3.1). Assume (A1), (A1)", (A2)-(A4). If {X,} is transient,
then there exists o > 0 such that

T/ f(x) < O™, [ € Go(RY), f>0, z €RY,
where C' is a constant independent of t.

We prepare two lemmas to prove the above proposition.

Let (W, A) be a solution of (1.1) and {X;} be a solution of (3.1). We define occupation
measure for {X;} as follows:

j(B) = %/Ot 15(X,)ds, B € BRY),

where B(RY) is Borel o-field on RY. Let M;(R") be the set of probability measures on
B(RY). We think of M;(R") as the topological vector space with topology compatible
to weak convergence. Note that pu; € M;(RY).

The following lemma on large deviation type estimate is useful.

Lemma 3.5. Let {X;} be a solution of (3.1) with no explosion in finite time. Then, the
following estimate holds:

— 1
tlim i log Plp; € K] < — inf 1" (), K is compact set in My (R™Y). (3.10)

neKx
IV (1) is defined as follows:

1" () = — inf / %(m)u(dx), L= %

ueld

U={uecC*R"): Du, D*u are bounded and 3R >r > 0 s.t. r < u(x) < R}.

a Dy + (b+aVW) -V,

12



Note that I'"(u) takes values on [0,00] and is convex, lower semi-continuous on
M (RY). This type of estimate is well-known in large deviation theory. As noted in
[18], even if the state space of X; is not compact, (3.10) holds for compact set K (cf. [17],

[18] §7).

We prove the following second lemma.

Lemma 3.6. Let {X;} be a solution of (3.1). Suppose that {X;} does not explode in
finite time. If IV (u*) = 0, then u* is invariant measure for {X;}.

Proof. Since IV (1*) = —infyey [(Lu/u)(x)p*(dz) = 0,
L
/%(:p),u*(dx) >0, Vu € U.
Setting w = log u, we have

/Lw(x) + %\Vw\Q(x)u*(dx) >0, u=e"el. (3.11)

It is easy to see that if u = e € U, then uy = e™ € U for A € R. Therefore, applying
Aw in (3.11) instead of w,

/Lw(x) + %|Vw|2(x),u*(d:p) >0, u=e"ecl, A>0.
Taking the limit as A — 0, we have
/Lw(x),u*(dx) >0, u=e"ecl.
Since u = eV € U implies u_; = e~ € U, we obtain the following equation:
/Lw(x),u*(dx) =0, u=e"el.

Noting that C5°(RY) is included in {w : u = e¥ € U}, p* satisfies the following partial
differential equation in distributional sense:

L*p* =0 in RY,

where L* is formal adjoint of L. Since we assumed the coefficients of L are sufficiently
smooth, ©* has a density p*(x) and p* satisfies

L*p* =0 in R".
Then, by slight modifications of Theorem in p.243, [16] to the case that second order
term of L is divergence form, p*(dz) = p*(z)dz is actually invariant measure. [
(Proof of Proposition 3.4) Let us define Uy as follows:

1. 1 ~
U()(ZL‘) = — (aa”DZjWO + édVWO . VWO + b- VWO + V) ,

13



where we take Wy from (A4). By setting Wy . = ¢Wy and W, = ¢W , we have

1 .. 1 -
§GZ]DZ‘J'W07C + Q_CdVWO’C . VW()’C —+ b- VW()’C + cV = —CU(),

1 .. 1 -
aanDz‘ch + %dec : VWC + b- VWC + cV =cA

where c is in Remark 2.1. In the above equations, subtracting each side of the equations,
%aUDU(WO,C — W)+ (b+aVW) - (VW — VIV,)
+ QLC&(VW(”C — VW) - (VW — VIV,.) = —c(Up + A).
Define ¢ as ¢ = eVoe=We Then, we have
%aiﬂ'Diqu +(b+aVW)-Vé + 2ic ((@a—ca)Ve- Vo) % = —c(Up + A)g. (3.12)
Let {X;} be a solution of (3.1). By Ito formula and (3.12),

d <§Z_5(Xt)€ Otc(Uo(Xs)JrA)ds)

DN | =

= {—aijDijgb +(b+avVW) - ¢+ c(Uy + A)] (X;)e 0 Wo(Xe)+A)ds gy
+ O'V(E( ) ¢ C(UO(XS)+A)deBt

{ a—ca)Vo- ng] (Xy)e 0 Uo(Xa)+A)ds gy oVo(Xy)e 0 e(Wo(Xo)+M)ds g B,

Since ca(z) < a(z) and ¢ > 0, we obtain

t
¢(Xt)e o ¢(Uo(Xs)+A)ds < g5(’1,) +/ O'VQE(XS)G N C(UO(XT‘)—*—A)dT‘st. (313)
0

Note that the stochastic integral in the right-hand side of (3.13) is super-martingale
because the left-hand side of (3.13) is bounded from below. Then, we have

B, [(Xi)e o« < 4(a), (3.14)

Let C,, be subset in M;(R") defined as follows:
Cow ={pp € Mi(RY): u(B,)>1-6,, Yn>m}, m>1,

where {0,,} is a sequence such that ¢, — 0 and determined later. Note that C,, is relative
compact set in M1 (RY) because C,, is tight. From the definition of TtW’A f,

T M f(2) < B [f(X0); pe € Con) + Eulf(X0); 11 & Col
<N fllooPolpte € Coll + Eolf(X0); e & Cols f € Co(RY), f>0.  (3.15)

14



By Lemma 3.5,
— 1
lim ?log Pylus € Cp] < — inf I ()

t—o0 nECm

where C,, is the closure of C,,. Since I'V () is lower semi-continuous and C,n is compact
in My(RY), inf s I'"(u) is attained at some p* € Cp,. Since existence of invariant
measure implies recurrence, it follows from Lemma 3.6 and transience of {X;}

inf I (u) >0, Vm.

pECm
Hence, we can find a positive constant «,, > 0 such that
Pl € Cp] < Ce @t > 0. (3.16)
Then, from (3.15) and (3.16), we obtain

TR (@) < A flloee™ " + BolF(X0); e ¢ Col
< Hf”ooe_amt + ||f¢_1||ooEm[¢(Xt)a te & Crn)-

We shall prove that E,[¢p(X;); p & Cp,] exponentially decays as t — co. On the event
{1t € Cn}, there exists n > m such that

1 t
wi(By) = ;/ 1g,(Xs)ds <1-9, (3.17)
0
which is equivalent to
1 t
0

Then, we have

/t c(Up(Xs) + N)ds = /t c(Up(Xs) + A)1p, (Xs)ds + /t c(Up(Xs) + A)1pe (Xs)ds

|z|=n

- ﬁO/lt(Bn)t + Bn,ut(qu)t) (319)

where we set 3y = inf, c(Up(x) + A), B, = infz>, c(Up(x) + A). By (A4), there exists
m > 1 such that

Z lIzlf C(Uo(l‘) + A) /t 1Bn (XS)dS + inf C(Uo(l’) + A) /t 1Brcz (XS)dS

Bn >0, Vn > m.
So, we obtain from (3.17), (3.18), (3.19),

/Ot c(Uo(Xs) + A)ds = (=[Bo|(1 = 0n) + Bndn)t.

Take a positive constant M > 0. Then we choose d,, such that M = —|5g|(1—=6,) + 3,0n-
Indeed, 6, is defined by
_ M+ 5]
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Then, we have

/t c(Up(Xs) + N)ds > Mt on {p: € Cp}. (3.20)

By (3.14) and (3.20),

Ow) 2 By [6(Xp)e o CoXI N 1y ¢ 0| > MUELG(X0); 1 ¢ Col.
Therefore we obtain

Ez[(g(Xt)v M ¢ Cm] S Qg(x)e_Mta t>0. O

We are ready to prove that for A = A*, the corresponding diffusion process { X} is
ergodic.

Theorem 3.7. Let (W*, A*) be a solution of (1.1) corresponding to A* = inf A and { X}
be a solution of (3.1) for (W*,A*). Under (A1), (A1)", (A2)-(A4), {X,} is ergodic.

Proof. Suppose that { X/} is transient. Then, by Proposition 3.4,
TN fla) < Ce™, Vf € GoRY), f=0.

Note that « is a positive constant independent of f and x. Taking 0 < ¢ < «a, we see
that

/ Ez[f(Xt*)ed]dt:/ TtW*’A*f(x)eddt:/ Ce 9t <
0 0 0

Then, there exists Green function G(z,y) for (1/2)a" Dy + (b+aVW*)-V +e€ and G(z, y)
satisfies the following:

%aijDijG(', y) + (b+aVW*) - VG(-y) + €G(-,y) = 0 in R\{y}. (3.21)

We take a sequence {y,} in RY such that y, € B, 41\B,. Define ¢, (z) as follows:

0 _ G(xvyn)
gbn(x) = G(O’yn)a

r € RM\{y,}.
Then, we have from (3.21)
%aimqu‘an + (b4 aVIW®) - Vo + edp = 0 in R¥\ {y,}. (3.22)
We note that by setting W,, = (1/¢) log ¢,,, (3.22) is equivalent to the following:
éaw‘pm + LA T DI, D W, + (b4 AV VI, + £ = 0 in BV {y,,
where ¢ is taken from Remark 2.1. By Lemma 2.3, we have

sup [VW,| < C,, r < n.
By
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Thus, in the similar way to the proof of existence of solutions of (1.1), we can see that
there exists smooth function W such that

%aﬁDZjW + (b+avVWw*) - VW + gaVV_V VW + Z =0. (3.23)
Since (W*, A*) is a solution of (1.2),

%aijDijW* +b- VIV + %avw* VW4V —A* =0. (3.24)
Adding (3.23) to (3.24), it follows from Remark (2.1) that

1 .. - ~ -

1 e
+§avw*.vw*+avw*.vw+§avw.vw+v—(A*_g)

> —a"Dy;(W* + W) +b- (VIW* + VW)

DO | =

C

1 T
+§avw*.vw*+avw*~vw+§avw.vw+V—(A*—5>
1 .. _ ~ _
= ST Dy (W + W) +5- V(W 4+ W)

| _ )
+SAVW W) TV W) +V - (A=)

c
Thus, W*+ W is a super-solution of (1.1) for A = A* —¢/¢. In the same way as the proof
that A # () given in §2, we can see that there exists a smooth function W such that
1 .. ~ 1 ~ ~ ~ ~
5@ D W 4 SaVW - VIV 45 VIV 4V = A" — ‘
c

This contradicts to A* = inf A. Therefore, { X} is recurrent.

In order to see that {X;} is actually ergodic, we recall the proof of Proposition 3.4. If
we suppose inf,eq T W* (i) > 0 for each m, we can prove Proposition 3.4, which implies
that {X;} is transient. Hence, there exists some m such that

inf 1" () = 0. (3.25)

Meém

Since C,, is compact, (3.25) is attained at p* € C,,. Then, it follows from Lemma 3.6
that p* is invariant measure for {X;}. O

3.2 Uniqueness of solutions corresponding to the bottom

We proved that solution (W* A*) of (1.1) for A* = inf A corresponds to ergodicity to
{X}} of (3.1). Now we shall show that solution corresponding to A* is unique up to
additive constant. Note that the solution of (1.1) has ambiguity on additive constant.

Theorem 3.8. Let W}, i = 1,2 be solutions of (1.1) corresponding to A* = inf A. Under
(A1), (A1)", (A2)—(A4), there exists constant k such that Wi (x) = Wi (z) + k.

17



Proof. Since W}, i =1, 2 are solutions of (1.2),

1, 1 .
—a Dy Wy + —aVW - VW +b- VIV +V = A",

2 2
1. 1 ~

Subtracting each side in the above equations, we have

a(VYWr = VW) - (VW —=W5) =0
(3.26)

Let us set ¢(z) = e“Wi@-W:@) where ¢ is in Remark 2.1. Rewriting (3.26) in terms of
¢, we have

1 . . 1
50 Dy (W) =W3) + (b+av ) - (VWY = VIWG) + 5

1 . - 1 \Y
§a”Di]¢ + (b+aVWy) - Vo t352 (a — ca) f Vo =0
Hence it implies from Remark 2.1 that
1 .. ~
Lo = §a”Dij<;5 + (b+aVWy) - Vo <0. (3.27)

Let us take z, y € RY and consider the SDE of (3.1) for Wj:

dX; = (b(X}) + aVW3(X;))dt + o(X[)dBy, X = .

Define 75, = inf{t : X} & B,}, 0p.(y = inf{t : X} € B.(y)}. Note that {X;} is ergodic
from Theorem 3.7, especially recurrent. It follows from Ito formula and (3.27) that

t/\TBn/\JBe( ) t/\TBn/\UBE( )
Xy ron) = 0@+ [ Lo(X;)ds + | Vo(X?) - o(X2)dB,
0 0
t/\TBn/\O'Be(y)
<o)+ [ V6(X) - 0(X])dB..
0

Thus we have E,[¢(X]\,, nop. (y))] ¢(z). By taking the limit as n — oo, it follows by

<
Fatou’s lemma that E[QS(X;\UB )] < ¢(x). Noting that P,[op, () < oo] =1, we have by
sending t — o0,

Elo(X;, )] < é(x).

We note again that {X;} hits the boundary of B(y) in finite time with probability 1.
Hence we can see that

o(e) = E,9(X, )] = inf 6.

OBe(y)

Taking the limit as ¢ — 0, we obtain

o(y) < ¢(x), z,y €RY

which implies ¢ is constant. Therefore W} — Wy is also constant. [
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Appendix. Proof of (3.4)

Applying Ito formula to Ok

t t
fIVilF — flal® / 20V, b(Y,)ds + / 20Y,e"Y:I" . 5(Y,)dB,
0 0

1 [t o
t5 / a”(YS)(QHee‘YSP&j + 462V YT ds
0

t t
:/ 20" LY, - B(Y,)ds + / 26%a(Y,)Y, - ViV ds
0 0

t t
+ / 0tra(Y,)e!F ds + / 20?1y, . o(Y,)dB,
0 0

t t
S/ 20" LY, - B(Y,)ds + / 26| V|2 ds
0 0

t t
—I—/ NOvye®Yol ds —I—/ 20e’Y°I"Y, . o(Y,)dB,. (A.1)
0 0

Here we used (A2). By (A1)”, it follows that
t
RHS of (A1) g/ sl 4 )|V P s
0

t t
+ / (27920 + Nusf)e?¥ol ds + / 201"y, . o(Y,)dB,
0 0

t t t
:51/ |Ys\26“’|Ys|2ds+52/ €9|YS|2dS—|—/ 20e"V-"Y, - o(Y.)dB,,
0 0 0

where 0, = 2(—710 +126?), 53 = 2720 + Nuof. If we take 6 as 0 < < v, /15, then §; < 0.
Thus, we have

t t
AV < Pl 52/ IYal* gs +/ 20V ly, . o(Ys)dBs.
0 0

Setting 75, = inf{t: Y; € B,}, we obtain

t
B, [eMiral] < e 4 5, / B, e ] ds.
0

By Gronwall’s inequality, there exists some constant C, 7 > 0 such that
E, [eelthgn\Q} < Cm’% 0<t<T.
Taking the limit as n — oo, we obtain

E, [e"m'ﬂ <Cur, 0<t<T. 0
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