
Physica 54 (1971) 477-503 © North-Holland Publishing Co. 

ON T H E S T R U C T U R E O F T H E T I M E - E V O L U T I O N 

P R O C E S S IN M A N Y - B O D Y S Y S T E M S 

R. BALESCU+ and J. WALLENBORN 
Faculté des Sciences, Université Libre de Bruxelles, Bruxelles, Belgique^ 

Received 18 March 1971 

S y n o p s i s 
The results of the Prigogine-George-Henin theory of "subdynamics" are extended 

to cover more gênerai Systems, such as spatially inhomogeneous Systems or relativistic 
Systems. The theory is presented in an abstract form, from which any particular case 
can be obtained by using an appropriate realization of the mathematical symbols. A 
number of new results are obtained in this way. The internai symmetry of the theory 
is clearly emphasized in the présent formalism. 

1. Introduction. In récent years a very significant a d v a n c e has occurred 
in non-equi l ibr ium s ta t i s t ica l mechanics^^^). Going def in i te ly beyond t h e 
t radi t ional " s imple" problems (weak coupling, low dens i ty , etc.) this work 
sheds a new light on t h e deeper , intr insic s t ruc ture of the law of évolut ion 
of many-body Systems. One of t h e mos t impor t an t resul ts achieved in th i s 
work is the sépara t ion of t h e d is t r ibut ion funct ion in to two componen t s 
having remarkab le invar iance propert ies . The évolution of t h e System is 
such t h a t when t h e r m a l equi l ibr ium is approached, one of t h e componen t s 
t ends to zéro, whereas the o the r is sufficient for the complè te descript ion of 
the t he rmodynamic behav iour of the System. I t has also been shown'*) t h a t 
the " t h e r m o d y n a m i c c o m p o n e n t " completely character izes as well t h e 
s t a t iona ry t r anspor t coefficients. 

In the présent paper we come back to this problem. Our mot iva t ion is 
the following. In the f i rs t place, we generalize the resul ts of Prigogine, 
George and Henin* in such a w a y t h a t they are no longer b o u n d to the usua l 
Fourier représenta t ion of t h e d is t r ibut ion funct ion. The formal ism a d o p t e d 
hère is a con t inua t ion of the " u n i f i e d " approach developed b y one of us in 

t Also with the Center for Statistical Mechanics and Thermodynamics, University 
of Texas, Austin, Texas 78712, USA. 

• Association Euratom - Etat Belge. 
* Thèse results, contained in refs. 1-3, will be henceforth referred to as the PGH 

theory. 
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réf. 5. T h e f lex ib ih ty achieved in this way makes the theory especially well 

sui ted for apphca t ion to spat ial ly inhomogeneous Systems. Par t icular appli-

cat ions will, however , not be t rea ted here, b u t will be the subject of a 

separa te paper6) . We prefer to keep the resul ts here on a r a the r abs t rac t 

level. W e therefore use the algebraic approach developed in réf. 5, which 

enhances t h e structural aspects of the theory . The var ious par t icular 

S y s t e m s (classical or q u a n t u m S y s t e m s , homogeneous or inhomogeneous 

Systems) appea r jus t as par t icular real izat ions of the var ious symbols of 

t h e formal ism. 

W e are t h u s able to show t h a t pract ical ly ail f ea tu res of the P G H theory 

go over w i thou t a n y change to the more gênerai s i tuat ions . Such are : the 

concept of t h e sépara t ion into mutua l ly independen t II and 77 subspaces (sec. 

2), t he p ro jec t ion opera tor proper ty of 77, i ts c o m m u t a t i o n relat ion with t h e 

liouvill ian (sec. 6), t he propert ies of the equi l ibr ium dis t r ibut ion (sec. 7), 

etc. 

Other f ea tu res have t o be slightly generalized. Fo r instance, the generalized 

kinet ic ope ra to r VFV has to be defined in a more gênerai way , but reduces 

to the P G H fo rm QW in the case of homogeneous S y s t e m s (sec. 4). 

Las t , b u t not least , the use of our formal ism enabled us to discover new 

resul ts a n d new relat ionships. For instance, we can wri te the exphci t ex-

pression of t h e kinet ic opera tor VFV, in the form of a séries whose gênerai 

t e rm has a ve ry regular s t ruc tu re (sec. 4). This opera to r was previously known 

only t h rough a set of implicit récurrence relat ions. Re la ted operators , such 

as C, D, r , etc. can be expressed in a similar way . 

Ano the r new and impor t an t resuit is t he extension of t h e semi-group Z{t) 

in to a ful l g roup (sec. 5). This resuit clarifies the s t r uc tu r e of the évolution 

process a n d will be i m p o r t a n t in a relat ivist ic extension of t h e theory , to be 

presented in a fo r thcoming paper . 

F ina l ly , we dér ive a n u m b e r of new proper t ies of t h e opera tor î{t), which 

enhance the s y m m e t r y and the complemen ta r i ty of this opera tor and E{t) 

(sec. 6). 

A strorig over lapping wi th the paper b y Prigogine, George and Henin'^) 

was u n a v o i d a b l e t . We preferred, however, t o give a ful l p résenta t ion of the 

theory , r a t h e r t h a n breaking the con t inu i ty b y numerous a n d fas t idious 

références to o the r papers . Moreover, we show t h a t in t h e présent formal ism, 

m a n y of t h e known and impor t an t proper t ies of the P G H theory can be 

p roved in a w a y m u c h simpler t han before. Typica l examples of such new 

proofs h a v e been ske tched in the appendices. 

f In a private communication, Prof. Prigogine told us tiiat sorae of the results of the 
présent paper will also be found in a forthcoming paper by himself, L. Rosenfeld and 
C. George. 
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2. Définition of the asymptotic évolution operator. We consider a m a n y -

body System described by a d i s t r ibu t ion func t ion f(^) obeying the Liouville 

équa t ion /j^Q 

a 4 ( 0 = ^ f ( 0 . (2.1) 

A t this very first s t ep it is i m p o r t a n t to m a k e a r emark about the in ter -

p r é t a t i on of ail t h e équa t ions of t h i s paper . Ail équat ions, such as (2.1) are 

considered as abstract algebraic équations, involving objects, like f, JS?, whose 

n a t u r e is not specified. Thèse équa t ions can be concretely realized in var ions 

ways. The s implest realization consis ts in iden t i fy ing f wi th the o rd inary 

d is t r ibut ion func t ion F[q, p) a n d i f wi th the ord inary Liouville opera tor . 

Al te rna t ive ly , f can be considered as the " v e c t o r " whose components are 

the var ions Four ie r components of -F ; i f is t hen a ma t r ix operator coupling 

thèse componen t s wi th each o ther . In a qui te différent approach, f is con-

sidered as the collection of ail reduced d is t r ibut ion func t ions derived f r o m 

F. The vector équa t ion (2.1) is t h e n équiva lent to the B B G K Y hiera rchy 

a n d i f is a m a t r i x Connecting reduced d is t r ibut ions of var ions orders. This 

real izat ion (which can be f u r t h e r refined) is par t icu lar ly impor t an t in t h e 

s t u d y of inhomogeneous Systems. I t is developed in réf. 6 (see also réf. 7). 

F ina l ly , t h e same s t ruc tu re occurs in q u a n t u m mechanics, where f can be 

realized as t h e dens i ty m a t r i x or t h e Wigner d is t r ibut ion funct ion. 

We now assume t h a t i f can be decomposed in to two te rms : 

se = £e^ + £e', (2.2) 

where i f o describes the free mot ion of independen t degrees of f reedom a n d 

i f ' describes in terac t ions . 

W e f u r t h e r in t roduce a décomposi t ion of t h e d is t r ibut ion func t ion f i n to 

two componen t s , called the v a c u u m c o m p o n e n t V\, and the corrélation 

componen t Cf, 

m = V\[c) + C\[t). (2.3) 

The sépara t ion can be per formed b y in t roduc ing two formai "pro jec t ion 

opera tors" t^ as was done in réf. 5. Thèse opera tors have to sat isfy the re-

la t ions : 

V + C = I, (2.4) 

yz ^ C2 ^_ c, (2.5) 

VC = CV = 0. (2.6) 

�f The reader is warned not to associate with. V and C any of the detailed properties 
of projection operators in Hilbert spaces, such as orthogonaUty with respect to a 
scalar product, hermiticity, etc. No Hilbert space structure has been defined here, and 
such concepts are just meaningless at the présent stage. 

3 8 9 0 0 3 
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W e , moreove r , express t h e phys i ca l idea t h a t cor ré la t ions c a n n o t be 

c r e a t e d or d e s t r o y e d b y t h e f ree m o t i o n , a n d require t he re fo re t h a t 

= F ^ o , i fOC = CifO. ' (2.7) 

W e do n o t discuss he re t h e va r ions rea l iza t ions of t h e p ro j ec t i on ope ra to r s . 

W e m e n t i o n , however , t h a t in ai l i n t e re s t ing cases i t is possible t o cons t ruc t 

a l inea r rea l iza t ion of t h e o p e r a t o r s V a n d C^. 

F r o m (2.4) it fo l lows t h a t e v e r y o p e r a t o r ^ ac t ing on t h e d i s t r i bu t ion 

f u n c t i o n s can be d e c o m p o s e d as fol lows 

0> = Vâ^V + V0>C + C ^ F + C ^ C . (2.8) 

A p p l y i n g th i s décompos i t i on t o t h e o p e r a t o r i t fol lows f r o m (2.5)-(2.7) 

t h a t 

jSfO = V^W + CjSfOC = F i f o CifO. (2.9) 

T h e o p e r a t o r F i ? " p i a y s a spécia l rôle : it describes t h e c h a n g e of t h e v a c u u m 

c o m p o n e n t u n d e r t h e f r e e f low. Simi lar ly , t h e ope ra to r F i f ' F r ep resen t s 

t h a t p a r t of t h e i n t e r a c t i o n s wh ich can be descr ibed b y a n ave rage field 

t h r o u g h which t h e " p a r t i c l e s " m o v e i n d e p e n d e n t l y 5) (in a p l a s m a , th i s t e r m 

is t h e wel l -known Vlasov ope ra to r ) . N o n e of thèse t w o e f f ec t s exis ts in a 

spatially homogeneous System. W e m a y the re fo re define such a System by t h e 

cond i t i ons 

F i f O F ^ O , V£("V=0 (homogeneous System). (2.10) 

T h e solut ion of t h e in i t i a l va lue p rob l em of t h e Liouvi l le é q u a t i o n is 

c o n v e n i e n t l y expressed in t e r m s of t h e propagator f/(<) : 

î(<) = ^ (^ ) î(0) . (2.11) 

T h e o p e r a t o r '%{t) can b e f o r m a l l y w r i t t e n as 

^{t} = exp{tse). (2.12) 

T h e m a i n pu rpose of t h i s p a p e r boi ls d o w n to a s t u d y of t h e p rope r t i e s of 

t h i s ope ra to r . 

A l t e r n a t i v e l y , one o f t e n uses i n s t e a d of t h e p r o p a g a t o r <^{t) i t s Lap lace 

t r a n s f o r m 3i{z) ; t h e r e l a t i o n b e t w e e n thèse opera to r s i s . 

<^{t) = (27i:)-i I dz e-^'- 3t(z). (2.13) 
c 

t This statement corrects a claim made in réf. 5, where a nonlinear realization of V 
was used to describe inhomogeneous Systems. The latter realization, however, leads to 
mathematical difficulties. It is shown in réf. 6 that even for inhomogeneous Systems a 
linear realization of V can be explicitly constructed. 
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where C is a para l l e l t o t h e rea l ax is ly ing above ail s ingula r i t i es of t h e i n t e -

g r and . ^{z) can be expres sed f o r m a l l y as 

^(2) = ( - jS f - i2 ) - i . (2.14) 

T h e cor respond ing o p e r a t o r s for non - in t e r ac t ing Sys tems wi l l be d e n o t e d 

b y a supersc r ip t ° : 

^"(i!) = e x p ( f i f " ) (2.15) 

a n d 

(z) = ( _ ^ o _ (2.16) 

Le t us n o t e t h e fo l lowing use fu l r e la t ion foUowing f r o m (2.16) : 

iC0^»(2) = - 1 - izâiO(z). (2.17) 

I t was shown in réf. 5 t h a t t h e réso lven t can be c o n v e n i e n t l y r ep re sen t ed 

as foUowst ; 

00 

^(2) = X ^^{z)[S{z) ^{z) F ] » [V + VS{z) ^0(2) C] 

= i ( F + CM^êV) ^" {VS^W)« {V + VSM^C) 

+ CM^ + CSt^SM^C, (2.18) 

whe re t h e i r reduc ib le évo lu t i on o p e r a t o r S[z) is de f ined b y e i ther of t h e 

fol lowing é q u a t i o n s 

S{z) = i f ' + i f ' C ^ " ( z ) S{z), (2.19) 

S{z) = ^' -\- ë[z) ^0{z) C£(". (2.20) 

Thèse é q u a t i o n s can be so lved b y successive i t é ra t ions . I t is also conven ien t ̂ ) 

to i n t r o d u c e a spécia l n o t a t i o n for t h e fol lowing i m p o r t a n t o p e r a t o r : 

^{z) = S(z) - ^' 

= ^'Cm[z) g(z) = i{z) 0l\z) C^'. (2.21) 

T h e v a c u u m - t o - v a c u u m c o m p o n e n t VSiz) V reduces (in t h e Four i e r re-

p résen ta t ion ) t o t h e we l l -known o p e r a t o r f (2) of P G H . 

W e no te t h a t t h e r i g h t - h a n d side of eq. (2.18) can be r e a r r a n g e d a n d combined 

wi th eqs. (2.11) a n d (2.13) as fo l lows: 

\[t) = (2Tr)-i I àz e - ' ^ ' [ C ^ o + Cé)tH'm^C 
c 

00 

+ 2 ( - i 2 ) - ™ - i {V + Cé«' '^F)(Fjâ?o + VSV)^ 

X ( F - f VS^^C)] î(0). (2.22) 

t The argument z will often not be written out explicitly. 
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[It is easily verif ied t h a t th is funct ion indeed satisfies the Liouville équat ion 

(2.1)]. Th i s f o r m has t h e advan t age of exhibi t ing clearly t h e same kind of 

s ingulari t ies as the corresponding expression for the homogeneous Systems; 

the only dif férence is in the replacement of W{z) = VS^z) V by V^'^ + VS'{z)V 

in the r i gh t -hand side. W e can therefore proceed jus t as in P G H to define 

an a s y m p t o t i c évolut ion opera tor I(t) t . 

W e assume that the operators 

VS{z) V, VS{z) âl0{z) C, C3i0{z) S{z) V, 

Cm^iz), C!MO(z) ^{z) m^{z) C 

are regular functions of z in the neighbourhood of z — 0. (2.23) 

Thèse basic a s sumpt ions have been discussed extensively in the l i teraturc. 

T h e y represent a restr ict ion bo th on the in terac t ion poten t ia l (or and 

on t h e ini t ial condi t ion f (0) on which thèse opera tors u l t ima te ly act . Al though 

no s imple gênerai cri terion can be found a t présent , it has been checked on 

simple b u t i m p o r t a n t examples t ha t thèse proper t ies are indeed satisfied in 

t h e problems of in teres t in s ta t is t ical mechanics . W e shall not fu r the r 

c o m m e n t on th i s subjec t . 

We now define t he " a s y m p t o t i c " pa r t of the d is t r ibut ion funct ion, ]{t), 

a n d t h e " a s y m p t o t i c " évolut ion opera tor l{t), t h rough t h e residue a t 2 = 0 

of the i n t eg rand in eq. (2.22) * : 

]{t) = m f(0), (2.24) 

wi th 
o o 

I{t) = lim S («!)"^ [i + S)" [V + CMO(z) S(z] V] 

X [ F i f o + VS{z) F]» [V + Vé'{z) ^0(2) C]. (2.25) 

In the l imit z -^0 (here and in ail subséquent équat ions) , z is supposed to 

approach the real axis f r o m above. The abbrev ia t ion d represents the 

opera to r : 

d = i(a/az). (2.26) 

In order to i l lus t ra te the use of the project ion opera to rs we give the ex-

plicit décomposi t ion of t h e opera tor I{t) according to t h e p a t t e r n (2.8), as 

deduced f rom eq. (2.25) 

t We prefer to use the more compact notations E{t). Z{t), f(^), f(i), II, n instead of 
( 0 ) (A) ( 0 ) ( A ) ( 0 ) ( A ) 

the corresponding notations S(t), E(t), f, ^ II, Il of PGH, which are very cumbersome 
in print. 

* This définition impHes the permutation of the n summation with the z intégration. 
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VI{t) F = lim S («!)"^ {i + 3)" {^^^ + VêV)^, (2.27) 

o o 

VI{t) C = l im S + 3)» ( F i f » + F ^ F ) » F ^ ^ ^ C , (2.28) 

o o 

C I ( 0 F = lim ^ («! ) - i (̂  + a)» C ^ o ^ F ( F i f » + F # F ) « , (2.29) 

z-*Q >i = 0 
o o 

C I ( 0 c = lim S («!)"^ + o)" C/^?",?F (Fi?» + F ^ F ) » F ^ ^ O C . (2.30) 

Thèse expressions correspond t o t h e four operators a r ranged in a 2 x 2 

m a t r i x form in P G H . The single expression (2.25) is therefore precisely 

équ iva len t to the la t te r ma t r i x . 

W e novv define the " i n c o h é r e n t " p a r t \[t) s imply as t h e remainder a f t e r 

subtract ioi i of \{t) f rom t h e complè te distr ibution func t ion : 

\{t) = î{t) f(0) = \o^{t) - I{t)] f(0) (2.31) 

The main resuit of the présent p a r a g r a p h is in the décomposi t ion of the 

p ropaga to r ^{t) of the Liouville équa t ion , 

%{t) = E(t) + î{t), (2.32) 

and in the corresponding décomposi t ion of f(<), 

m = W) + f(f). (2.33) 

Let us conclude this p a r a g r a p h by not ing t ha t , in the présent dér iva t ion , 

extens ive use was m a d e of the (one-sided) Laplace- t ransformat ion techn ique . 

This implies t ha t I(t) a n d î{t) h a v e been obtained for posit ive va lues of 

t h e t ime. F r o m here on we shall extend thèse expressions and define Z(t) 

[resp. î{t)] as being the r i gh t -hand side of eq. (2.25) [resp. (2.31)] for ail 

values of the time, posit ive, zéro or négat ive, — oo < i < + oo. This ex-

tension is a very i m p o r t a n t s t ep in t h e theory, which allows us to fu l ly 

inves t iga te the proper t ies of thèse operators . 

3. Corrélation and vacuum parts of I{t). The first, very i m p o r t a n t p r o p e r t y 

of I[t) is t he simple relat ion exis t ing between its v a c u u m a n d corréla t ion 

pa r t s . T h a t such a link should exist could be expected a l ready f r o m t h e 

s imilar i ty of the r ight sides of eqs. (2.27)-(2.30). 

The explicit form, however , does not look very simple because of t h e 

présence of the d i f ferent ia l ope ra to r s djdz. On the con t ra ry , the re la t ion 

becomes ext remely t r a n s p a r e n t if we go over to a représenta t ion as a f u n c t i o n 

of t ime (rather than of the Lap lace variable 2). I t t u rn s out t h a t m a n y 

expressions t ake a m u c h s impler f o r m in the t ime formal ism. 
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I t is a s imple m a t t e r t o show (see a p p e n d i x 1) t h a t : 

o o 

Cl{t) = I d r C<ë{T) Vl{t~T), (3.1) 
0 

where t h e "création operator" C^[T) V is d e f i n e d as 

C'^(T) V = 1 dr ' C%0{T - T') S{r') V, (3.2) 

0 

w i t h t 

S-{t) = (2TC)-I J dz e - ' ^ ' ^(Z). (3.3) 

c 

E q u a t i o n (3.1) is e x t r e m e l y s imple a n d c o m p a c t * . I t shows t h a t t h e corré-

la t ion p a r t CZ{t) can be re la ted to t h e v a c u u m p a r t Vl{t) t h r o u g h a " k i n d 

o f " c o n v o l u t i o n p r o d u c t wi th the c réa t ion o p e r a t o r * [a t r u e convo lu t ion 

p r o d u c t w o u l d involve t r a t h e r t h a n oo as t h e u p p e r b o u n d of i n t é g r a t i o n 

in (3.1)]. O n e shou ld ac tua l ly t h i n k of (3.1) a.s a. couple of équa t ions , i nvo lv ing 

Cl(t) V a n d Cl(t) C: 

oo 

Cl{t) F = J dr C^{T) Vl(t - T) V, (3.4) 

0 

oo 

Cl{t) C = J dr C^{T) Vl(t - T) C . (3.5) 
0 

I n t h i s f o r m , we see t h a t two of t h e fou r c o m p o n e n t s in t h e décompos i t i on 

(2.8) of I{t) can be expressed in t e r m s of t h e t w o o thers . Le t us f ina l ly n o t e 

t h a t , c o m b i n i n g eqs. (3.1) a n d (2.24) we o b t a i n : 

oo 

q{t) =\drC^{r)Vm-r). (3.6) 
0 

T h i s f u n d a m e n t a l é q u a t i o n shows t h a t t h e cor ré la t ion c o m p o n e n t is f u n c -

t i ona l ly r e l a t e d t o t h e v a c u u m . Hence , t h e | c o m p o n e n t of t h e d i s t r i b u t i o n 

f u n c t i o n a u t o m a t i c a l l y sat isf ies a gene ra l i zed f o r m of t h e Bogo l iubov 

a n s a t z ^). 

I t is e a s y t o p r o v e t h e exis tence of a n o t h e r , i n d e p e n d e n t re la t ion , s y m -

m e t r i c a l t o (3.1) : 

o o 

I{t) c = j dr I(< - T) VSl{r) C, (3.7) 
0 

t No confusion should arise from the use of the same symbol (a for é'{t) and its 
Laplace transform é'{z). The particular variable involved will either be explicitly 
indicated, or will be clear from the context. 

* Eq. (3.1) does not appear in PGH; however, a similar relation was dcrived by 
BausS). 

* We note that C'g'(T) V is identical with the Laplace transform of the operator 'g'(z) 
of réf. 3. It should not be mistaken with the operator C of réf. 3, which is much more 
complicated. The latter operator will appear below [see eq. (4.20)]. 
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where the "destruction fragment" VSI{T) C is def ined as 

F^(T ) C = \dr' VS{r') ^^[r - r') C. (3.8) 
u 

E q u a t i o n (3.7) mus t again be i n t e rp re t ed as a couple of équat ions , hke 

(3 .4)-(3 .5). Combining thèse four équa t ions (of which only three a re in-

dependent ) we immedia te ly see t h a t the only independent component in the 

décomposi t ion (2.8) of I[t) is VE{t) V. The th ree o ther components can be 

re la ted funct ional ly to t h e former . 

I t is now easily seen [the dér iva t ion is qu i te paral lel to t h a t of eq. (3.1)] 

t h a t th is un ique independent c o m p o n e n t obeys a r emarkab le di f ferent ia l 

équa t ion : 

dtVl{t) V = F ( i f o + i f ' ) VI{t) F + J dr F^(T) VI{t - r) V, (3.9) 
0 

where ^{T) is the inverse Laplace t r a n s f o r m of the opera tor ^{z) def ined in 

(2.21). 

I t follows f rom the previous discussion t h a t the solution of this équation, 

with the initial condition 

FI(0) F = lim 5 {n\)-^ ( F i f » + F#(2) F)», (3.10) 

completely détermines the operator I(t). 

As a conséquence of (3.9), (2.24) a n d (3.7) we dérive the équat ion obeyed 

b y t h e v a c u u m component of ^t] : 

o o 

SjFf(^) = F( i fO + i f ' ) Ff(f) + J dr F^(r) VJ{t - T). (3.11) 
0 

This équa t ion has to be solved wi th t h e ini t ial condit ion : 

Ff(0) = [FI(0) V + VliO) C] f(0). (3.12) 

The solut ion of th is problem comple te ly dé te rmines [ through eq. (3.6)] the 

^t) c o m p o n e n t of t h e d is t r ibut ion func t ion . 

E q u a t i o n (3.11) is identical to t h e well-known asympto t i c évolut ion 

équa t ion der ived by Prigogine and Résibois i") in the homogeneous case and 

by Severne^i ) in the inhomogeneous case; it appeared in the gênerai fo rm 

(3.11) in réf. 5. However , t h e phi losophy of the présent approach (and of P G H ) 

is d i f fé ren t f r o m t h e one of refs. 5, 10, 11. I n s t ead of looking a t eq. (3.11) as 

an approximation valid unde r l imi ted c i rcumstances , it now appears as 

an exact équa t ion obeyed b y a part of the d is t r ibut ion func t ion , viz. f(<). 

The c o m p l e m e n t a r y par t , |(<), is no longer neglected, bu t r a the r s tudied 

separa te ly . 
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L e t us f inal ly no te t h a t t he ope ra to r VS{t) V also obeys a n o t h e r équa t ion 

s y m m e t r i c to (3.9) : 
o o 

dtVI{t) V = VZ{t) F ( i f ' ' + £^')V + ^dr VX{t - T) F^(T) V. (3.13) 
0 

T h e proof is t h e s ame as for (3.9). This équa t ion vvill be usefu l in t h e n e x t 

sect ion. 

4. Réduction of the kinetic équation. I n P G H it was shown (for homogeneous 

S y s t e m s ) t h a t t h e in tegro-d i f fe ren t ia l équa t ion (3.9) ha s a r e m a r k a b l e 

e x p o n e n t i a l solut ion. W e shal l déno t e it as fol lows: 

Vl{t) V = [exp{VrVt}] VZ{0) V, (4.1) 

w h e r e VFV is a t ime - independen t ope ra to r , h a v i n g only a. V-V c o m p o n e n t 

in t h e r ep ré sen ta t i on (2.8) ^. I t t h e n follows t h a t VI{t) V obeys t h e d i f fe r -

en t i a l é q u a t i o n (in t ime) : 

dtVx{t) V = vrvi(t) V, (4.2) 

a n d cor responding ly , t he v a c u u m p a r t of J{t) obeys 

a«Ff(/) = vrv^t). (4.3) 

Th i s is t h e basic gênerai kinetic équation obeyed by F|(<). S imple p a r t i c u l a r 

cases a r e t he B o l t z m a n n é q u a t i o n for d i lu te gases, t he weak-coupl ing L a n d a u 

é q u a t i o n , etc. Some of t h e s imple examples a re worked ou t in réf. 6. 

I n o rde r to d é t e r m i n e the f o r m of t h e ope ra to r VFV, we s u b s t i t u t e (4.1) 

i n t o (3.9) a n d ob ta in the fol lowing in tégra l é q u a t i o n 5 ' ^ ) : 

o o 

VrV = V{£e» + ^')V + ^dr V<S{r) V e x p ( - T F r F ) . (4.4) 
0 

I n o rde r to solve th is nonl inear équa t ion , some i té ra t ive p rocédure m u s t be 

used. B y e x p a n d i n g the e x p o n e n t i a l in t h e in t eg rand of (4.4), as a power 

séries in T, Baus^) ob ta ined t h e f u n c t i o n a l re la t ion 

VrV = l im 2 (« ! ) - i [3«(FjSf' ' + VSV)]{VrV)». (4.5) 
2->0 n = 0 

B a u s showed t h a t eq. (4.5) g ives t h e s a m e resui t as a m o r e compl i ca t ed 

r écu r rence re la t ion der ived earl ier b y Pr igogine and Rés ibo is i " ) (in t h e 

h o m o g e n e o u s case) a n d b y Severne i^ ) for inhomogeneous Systems. T h e 

so lu t ion of eq. (4.5) c a n n o t be w r i t t e n in a gênerai f o r m : each successive 

t The operator VFV is denoted by X2Ï̂  in PGH, and by K in réf. 5. We prefer not to 
use the PGH notation ÛW hecause in the gênerai inhomogeneous case this operator is 
not necessarily factorizable. 
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i té ra t ion mus t be worked ou t separa te ly . In t roduc ing t h e abbrev ia t ion 

îF(z) = Vse^ + VS[z) V t h e f i rs t few t e rms appear to b e : 

VrV ^ Q^{0) 

= [1 + �P'(O) + W"{0) 9{0) + 9'{0) r ( O ) + ...] '^'(0), (4.6) 

(where =d^, ...). Besides t h e impossibihty of wri t ing ou t the gênera i 

t e rm, this équat ion has ano the r , m a j o r d i sadvan tage when appl ied to 

inhomogeneous Systems (Fi?" ̂̂ ^̂  0). If we want to wri te d o w n the s implest 

weak-coupling équat ion , we e x p a n d ^{z) in powers of t h e coupling pa ra -

me te r through order 2. Then 

and , subs t i tu t ing in to (4.6) we ob ta in , t o second order : 

F r [ 2 l F = F ^ o + V^'V + F^[2](o) V 

+ F^[2]'(o) V^o + iF^[2]"(0) F^OFifO + . . . . (4.7) 

Hence, even for a weakly coupled gas, t he kinetic opera tor is expressed as an 

infinité séries of t e rms of the s a m e order. W h a t is worse is t h a t we do no t 

even know the torm of the gênera i t e rm in this séries, so we canno t sum it . 

[Note t ha t th is d i f f icul ty does no t exist for homogeneous Systems [see (2.10)] ; 

only the th i rd t e rm in the r ight s ide of eq. (4.7) subsists in t h a t case]. Hence 

eq. (4.6) cannot be consis tent ly appl ied to the dér ivat ion of k inet ic équa t ions 

for inhomogeneous Systems. 

We now show t h a t a d i f fé ren t i t é ra t ion procédure can be appl ied for the 

solution of eq. (4.4). In this way we shall be able to express VFV in a f o r m 

which has none of the two prev ious d isadvantages : 

a) the gênerai t e rm in t h e séries can be wri t ten down explici t ly ; 

b) only a f ini te n u m b e r of t e r m s appears in any order of an expans ion 

in powers of the coupling p a r a m e t e r . 

The zeroth-order a p p r o x i m a t i o n is t aken as 

F r W F = F ( ^ o + se') V. (4.8) 

The corresponding exponen t i a t ed opera tor is then clearly t h e propagation 

of the Vlassov équation, which we déno te by V'W(t) V: 

exp[iF(j5?o + i f ' ) F ] ^ Vê{t) V. (4.9) 

Subs t i t u t ing th is expression in to t h e intégral of eq. (4.4) we ob ta in t h e f i rs t 

app rox ima t ion : 
o o 

VrwV = V{^» + ^ ' ) F + J dT2F^(T2) F - f ( -T2) F . (4.10) 
0 

To go fu r the r , we calcula te t h e exponen t i a t ed form of this opera tor , using 
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t h e well-knovvn i d e n t i t y 

e<u + ii) _ ^lA é'-'^-'B e''<^ + '">. (4.11) 

0 

Call ing A a n d B r espec t ive ly t h e f irs t a n d second t e rn i of the r i g h t - h a n d side 

of (4.10), we ge t , t o f i rs t o rder (one single 'S fac tor ) : 

[ exp(^FrF) ]< i ) = Vêlt) V 

t o o 

+ J àQVoT([t -e)V \ àr-iVSiT.z) V<i[-~Tt) Vê{0) V. (4.12) 

0 0 

W i t h t h i s r e su i t t h e second i t é ra t ion of (4.4) t a k e s t h e f o r m 

oo 

F r ( 2 ) F = F( i fO + i f ' ) V + | d T 2 F ^ ( T 2 ) F ' i ( - T 2 ) V 
0 

o o oo — T2 

+ j dT2 j dT4 \ dT3F^(T2) F < # ( - T 2 - T3) F^(T4) F'̂ * (̂T3 - T4). 
u 0 0 

(4.13) 

Th i s i t é r a t i o n process can be c o n t i n u e d s y s t e m a t i c a l l y in t h e s ame way . 

O n e will soon be conv inced t h a t t h e success ive t e r m s h a v e a ve ry regular 

s t r u c t u r e . T h e complè t e f o r m a i solut ion can t h e r e f o r e be w r i t t e n as : 

vrv =^ v{^^ + V + ^vrnV, (4. i4) 

w i th 
o o o o o o T l — T 2 T3 — T 4 T 2 n - 3 — T 2 n - 2 

VFnV = j dT2 J dT4 ... J dT2ra J d ra | d ra . . . | dT2rj-l 
0 0 0 0 0 0 

X F ^ ( T 2 ) Vq({Tl - T2 - Tz) F ^ ( T 4 ) V'i[TZ - T4 - T5) 

X F^(T6) F . . . F # ( T 2 „ - 3 - T2„-2 - T2„-l) 

X F^(T2„) F ^ ( T 2 „ - 1 - T2„ - T2„ + l) F , (4.15) 

where o n e h a s t o set r\ = T2n+i = 0. W e p re f e r r ed t o wr i t e thèse t w o 

spu r ious va r i ab l e s in (4.16) in order to e n h a n c e t h e bas ic r egu la r i t y in t h e 

l imi t s of i n t é g r a t i o n of t h e odd T/S a n d in t h e o rde r of succession of t h e 

a r g u m e n t s of t h e <^ fac to rs . W e h a v e t h u s a c h i e v e d ou r f i rs t goal of de r iv ing 

a fu l ly e x p h c i t express ion for VFV. 

If we n o w cons ider aga in t h e e x a m p l e of a w e a k l y coup led s y s t e m , as in 

(4.7), we o b t a i n f r o m (4.14)-(4.15), t o second order in X: 

F r [ 2 1 F = F(jSfO + Se')V -\- fdT2F^[21(T2) F '^< ' ( -T2) F . (4.16) 
0 

H e n c e t h e in f in i t é séries in eq. (4.7) a p p e a r s he re a u t o m a t i c a l l y s u m m e d 

in closed f o r m . Th i s is an appréc iab le a d v a n t a g e , especia l ly in h igher orders . 
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T o show t h a t our é q u a t i o n s (4.14)-(4.15) reduce to the P G H express ion 

(4.6) in t h e homogeneous case (2.10), we n o t e t h a t for such Systems 

V%(t) F = F, ( homogeneous Systems) . (4-17) 

H e n c e , t h e f irs t few t e r m s of (4.15) a re 

VrV = fdT2F^(T2) V 
0 

o o o o — T 2 

+ J dT2 J d T 4 j d T 3 V<^{T2) V<S{Ti) V 

0 0 u 
o o o o o o — T2 T 3 — T 4 

+ J dT2 \ dT4 j d re \ dT3 J dr.^ F^(T2) F^(T4) F^(T6) + ... 

(I 0 u (I (I 
o o o o o o 

= J dT2 F^^(T2) F + I dT2 ( - T 2 ) F^(T2) F I dT4F^(T4) F 
0 (I (I 
o o o o 

+ J d T 2 j d T 4 ( i T | + T 2 T 4 ) F^(T2) F^(T4) F 
(I (1 

X fdT6F^(T6) F + ... = T{0) + 'f"(0) 'P(O) 
0 

+ \W{0) W{0) W{0) + W{Q) W{0) W{0) + (4.18) 

in a g r e e m e n t wi th (4.7). [ In t h e las t s t ep , use was m a d e of eq. (A. 1.3) of 

a p p e n d i x 1 a n d of t h e fac t , a l r e a d y m e n t i o n e d a f t e r eq. (2.21), t h a t 

in t h e h o m o g e n e o u s case]. 

I t is n o w easy to see t h a t t h e r e p r é s e n t a t i o n (4.1) of o p e r a t o r Vl[t) V 

al lows us t o t r a n s f o r m t h c co r ré l a t ion c o m p o n e n t (3.1) i n to a d i f f é r e n t , 

r e m a r k a b l e f o r m + : 

Cl{t) = J ArC<ë{T) F [ exp ( / - T) F F F ] Vl{0) 
0 

a n d h e n c e 

Cl[t) = CCVI{t), (4.19) 

w i t h 
o o 

C C F = I àrC^{r) V e x p ( - T F r F ) . (4.20) 
0 

E q . (4.19) re la tes t h e co r ré l a t ion c o m p o n e n t s Cl{t) t o t h e v a c u u m com-

p o n e n t s VT{t) e v a l u a t e d a t t h e same time t h r o u g h t h e ac t ion of t h e t i m e -

i n d e p e n d e n t o p e r a t o r CCF. I t is t h e genera l i za t ion t o i n h o m o g e n e o u s 

t It is not difficult to show that eq. (4.1) also holds for the component VS(t)C. 
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Systems of a re la t ion due to P G H . E q u a t i o n (4.20) is, however , m u c h more 

c o m p a c t t h a n t h e cor responding express ion der ived by C. George 3). T h e 

fo rmer r educes to t he l a t t e r for h o m o g e n e o u s Systems, u p o n expans ion of 

t h e e x p o n e n t i a l as a power séries in T, a n d use of eq. (A. 1.3). 

A c t u a l l y , b y us ing the expans ion of t h e exponen t i a l in t h e s a m e w a y as 

above , w e can get an explici t séries expans ion for CCV, which is q u i t e 

u se fu l in p rac t ica l ca lcula t ions . 

CCV = ^CC„V, (4.2i) 
n=l 

w i t h 
o o o o o o T l — T 2 T3 — T 4 T 2 n - 3 — T 2 n - 2 

CCnV = j d T 2 J d T 4 ... J d T 2 » j d T 3 J d T 5 . . . | d T 2 « - i 

0 0 0 0 0 0 

C<ë'(T2) F ' # ( T I - T2 - Ta) F ^ ( T 4 ) V ê (T3 - T4 - Ts) 

X F^(T6) V ... V4({r2n-S — r-2n-2 - T 2 n - l ) 

X V'^{T2n) V4({r2n-1 - T2m — T2«+I) V ; 

T l = T 2 „ + i = 0. (4.22) 

Th i s e x p a n s i o n is closely s imi lar to (4.15); t he only d i f fé rence is in t h e 

r e p l a c e m e n t of t h e f i rs t f ac to r , F^(T2) V, in t he i n t e g r a n d b y t h e fac to r 

C ' ^ (T2) V. 

W e n o w n o t e t h a t t h e ope ra to r VI{t) V also a d m i t s a r ep ré sen ta t i on s l ight ly 

d i f f é r e n t f r o m (4.1); 

VZ{t) V = VX(0) V cxp{tVAV). (4.23) 

T h e o p e r a t o r VAV obeys a n é q u a t i o n de r ived b y s u b s t i t u t i n g (4.23) i n to 

eq. (3.13): 

VAV = V{^o j^^'^v + Jdr expi-rVAV) V^{T) V. (4.24) 
0 

Going t h r o u g h t h e same dé r iva t i on as before , we ob ta in t h e fol lowing 

expl ic i t solut ion 

F ^ F = F ( ^ o + ^ ' ) F + i F J „ F , ( 4 . 2 5 ) 

«= i 

wi th 
o o o o o o T l — T 2 T 3 — T 4 T 2 T I - 3 — T 2 n - 2 

VAnV = \ d T 2 j d T 4 ... j d T 2 m J d T 3 J d T 5 . . . I d T 2 « - l 

0 0 0 0 0 0 

F ' ^ ( — T 2 n + 1 — T2M + T 2 m - l ) F ^ ( T 2 „ ) F 

X <#(—T2re-1 — T2ra-2 + T2m-3) F ^ ( T 2 « - 2 ) F 

. . . F ^ ( T 6 ) F ^ ( - T 5 - T4 + T3) F ^ ( T 4 ) F 

X i ( - T 3 - T2 + T l ) F ^ ( T 2 ) F , (4.26) 
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where one sets again t i = T2n+i = 0. One imraediately notes t h e nice 

s y m m e t r y exist ing be tween t h e opera to r s F and A. 

Corabining now eq. (4.23) wi th (3.7) we obta in 

oo 

X{i) C = I d r 1 ( 0 ) exp[ (< - t ) VAV] VS>{T) C 

and hence 

I{t) C = l{t) VDC, (4.27) 

wi th 
o o 

VDC = J d r expi-rVAV) V3I{T) C. (4.28) 
0 

Again, the opera tor VDC can be expanded in the same w a y as the o the r 

opera tors : 

VDC = S VDnC. (4.29) 
n = l 

The gênerai t e rm F D „ C looks exac t ly like VAnC, eq. (4.26), t he only 

différence being the rep lacement of the last fac tor F^(t2) V b y VSI{T2) C. 

Eq . (4.27) complètes t h e f inal r éduc t ion of the four componen t s of I{t) t o 

the single component Vl(t) V. This réduct ion is summar ized b y the foUowing 

relat ions : 

VX{t) C = Vl{t) VDC, (4.30) 

CZ(t) V = CCVE{t) V. (4.31) 

Cl{t) C = CCVEit) VDC, (4.32) 

Vl{t) V = e x p ( < F r F ) VI{0) V = 71(0) V Qxp{tVAV). (4.33) 

I t also follows t h a t t h e corréla t ion componen t C\{t) is re lated to the v a c u u m 

component F|(i!) t h rough a t ime- independen t func t iona l : 

C\{t) = CCV\[t). (4.34) 

Thèse relat ions complete ly charac ter ize the I{t) p a r t of t h e p ropaga to r 

and the ^[t) par t of the d i s t r ibu t ion funct ion. They m a y be t aken as a 

définition of thèse concepts . 

S. Group properties of I{t) and of t(t). We now establish a cer ta in n u m b e r 

of global proper t ies of the ope ra to r I{t). In this context a ve ry spécial rôle 

is p layed by the opera tors I'(O) a n d î (0 ) ; we shall therefore déno te t h e m b y 

par t icu la r symbols : 

i{0) s n, î{0) ^ n. (5.1) 
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T w o f u n d a m e n t a l t h e o r e m s are a t t he basis of th i s t heo ry . The f irs t one 

States t h a t /7 is an idempotent operator: 

= n. (5.2) 

Th i s p r o p e r t y was c o n j e c t u r e d by Haubo ld , t hen p roved b y a qu i t e involved 

p e r t u r b a t i o n a l m e t h o d b y T u r n e r 12). Recen t ly , a v e r y s t r a i g h t f o r w a r d and 

s imple proof h a s been given b y George His proof only needs t r iv ia l 

changes t o be car r ied over to t he gênera i case t r e a t e d here (see append ix 2). 

T h e second f u n d a m e n t a l t heo rem gives t h e intrinsic relation between the 

Liouville propagator 1l{t) and the operator I{t) : 

i{t) ='^[t)n = n^{t). (5.3) 

As a p a r t i c u l a r case, we ob ta in f rom a cons idéra t ion of inf in i tés imal t ime 

t r a n s l a t i o n s : 

J5?77 = nse. (5.4) 

Th i s t h e o r e m was c o n j e c t u r e d b y T u r n e r a n d Clavin, a n d t hen proved in 

réf. 15. A s impler a n d more gênerai proof is given in a p p e n d i x 3. 

W e n o w deve lop t h e conséquences of thèse t w o theorems . T h e f irs t 

i m p o r t a n t p r o p e r t y is t h e foUowing: I{t) is a représentation of the one-para-

meter continuons group of translations, i.e. 

I{ti) E{t2) = I{ti + t2), V ti, t2 ^ 0, (5.5) 

I{t) n = ni{t) = I{t), V t, (5.6) 

E{t) I { - t ) = I ( f ) = 77. (5.7) 

T h e g r o u p p rope r t i e s (5.5)-(5.7) a p p e a r n o w as a lmos t t r iv ia l consé-

quences of t h e re la t ions (5.3) a n d (5.4). I ndeed , we k n o w t h a t %{t) is a 

r e p r é s e n t a t i o n of t h e g r o u p of t r ans la t ions , in wh ich t h e un i t é lément is t h e 

i d e n t i t y t r a n s f o r m a t i o n : -^{O) = 7, i.e. 

'^{h) = ^ ( ^ 1 + h), (5.8) 

m{t) 1 = m{t) = <?/(/), (5.9) 

qi{t) m{~t) = %{-t) <^{t) = 7. (5.10) 

A p p l y i n g n o w eqs. (5.2), (5.3) we easily o b t a i n : 

i{ti) i{t2) = '^{ti) n^{t2) n = ^(ti) '^{ti) 772 

=^{ti + <2) 77 = X{ti + t2). 

E q s . (5.6) a n d (5.7) a r e p roved in t h e s a m e e l e m e n t a r y w a y . 

I n t h e P G H t h e o r y , I{t) was only shown t o h a v e t h e semi-group property, 

i.e. p r o p e r t i e s (5.5) a n d (5.6) for positive va lues of t on ly . T h e reason for th i s 

a p p a r e n t res t r i c t ion is t he ex tens ive use m a d e in t h e P G H theory of t h e 



T H E TIME-EVOLUTION PROCESS IN MANY-BODY SYSTEMS 493 

Laplace t r ans fo rma t ion method . I n our fo rmula t ion (which reduces to 

P G H for homogeneous Systems) i t is clear f rom the very first steps, t h a t 

an extens ion of the définit ion (2.22) to ^ < 0 is not only na tu r a l bu t abso-

lutely necessary. Actual ly , we m a y a d o p t eqs. (4.30)-(4.33) as an équivalent 

déf in i t ion of I{t). ï h i s définit ion, comple t ed by eqs. (4.15) and (4.16) m a k e s 

no more a n y use of the Laplace t r a n s f o r m a t i o n . I t clearly has a mean ing 

only if ail t h e opera tors are def ined for ail values of t, positive and néga t ive . 

I t is the re fore qui te gra t i fy ing t h a t the P G H semi-group can be na tu r a l l y 

ex t ended in to a group if thèse déf in i t ions are used. This extension is p a r t i -

cular ly i m p o r t a n t in a relativist ic t h e o r y . 

The pecul iar fea ture of the représen ta t ion Z{t) of the group of t rans la t ions 

is in the fac t t ha t the uni t é lément II of the group does not correspond to t h e 

i den t i t y t r ans fo rma t ion / [as h a p p e n s in t h e représenta t ion '^{t)]. I t t h e n 

follows f r o m the g roup axioms t h a t II m u s t be an idempotent operator, i.e. 

it m u s t sa t i s fy eq. (5.2). For this reason II can be called a projector (a l though 

the warn ing in the footnote of p. 479 a p p l i e s t o / 7 as well). Combining eqs. 

(2.32) (for t = 0) and (5.2) we can easi ly see t h a t the operators 77, n p rov ide 

a décomposi t ion of the ident i ty , h a v i n g the following propert ies : 

77 + 77 = / (5.1 1) 

772 = 77 , 772=177, (5.12) 

7777 = TÎn = 0. (5.13) 

The analogy between thèse équa t ions a n d (2.4)-(2.6) is striking. The ana logy 

goes even f u r t h e r if we compare eqs. (5.4) a n d (2.7). We have in t roduced a t 

th is s tage two dif férent Systems of p ro jec tors act ing on the d is t r ibut ion 

func t ion space. I t is interest ing to n o t e t h a t thèse two Systems of pro jec tors 

merge in to each other as the in te rac t ion s t r eng th goes to zéro: 

n -^V, n (no in terac t ions) . (5.14) 

This is easily seen f rom eq. (2.25), no t ing t h a t S(z) = 0 when i f ' = 0 

[see eq. (2.19)]. 

I t is now an e lementary m a t t e r t o show t h a t î{t) has qui te similar g r o u p 

proper t ies as I{t). Indeed , f rom eqs. (2.32), (5.3) and (5.11) we obta in 

î{t) = ^{t) n = n^(t). (5.15) 

This re la t ion, together wi th (5.12) t h e n yields ano ther représentat ion of t h e 

one -pa rame te r group of t r ans la t ions : 

î{h)î(t.2) ^î{h + h). (5.16) 

î{() n = nî[t) = î{t). (5.17) 

È { t ) î { - t ) = n . (5.18) 
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Fina l ly , combining eqs. (5.3), (5.15) and (5.13) we obta in 

I{h) Î{t2) = îih) I{h) = 0. (5.19) 

T h e décomposit ion (5.11) def ines a séparat ion of the space of d is t r ibut ion 

f u n c t i o n s into two subspaces. A n y élément of this space can therefore be 

spl i t i n t o two components by m e a n s of the project ions /J, JÎ. Let us consider 

a n a r b i t r a r y élément f(0) of th is space, represent ing the s t a t e of the System 

a t s o m e fixed t ime which m a y be called t = 0. We then have the décomposi-

t ion 

f(0) = n f ( 0 ) + nf (0) . (5.20) 

U n d e r the effect of the mot ion , t h e é lément f (0) is t r ans fo rmed in to ano the r 

é lément of the func t iona l space, f(<) = '^(t) f(0). In o ther words '%{t) is a 

g r o u p of au tomorphisms , t r ans fo rming the space of d is t r ibut ion func t ions 

in to itself. Spl i t t ing now f(^) in to /7 and JI components , we ob ta in 

m = n\{t) + h\(t) = n'Wit) f(0) + h^{t) f(0). (5.21 ) 

I t t h e n first follows f rom (5.3) and (5.15) t ha t in the décomposi t ion (2.33), 

we m a y ident i fy 

f(^) = nm. = nm- (5-22) 

I n o t h e r words, we m a y now def ine the components ^t), |(<) b y m e a n s of a 

time-independent projection operaior ac t ing on the d is t r ibut ion func t ion 

e v a l u a t e d a t the same time t. This is to be con t ras ted to our ini t ial déf ini t ions 

(2.24), (2.31) in t e rms of t ime-dependen t opera tors X{t), î{t) ac t ing on the 

f u n c t i o n f a t t ime 0. The new poin t of view (5.22) gives an intr insic geometr i -

cal m e a n i n g to t h e décomposi t ion. 

More impor t an t still is t h e following o the r conséquence of (5.3) a n d (5.15) : 

n\{t) = ^{t) nf (0) , (5.23) 

nm = ^ ( 0 nm- (5-24) 

Thèse équat ions mean t h a t the func t ion n^{t) is t h e resuit of t h e exact t ime 

évolu t ion of /7f(0) [a similar s t a t e m e n t holds for n^{t)]. As t ime proceeds, 

t he r e is no mixing between t h e two componen t s ; they evolve independen t ly 

of each other . In o ther words , t h e subspaces { / ï f} and {n f } are invariant 

manifolds under the mo t ion ; t hey t r ans fo rm in to themselves unde r t h e 

a u t o m o r p h i s m s ^[t) of the complè te space {f}. We can fo rmula t e th is p r o p e r t y 

in t h e language of g roup theory . F r o m t h e existence of two inva r i an t man i -

fo lds in the "car r ie r space" {f} of t h e représen ta t ion ^(<) of the g roup of t ime 

t r ans la t ions we m a y infer t h a t the représentation '%{t) is reducible. This 

reducibi l i ty p rope r ty of '^{t), va l id even for t h e case of inf ini té Systems of 

in te rac t ing degrees of f reedom, is p e r h a p s the most i m p o r t a n t and highly 

non t r iv ia l f ea tu re of the P G H theory . I t could not be pred ic ted b y a n y 
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e l e m e n t a r y or semi- in tu i t ive a r g u m e n t . I t t h rows a new light on the d e e p 

s t r u c t u r e of t h e évolu t ion process. 

Le t us now c o n c e n t r a t e upon t h e c o m p o n e n t /ïf(<). (The componen t n^(t) 

will be cons idered in sec. 6.) I t fol lows f r o m (5.23) t h a t it obeys t h e fol lowing 

é q u a t i o n 

?itn\(i) = i ? / 7 f ( 0 . (5.25) 

Hence /7t(î) = \{t) is a solut ion of t h e Liouvil le équa t ion . However , t he re is 

an i m p o r t a n t d i f férence be tween (5.25) a n d t h e ini t ia l Liouvil le équa t ion 

(2.1). I n t h e complè te space (f} t h e v a c u u m a n d t h e corré la t ion c o m p o n e n t 

of f a re qu i t e i n d e p e n d e n t func t ions . Th i s is no t so in t he {/7f} subspace , as 

we k n o w t h a t t h e corré la t ion c o m p o n e n t C/7f (<) m u s t be func t iona l ly r e l a t ed 

to t h e v a c u u m Vn^t) t h rough eq . (4.34) at ail limes. Hence eq. (4.34) is a 

conslraint which has to be added t o eq. (5.25) in order to def ine the mo t ion 

Completel}' in t h e subspace {/7f}. T h e only i n d e p e n d e n t p a r t be ing the v a c u u m 

c o m p o n e n t of /7f, we now dérive a n é q u a t i o n for t he l a t t e r , t a k i n g t h e con-

s t r a i n t expl ic i t ly in to account : 

dtVn\{t) = V£en\{t) = v<evn\{t) + V£^cn\{t) 

= V£evn\{t) + v^ccvn\{t), 

or, us ing also eq. (2.7), 

dtvn\[t) = F(i?<' + i f ' ) vn\{t) + v^'ccvn\{t). 

W e the re fo re ob t a ined a closed é q u a t i o n for t he c o m p o n e n t F/7f(ï). Th i s 

é q u a t i o n m u s t be ident ica l wi th eq . (4.3) ; hence we h a v e a new compac t 

express ion for t h e k ine t ic ope ra to r VFV: 

VrV = V{^o ^ ^ ' ) v + V^'CCV. (5.26) 

One should n o t forget however t h a t CCV is itself expressed in t e rms of F ; 

hence (5.26) is real ly an implici t non- l inear équa t ion for F. B y using eqs. 

(4.20). (3.2) a n d (2.21) one easily sees t h a t 

V^'CCV = f d r F ^ ( t ) V exp(-TVrV), (5.27) 

0 

which es tab l i shes t h e équivalence of eqs. (5.26) a n d (4.4). 

6. Properlies of î{t). W e now t u r n our a t t e n t i o n to t h e second p a r t of t h e 

p r o p a g a t o r ^{t) a n d show t h a t it h a s p roper t i es analogous , t hough comple-

m e n t a r y , t o those of I(t). 

Using eqs. (5.13) a n d (4.30) we o b t a i n 

0 = vnn = {vnv + vnc) f i = vnv(V + VDQ f i 
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and therefore (as VnV ^ 0) : 

vn =-vDCn, (6.1) 

similarly 

nv = -nccv. (6.2) 

Using thèse équations together with (5.15) we obtain three relations analogous 

to (4.30)-(4.32) : 

Vî{t) C = -VDCÎ{t) C, (6.3) 

Cî{t) V = ~CÎ{t) CCV, (6.4) 

Vî{t) V = VDCÎ{t) CCV. (6.5) 

Hence, in the décomposition (2.8) of î[t) we can again el iminate three of the 

components in te rms of the four th . However, unlike I{t), t he independent 

component is now the corrélat ion-corrélat ion par t , Cî{t) C. I t also follows 

t h a t t he vacuum par t of \{t) is a funct ional of the corrélation, a s i tuat ion quite 

opposi te to î(i) : 

Ff(<) = - F D C f ( < ) . (6.6) 

This relation was derived (for homogeneous Systems) in P G H , bu t eqs. 

(6.3)-(6.5) do not appear in the la t te r theory. 

To complète the picture, we now show tha t the independent component 

c a n be represented as 

Cî{t) C = e x p ( C i C ) C/7C = CnC e x p ( C f C ) , (6.7) 

in complète analogy with (4.33). To dérive an expression for CAC, we s tar t 

f r o m 

dtCî{t) c = dtC^{t) ne = c^î{t) c 

= csevî{t) c + c^cî{t) c 

= -C£evDcî[t) c + C£ecî{t) c. 

This équat ion can therefore be rewri t ten as 

dtCÎ[t) C = CÀCÎ{t) c (6.8) 

and provides the définit ion of CÀC as : 

CÀC = C ( i f O + ^ ' ) C - C£e'VDC. (6.9) 

This is the generalization of the corresponding équat ion (4.13) of réf. 1, 

where J is denoted b y the let ter i ? . Eq . (6.9) looks qui te similar to (5.25) ; 

however , it is intrinsically much simpler. Indeed, this relation explicitly 

expresses CÂC in te rms of the operator VAV, which has been determined 
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ear l ier ; a n o t h e r é q u i v a l e n t f o r m , ana logous to eq. (4.4) i s : 

oo 

CÂC = C ( i f O + £(")C - ^drCSCV exp{-TVAV) V^{T) C. ( 6 . 1 0 ) 

0 

Using t h e m e t h o d s of sec. 4, i t is a ve ry easy m a t t e r t o e x p a n d t h e ex-

p o n e n t i a l in th i s é q u a t i o n a n d o b t a i n an expUcit e x p a n s i o n fo r the o p e r a t o r 

CÂC: 
o o 

CÂC = C(ifO + ^ ' ) C - S CÂnC, (6.11) 
n = l 

w i t h 
o o o o o o T l — T a T3 — T 4 T a n - 3 — T 2 n - 2 

CdreC = j dT2 j dT4 . . . J dT2m j dra j dT5 ... j dT2n-l 
0 0 0 0 0 0 

— T2n+1 — T2re + T-in-l) V^{r2n) V 

X € ( - T 2 „ - l - T 2 „ - 2 + T2„-3) F ^ ( t 2 „ - 2 ) V ...V<S ( t s ) V 

X ( - T 5 - T4 + T3) F ^ ( t 4 ) F'%^(-T3 - T2 - Tl) F ^ ( t 2 ) C. 

(6.12) 

In an exac t l y ana logous f a sh ion it is shovvn t h a t t h e r i g h t - h a n d o p e r a t o r 

CrC of eq. (6.7) is r e l a t e d t o t h e o p e r a t o r VFV t h r o u g h t h e é q u a t i o n 

C f C = C ( i f " + i f ' ) C - f d T C ' ^ ( T ) V e x p ( - T F r F ) VSe'C, (6.13) 
0 

which h a s t h e so lu t ion 

o o 

C f C = C(JÏ'0 + ^ ' ) C - S C f „ C , ( 6 . 1 4 ) 

» i = i 

wi th 
o o o o 

CFTOC = J dT2 j dT4 
0 0 

o o T l — T 2 T3 — T 4 T a n - 3 — T 2 n - 2 

... l dT2n j d r s J d r s . . . J dT2re-l 
0 0 0 0 

C^{T2) F # ( t i - T2 - T3) F ^ ( t 4 ) F ' ^ ( t 3 - T4 - Ts) 

X F ^ ( t 6 ) F . . . F - f ( t 2 » - 3 - T 2 „ - 2 - T 2 „ - l ) 

X V'S[r2n) F ^ ( t 2 » - i - T2„ - T2„+i) F i f ' C . ( 6 . 1 5 ) 

I t is h a r d l y neces sa ry t o s t ress t h e close s imi la r i ty b e t w e e n eqs. (6.12) 

a n d (6.15) a n d t h e c o r r e s p o n d i n g eqs . (4.26) a n d (4.15). T h e on ly d i f fé rence 

be tween c o r r e s p o n d i n g é q u a t i o n s is in t h e t e r m i n a l f a c t o r s of t h e i n t e g r a n d : 

r ep l acemen t of a f a c t o r F^( t2) F b y a f a c t o r F®(t2) C (resp. C '^(t2) F ) a n d 

a d j u n c t i o n of a f a c t o r C i f ' F (resp. V^'C) a t t h e o t h e r e n d . E v e r y t h i n g 

else is ident ica l . Th i s b e a u t i f u l s y m m e t r y be tween t h e Tl a n d h subspaces is 

c lear ly e n h a n c e d in t h e p r é s e n t f o r m u l a t i o n . 
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7. Equilibrium properttes. We now show t h a t the equihb i iun i dis t r ibut ion 

func t ion has very r emarkab le propert ies in connect ion wi th the Il-n 

concept . 

An equilibrium distribution function fe will be very broad ly def ined as a 

s t a t i ona ry solut ion of the Liouville équat ion (2.1): 

i ? f e = 0 . (7.1) 

This équa t ion can also be wr i t t en [see (2.2) and (2.4)] as 

i f o fe + ^'VU + ^'CU = 0. (7.2) 

We now eva lua t e the func t ion ^(z) Ffe; using eq. (2.20), then (7.2) a n d 

f inal ly (2.17) we ob ta in 

= - i f O f e - ^ ' C f e - SCiMO^% - é'Câl"£f"CU 

= - ^ " f e - ^ ' C f e + SCU + izS'St^C]^ - scu + ^ ' c u 

hence 

S{z) F f e = - i f O f e + izS[z) ^0 (2 ) Cfe. (7.3) 

F r o m this équa t ion we ob ta in a f irst impor t an t resuit by project ing bo th 

sides on the v a c u u m a n d t ak ing the limit 2 ^ 0 : 

l im VS{z) Ffe 

= -F jà fo fe + lim(i2) VS{z) M^{z) Cfe = - F i f O f e , 

where the regular i ty a s sumpt ion (2.23) has been used. W e t h u s obta in 

[ F i f o + lim Vê{z) F] Ffe = 0. (7.4) 
«->o 

This is the general ized form of the P G H resu i t : W(0) po(Ho) = 0. I t is 

t r ans l a t ed in to t ime-dependen t opera tors as follows [see eq. (A. 1.3)] 

o o 

V{^o + vu + j d r F ^ ( t ) Ffe = 0. (7.5) 
0 

A second i m p o r t a n t l e m m a is obta ined f rom (7.2) by mul t ip ly ing bo th 

sides b y Câi^lz) : 

C ^ o ^ F f e = -C^OifOfe + iz Cm^SCM% 

= Cfe + \Z Câî% + iz C^Oif^OCfe, 

where we used (2.17). F r o m (2.23), it follows t h a t 

l i m C ^ o ( 2 ) ^(2) VU = Cfe . (7 .6) 
a-*0 



T H E TIME-EVOLUTION PROCESS IN MANY-BODY SYSTEMS 499 

This équat ion is équiva len t [see (3.2)] to 

Cfe = f d r C^(T) VU- (7.7) 
0 

Recalling t h a t fe is a t ime- independen t funct ion , \ve see t h a t t h e corrélation 

and vacuum pa r t s of fe are re la ted to each o ther as the corresponding 

components of an | func t ion , see eq. (3.6). We m a y dérive a couple of o the r 

resul ts which s t r eng then th is s t a t e m e n t . W e note f i rs t t he p rope r ty 

FFFfe = 0. (7.8) 

This proper ty is very easily p roved by using eq. (4.4) : 

VrVU = V{^o + VU + J dr V^ir) Vexp(-rVrV) fe. 
0 

By subs t i tu t ing (7.8) as an ansa tz , th is équat ion reduces to (7.5) which has 

been proved above. F r o m eqs. (7.8) and (4.21) follows t hen 

oo oo 

CCVU = J dr C^(T) V exp(-TVrV) fe = J dr œ{T) Ffe. 
0 u 

and hence, f rom (7.7) : 

Cfe = CCFfe. (7.9) 

This is the character is t ic relat ion defining the subspace 77, as we saw in eq. 

(4.34). We m a y therefore also wr i te this équat ion as 

n\e = U, (7.10) 

/7fe = 0. (7.11) 

The set of s t a t i ona ry d i s t r ibu t ion func t ions hes ent i rely in the 77 subspace. 

W e m a y now summar i ze ail t h e results of our discussion as follows. 

S ta r t ing f r o m an a r b i t r a r y init ial s ta te , t he 77 and n p a r t s of the distr i-

bu t ion funct ion evolve qu i te independent ly . The 77 componen t obeys a 

generalized kinet ic équa t ion (4.2) which drives t h a t componen t to equili-

b r i u m ; on the o the r h a n d the n componen t has an évolut ion which could 

be compared to a phase-mix ing process. In the end stage, t h e n component 

vanishes. We refer t h e reader to refs. 1 and 2 for a f u r t h e r discussion of 

thèse concepts. W e m a y , however , no te t h a t a deta i led unde r s t and ing of the 

évolut ion process will requi re f u r t h e r work. The resul ts of t h e P G H theory 

and of the présent p a p e r clearly show the way for thèse f u t u r e deve lopments . 

A c k n o w l e d g e m e n t s . W e t h a n k Professor I. Prigogine for numerous 

discussions on the m a t t e r s presented here. We also acknowledge m a n y 

f ru i t fu l discussions wi th Professors C. George, F. Henin and P. Résibois, and 

wi th Mr. P. Clavin. 
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APPENDIX 1 

Proof of eq. (3.1). F r o m eq. (2.25) we o b t a i n 

o o 

cm) = l im 2 (« ! ) - i (t + a)» CSi^SV ( F i f o _^ F ^ F ) » ( F + F(?^oC) 

o o / t / i — 

= l im s S I,[tPlplql {n - p ~ q)\]{d<iCâ(OsV) 
z-*0 m=0 p=0 «=0 

[S»-î'-?(FjSfO + F # F ) » ( F + F<f^0C)] . (A.1.1) 

On t h e o t h e r h a n d 
o o o o 

j d r C< (̂T) Fr( i ! - T) = j d r C<^(T) F 
u u 

o o 

X l im S (w!)"^ (̂  - T + S)» ( F . ^ " + VâVy^ ( F + F<f^ ' 'C) 

o o o o / t n — p 

= l im J d r C'<r(T) F S S S [^2'//'!?! (w - ^ - 9)! ] 

2->0 0 /i = Op=0«=0 

X ( - T ) î [C'ï-î'-S {V£C0 + VSV)^ ( F + VSM^C)]. (A. 1.2) 

W e n o w use t h e fo l lowing re la t ion Connect ing a pa i r of Lap lace t r a n s f o r m s 

A{z) a n d A[t): 
o o 

i - ^ y .4(2) = | d T e - M - T ) » ^ ( T ) . (A. 1.3) 

I t foUows t h a t 

f d T C ' ^ ( T ) V{-r)i=[c<iC<é{z) V\^, 
0 

= [ 3 ^ ^ 0 ( 2 ) <r(2) F] ,^o-

S u b s t i t u t i n g th i s resu i t i n to t h e r i g h t - h a n d side of (A. 1.2) we ob ta in t h e 

r i g h t - h a n d s ide of (A. 1.1 ). 

E q u a t i o n s (3.7), (3.9) a n d (3.13) a re de r ived in a q u i t e s imilar way . 

APPENDIX 2 

On the proof of U- = II. In réf. 13, George gave a c o m p l è t e a n d é légant 

d i rec t proof of a t h e o r e m which , in his n o t a t i o n s , is s t a t e d as 

A-^ + ^ADkCkA = A. (A.2.1) 
k 

T r a n s l a t e d i n t o ou r n o t a t i o n , 

A = VnV, Dic = F D C , C& = CCF. 
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Hence his t h e o r e m is équ iva l en t t o 

vnvnv + vnvDccvnv = vnvnv + vncnv = vnv, (A.2.2) 

or 

vnw = vnv. (A.2.3) 

The re is p r ac t i ca l l y no change necessa ry in order to genera l ize his proof 

t o t h e i n h o m o g e n e o u s Systems cons ide red here . O n e s imple h a s t o t r a n s l a t e 

his s y m b o l ¥^(2) b y (F i fO + V^{z) V). 

I t shou ld be c lear , on t h e o the r h a n d , t h a t eq. (A.2.2), t o g e t h e r wi th t h e 

re la t ions (4.30)-(4.32) ensure t h e v a l i d i t y of ail four c o m p o n e n t équa t i ons 

of n- = n. I n d e e d , cons ider for i n s t a n c e : 

vmc = vnwDC = vnvDc = vnc, 

a n d s imi la r ly for t h e C-V a n d C-C c o m p o n e n t s . 

A P P E N D I X 3 

Proof of Z{t) = n'^{t). W e n o t e aga in t h a t it is suf f ic ien t , because of eq. 

(4.19), t o p r o v e : 

VH'^^it) = VI(t). (A.3.1) 

Us ing eqs. (2.13) a n d (2.22) (for t = 0), t h e lef t s ide is 

vn^&{t) 
00 0 0 

= l im 1; S (t'iplrl) dP{V^o ^ VSV)V {V + V<S!M^C) J^"-. 
2;->0 r = U i ) = 0 

On t h e o t h e r side, f r o m (2.25) a n d t h e b inomia l expans ion of {t + 2)»: 

0 0 00 

Vl{t) = l im 2 S {trlr\p\) dP ( F i f o + Vé'V)P+r ( F + F ^ ^ O Q . 

I t is t h e r e f o r e su f f i c ien t to p rove t h e foUowing re la t ion 
00 

l im S (^!)-^ {V^° + VSV)P ( F + VS^'^C) J5f 

0 0 

= l i m S {p^-)-'^ dP[V^o + VSV)P+^ ( F + VSm^C), 

y = 0, 1, 2, . . . (A.3.2) 

T h e proof is b y i n d u c t i o n . T h e t h e o r e m is t r iv ia l ly t r u e for r = 0. 

A s s u m e n o w t h a t (A.3.2) is t r u e for g iven r a n d cons ider 

00 

l im S (^!)-i a2'(Fj2'o + VSV)P ( F + VSâ^^C) ^^+1 

0 0 

= l im 2 (/>!)"^ e î ' (F i ?o -f VSV)P+^ ( F -f VSM^C) ^. (A.3.2) 
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E x p a n d i n g i f in t he fo rm (2.8) a n d using (2.2), \ve can vvrite: 

(V + VS^^C) i f 

= F ( i f 0 + i f ' + Sm^C^') V + V{£e' + SM^C^' + ^"^«if«) c. 

(A.3.3) 

Mak ing use of eqs. (2.20) a n d (2.17), we can s impl i fy (A.3.3) t o 

{V + VS0i^C) <e = ( F i f o + VêV) = hVêM^C. (A.3.4) 

S u b s t i t u t i n g th is resui t i n to the r i g h t - h a n d side of eq. (A.3.2) we get 

l im S (Z'!)"^ ( ^ ^ " + VSV)P(V + VsmC) i f + i 

= lim S (Z»!)"̂  c ï ' ( l / i^o + VSV)P+'' ( F i f " + F ^ F ) 
z^o t)=^> 

+ h m 2 ( ç ! ) - ! c9 [ ( - i 2 ) ( F i f O + F ^ F ) « + ' - F ^ ^ O C ] . (A.3.5) 
«->0 11=0 

U s i n g the Leibni tz fo rmu la , t h e second t e r m can be w r i t t e n as 

oo q 

l im S S [«! (9 - n) [9™ ( - i z ) ] 
3-*0 g = O n = 0 

X [a«-» (Fifo + vs'V)<'+'-vsâ('>c] 

oo 

= l im S [(^ - l ) ! ] - i ( F i f o + F(S'F)«+'- VSM'^C. 

T h e las t s t ep is o b t a i n e d b y no t ing t h a t t he f irs t b r a c k e t e d f ac to r di f fers 

f r o m zéro only for n = 1 a n d w = 0. Moreover, it fol lows f r o m t h e regu la r i ty 

a s s u m p t i o n s (2.23) t h a t t h e con t r ibu t ion of t h e t e r m w = 0 van ishes in t h e 

l imi t z 0 ; we a re t he re fo re lef t wi th t h e con t r ibu t ion oi n = 1. Changing 

t h e s u m m a t i o n index q io p = q ~ \ a n d s u b s t i t u t i n g t h e resui t i n to t h e 

r igh t side of (A.3.5) we get 

oo 

l im 2 ( / )!)-! ( F i f o + VSV)v ( F + VSsM^C) i f + i 

« - � 0 p = 0 

oo 

= h m S (Z»!)"̂  (FiPO _^ vsV)v'rr+i i^y + F<^'^oc). (A.3.6) 

T h e induc t ion h y p o t h e s i s (A.3.2) is t h u s e x t e n d e d to t h e va lue r -\- \, a n d 

hence the t heo rem (A.3.1) is p roved . The proof of t h e re la t ion I{t) = %{t) Il 

is qu i t e ana logous to t h e p résen t one. I t is i m p o r t a n t to n o t e t h a t t h e sign 

of t is irrelevant in th i s proof ; t h e t h e o r e m holds for a n y t ^ 0. This r e m a r k 

is i m p o r t a n t in connec t ion w i th t h e ex tens ion of t h e P G H semi-group 

p r o p e r t y of I{t) i n to t h e fu l l -g roup p r o p e r t y der ived in eqs. (5.5)-(5.7). 
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