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Abstract: It is shown that the tail behavior of the function of nonnegative random variables
can be characterized using deterministic functions satisfying certain properties. Also, the
upper and lower bounds for the tail of product of random variables are given. Applications of

these results are given to some of the well-known models in economics and risk theory.
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1. Introduction

The tail behavior of functions of random variables (rvs) is an important area of
research. For theoretical development on this topic, see [11, 8, 2] and references
therein. In applied probability, some of the branches that rely on the analysis
of the stochastic model, described by given function(s) of rvs, it is important
to estimate the behavior for the given function(s) of rvs. For example, in
reliability theory, the tail behavior of failure distribution plays an important
role (see [1, 7]). In risk modelling, the behavior of the distribution of ruin, for
risk model is important (see [9]). In this paper, we focus on some aspects of
the tail behavior and generalize the existing results for various functions of rvs,
such as sum, maximum and product under dependent and independent setup.
Also, the result for moment and exponential indices follows as a special case of
our results, provided they exist.
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We next define the necessary terminology required for the discussion. Let
X be the rv with cumulative distribution function (cdf) Fy (x). Then Fx(z) =
1— Fx (x) known as the tail function of X. The moment and exponential index,
(see [4] and [5]), for a rv X are defined as

I(X) = hxrgloréf]fé{(g) :sup{SZO:E[(X+)S] <oo},

. Rx(x) X
= = > : 5
E(X) hxrgloréf . sup{s > 0:E(e**) < oo},
respectively, where 2™ = max(0,z) and Rx(z) = —In (Fx(z)), the hazard
function of X. A function h : [0,00) — [0,00) such that h is increasing and
h(z) — oo as © — oo known as a scale function. If h is continuous then we can

generalize the definitions of moment and exponential index (see Theorem 2.1
of [6]) as follows.

Ih(X) = lixrgioréf P;L)E:(:)c) = sup {5 >0:E (GSh(X)> < oo} , (1)
is called the h-order of X and h is said to be natural scale functionif I,(X) = 1.
Using this definition, the tail of the rv X can be compared as, for € > 0,

Fx(z) < e (19h@) (2)

and for the rvs X and Y, if liminf, ,o Rx(z)/Ry(z) = ¢ and ¢ > 0. Then the
tail comparison (for details, see [6]) is given by, for any small € > 0, there exists
xn such that for all z > xp,

Fx(x) S [Fy(aj‘)] e . (3)

Next, we introduce a result of the existence of h satisfying the required
properties for discussing the tail behavior of a nonnegative rv.

Lemma 1.1. Let X be nonnegative rv. Then there exists a monotone
concave function h : [0,00) — [0,00) satisfying h(z) = o(z) as x — oo and
E (eh(X)) < 0o0.

Proof. 1t is clear that X is either heavy-tailed or light-tailed rv. For heavy-
tailed rv X, Theorem 2.9 of [11] gives the required result. For light-tailed rvs,
we can take h(x) = z® for any 0 < o < 1 is a monotone concave function
satisfying h(x) = o(z) and Ee"¥X) < oo.

In this paper, we consider nonnegative continuous rvs with right unbounded
support, that is, for a rv X, P(X > ¢) > 0 for all ¢ > 0. The structure of the
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paper is as follows. In Section 2, we first prove the theorem to characterize
the tail behavior of functions of (dependent or independent) rvs, such as sum,
maximum and product. Next, we derive a method to find the natural scale
function for differentiable functions of rvs and use this method to prove the
theorem which gives the bounds for the tail of rv XY. Finally, in Section 3, we
apply the results of Section 2 to Cobb-Douglas production model and discrete
time risk model.

2. The Moment Index for Sum, Maximum and
Product of Random Variables

In this section, we obtain some of the results about the tail behavior of functions
of rvs based on the h-order defined in (1). We exemplify the approach of

Lemma 1.1 to various functions of rvs such as sum, maximum and product in
the following results.

Theorem 2.1. Let Xi,...,X,, be nonnegative rvs. Then there exists a
monotone concave function h and 0 < ¢; < ¢9 < 1 such that

I, (Zx> = e min {In(X)} <Ty (lrg% {Xi}) = ¢ lgign{nh(xi)}.

Theorem 2.2. Let X;,...,X,, be nonnegative rvs. Then there exist
functions h and h such that

(a) min {I;(X,)} <, (HX) < min {I,(X;)}.

1<i<n .
i=1

) I, <HX) =m HllIl {]Ih( Xi)}, for some m € (0, 1].

c) In <H XZ) =7 1I<nzléln {I; (X;)} for some r € [1,00).
i=1

Corollaries 2.1. Let Xq,...,X, be independent nonnegative rvs. Then
there exists a monotone concave function h such that

) T (ZX) ~ min {I(X)}.
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©) 1 (e X ) = iy {1,06))

1<i<n 1<i<n

Remarks 2.1. 1. Observe that, if h satisfies b (37" @;) < > 7 h(xi),
the condition of concavity can also be relaxed (see Theorem 4 of [6]).

2. If h satisfies h (][}, z:) < >0y h(x;), then we have I, ([[;-, Xi) =
minlgign {Hh(Xz)} .

3. Observe that, for X = 0 and h(0) = 0, applying (1), we get I,(0) =
sup{s > 0 : E(eSh(O)) < oo} = sup{s > 0 : E(1) < oo} = oo. Also,

if for s > 0, either E (eSh(Xl)) = oo(i.e., Ih(X,) = O) or E (eSh(XQ)) =
oo(i.e., I,(Xs) = 0). Then I,(X; + X») = 0.

4. Observe also that, if h(z) = z or h(z) = In(x) (although In(z) is not
a scale function, as h : [0,00) — (—00,00)), our results for the case of
exponential and moment indices follows immediately provided they exist.
However, our results give flexibility for the choice of h;’s.

2.1. Natural Scale Function
Recall from (1) that, a scale function & is called natural scale function for a rv

X if I (X) = 1. Next, we describe a method to find the natural scale function
for functions of rvs via transformation technique.

Method. Let X1i,..., X, be continuous rvs with support §. In particular,
assume Y7 = ¢g(Xi,...,X,,) is a differentiable function of n rvs. Then, the
problem is to find the natural scale function for Y;. Consider an integral

// le,...,Xn(xlv"'uxn)d$1"'dxn,
R

where R C R". Now, take the transformation of the form y; = g(z1,...,z,)
and y; = x; for i = 2,3,...,n with support T, together with inverse functions
x1 =w(yi,...,yn) and x; = y; for i = 2,3,...,n. Then, using transformation

technique (see [10], pp-124), it is well-known that the joint pdf of rvs ¥} =
9(X1,...,Xpn), Yo=Xs,....Y, = X, is given by

fY1 ----- Yn(yla"‘vyn): ’J’le ----- Xn(w(yla"'7yn)7y27"'7yn)7
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where |J| is the determinant of the Jacobian matrix J. Also, the marginal
distribution of Y7 is

le(yl) = // |J|fX1,...,Xn (w(yh?yn)qu??yn)ddeyn

(n—1) with suppeT

and the tail function is given by Fy,(y;) = fyolo fv;(t)dt. Hence, the natural
scale function is h(y1) = —In (Fy, (y1)).

We can compare the tail of the random variable Y7 = g(Xy,...,X,,) with
the help of natural scale function h. That is, Fy,(y1) = F (g(z1,...,7,)) <
e~(1=9u1) In particular, we have shown that for any differentiable function of
9(X1,...,X,), we can find a natural scale function h, such that, for any € > 0,
Fy, (y1) (the tail function of ¢) is dominated by e~(1=9"1),

Next, we present the upper and lower bounds for the product of two iid rvs.

Theorem 2.3. Let X and Y be nonnegative iid rvs. Then, for small
€ > 0, we have the following inequalities, for x > 1,

(a) IfA(-) = 2Rx ("), then Fxy(z), Fx(z) < e (37h@),
(b) Ifh(-) = Rxy ("), then Fxy (z), Fx(z) < e-179h@),

- 1/(1— — - -
(¢) [Fx (@)™ < Fyy(e) < [Fx(@)]' .
Remark 2.1. In the proof of Theorem 2.3, the natural scale function h
defined in Case 1 and Case 2 are different. In Case 1, it is twice the natural
scale function of X and in Case 2, it is the natural scale function of XY .

3. Applications

In this section, we give applications of our results to some well-known models
in economics and risk theory.

3.1. Cobb-Douglas Production Model

In economics, the Cobb-Douglas production model describes the relationship
between the output and input variables. This has been widely used since its
introduction by Knut Wicksell (1851-1926).

The first significant application of this model is given in [3], where they
studied the growth of American economy during the period 1899-1922 using
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this model, and they were able to present a simplified view of the economy in
which the production output is determined by the amount of labor involved
and capital invested.

It is also of importance in economics, to study the long-term behavior of
production function in order to formulate certain policies. We next describe
the mathematical formulation of the Cobb-Douglas model.

Let T(X,Y) = bX°Y#, where T =total production (the monetary value of
all goods produced in a year):

X =labor involved (the total number of person-hours worked in a year),

Y =capital invested (the monetary worth of all machinery, equipment, and
buildings),

b =total factor productivity,

a > 0, 8 > 0 are the output elasticities of labor and capital, respectively. These
values are constants determined by available technology.

We next give the implications of our results to Cobb-Douglas model. Now,
consider the following conditions on « and 3, for a detailed analysis.

Case (i). o+ 8 < 1, there are decreasing return to scale (i.e., output
decreases proportional to change in inputs).

Case (ii). a+ § = 1, there are constant return to scale (i.e., output is
proportional to change in inputs).

Case (iii). a + f > 1, there are increasing return to scale (i.e., output
increases proportional to change in inputs).

Remark 3.1. Suppose, for any value of b, a and § positive, T(X,Y) =
bX*Y B where X and Y are any nonnegative rvs. Then using the method given
in 2.1, we can find the dominated function for 7T'.

We demonstrate this phenomenon through following examples, for various
conditions of v and (. First, consider for Pareto distribution with parameters
a and k, and the condition a # 3 in Cobb-Douglas production model.

Example 3.1. Let X and Y are iid Pareto distributed rvs with common
pdf
ak®
fx(@) = o+l
where £ < < oo and a,k > 0. Now using technique given in 2.1 with y; =
g(z,y) = 2%y® and w(u,v) = (ul/a/va/5>. Therefore, |J| = (u(l/o‘)*l/avﬁ/o‘) .

Hence, it can be easily seen that f(u,v) = (a2kQa/au(“/o‘)HvHa*(ﬁa/a)) .
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Since k < z,y < oo implies that k*t# < k*P < u < oo. Therefore, the

marginal distribution of g(X,Y) is fyx,y)(u) = % {(1/k_aa/5u(“/5)+1>
— (1/u(a/a)+1k*a5/°‘>} , where k% < 4 < co. The tail function of g(X,Y)

is Fg(X,Y)(u) = (5kja) {(ﬁ/kiaa/ﬁua/ﬁ> — (a/ua/akfaﬁ/a> } .
Let
) c:<k“/(5—a)>,

Fyx,yy(u) = c { (B/k*“a/ﬁu“w) —~ (a/u“/o‘k*aﬁ/a> }

and the natural scale function of ¢(X,Y) is h(u) = —In [c { (ﬁ/k‘aa/ﬂu“/f})
- (a/u“/ak_aﬁ/o‘> H From (2), for e > 0

then

1—e
- —(1—Oh(u) _ - s B a
Foxy) (u) <e = <kaa/ﬁua/ﬁ ua/akaﬁ/a) )

Hence the tail of the production function dominated by the above function
for a, 8 > 0 and a # (. That is, all three cases (Increasing return to scale,
constant return to scale, decreasing return to scale) whenever a # 3 tail of the
production function dominated by the above function.

Now, consider the case when o = § = 1 and Theorem 2.3 for the Pareto
distribution.

Example 3.2. Suppose X and Y are iid Pareto distributed rv with pdf
given by Lo
a
fle)=—2q
where a > 0 and k < x < co. Now using technique given in 2.1 with y; =
g(x,y) = zy and w(u,v) = u/v. Therefore, |J| = 1/v.
Hence, it is easy to see that f(u,v) = (a?k**/u"'v). Since k < z < oo
implies that k* < kv < u < oo. Also, the marginal pdf of XY is fxy(u) =

<a2k2a ln(u/kQ)/ua“), where k? < u < oo. The tail function XY is Fyxy (u) =
<k2a (1+ aln(u/k?)) /u“) . Hence, the natural scale function of XY is hxy (u) =
aln(u) —In (1 + aln (u/k?)) — 2aln(k).

It is clear that

e Rx(x) . aln(z) — aln(k)
T, (X) = liminf — lim inf 1
ey (X) = liminf 72775 = limin aln(z) —In(1 +aln(%)) — 2aln(k)
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Similarly, Ij, ., (Y') = 1, hence for ¢ = 1, it is satisfied Theorem 2.1.

Compare with production function of Cobb-Douglas model, we have a =
g =0b=1. That is, T(X,Y) = XY, i.e., for z > 1, we have the case in which
increasing return to scale, From Theorem 2.3, the tail function of XY and X
are dominated by the function,

xa

exp{—(1—e€)hxy(z)} = (k “(1+aln(z/k ))) ;

and
[Fx(2)] " < Py () < [Fx(2)]

3.2. Discrete Time Risk Model

Let X; be the net payout of the insurer at year ¢, and Y; be the discount factor
(from year i to i—1) related to the return on the investment, ¢ = 1,2,.... Then
the discounted value of the total risk amount accumulated till the end of year
n can be modeled by a discrete time stochastic process

n %
We=> X[V
i=1  j=1

The basic assumptions for this model (see [9]) are as follows.

Aj. Let A, be the net income within year n. Assume {4, : n = 1,2,...}
constitute a sequence of iid rvs with support (—oo, c0).

As. Let r, be the rate of interest on the reserve invested is risky assets. As-
sume {r, : n =1,2,...} is a sequence of iid rvs with support (—1, c0).

As. Also, assume {4, :n = 1,2,...} and {r, : n = 1,2,...} are mutually
independent.

Define B,, = 1 + r,, also known as the inflation coefficient from year n — 1
to year n and let Y,, = B! be the discount factor from year n to year n — 1,
n=12,.... Thervs X = —A and Y as the insurance risk and financial risk,
respectively. Clearly, P(0 <Y < c0) = 1.

Let the initial capital of the insurer be x > 0. The surplus of the insurer
accumulated till the end of year n can be characterized by S,, which satisfies
the following recurrence equation

SO =, Sn = BnSn—l + Ana
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where B,, =1+, ,n=1,2,... . The recurrence relation can be written as
n n n
Sy =, Sn:xHBj—i-ZAi H Bj, n=12,..., (4)
j=1 i=1 =i+l

where [[7_, ., = 1.

Next, the time of ruin for the risk model (4) is defined as 7(z) = inf{n =
1,2,...:5, <0|Syp = z}. Hence, the finite time ruin probability, ¢)(z,n), and
of ultimate ruin probability, ¢(x), can be defined as ¥(z,n) = P(r(z) < n),
respectively, ¢(x) = ¥ (z,00) = P(7(z) < 00). Clearly, the probability that
the ruin occurs exactly at year m, can be defined as P(7(z) = n) = ¥(z,n) —
Y(x,n—1), n=1,2,....

A more significant calculation might be P(7,(z) < n) or P(1,(z) < oo) for
x > 0and n = 1,2,..., where 7y(x) is a stopping time, defined by 7,(x) =
inf{n =1,2,...:8, <y|So =z} for any regulatory or trigger boundary y > 0.
This stopping time 7,(x) may be interpreted as the first time at which there is
a need to raise the capital in order to maintain solvency. We can rewrite the
discounted value of the surplus S, in as

Hence, for each n =0,1,2,..., ¢¥(z,n) = P(U, > x), where

U, = max{0, max Wy} with Uy = 0.
1<k<n

Now, define Vo =0, V,, =Y, max{0,X,+V,—1}, n=1,2,.... Then Theorem

2.1 of [9], it is clear that U, £ Vi

Hence, the following result shows that the relation ¥ (z,n) = P(V,, > x)
holds for each n = 1,2,... under the assumptions A1, Ay and As.

We next apply our results to discuss the tail behavior of U,,. Using Theorem
2.1, Theorem 2.2 and Corollary 2.1, there exists a monotone concave function
h such that

L(U) =T, <max{o, max Wk}) —1, ( max m) = 0 min (W)} 9

1<k<n

for some constant ¢, € [, 1].
Suppose constant corresponding to (22:1 X H?Zl Yj> + (Xz‘+1 H;J;ll Yj>

is ¢;, where ¢; € [%,1] for i+ = 1,2,...,n — 1. Now use Theorem 2.1 in
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Wo, Wo, ..., W,, we get

j—1 k+1
s = i {Ilen (waIl0)} o

1=k =1

with assumption that ¢y = 1, combining (5) and (6), we get

k+1
I(Un) = en | min {H cill <Xk+1 II Yl> } (7)

where 0 < ¢; <1, fori=1,2,...,n— 1. Now, suppose constant corresponding
to XZ-(H}:1 Y;) is ki, i = 1,2,...,n. Then, we can write

J
I, | X; HY} —mln{k In(X;), kL (H)@-)} (8)
1=1

Combining (7) and (8), we get

n—1 m+1
Hh(Un) = Cp Ogglgi% 1 m+1 H & {Hh m+1 (H }/l> } (9)

Now, again take constants corresponding to (HJ Y5)Yipisds, i =1,2,... ,n—
1, where d; € (0, 1] are some constants.

n n—1
I, (Hl y) — Oggl;%il {H diﬂh(ymﬂ)} , (10)

with assumption dp = 1. Combining (9) and (10)

n—1
I (Un) = cn miﬂ{ Oggl%%_l{kmﬂ H CiHh(Xm-‘rl)}a

i=m
n—1 m
i i k ; d: 1, (Y] . 11
Ogrlrgr?_l{lgr%lg_l{ mel HCzHl Ik ( m)}}} (11)
i=m j=

The expression given in (11) is a general representation for h-order of U,,. Fur-
ther to simplify representation for (11), we consider the following cases.
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Case 1. If we can arrange ¢; and d; such that d; < ¢;, fori; € {1,2,...,n—
1},d2 < Ciq for ’iQ 75 il, ey dn,1 < Ci,q for Z'n,1 75 ’il 75 ’iQ 75 75 Z'n,Q and
kn = mini<p<p{kp}. Then

0<m<n—1

n—1 n—1
I,(U,) = ¢, _min {kmﬂ I el (Xms) knen [ | diﬂh(ymﬂ)} .

i=m i=m
Take
n—1 n—1 n—1
C = diag {k‘l H Ci,kg H Ci,kg H Ciy.nn ,kncnl} .
1=0 =1 1=2
n—1 n—1 n—1
D = diag {kncn_l 11 dis kncns ] diskncns ] dis - ,kncn_ldn_l} .
1=0 =1 1=2
X = (X,Xs,...,X,) and Y = (Y1,Ys,...,Y,).
Then

I,(Up) = ¢ min {I,(X)C, I, (Y)D} .

Case 2. If we can arrange ¢; and d; such that ¢; < d;, fori; € {1,2,...,n—
1}, Co < dig for ’iQ 75 ’il, ey Cp—1 < din—l for ’L'n,1 75 ’il 75 ’iQ 75 s 75 Z'n,Q. Then

Hh(Un) =

0<m<n-—1

n—1 n—1 n—1
Cn min {km-l—l H CiHh(Xm—l—l)a k‘gdl H CiHh(YI)a km—l—ldm H CiHh(Ym—i—l)} .

Take
n—1 n—1 n—1
C = diag {k‘l H Ci,kg H Ci,k3 H Ciy.on. akncn—l} .
i=1 i=1 1=2
n—1 n—1 n—1
D = diag {kgdl H Ci, kigdl H Ci, kgdg H Ciy.-. ,kncnldnl} .
1=1 i=1 =2
Then

I,(Up) = ¢, min {I,(X)C, I, (Y)D} .
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Remark 3.2. If Xy, Xs,..., X, areiid rvs and Y7, Y>,...,Y, are also iid
rvs. Then for Case 1, we have

n—1 n—1
1, (Uy) = ¢, min {kncnl [T ditn(v1), min {k:, k23 T cl-]lh(Xl)} :

i=1 i=1

and for Case 2,

n—1 n—1
Hh(Un) = Cp, min {k‘gdl H CiHh(Yl)a min {k‘l, k‘g} H CiHh(Xl)}

i=1 i=1
which are very easy to calculate.

Remark 3.3. Observe that, from Theorem 2.1, Theorem 2.2 and Corollary
2.1, if the natural scale function of X; and Y; are hx, and hy; respectively, then
the scale function for U, is given by

h(z) = Z(hxi(x) +(n—i+ Dhy, (x)).
i=1
Next we consider the tail behavior of V,,, defined as
Vi, =Y, max{0,X,, + V,_1}.

Now let the constants between (Y;)(max{0, X; + Vi_1}) and (X;) + ( _1) are
¢; and d; respectively, where ¢; € (0,1] and d; € [%, 1] for i = 1,2,...,n and
7 =2,3,...,n. Hence,

I,(Vn) = min{c,Ix(
min { ¢, I (

Yn)a Cn]lh(ou Xn + anl)}
Yn); Cth(Xn + anl)}
= min {Cth(Yn)p cndplp (Xn)7 Cndnﬂh(vnfl)}

= lgégn {H Cidﬂlh(Xm), H cidiJrth(Ym)} . (12)

1=m i=m
We assume in above expression that d, 1 =1 = d;.

Now take
C = diag {H Cidig1y .- ,cndn}

i=1
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and

D = diag {HCidi+1,...,Cn}.

i=1
Hence, we get
I, (V) = min {I,(X)C,I,(Y)D} .

Remark 3.4. If Xq, Xo,..., X, areiid rvs and Y7,Y5,...,Y,, are also iid
rvs. Then I (V,) = [[;, cidit1 min {I,(X1), 1, (Y1)}, which is easy to calculate.
We know that V,, = Y, max {0, X,, + V,,—1}. If the scale function of X; and
Y; are hx, and hy; respectively. Then, using Theorem 2.1, Theorem 2.2 and
Corollary 2.1, the scale function h for V,, is given by

h(z) :zn:(hxﬂuhyi).

i=1

Remark 3.5. As mentioned earlier, U, and V,, have same distribution
and it can be seen from (11) and (13), the representation of V,, is preferable
over the representation of U, due to the ease of computation and simplicity in
the construction of h.

4. Proofs
Proof of Theorem 2.1. Since X1, ..., X, are nonnegative rvs. Using Lemma
1.1, there exist monotone concave functions hy, ..., h, such that E (ehi(X )) < 00
and h;(x) = o(x) as © — oo, for i = 1,...,n. Define

h(z) = hi(z) = > hi(0),
=1 i=1

therefore, h is a monotone concave function and h(0) = 0. Hence, by Remark 2
of [6], h is continuous and increasing function with h(zq + x2) < h(x1) + h(x2)
for all x1, 29 > 0. We know that max<;<, x; > x; for i = 1,...,n, this implies
for s > 0, we have

E (esh(maxlgign Xi)> >E <esh(XZ~)> .

Therefore, I}, (maxi<;<n, X;) < I,(X;). Hence,

I, (max XZ) < min {I,(X,)}. (13)

1<i<n <i<n
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Similarly, it is easy to see that

n
I, (Zl XZ) <1, (lrgia% XZ) (14)
1=

Hence combine (14) and (15), we get required result.

Proof of Theorem 2.2. Using Lemma 1.1, there exist monotone concave
functions hq,...,h, such that E (ehi(X)) < o0 and hi(z) = o(x) as x — oo,
for i =1,...,n. Let h(z) = > " hi(xz) — >~ hi(0), therefore, h is monotone
concave with h(0) = 0. For i = 1,...,n, define h(z;) = 2" 'h(x;), where
T = maxj<;<np{®; + 1}. It is clear that z;2"~! > []", 2;, This implies

h(z;) > h <ﬁ xz/x"1> > xnl_lh (ﬁ :1:Z> :
i=1 i=1

That is,
h (H xz> < 2" Vh(x;) = hiz)
=1
Therefore,
E <65h(H?:1 Xz)) <E (esh(X1)>
Hence,

Now, consider
E (esh(]_[;Ll Xi))

>E (esh(HZ;lXih (Xo>1,...,X, > 1)) >E (esh(xﬂ) f[]?(xi > 1),
=2

we get Ip, ([T, Xi) < Ip(Xy), similarly, for i = 2,...,n, I (T[T, Xi) < In(X5).
Hence, Hh (H?:l Xz) < minlgign {Hh(Xz)} Hence,

min {T,(X)} < Ty (H Xi) < min {I,(X;)}.
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This proves (a). It is easy to see that I; (X;) < I(X;), fori =1,...,n. Choose
¢ > 1 such that cl; (X;) > I;,(X;), therefore,

1 n

— < Nl < .

o i, (n(X0) < i, {15 ”}—“h(HXZ)
< < .
< jmin, 1) < e min, {106}

Hence, there exist m € (0,1] and r € [1,00) such that

I (HX) =m mm {Hh( X;)} and I <HXZ> —r1r<nz1éln {I; (X;)} .
i=1

This proves (b) and (c).
Proof of Corollary 2.1. 1t follows from the proof of Theorem 2.1,
| < i AR
Iy, (z; XZ> < min {In(X,)}

To prove the equality, it is known that h (3", x;)
are independent rvs. Then E (eSh(zz—lx )) < H E
I, (D0, Xi) > ming<i<y, {I4(X;)} . Hence,

i=1

< Z (CCZ) and Xz
( sh(X ) Therefore,

This proves (a).
Next, from (14), we know that

1<i<n

< i i)y
I (max X) < min {In(X;)}

Now, it is clear that
n

max x; < E T,
1<i<n 1
1=

this implies

E (esh(maxlgign XZ-)) <E (esh(z;;l Xi)) < HE (esh(Xi)> '
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Therefore,

Hence,

This proves (b).

Proof of Theorem 2.3. Recall from Theorem 2.2 and Remarks 2.1, we have
I5(XY) = min(I,(X),I,(Y)). For iid rvs I(X) = [,(Y). Hence, I}(XY) =
[,(X). Then we can find the tail behavior of the rvs in the following ways.

Case 1. Suppose hq is a natural scale function of X, therefore h = 2h; and
I,(X) = 21, (X) = 1/2. Then I,(XY) = I;(X) = 1/2, for small € > 0, using
the definition of lim inf,

Fxy(x), Fx (z) < e~ (279,

This proves (a).
Since, h; is the natural scale function X, therefore, h(x) = 2hy (z) = 2Rx ()
and I, (XY') = 1/2, hence,

R T
lim inf 21;(;5:1:)) =1/2
that is,
it 25 =1
From (3),
Fyy(x) < [Fx(z)]' ™. (15)

Case 2. Using the method described in 2.1, we can find the natural scale
function h for XY then I,(XY) = [,(X) = 1. Using the definition of liminf,
for € > 0,

Fxy (z), Fx(z) < e~ (179h@),

This proves (b).
Next, note that h is the natural scale function XY, therefore, h(z) =
Rxy(z) and I} (XY) = [,(X) = 1, that is, I;,(X) = 1, hence,

lim inf Rx ()

=1.
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Therefore, from (3),

Fx(z) < [Fxy ()] (16)

Combining (16) and (17), it is clear that

[Fx(2)] V"7 < Fyy(2) < [Fx(x)]

This proves (c).
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