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T h e S z e g e d in d e x (S z ) o f u n b r a n c h e d c a t a c o n d e n s e d b e n z e n o id

(U B C B ) h y d r o c a r b o n s i s e x a m in e d . A n e f f i c i e n t m e th o d f o r t h e c a l -

c u l a t i o n s o f th e i r S z i s p u t f o rw a r d . A m o n g th e U B C B m o le c u l e s

w i th a f i x e d n u m b e r o f h e x a g o n s , t h e l i n e a r p o ly a c e n e h a s a r n a x i -

m a l a n d th e h e l i c e n e a m in im a l S z .

IN T R O D U C T IO N

I n th i s p a p e r , w e a r e c o n c e r n e d w i th th e S z e g e d in d e x o f u n b r a n c h e d

c a t a c o n d e n s e d b e n z e n o id (U B C B ) h y d r o c a r b o n s . ! T h e S z e g e d in d e x i s a r e -

c e n t1 y p r o p o s e d ' ' s t r u c tu r a l d e s c r i p to r , b a s e d o n th e d i s t a n c e s b e tw e e n th e

v e r t i c e s o f t h e m o le c u l a r g r a p h .š - ?

T h e m o le c u l a r g r a p h s o f U B C B h y d r o c a r b o n s (w h ic h w e w i l l c a l l » u n -

b r a n c h e d c a t a c o n d e n s e d b e n z e n o id g r a p h s « , U B C B g r a p h s ) a r e c o m p o s e d o f

h e x a g o n s . T w o h e x a g o n s h a v e e i t h e r o n e c o m m o n e d g e ( a n d a r e th e n s a id

to b e a d j a c e n t ) o r h a v e n o c o m m o n v e r t i c e s a t a l l ( i n w h ic h c a s e th e y a r e

n o t a d j a c e n t ) . N o th r e e h e x a g o n s s h a r e a c o m m o n v e r t e x . E a c h h e x a g o n i s

a d j a c e n t t o tw o o th e r h e x a g o n s , w i th th e e x c e p t i o n o f th e » t e r r n in a l h e x a -

g o n s - t o w h ic h a s in g l e h e x a g o n i s a d j a c e n t . A U B C B s y s t e m h a s e x a c t1 y tw o

te rm in a l h e x a g o n s . .

T h e a b o v e d e f in e d U B C B g r a p h s c o r r e s p o n d n o t o n ly to g e o m e t r i c a l l y p l a -

n a r , b u t a l s o to n o n - p l a n a r , h e l i c e n i c b e n z e n o id h y d r o c a r b o n s . (W e m e n t io n in

p a s s in g th a t n o t o n ly th e h e l i c e n e s . f b u t a s ig n i f i c a n t n u m b e r o f o th e r k n o w n

b e n z e n o id h y d r o c a r b o n s e x i s t i n h ig h ly n o n p l a n a r , e v e n c h i r a l c o n f o rm a t io n s ' ') .
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T h e se t o f a l l U B C B g rap h s w ithh r in g s is d en o ted b yCh. I t is ea sy to

see th a t e v e ry g rap hU f rom Ch h as p(U) = 4h + 2 v e r t ic e s an d q(U) = 5h

+ 1 edg es .

In o rd e r to in tro d u ce th e co n cep t o f th e n o v e l S zeg ed in d ex , an d to see

its c o n cep tu a l re la t io n to th e lo n g -k n ow n W ien e r in d ex , c o ns id e r an a rb i-

tra ry co n n ec ted g rap h G . I fu an d u a re v e r t ic e s o f G , th en th e n um be r o f

ed g es in th e sh o r te s t p a th co n n ec t in g th em is sa id to b e th e ird is ta n ce an d

is d en o ted b yd(u,u).

L e t e = (u,u) b e an ed g e o f g rap h G . D en o te b ynu = nu(e) an d nu = nu(e)

th e n um be r o f e lem en ts o f th e v e r te x se tsBu(e) = {w I d(w,u) < d(w,u)} an d

Bu(e) = {w I d(w,u) < d(w,u)}, re sp ec t iv e ly . R eca l l th a tnu(e) is th e n um be r o f

th e v e r t ic e s o f G w h ic h l ie c lo se r to o n e en d p o in t o f th e ed g e e(n am e ly to

v e r te x u) th an to i ts o th e r en d p o in t (n am e ly to v e r te xu). A na lo g o u s ly , nu(e)

co u n ts th e v e r t ic e s th a t l ie c lo se r tou th an to u.

T h e sum W(G) o f d is ta n ce s b e tw een a l l p a irs o f v e r t ic e s o f g rap h G is

th e W ien e r in d ex (W ien e r n um be r) , o n e o f th e o ld e s t an d b es t stu d ie d to p o -

lo g ic a l d e sc r ip to rs o f m o le cu la r s tru c tu re .3
,4 ,7 ,8 A c la ss ic a l re su lt in th e th e -

o ry o f th e W ien e r in d ex4,7 -9 s ta te s th a t

(1)

e

w he re th e sum m a tio n g o es o v e r a l l e d g es e= (u,u) o f G . F o rm u la (1) h o ld s

o n ly fo r tre e s (= co n n ec ted ac y c l ic g rap h s ) an d is , in a g en e ra l c a se , v io la ted

w h en G is c y c l ic . (T h e c y c l ic g rap h s fo r w h ic h E q .(1) is o b ey ed h av e b een

re cen t ly c h a ra c te r iz ed .l? T h ese g rap h s a re o f l i t t le re le van ce fo r th e ch em i-

c a l g rap h th eo ry ) .

T h e o b v io u s ad v an tag e o f fo rm u la(1) is th a t i t p ro v id e s a d ecom po s it io n

o f th e W ien e r in d ex in to b o n d -co n tr ib u t io n s . In d eed , th e n atu ra l in te rp re ta -

t io n o f th e q u an t i ty unu is th a t i t is th e in c rem en t a sso c ia te d w ith th e ch em i-

c a l b o n d , re p re sen ted b y ed g e e .

F in d in g th e b o n d -co n tr ib u t io n s to th e W ien e r in d ex o f c y c l ic m o le cu le s

is a m u ch m o re d if f ic u l t ta sk w h ic h w as ap p ro ach ed o n ly re cent ly .1 1 ,1 2T h e .

e x p re ss io n s o b ta in ed fo r th e re sp ec t iv e in c rem en ts a re , h ow ev e r , q u ite cum -

b e rsom e an d n o t easy to b e u s ed in p ra c t ic e .P

A d if fe ren t an d som ew ha t u n o r th o d o x w ay o u t o f th is d i f f ic u lty w as p ro -

p o sed b y o n e o f th e au th o rs .š N am e ly , W ien e r 's fo rm u la(1) se rv ed as a m o -

t iv a t io n fo r in tro d u c t io n o f a n ew d is ta n ce -b ased g rap h in va r ia n t, c a l le d

»S zeg ed in d ex - . l" d e f in ed as

(2)
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w h e re G is n o w a n y c o n n e c te d g ra p h . E v id e n t ly ,Sz a n d W c o in c id e in th e

c a se o f t r e e s . I t w a s e v e n tu a l ly e s ta b l is h e d2
,1 0 , l5 -1 8 th a t Sz p o s se s se s a n u m -

b e r o f in te re s t in g p ro p e r t ie s . F o r e x a m p le , th e e q u a l i tySz(G) = W(G) h o ld s

i f a n d o n ly i f e v e ry b lo c k o f G i s a c o m p le te g ra p h . l " I n c y c l ic b ip a r t i te

g ra p h s , Sz(G) i s a lw a y s g re a te r th a nW(G).2 I n th e g e n e ra l c a se (o f c y c l ic

m o le c u la r g ra p h s ) , th e b e h a v io u r o fSz a n d W se e m to b e q u i te d is s im i la r .

H o w e v e r , f o r c e r ta in c la s s e s o f b e n z e n o id m o le c u le s , re m a rk a b le a n a lo -

g ie s b e tw e e n th e p ro p e r t ie s fo rSz a n d W w e re d is c o v e re d .1 5 ,1 7 I n th is p a p e r ,

w e m a k e o n e m o re s te p in th is d i re c t io n b y sh o w in g th a t , in th ec la s s o f

U B C B h y d ro c a rb o n s , th e S z e g e d in d e x a c h ie v e s i ts m a x im a l a nd m in im a l

v a lu e fo r l in e a r p o ly a c e n e s a n d h e l ic e n e s , re s p e c t iv e ly . Th e se a re p re c is e ly

th e sa m e U B C B sp e c ie s fo r w h ic h th e W ie n e r in d e x is m a x im a l a nd m in i -

m a 1 .1 9

I n o rd e r to f in d th e U B C B sy s te m s th a t a re e x t re m e w i th re s p e ct to th e

S z e g e d in d e x , s o m e p re p a ra t io n s a re n e e d e d .

S a M E M O R E D E F IN IT IO N S

L e t e = (x,y) b e a n a rb i t r a r y , b u t f ix e d , e d g e o f a g ra p hU f r o m th e c la s s

Ci, W e d e f in e fo r e v e ry e d g e e= (x,y) th e s e t E1(e) = E1(e) I u) = {(u,v) I u

E B/ej a n d v E By(e)}. I t i s c le a r th a t i f (U,V) E E1(e), th e n d(v,y) = d(u,x).

N o te th a t x,y) b e lo n g s to E1(e). W ith e v e ry e d g e e= (x,y) o f U in C lp w e a s -

s o c ia te th re e su b g ra p h s :Rx, Ry a n d Rxy, a ls o c o n s is t in g o f h e x a g o n s .Rxy i s

s p a n n e d b y th e v e r t ic e s b e lo n g in g to th o se h e x a g o n s o fU w h o se so m e ( tw o )

e d g e s a re f ro mE1(e). C o n se q u e n t ly ,Rxy b e lo n g s to th e c la s sChxy' w h e re h-.:y
= IE1 (e)1 - 1 . T h e su b g ra p h Rx i s s p a n n e d b y th o se v e r t ic e s o fU w h ic h l ie

c lo s e r to X th a n to y. S im i la r ly , Ry i s s p a n n e d b y th e v e r t ic e s o fU w h o se

d is ta n c e toy i s sm a l le r th a n th e d is ta n c e tox. N o te th a t th e v e r te x s e ts o f

Rxy a n d Rx, a s w e l l a s o fRxy a n d Ry, h a v e n o n -e m p ty in te r s e c t io n s ,i.e., so m e

v e r t ic e s o f U b e lo n g s im u l ta n e o u s ly tos,a n d Rxy o r to Ry a n d R-.:y. T h e v e r -

te x s e ts o fR; a n d Ry a re , o f c o u rs e , d is jo in t . B e s id e s ,R; a n d Ry m a y b e d is -

c o n n e c te d . L e thx a n d hy b e th e n u m b e r o f h e x a g o n s o fR, a n d Ry, r e s p e c -

t iv e ly . T h e n , h.; + hy + hxy = h. I n F ig u re 1, e x a m p le s a re g iv e n fo r g ra p h s

b)

u

=.c g '" ':V~~.
• • • Ub •••

F ig u re 1 . T w o u n b ra n c h e d c a ta c o n d e n se d b e n z e n o id s y s te m s use d to i l lu s t ra te th e

c o n c e p t o f s u b g ra p h sR«, Ry a n d Rxy; f o r d e ta i ls s e e te x t .
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f romFEDCBAC h ( tw o p o ss ib le co n f ig u ra t io n s ) . H e re ,A and B s tan d fo r a rb itra ry

f ragm en ts ; in p a r t ic u la r , th ey m ay be ab sen t. In b o th cases ,th e su b g rap h

Ruu co n s is ts o f th e h ex ag o n s n um be red 1 tok . In case (a ) ,R ; = A and Ru =
B. In case (b ) ,R; co n s is ts o f f ragm en ts A and B (an d is d isco n n ec ted )

w he reas Ru is em p ty ti.e., Ru is w ith o u t v e r t ic e s ) .

A su b g rap h RXY is sa id to b e a segm en t o fU i f hxy ~ 2 . T h en , hxy is c a l le d

th e len g th o f th e segm en t. T h e re fo re , a segm en t o fU is isom o rp h ic to th e

l in e a r p o ly acen e h av in g a t leas t tw o h ex ag o n s . E v e ry segm ent sh a re s a

h ex ag o n w ith i ts n e ig h b o u r in g segm en t. T h e te rm in a l segm ent h as o n ly o n e

n e ig h b o u r in g segm en t.

C A L C U L A T IO N O F T H E S Z E G E D IN D E X

F R O M V E R T E X D IS T A N C E S

T he d is tan ce o f a v e r te xu in a (co n n ec ted ) g rap h G ,d (u ) = d (u IG ), is th e

sum o f d is tan ces b e tw een v e r te xu and a l l o th e r v e r t ic e s o f G . W e need th e

fo l low in g s im p le lem m a .

L E M M A 1 . L e t G be a co n n ec ted b ip a r t i te g rap h an du and u be its ad -

ja cen t v e r t ic e s . T h en ,d (u IG ) - d (u IG ) = nu - nu , and nu + nu = p (G ). F u r th e r ,

i f G is a U B C B g rap h , th en d (u IG ) - d (u IG ) = 4 (hu - hu )'

P ro o f . L e t e = (u ,u ) E E (G . T hen , d (u IG ) = L W E B Je ) d (w ,u ) + L W E B .,(e ) d (w ,u )

= L w E B .,ce ) (d (w ,u ) - 1 ) + L W E B ,,(e ) (d (w ,u ) + 1 ) = d (u IG ) - nu + nu ' S in ce G has

n o cy c le s o f o d d len g th , nu + nu = p (G ). I f G b e lo n g s to Ch, th en d (u IG ) -

d (u IG ) = nu - nu = (P (R u )/2 + 4h ) - (P (R uu )l2 + 4hJ = 4 (hu - hu )'

I t w as sh ow n -" th a t, in a b ip a r t i te g rap h , th e S zeg ed in d ex can b e ex -

p re ssed th ro u g h d is tan ce s o f th e v e r t ic e s . T h is a l low s u s top resen t Sz o f a

U B C B g rap h b y a p o ly n om ia l d ep en d in g o n ly o n th e n um be r o f h exag o n s o f

som e o f i ts su b g rap h s .

L E M M A 2 . L e t U he a U B C B g rap h w ithp v e r t ic e s an d q edges . T h en

Sz(u ) = ~ (p2 (U )q (U ) - I (d (u lu ) - d (U 1U»)2 j =
~ (u ,u )EE (U )

(3)

= (2h + 1 )2 (5h + 1) - 4 I (hu - hJ2 .

(u ,u )EE (U )

P ro o f . F rom L em m a 1 , w e hav enu = (P (U ) + d (u lU ) - d (u lU ))/2 and nu = (p (u )

- d (u lU ) + d (u lU ))/2 . F o rm u la (3 ) is o b ta in ed b y com b in in g th e ab o v e re la -

t io n s w ith d e f in i t io n (2 ) o f th e S zeg ed in d ex .
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E q . ( 3 ) im p l ie s th a t , in o r d e r to o b ta in th e e x t r e m e v a lu e s o fSz(U) f o r

U B C B g ra p h s w i th a g iv e n n u m b e r o f h e x a g o n s , w e n e e d to g e t th em a x im a l

a n d th e m in im a l v a lu e s o f th e a u x i l i a r y f u n c t io n :

I f(u,u) =

(u,u)EE(U)

I (hu - hu)2 .

(u,u)EE(U)

I n th e s u b s e q u e n t s e c t io n , w e d e s c r ib e in d e ta i l th e p o s s ib le v a lu e s o f/tu, u).

U B C B S Y S T E M S E X T R E M A L W IT H R E S P E C T

T O T H E S Z E G E D IN D E X

T h e e d g e s e tE(U) o f a U B C B g ra p h s c a n b e d iv i d e d in to tw o d is jo in t

s u b s e ts ,

E(U) = E/U) u Ern(U),

w h e re Et<U) = { e = (u,u) : IE1(elU)1 = 2} a n d Ern(U) = { e = (u,u) : IE1(eIU)1 >

2 } , IE(U)I = lE/U)l + IEm(U)I. N o te th a t J E l ( e lU ) 1 > 2 i f a n d o n ly i f a s u b g r a p h

Ruu f o rm s a s e g m e n t . T h e c a s eJ E l ( e lU ) 1 = 2 c o r r e s p o n d s toRuu w i th o n ly o n e

h e x a g o n a l r in g .

W e f i r s t c a lc u la te /tu,u) f o r th e e d g e s b e lo n g in g toEt(U). S u p p o s e th a t

th e h e x a g o n s o fU a re n u m b e re d c o n s e c u t i v e ly f r o m1 to h.

P R O P O S IT IO N 1 . L e t U E Ci, I f e = (u,u) E Et(U) a n d e b e lo n g s to th e

i - th h e x a g o n o f U, th e n

/tu,U) = «h - i) - i - 1 » 2 = (h - 2i + 1 )2 .

P ro o f . L e t e = (u,u) E E/U). I t i s d e a r th a t E1(elU) i s a n e d g e c u t o fU, i.e.

a f te r d e le t in g a l l e d g e s o fE1(elU) f r o m U, w e o b ta in tw o d is c o n n e c te d c o m -

p o n e n ts . O n e o f th e s e c o m p o n e n ts h a si-I h e x a g o n s a n d th e o th e r h a sh

- i h e x a g o n s .

B e lo w w e e s ta b l i s h th e e x t r e m e v a lu e s o f/tu,u) w h e n (U,U) i s a n y e d g e

o f a U B C B g ra p h . I n o r d e r to d o th is , · w e s im p ly s u b s t i tu tei = 1 , 2 , . . ., h
i n to th e f o rm u la o f P r o p o s t io n 1.

C O R O L L A R Y 1. I f e = (u,u) E Et(U), th e n

(a) m a x /tu,u) = (h - 1 )2 , i f a n d o n ly i f e b e lo n g s to a te rm in a l h e x a g o n s

o f U;

( b ) m a x f(u,u) = (h - 3 )2 , o th e rw is e .

( c ) m in f(u,u) = O , i f a n d o n ly i f hu i s o d d a n d e b e lo n g s o n ly to th e c e n -

t r a l h e x a g o n o fU;

( d ) m in /tu,u) = 1 , o th e rw is e .
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E v e r y U B C B g r a p h h a s e x a c t l y t w o t e r m i n a l h e x a g o n s ,i.e., i t h a s 8

e d g e s p e r t a i n i n g t o c a s e ( a ) . E v e r y s u c h g r a p h w i t h o d dhu w a s e x a c t l y o n e

c e n t r a l r i n g , i.e., i t h a s 2 o r 4 e d g e s f o r w h i c hf(u,u) h a s t h e v a l u e g i v e n u n -

d e r ( c ) .

C o n s i d e r n o w t h e e d g e s o fEn/U). L e t e E Em(U). R e c a l l t h a t f o r e v e r y

e d g e e' E E1(e), E1(e) = E1(e'). T h e n , w e c a n a s s o c i a t eE1(e) w i t h t h e c o r r e -

s p o n d i n g s e g m e n tS . D e n o t e t h i s s e t b yEm(S). H e n c e , t h e s e tEn/U) i s p r e -

s e n t e d a s t h e u n i o n o f m u t u a l l y d i s j o i n t s u b s e t s .

w h e r e t h e u n i o n g o e s o v e r a l l s e g m e n t s o f t h e U B C B g r a p hU.

P R O P O S I T I O N 2 . I f e = (u,u) E Ei(U), t h e n

i f S b e l o n g s t o Ua ( s e e F i g u r e 1 ) ;

i f S b e l o n g s t o Ub ( s e e F i g u r e 1 ) .

T h i s i m m e d i a t e l y i m p l i e s

C O R O L L A R Y 2 . L e t e = (U,U) E Em(S). T h e n

( a ) m a x f(u,u) = h - 2 ) 2 . T h i s v a l u e i s a c h i e v e d o n e v e r y s e g m e n t w i t h

k = 2 h e x a g o n s , p r o v i d e dU i s o f t y p e Ub ( s e e F i g u r e 1 ) .

( b ) m i n f(u,u) = o . T h i s v a l u e i s o n l y a c h i e v e d o n a s e g m e n t w i t hk - hu.

W e a r e n o w r e a d y t o f i n d t h e U B C B g r a p h w i t h t h e m a x i m a l ( r n i n im a l )

v a l u e o f Sz. L e t e = (U,U) E Em(U), e' = (u',u') E Et(U), a n d l e t e' n o t b e l o n g

t o a t e r m i n a l h e x a g o n o fU. B y P r o p o s i t i o n s 1 a n d 2 , w e h a v e

m a x f(u',u') = (h - 3 ) 2 < m a x f(u,u) = (h - 2 ) 2 .

I f hu i s o d d , w e r e q u i r e t h a t e ' d o e s n o t b e l o n g t o t h e c e n t r a l r i n g .T h e n ,

m i n f(u,u) - O < m i n f(u',u') = 1

H e n c e , w e a r e i n t e r e s t e d i n a U B C B g r a p h f o r w h i c h

(4)

E v e r y n o n t e r m i n a l s e g m e n t w i t hk h e x a g o n s h a s4k - 4 e d g e s f r o m Et a n d

k + 1 e d g e s f r o m Em. E v e r y t e r m i n a l s e g m e n t w i t hk h e x a g o n s h a s4k - 2

e d g e s f r o m Et a n d k + 1 e d g e s f r o m Em. W e t h u s a r r i v e a t :
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P R O P O S IT IO N 3 . A m o n g U B C B g ra p h s w i th a f ix e d n u m b e r o f h e x a -

g o n s th e h e l ie e n e g ra p h h a s th e m in im a l v a lu e o f ( 4 ) . T h e l in ea r p o ly a e e n e

g ra p h h a s th e m a x im a l v a lu e o f ( 4 ) .

T H E O R E M . A m o n g th e U B C B h y d ro e a rb o n s w i th a f ix e d n u m b e r o f

h e x a g o n s , h e l ie e n e h a s th e m in im a l v a lu e o f th e S z e g e d in d e xa n d th e l in e a r

p o ly a e e n e h a s th e m a x im a l v a lu e o f th e S z e g e d in d e x . T h e s e b en z e n o id s y s -

te m s a re u n iq u e .

E X T R E M A L V A L U E S F O R T H E S Z E G E D IN D E X

F ro m th e re s u l ts o b ta in e d in th e p re e e d in g s e e t io n , i t i s e a sy to e a lc u la te

Sz f o r th e e x t r e m a l U B C B g ra p h s .

B y d i r e c t e o u n t in g , w e e s ta b l i s h th a t th e l in e a r p o ly a e e n eLpa.; w i th h

h e x a g o n s h a sh + 1 e d g e s f r o mEm(Lpah a n d 4h e d g e s f r o mE/Lpah). T h e re f o re ,

h

SZ(Lpah) = (2h + 1)2(5h + 1 ) - 4 I (h. - 2i + 1 )2 .

i=l

S im p l i f y in g th is e x p re s s io n , w e o b ta in th e m a x im a l v a lu e o fSz a s a e u b ie

p o ly n o m ia l in h:

SZ(Lpah) = (44h3 + 72h2 + 43h +3)/3.

T h e h e l ie e n e Heli; w i th h h e x a g o n s h a s2(h - 2 ) e d g e s f r o m Et f o r h e x a g o n s

i = 2 , 3 , . . . h - 1 a n d 8 e d g e s f r o mEt f o r th e te rm in a l h e x a g o n s . H e n e e , a l l

o th e r 3h - 3 e d g e s b e lo n g toEm. T h e n ,

Sz(Helh) = (2h + 1)2(5h + 1) - 4(3h - 3)(h - 2 )2 -

h-l

- 4 . 2 I Ch - 2i + 1 )2 - 4 . 8(h - 1 )2 .

i=2

T h e n , th e m in im a l v a lu e o fSz i s

Sz(Helh) = (16h3 + 204h2 - 157h + 99)/3.

C A L C U L A T IN G T H E S Z E G E D IN D E X F O R

A N A R B IT R A R Y U B C B G R A P H

T h e p re v io u s a n a ly s is p ro v id e s u s w i th a s im p le w a y to e a lc u la te th e

S z e g e d in d e x o f a n a rb i t r a r y g ra p h f r o meh. W e d e r iv e a f o rm u la d e p e n d in g

o n th e n u m b e r a n d ty p e o f s e g m e n ts .
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L e tCBAU E C h h a v e n s e g m e n ts . D e f in e th e v e c to r o f s e g m e n ts ' le n g th sL ( U )

= ( l l> l2 ' . . . , ln ) , w h e re l i ~ 2 is th e n u m b e r o f h e x a g o n s in th ei - t h s e g m e n t

S i ' i = 1 , 2 , . . . n. T h e s e c o n d v e c to rM (U ) = (m l ' m 2 , . . . , m n ) d e s c r ib e s th e

m u tu a l r e l a t i o n o f th e s e g m e n ts . A la b e lm i = (S), e i th e r O o r 1 , i s a s s ig n e d

to e v e r y s e g m e n tS i ' W e f i r s t c h o o s em l = m 2 = O . C o n s id e r th e s e g m e n tS i

a n d d ra w a l in e th r o u g h th e c e n t r e s o f th e h e x a g o n s o fS i- I ' T h e n , m i = m i- 2

i f S i a n d S i- 2 l i e o n th e s am e s id e o f th e l in e , a n dm i e f . m i- 2 o th e rw is e . F o r

e x am p le , th e s e g m e n ts m a r k e dA a n d B i n F ig u r e 1 h a v e d is t in c t la b e ls in

U; a n d th e s am e la b le s inUi;

I n o r d e r to m a k e o u r n o ta t io n c o m p a c t , w e f u r th e r a s s u m e th a tm o = m 2

a n d m n + l = m n - l '

S u p p o s e n o w th a tL a n d Mare a rb i t r a r y in te g e r a n d b in a r y n - d im e n -

s io n a l v e c to r s , r e s p e c t i v e ly , a n dl i ~ 2 f o r a l l i. I t i s d e a r th a t th e y u n iq u e ly

d e te rm in e a g ra p h f r o mCh f o r s o m e h ~ 2 . T h e n , o f c o u r s e ,L a n d M c o m -

p le te ly d e te rm in e a ls o th e S z e g e d in d e x o f th e c o r r e s p o n d ing g r a p h .

P R O P O S IT IO N 4 . T h e S z e g e d in d e x o f aV B C B s y s te m U i s c o m p u te d

f r o m th e r e s p e c t i v e v e c to r sL a n d M i n th e f o l lo w in g m a n n e r :

n

z = L

- 4 t, [ 4 ~ ( h - 2 r + 1 - 2 A ,) ' + 2 ( h - 2 1 ,+ 1 - 2 A ,) , ) - 2 4 ( h - 1 ) '

n ~l n

w h e re h = I l i - n + 1 , h , = m i- l + m i l a n d A i = I l j - i + 1 , B i = I l j - i + l .

i = l j= l j= i+ 1

n

P ro o f . W e f i r s t o b s e r v e th a tU h a s I l i - n + 1 h e x a g o n s . D e n o te b yA i a n d

i = l

B i th e n u m b e r o f h e x a g o n s in th e g r a p h s th a t a r e o b ta in e d a f te r de le t in g

th e e d g e s o f s e g m e n tS i ( th e e d g e s b e lo n g o n ly toS ) .

B a s e d o n o u r p r e v io u s r e s u l t s w e c a n w r i te

n

I { ( u ,u ) = I I { ( u ,u ) + I ( ( U ,u ) .

( u , v ) E E (U ) i = l ( u , v ) E E m (S ) ( u , v ) E E , (U )

L e t ( u ,u ) E Em(S). A p p ly in g P ro p o s i t io n 2 , w e h a v e

I { ( U ,u ) = ( l i + l ) ( A i + ( - l t ' i - l + m i+ lB ) 2 .

( u . v ) E E ( [ J )
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L e t (u,u) EFEDCBAE P ] ) . S egm en t S i h a s th e h e x ag o n s la b e le d b yA i + 1 , A i + 2 ,

. . . , A i + l i ' S in ee I E / S i+ l ) n E m ( S i ) 1 = 2 (p ro v id e d n > 1 ) , w e u se fo r th e ea l-

e u la t io n th e se tsE ' t C S [ ) = E /S [ ) an d E ' t ( S i+ l ) = E t ( S i+ l ) / E m ( S ) fo r 1 :c ; : i s n

- 1 . T h en ,

n

I f(u,u) = I I f(u,u) =

z=L ( u , u ) E E , ' ( S )

= ~ [4 E ( h - 2 ( A , + r ) + 1 ) '+ 2 ( h - 2 ( A , + I ,)+ 1 ) ') + 6 ( h - 1 ) '.

T h e la t te r te rm eo r re sp o n d s to th e ed g e s o fE tC U ) f rom th e te rm in a l h e x ag o n s .

A s an i l lu s tra t io n , w e ap p ly fo rm u la (5 ) to e a lc u la te th e S zeg ed in d e x o f

th e U B C B sy s tem U w ith tw o segm en ts . L e t th e le n g th s o f th e segm en ts b e

h l an d h 2 (se e F ig u re 2 ) .

F ig u re 2 . A n u n b ra n c h ed ca ta c o n d en sed b en zen o id sy s tem w ith tw o segm en ts .

In th is e a se ,L ( U ) = ( h V h 2 ) am d M (U ) = (0 ,0 ) . H en ee , h = h l + h 2 - 1 , A

= ( A l , A 2 ) = (0 , h l - 1 ) a n d B = ( B V B 2 ) = ( h 2 - 1 , O ) . S u b s t i tu t in g th e se v a lu e s

b ae k in to (5 ) , w e h a v e

hCl

- 4 (4 I ( h - 2 r + 1 )2 + 2 ( h - 2 h l + 1 )2 ) -

1'=2

h1 - l

- 4 (4 I ( h - 2 r - 2 h l + 3 )2 + 2 ( h - 2 h l - 2 h 2 + 3 )2 ) - 2 4 ( h - 1 )2

1'=2

f rom w h ie h i t s tra ig h t fo rw a rd ly fo l lo w s :

S z ( U ) = ( 4 4 ( h r + h ~ ) + 1 2 0 h lh 2 ) ( h l + h 2 ) - 4 8 (h r + h ~ ) -

- 1 2 0 h lh 2 + 4 3 ( h l + h 2 ) - 3 6 ) /3 .
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U B C B G R A P H S W IT H C O IN C ID IN G S Z E G E D

A N D W IE N E R IN D IC E S

In th is sec tio n , w e an sw e r in th e a f f irm a tiv e th e fo l low in g ques tio n : A re

th e re pa irs o fU B C B g raph s su ch th a t th e S zeged in d ex o f o ne coin c id es w ith

th e W iene r in d ex o f th e o th e r?

I t w as show n / th a t fo r a (c y c l ic ) g rap h G ,FEDCBAS z (G ) > W (G ). (F o r U B C B

g raph s w e cou ld h av e es tab l ish ed th is s tr ic t in equa li ty b y direc t com pa r iso n o f

th e ex trem a l v a lu es o fSz and W ). B ecau se o f th is , i fS z (U1) = W (U2 ) th en U l

and U2 canno t b e isom e rs ,i .e . th ey m us t h av e d if fe ren t n um be rs o f h ex agon s .

In c la ss Ch' th e g raph s L p a .; and Heli; have a lso ex trem a l W iene r in d ices ,

th e W va lu es o f b o thL p a and H e l a re cub ic p o ly n om ia ls inh .

P R O P O S IT IO N 5 .19 T he ex trem a l v a lu es o f th e W iene r in d ex fo r th e

g raph s from C h a re equa l to W m in (h ) = W (H e l) = (8 h3 + 7 2 h 2 - 2 6 h + 2 7 ) /3

and Wm a x (h ) = W (L p a h ) = (1 6 h3 + 3 6 h2 + 2 6 h + 3 ) /3 .

T he fo l low in g u se fu l re su lt d e te rm in es th e po ss ib le v a lu eso f th e S zeged

in d ices o f U B C B g raph s .P T he ana lo g ou s p ro pe r ty o f W has been know n fo r

som e tim e .19

P R O P O S IT IO N 6 .15
•
19 L e t Ul> U 2 E eh. T hen , S z (U1) == S z (U2) (m od 8 )

and W (U1) == W (U2) (m od 8 ).

In v iew o f P ro po s it io n 6 , w e de f in e th e fo l low in g tw o se ts :sz (h ) = {S zm in (h )

+ 8 k lk = 0 ,1 ...., (S zm a xC h ) - S Z m in (h » /8 } and E w C h ) = {W m in (h ) + 8 k I k = 0 ,1 , ...,

(W m ax (h ) - W m in(h » /8 } . I t is d ea r th a t th e necessa ry cond it io n s fo r co in c id in g

in d ices a re E w C h1) n E sz(h2) * - ° and Wm in (h1) == S Z n m in (h2) (m od 8 ).

W e have to d is t in g u ish be tw een th ree cases :

(a ) W m in (h1) :o ; S Z m in (h2) :o ; W m ax (h1) :o ; S Z m a x (h2)

(b ) S Z m in (h2) :o ; W m in (h1) :o ; S Z m a x (h2) :o ; W m a x (h1)

(c ) S Z m in (h2 ) :o ; Wm in (h1) :o ; Wm a x (h1) :o ; S Z m a x (h2) .

T ab le I sh ow s th e f irs t few adm iss ib le v a lu es o f p a ram e te rsh 1 and h 2

fo r each o f th e cases (a ) , (b ) an d (c ) .

T A B L E I

N um be r o f h ex agon s o f th eVECE sy s tem s w ith co in c id in g S zeged and W iene r in -

d icecs ; fo r d e ta i ls see tex t.

(a)
h1(W) 13 19 20 21 26 27 28 29 33 34

h2(Sz) 10 14 16 18 20 22 24 26 26 28

(b)
h1(W) 12 18 23 24 29 30 31 35 36 37

h2(Sz) 8 12 14 16 18 20 22 22 24 26

(c)
h1(W) 25 32 38 44 45 50 51 56 57 58

h2(Sz) 18 24 28 32 34 36 38 40 42 44
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U B C B s y s te m s w ith g iv e n v a lu e s o fSz a n d W .

v a lu e

Sz=W
Nw

h = 1 2

Nw

h= 1 2

1

1

1

3

1

2

2

1

3

8 5 3 7

8 5 5 3

8 5 8 5

8 6 3 3

8 6 9 7

8 7 2 1

8 8 9 7

9 1 6 1

Nsz

h=8

7 9 6 9

8 1 2 1

8 2 2 5

8 3 7 7

7 4 0 1

8 4 4 9

8 4 5 7

8 4 8 1

8 5 0 5

2

2

2

1

3

2

4

6

2

v a lu e

Sz=W

2

2

1

1

2

1

1

1

1

2

4

5

4

5

1 4

3 2

T a b le I I c o n ta in s a m o r e d e ta i le d in f o r m a tio n o n g r a p h s w ithg iv e n v a lu e s

o f th e in d ic e s a n d th e m in im a l n u m b e r o f h e x a g o n s . H e r e ,Nsz a n d Nw d e -

n o te th e n u m b e r o f e le m e n ts o f d e g e n e r a c y c la s s e s f o rSz a n d W, r e s p e c tiv e ly .

F ig u r e 3 . 'T w o u n b r a n c h e d c a ta c o n d e n s e d b e n z e n o id s y s te m sw ith 8 h a x a g o n s , h a -

v in g e q u a l S z e g e d in d ic e s(Sz = 7 9 6 9 ) ; th is is th e s a m e v a lu e a s th e W ie n e r in d e x

o f [ 1 2 ] h e l ic e n e .

T w o U B C B s y s te m s w ith h = 8 a n d Sz = 7 9 6 9 a r e d e p ic te d in F ig u r e 3 .

T h is v a lu e o f th e S z e g e d in d e x is e q u a l to o th e W ie n e r in d e x o fth e h e lic e n e

w ith h = 1 2 , i.e., W)Held = W m in( 1 2 ) = 7 9 6 9 .
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SAŽETAK

o Szegedskom indeksu nerazgrananih katakondenziranih

benzenoidnih molekula

A ndrey A . D ob ryn in i luan G u tm an

Ispitivan je Szegedski indeks(Sz) nerazgrananih katakondenziranih benzenoid-

nih (UBCB) ugljikovodika. Predložena je efikasna metoda zaračunanje Sz za te su-

stave. M eđu UBCB molekulama s fiksiranim brojem šesterokuta, linearni poliacen

ima najveću, a helicen najmanju vrijednostSz.


