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Abstract. In recent years, the effect of the curse of high dimensionality
has been studied in great detail on several problems such as clustering,
nearest neighbor search, and indexing. In high dimensional space the data
becomes sparse, and traditional indexing and algorithmic techniques fail
from a efficiency and/or effectiveness perspective. Recent research results
show that in high dimensional space, the concept of proximity, distance
or nearest neighbor may not even be qualitatively meaningful. In this
paper, we view the dimensionality curse from the point of view of the di-
stance metrics which are used to measure the similarity between objects.
We specifically examine the behavior of the commonly used Lj norm
and show that the problem of meaningfulness in high dimensionality is
sensitive to the value of k. For example, this means that the Manhat-
tan distance metric (L1 norm) is consistently more preferable than the
Euclidean distance metric (L2 norm) for high dimensional data mining
applications. Using the intuition derived from our analysis, we introduce
and examine a natural extension of the L norm to fractional distance
metrics. We show that the fractional distance metric provides more mea-
ningful results both from the theoretical and empirical perspective. The
results show that fractional distance metrics can significantly improve
the effectiveness of standard clustering algorithms such as the k-means
algorithm.

1 Introduction

In recent years, high dimensional search and retrieval have become very well
studied problems because of the increased importance of data mining applica-
tions [1], [2], [3], 4], [5], [§], [10], [11]. Typically, most real applications which
require the use of such techniques comprise very high dimensional data. For such
applications, the curse of high dimensionality tends to be a major obstacle in the
development of data mining techniques in several ways. For example, the per-
formance of similarity indexing structures in high dimensions degrades rapidly,
so that each query requires the access of almost all the data [1].
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It has been argued in [6], that under certain reasonable assumptions on the
data distribution, the ratio of the distances of the nearest and farthest neighbors
to a given target in high dimensional space is almost 1 for a wide variety of data
distributions and distance functions. In such a case, the nearest neighbor problem
becomes ill defined, since the contrast between the distances to different data
points does not exist. In such cases, even the concept of proximity may not
be meaningful from a qualitative perspective: a problem which is even more
fundamental than the performance degradation of high dimensional algorithms.

In most high dimensional applications the choice of the distance metric is
not obvious; and the notion for the calculation of similarity is very heuristical.
Given the non-contrasting nature of the distribution of distances to a given
query point, different measures may provide very different orders of proximity
of points to a given query point. There is very little literature on providing
guidance for choosing the correct distance measure which results in the most
meaningful notion of proximity between two records. Many high dimensional
indexing structures and algorithms use the euclidean distance metric as a natural
extension of its traditional use in two- or three-dimensional spatial applications.
In this paper, we discuss the general behavior of the commonly used Lj; norm
(r,y € RYLEk € Z, Li(x,y) = Z?Zl(Hxi — 2/*|¥)*/*) in high dimensional space.
The L; norm distance function is also susceptible to the dimensionality curse
for many classes of data distributions [6]. Our recent results [9] seem to suggest
that the Lg-norm may be more relevant for ¥ = 1 or 2 than values of £ > 3. In
this paper, we provide some surprising theoretical and experimental results in
analyzing the dependency of the Ly norm on the value of k. More specifically,
we show that the relative contrasts of the distances to a query point depend
heavily on the Lj; metric used. This provides considerable evidence that the
meaningfulness of the L norm worsens faster with increasing dimensionality for
higher values of k. Thus, for a given problem with a fixed (high) value of the
dimensionality d, it may be preferable to use lower values of k. This means that
the Ly distance metric (Manhattan Distance metric) is the most preferable for
high dimensional applications, followed by the Euclidean Metric (Lz), then the
L3 metric, and so on. Encouraged by this trend, we examine the behavior of
fractional distance metrics, in which k is allowed to be a fraction smaller than 1.
We show that this metric is even more effective at preserving the meaningfulness
of proximity measures. We back up our theoretical results with empirical tests on
real and synthetic data showing that the results provided by fractional distance
metrics are indeed practically useful. Thus, the results of this paper have strong
implications for the choice of distance metrics for high dimensional data mining
problems. We specifically show the improvements which can be obtained by
applying fractional distance metrics to the standard k-means algorithm.

This paper is organized as follows. In the next section, we provide a theo-
retical analysis of the behavior of the Lj norm in very high dimensionality. In
section 3, we discuss fractional distance metrics and provide a theoretical analy-
sis of their behavior. In section 4, we provide the empirical results, and section
5 provides summary and conclusions.
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2 Behavior of the Li-Norm in High Dimensionality

In order to present our convergence results, we first establish some notations and
definitions in Table [

Table 1. Notations and Basic Definitions

HNotation ‘Deﬁnition H
d Dimensionality of the data space
N Number of data points
F 1-dimensional data distribution in (0, 1)
X4 Data point from F¢ with each coordinate drawn from F
disth(z,y) Distance between (z',...z%) and (y',...y%)

using Ly metric = Z(f:l[(mi — xh)k|VE

Il Distance of a vector to the origin (0,...,0)

using the function dist% (-, -)

Dmazk = max{||X4||, }|Farthest distance of the N points

to the origin using the distance metric Ly

Dmink = min{|| X4||,} |Nearest distance of the N points

to the origin using the distance metric Ly

E[X], var[X] Expected value and variance of a random variable X
Yis—pc A vector sequence Y, ..., Yy converges in probability to a
constant vector c if: Ve > 0 limg— oo Pldista(Ya,c) < e =1

Theorem 1. Beyer et. al. (Adapted for L; metric)

If limg_, oo var (EHIXde] =0, then Drmin® —p 0.

Proof. See [6] for proof of a more general version of this result.

The result of the theorem [6] shows that the difference between the maxi-
mum and minimum distances to a given query point [ does not increase as fast
as the nearest distance to any point in high dimensional space. This makes a
proximity query meaningless and unstable because there is poor discrimination

between the nearest and furthest neighbor. Henceforth, we will refer to the ratio

Dmaz®—Dmink .
%4 a5 the relative contrast.

Dming
. DmazszminZ . . . .
The results in [6] use the value of =—x2-=——< as an interesting criterion
d

for meaningfulness. In order to provide more insight, in the following we analyze
the behavior for different distance metrics in high-dimensional space. We first
assume a uniform distribution of data points and show our results for N = 2
points. Then, we generalize the results to an arbitrary number of points and
arbitrary distributions.

! In this paper, we consistently use the origin as the query point. This choice does not
affect the generality of our results, though it simplifies our algebra considerably.
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Lemma 1. Let F be uniform distribution of N = 2 points. For an Ly metric,
. D k_Dmink .
limg_soo [W} =C- ((k+i)1/k) (2,k1+1), where C is some con-

stant.

Proof. Let A; and By be the two points in a d dimensional data distribu-
tion such that each coordinate is independently drawn from a 1-dimensional
data distribution F with finite mean and standard deviation. Specifically A4 =
(Py...P;) and By = (Q1...Qq) with P; and @Q; being drawn from F. Let
PA; = {Z?Zl(Pi)k}l/k be the distance of A, to the origin using the Ly metric
and PBy = {Z?Zl(Qi)k}l/k the distance of Bg. The difference of distances is
PAq = PBy = (S (P)F}F — (L (Qi)F -

It can be shown B that the random variable (P;)” has mean %_H and standard

deviation (kiﬂ) (Wlﬂ) This means that (P’Z‘l)k —p (lerl)’ (P?;d)k —
ﬁ and therefore
PA, 1 \Y*  pPB, 1 \V* .
ar k1) o @ T \ke 0

We intend to show that %771132‘”‘ —p ((k-+%)1/k) (2-k2+1)' We can express

|PAg — PBy| in the following numerator /denominator form which we will use in
order to examine the convergence behavior of the numerator and denominator

individually. (PAQ)E — (PBY)"|

|PAd — PBd\ = =
S (PAQ)E=T=1(PBy)r

(2)

Dividing both sides by d'/*~1/2 and regrouping the right-hand-side we get:

|PAq— PB4l _ |[(PA4)* — (PBa)")|/Vd

_ - _ k—r—
dUETLZ kb (BAN T (BBayT

3)

Consequently, using Slutsky’s theorem fi and the results of Equation [1l we obtain

5 (PA) | (PB) k. (1)““”’“ @
o\ ik di/k b k+1
Having characterized the convergence behavior of the denominator of the right
hand side of Equation B, let us now examine the behavior of the numerator:
(PAQ — (PBa)M/VA = |50, (P)F — (Q)F)|/VA = | XL, Ril/Vd. Here
R; is the new random variable defined by ((P;)* — (Q;)*) Vi € {1,...d}. This
random variable has zero mean and standard deviation which is v/2 - ¢ where

2 This is because E[Pf] =1/(k +1) and E[P?*] =1/(2 -k +1).
3 Slutsky’s Theorem: Let Yi...Y;... be a sequence of random vectors and h(-) be
a continuous function. If Yy —, ¢ then h(Yy) —p h(c).
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o is the standard deviation of (P,»)k . The sum of different values of R; over d
dimensions will converge to a normal distribution with mean 0 and standard
deviation v/2 - o - v/d because of the central limit theorem. Consequently, the
mean average deviation of this distribution will be C - o for some constant C.
Therefore, we have:

: (PAg)* — (PBa)*|T _ k 1
hmd%oE[ NG ]_O'k+1V2-k+1 (5)

Since the denominator of Equation Bl shows probabilistic convergence, we can
combine the results of Equations @ and Bl to obtain

. |PA; — PBy| _ 1 1

We can easily generalize the result for a database of N uniformly distributed
points. The following Corollary provides the result.

Corollary 1. Let F be the uniform distribution of N = n points. Then,

C . Dmaz® —Dmink C-(n—1
(w5) \ (ter) < timasoo B | P25t ] < (Gt \ ()

Proof. This is because if L is the expected difference between the maximum and
minimum of two randomly drawn points, then the same value for n points drawn
from the same distribution must be in the range (L, (n — 1) - L).

The results can be modified for arbitrary distributions of NV points in a data-
base by introducing the constant factor C. In that case, the general dependency
of Doz — Dimin o1 d*~3 remains unchanged. A detailed proof is provided in
the Appendix; a short outline of the reasoning behind the result is available in

.

Lemma 2. [9] Let F be an arbitrary distribution of N = 2 points. Then,

. D kE_Dmink .
limg— oo F [W} = C), where C), is some constant dependent on k.

Corollary 2. Let F be the arbitrary distribution of N = n points. Then,
Dmaxg — Dmin’j
dl/k—1/2

Thus, this result shows that in high dimensional space Dmaz% — Dmin¥ in-

creases at the rate of d*/*~1/2_independent of the data distribution. This means
that for the manhattan distance metric, the value of this expression diverges to
oo; for the Euclidean distance metric, the expression is bounded by constants
whereas for all other distance metrics, it converges to 0 (see Figure [[). Further-
more, the convergence is faster when the value of k£ of the Lj metric increases.
This provides the insight that higher norm parameters provide poorer contrast
between the furthest and nearest neighbor. Even more insight may be obtai-
ned by examining the exact behavior of the relative contrast as opposed to the
absolute distance between the furthest and nearest point.
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Fig. 1. |Dmaxz — Dmin| depending on d for different metrics (uniform data)

Table 2. Effect of dimensionality on relative (L1 and L2) behavior of relative contrast

Dimensionality PlUg < Ty Dimensionality | P[Ug < Tq]
1 Both metrics are the same 10 95.6%
2 85.0% 15 96.1%
3 88.7% 20 97.1%
4 91.3% 100 98.2%

Theorem 2. Let F be the uniform distribution of N = 2 points. Then,
. Dmaz®—Dmink 1
N e By e

Dming

Proof. Let Ay, By, P1... Py, Q1...Qq, PAy, PBy be defined as in the proof

of Lemma [1l. We have shown in the proof of the previous result that 5;‘};% —

1/k
( L ) . Using Slutsky’s theorem we can derive that:

k1
. PA, PBy, 1 \V*
mm{dl/k’ dl/k}—> <k—|—1> (7)

We have also shown in the previous result that:

, |PAs— PB4|] _ 1 1

We can combine the results in Equation [7] and [§ to obtain:

limg_,oo E {\/é-m} =C-\1/(2-k+1) (9)

Note that the above results confirm of the results in [6] because it shows that
the relative contrast degrades as 1/v/d for the different distance norms. Note
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Fig. 3. Unit spheres for different fractio-

Fig. 2. Relative contrast variation with nal metrics (2D)

norm parameter for the uniform distribu-
tion

that for values of d in the reasonable range of data mining applications, the
norm dependent factor of \/1/(2-k + 1) may play a valuable role in affecting
the relative contrast. For such cases, even the relative rate of degradation of
the different distance metrics for a given data set in the same value of the
dimensionality may be important. In the Figure Plwe have illustrated the relative
contrast created by an artificially generated data set drawn from a uniform
distribution in d = 20 dimensions. Clearly, the relative contrast decreases with
increasing value of k and also follows the same trend as 1/1/(2 -k + 1).
Another interesting aspect which can be explored to improve nearest neigh-
bor and clustering algorithms in high-dimensional space is the effect of k on the
relative contrast. Even though the expected relative contrast always decreases
with increasing dimensionality, this may not necessarily be true for a given data
set and different k. To show this, we performed the following experiment on the

Manhattan (L;) and Euclidean (Lg) distance metric: Let Ug = (%Dzmmi)

Dmin?

Dmin

the value of P[Uy <de] for the case of the Manhattan (L;) and Euclidean
(Lg) distance metrics for N = 10 points drawn from a uniform distribution. In
each trial, Uy and T, were calculated from the same set of N = 10 points, and
P[U; < Ty4] was calculated by finding the fraction of times Uy was less than T}
in 1000 trials. The results of the experiment are given in Table 2l It is clear that
with increasing dimensionality d, the value of P[U; < T] continues to increase.
Thus, for higher dimensionality, the relative contrast provided by a morm with
smaller parameter k is more likely to dominate another with a larger parameter.
For dimensionalities of 20 or higher it is clear that the manhattan distance me-
tric provides a significantly higher relative contrast than the Euclidean distance
metric with very high probability. Thus, among the distance metrics with inte-
gral norms, the manhattan distance metric is the method of choice for providing
the best contrast between the different points. This result of our analysis can be
directly used in a number of different applications.

1 S0 1
and Ty = (Dmmdi_[)lmmd). We performed some empirical tests to calculate
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3 Fractional Distance Metrics

The result of the previous section that the Manhattan metric (k = 1) provides
the best discrimination in high-dimensional data spaces is the motivation for
looking into distance metrics with k£ < 1. We call these metrics fractional distance
metrics. A fractional distance metric distf; (Ly norm) for f € (0,1) is defined

as:
d

distﬁ(x,y) = Z [(z' — yi)f]l/f .
i=1

To give a intuition of the behavior of the fractional distance metric we plotted
in Figure (] the unit spheres for different fractional metrics in R2.

We will prove most of our results in this section assuming that f is of the form
1/l, where [ is some integer. The reason that we show the results for this special
case is that we are able to use nice algebraic tricks for the proofs. The natural
conjecture from the smooth continuous variation of dist§ with f is that the
results are also true for arbitrary values of f. A. Our results provide considerable
insights into the behavior of the fractional distance metric and its relationship
with the Li-norm for integral values of k.

Lemma 3. Let F be the uniform distribution of N = 2 points and f = 1/l for
some integer . Then,

. Dmaz? —Dmin?, 1 1
limg— oo 2 [d/df/d] =C- ((m)l/f) (2-f+1)'

Proof. Let Ag, Bg, P1 ... Py, Q1 ...Qq, PA4, PBy be defined using the Ly metric
as they were defined in Lemma M for the L metric. Let further QA4 = (PAy)! =
(PA)YY = 0 (P and QBy = (PBy)! = (PBa)Y' = Y%, (Q:)/. Analo-

Ad 1 Bd 1
4 TP 410 4 p 41

gous to Lemma [T]

We intend to show that E [“3‘;‘;_;11;30”} =C. ((f_&)l/f) (2-f1+1)' The

difference of distances is [PAg — PBy| = {30 (P) Y/ — {0, (Qi)F /1
= {Z?zl(Pi)f}l - {Z?Zl(Qi)f}l. Note that the above expression is of the form
lat — b = |a—b] - (er;lo a” - b!="=1). Therefore, |PAy — PBy| can be written as

{00 (P = Qo) I} {32120(QAa)" - (QBg)!~"~1}. By dividing both sides by
d'/1=1/2 and regrouping the right hand side we get:

|PAy — PBy| SLP) = Q)] ~= (QAd\" (QBa\'"
1/f-1/2 P : : — | | = (10)
Tt o (2O 5 () ()

By using the results in Equation [I0, we can derive that:

PA,— PB P — (@) 1

4 Empirical simulations of the relative contrast show this is indeed the case.
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This random variable (P;)/ —(Q;)/ has zero mean and standard deviation which

2 -0 where ¢ is the standard deviation of (P;)/. The sum of different values
of ( ) — (Q;)7 over d dimensions will converge to normal distribution with
mean 0 and standard deviation 2 - o - v/d because of the central limit theorem.
Consequently, the expected mean average deviation of this normal distribution
is C' - o - v/d for some constant C. Therefore, we have:

limg_ o F P(PAd)f\/a(PBd)fq —C.0=C" (fil) <2fl+1> (12)

Combining the results of Equations [2]and [IT], we get:

. |PA; — PBy| C 1
hmd—>ooE[ dld/f—l/Q - } = ((f+1)1/f> <2~f+ 1) (13)

An direct consequence of the above result is the following generalization to
N = n points.

Corollary 3. When F is the uniform distribution of N = n points and f = 1/I
for some integer l. Then, for some constant C we have:

c . Dmazf — Dmin? C-(n—1 1
((f+1)1/f) (2~f1+1> = hmd—’OOE[ /7172 d} = ((fil)l/}) (2~f+1>'

Proof. Similar to corollary [

The above result shows that the absolute difference between the maximum
and minimum for the fractional distance metric increases at the rate of d'/f~1/2,
Thus, the smaller the fraction, the greater the rate of absolute divergence bet-
ween the maximum and minimum value. Now, we will examine the relative
contrast of the fractional distance metric.

Theorem 3. Let F be the uniform distribution of N = 2 points and f = 1/I
for some integer l. Then,

limg_s 00 (M) Vd=C- 5. f+1 for some constant C.

Dmin?
Proof. Analogous to the proof of Theorem [2

The following is the direct generalization to N = n points.

Corollary 4. Let F be the uniform distribution of N = n points, and f =1/l
for some integer l. Then, for some constant C
Dmazf — Dmin? /1

d

Proof. Analogous to the proof of Corollary [Tl
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This result is true for the case of arbitrary values f (not just f = 1/1) and
N, but the use of these specific values of f helps considerably in simplification of
the proof of the result. The empirical simulation in Figure B] shows the behavior
for arbitrary values of f and N. The curve for each value of N is different but all
curves fit the general trend of reduced contrast with increased value of f. Note
that the value of the relative contrast for both, the case of integral distance
metric Lj and fractional distance metric Ly is the same in the boundary case
when f =k =1.

The above results show that fractional distance metrics provide better con-
trast than integral distance metrics both in terms of the absolute distributions
of points to a given query point and relative distances. This is a surprising result
in light of the fact that the Euclidean distance metric is traditionally used in
a large variety of indexing structures and data mining applications. The wide-
spread use of the Euclidean distance metric stems from the natural extension
of applicability to spatial database systems (many multidimensional indexing
structures were initially proposed in the context of spatial systems). However,
from the perspective of high dimensional data mining applications, this natural
interpretability in 2 or 3-dimensional spatial systems is completely irrelevant.
Whether the theoretical behavior of the relative contrast also translates into
practically useful implications for high dimensional data mining applications is
an issue which we will examine in greater detail in the next section.

4 Empirical Results

In this section, we show that our surprising findings can be directly applied to
improve existing mining techniques for high-dimensional data. For the experi-
ments, we use synthetic and real data. The synthetic data consists of a number
of clusters (data inside the clusters follow a normal distribution and the cluster
centers are uniformly distributed). The advantage of the synthetic data sets is
that the clusters are clearly separated and any clustering algorithm should be
able to identify them correctly. For our experiments we used one of the most wi-
dely used standard clustering algorithms - the k-means algorithm. The data set
used in the experiments consists of 6 clusters with 10000 data points each and
no noise. The dimensionality was chosen to be 20. The results of our experiments
show that the fractional distance metrics provides a much higher classification
rate which is about 99% for the fractional distance metric with f = 0.3 versus
89% for the Euclidean metric (see figure H)). The detailed results including the
confusion matrices obtained are provided in the appendix.

For the experiments with real data sets, we use some of the classification
problems from the UCI machine learning repository Bl. All of these problems
are classification problems which have a large number of feature variables, and
a special variable which is designated as the class label. We used the following
simple experiment: For each of the cases that we tested on, we stripped off the

5 http : |/ Jwww.cs.uci.edu/ mlearn
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Fig. 4. Effectiveness of k-Means

class variable from the data set and considered the feature variables only. The
query points were picked from the original database, and the closest [ neighbors
were found to each target point using different distance metrics. The technique
was tested using the following two measures:

1. Class Variable Accuracy: This was the primary measure that we used
in order to test the quality of the different distance metrics. Since the class va-
riable is known to depend in some way on the feature variables, the proximity
of objects belonging to the same class in feature space is evidence of the mea-
ningfulness of a given distance metric. The specific measure that we used was
the total number of the [ nearest neighbors that belonged to the same class as
the target object over all the different target objects. Needless to say, we do not
intend to propose this rudimentary unsupervised technique as an alternative to
classification models, but use the classification performance only as an evidence
of the meaningfulness (or lack of meaningfulness) of a given distance metric. The
class labels may not necessarily always correspond to locality in feature space;
therefore the meaningfulness results presented are evidential in nature. However,
a consistent effect on the class variable accuracy with increasing norm parameter
does tend to be a powerful way of demonstrating qualitative trends.

2. Noise Stability: How does the quality of the distance metric vary with
more or less noisy data? We used noise masking in order to evaluate this aspect.
In noise masking, each entry in the database was replaced by a random entry
with masking probability p.. The random entry was chosen from a uniform
distribution centered at the mean of that attribute. Thus, when p. is 1, the data
is completely noisy. We studied how each of the two problems were affected by
noise masking.

In Table[3 we have illustrated some examples of the variation in performance
for different distance metrics. Except for a few exceptions, the major trend in
this table is that the accuracy performance decreases with increasing value of the
norm parameter. We have show the table in the range Ly 1 to L1g because it was
easiest to calculate the distance values without exceeding the numerical ranges in
the computer representation. We have also illustrated the accuracy performance
when the L., metric is used. One interesting observation is that the accuracy
with the L., distance metric is often worse than the accuracy value by picking
a record from the database at random and reporting the corresponding target
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Table 3. Number of correct class label matches between nearest neighbor and target

“ Data Set ILOAI l L0,5‘ L1 l L2 l L4 l L10 l Loo [Random“
Machine 522|474 | 449 | 402 | 364 | 353 | 341 153
Musk 998 | 893 | 683 | 405 | 301 | 272 | 163 140
Breast Cancer (wdbc)|5299(5268|5196|5052|4661|4172|4032| 3021
Segmentation 1423(1471|1377|1210{1103|1031| 300 323
Ionosphere 2954(3002(2839|2430|2062|1836{1769| 1884

3 4 s 6 7
PARAMETER OF DISTANCE NORM USED

Fig.5. Accuracy depending on the norm
parameter

02

03

0a 05 06 07
NOISE MASKING PROBABILITY

08 09

1

Fig. 6. Accuracy depending on noise mas-

king

value. This trend is observed because of the fact that the L., metric only looks
at the dimension at which the target and neighbor are furthest apart. In high
dimensional space, this is likely to be a very poor representation of the nearest
neighbor. A similar argument is true for Ly distance metrics (for high values of
k) which provide undue importance to the distant (sparse/noisy) dimensions.
It is precisely this aspect which is reflected in our theoretical analysis of the
relative contrast, which results in distance metrics with high norm parameters
to be poorly discriminating between the furthest and nearest neighbor.

In Figure Bl we have shown the variation in the accuracy of the class variable
matching with k, when the L; norm is used. The accuracy on the Y-axis is
reported as the ratio of the accuracy to that of a completely random matching
scheme. The graph is averaged over all the data sets of Table Bl It is easy to see
that there is a clear trend of the accuracy worsening with increasing values of
the parameter k.

We also studied the robustness of the scheme to the use of noise masking.
For this purpose, we have illustrated the performance of three distance metrics
in Figure[@: Lg.1, L1, and Ly for various values of the masking probability on
the machine data set. On the X-axis, we have denoted the value of the masking
probability, whereas on the Y-axis we have the accuracy ratio to that of a com-
pletely random matching scheme. Note that when the masking probability is 1,
then any scheme would degrade to a random method. However, it is interesting
to see from Figure ] that the L1y distance metric degrades much faster to the
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random performance (at a masking probability of 0.4), whereas the L; degrades
to random at 0.6. The Lo distance metric is most robust to the presence of
noise in the data set and degrades to random performance at the slowest rate.
These results are closely connected to our theoretical analysis which shows the
rapid lack of discrimination between the nearest and furthest distances for high
values of the norm-parameter because of undue weighting being given to the
noisy dimensions which contribute the most to the distance.

5 Conclusions and Summary

In this paper, we showed some surprising results of the qualitative behavior of
the different distance metrics for measuring proximity in high dimensionality.
We demonstrated our results in both a theoretical and empirical setting. In the
past, not much attention has been paid to the choice of distance metrics used
in high dimensional applications. The results of this paper are likely to have a
powerful impact on the particular choice of distance metric which is used from
problems such as clustering, categorization, and similarity search; all of which
depend upon some notion of proximity.
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Appendix

Here we provide a detailed proof of Lemma [2, which proves our modified conver-
gence results for arbitrary distributions of points. This Lemma shows that the
asymptotical rate of convergence of the absolute difference of distances between
the nearest and furthest points is dependent on the distance norm used. To re-
cap, we restate Lemma

Lemma 2k Let F be an arbitrary distribution of N = 2 points. Then,

. Dmazk—Dmink .
limg_soo [W} = C), where C), is some constant dependent on k.

Proof. Let Ay and By be the two points in a d dimensional data distribution
such that each coordinate is independently drawn from the data distribution F.
Specifically Ag = (Py ... Py) and By = (@1 ...Qq4) with P; and Q; being drawn
from F. Let PAg = {Ele(Pi)k}l/k be the distance of A4 to the origin using
the Ly metric and PBy = {Z?zl(Qi)k}l/k the distance of By.

We assume that the kth power of a random variable drawn from the dis-

tribution F has mean prj and standard deviation oxj. This means that:
pPAE
d

PB .
—p BFk, —g% —p pF,k and therefore:
PAfdVE =, (urr)'*, PBa/d'* =, (uri)'*. (14)

We intend to show that %%fid‘ —p O} for some constant Cj depending
on k. We express |PAg — PBy| in the following numerator/denominator form
which we will use in order to examine the convergence behavior of the numerator
and denominator individually.

|(PAg)* — (PBa)"|

PA;— PBy| = 15
|PAq dl ST p AT (PR (15)
Dividing both sides by d*/*~1/2 and regrouping on right-hand-side we get
|[PAq— PBa| _ |(PAa)* — (PBa)*|/Vd (16)
1/k—1/2 o — k—r—1 r
CRARED v} €47/ I € 1)

Consequently, using Slutsky’s theorem and the results of Equation [T4] we have:

E

-1 k—r—1 r
(PAd/dl/’“) : (PBd/dl/k) sy ke () BV (17)

I
o

T

Having characterized the convergence behavior of the denominator of the right-
hand-side of Equation [IG] let us now examine the behavior of the numerator:
(PAQ* — (PBy)*|/Vd = | S (P)* = (Q)F)|/Vd = | Y, Ril/Vd.

Here R; is the new random variable defined by ((P;)* — (Q:)*) Vi € {1,...d}.
This random variable has zero mean and standard deviation which is v/2 - OF k
where o £ . is the standard deviation of (P;)¥. Then, the sum of different values
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of R; over d dimensions will converge to a normal distribution with mean 0
and standard deviation /2 - OF k- V/d because of the central limit theorem.
Consequently, the mean average deviation of this distribution will be C' - o7 j
for some constant C. Therefore, we have:

((PAQ)* — (PBa)"|
Vd

Since the denominator of Equation [I8 shows probabilistic convergence, we can
combine the results of Equations [[7] and [I8] to obtain:

1imd_>ooE |: :| =C- OF.k (18)

PA,— PB
[PAs d']:c Tk (19)

i | 5 < 0 PRl
The result follows.

Confusion Matrices. We have illustrated the confusion matrices for two dif-
ferent values of p below. As illustrated, the confusion matrix for using the value
p = 0.3 is significantly better than the one obtained using p = 2.

Table 4. Confusion Matrix- p=2, (rows for prototype, colums for cluster)

1208|182 |9711(4 10 |14
0 2 0 0 6328|4
1 9872|104 (32 |11 |0
8750(8 74 19954(1 18
39 |0 10 |8 8 9948
2 36 |101 |2 364216

Table 5. Confusion Matrix- p=0.3, (rows for prototype, colums for cluster)

51 |115 [9773|10 (37 |15
0 17 24 |0 993514
15 |10 |9 9962|0 4
1 9858(66 |5 19 |1
8 0 9 3 9 9956
9925|0 119 (20 |0 10
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