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OF THE DEFECT FORMATION VOLUME IN IONIC CRYSTALS (*)
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Résumé. — Le volume de formation d’un défaut de Schottky dans les halogénures alcalins est
supérieur au volume moléculaire, mais dépend aussi de la température et de la pression. Le coefficient
B, d’expansion thermique du volume du défaut est exprimé a I'aide du coefficient d’expansion f
du matériau massif et de la dépendance en température des dérivées, par rapport 4 la pression, de ses
constantes élastiques. Le coefficient f, est beaucoup plus grand que B, et il croit légérement avec la
température. Le module isotherme du défaut B, est aussi exprimé a I’aide du module macroscopique
du matériau massif B et de ses dérivées premiéres et secondes par rapport a la pression. La valeur de
B, est beaucoup plus petite que celle de B et décroit avec la température. En outre, B, décroit for-
tement avec la pression, 40 9, pour 10 kbar. Les dépendances en température et en pression de B,
et f, ont les comportements requis pour expliquer les mesures de diffusion et de conductivité sous
pression hydrostatique.

Abstract. — The Schottky formation volume in alkali halides not only exceeds the molecular
volume but also depends on temperature and pressure. The coefficient B, for the thermal expansion
of the defect-volume has been found in terms of the bulk expansivity § and the temperature depen-
dence of the pressure derivative of the bulk elastic constants. The coefficient B, is much greater than g
and increases slightly with temperature.

The defect isothermal bulk modulus B, has also been expressed in terms of the macroscopic bulk
modulus B and its first and second pressure derivatives. The value of B, is much smaller than that of
B and decreases with temperature. Furthermore B, decreases strongly with pressure, about 40 9,
up to 10 kbar.

The temperature and the pressure dependences of B, and B, have the same trend as required to

explain the experimental diffusion and conductivity plots under hydrostatic pressure.

In recent publications [1-4] we have proposed that
the anharmonicity of the solid plays a very important
role in the determination of the formation parameters
of a Schottky defect in alkali halides. On this basis,
we hope that we have eliminated the old discrepancy,
regarding the values of the formation entropy. We
found that s ~ 10 k, in close agreement with the
most recent experimental results [5]. Furthermore,
we have shown [2, 3] that the coexistence of the strong
decrease of the elastic constants with temperature T
and the thermal expansion of the solid leads to a
temperature dependence of 4 and s, where & denotes

(*) To the memory of Antonios Varotsos.

the formation enthalpy per Schottky defect. We now
turn our attention to another vexing question, i.e., to
the calculation of the formation volume, v, per
Schottky defect.

We note that all the calculations [6, 7, 8], up to now,
have predicted a large contraction of the lattice around
the defect, whereas all the available experimental
techniques [9, 10, 11] showed a strong expansion. A
more complete study of the v; problem will be publish-
ed elsewhere [4]. In the present treatment we restrict
ourselves to the determination of the thermal-
expansion coefficient f, of the volume v; and the
isothermal defect-bulk modulus B,. We nofe that
no study of this problem has been published, due to
the fact that in ionic crystals both B, and B, were
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arbitrarily assumed equal to zero [12]. We shall follow
exactly the same procedure as before [1-4], keeping
in mind the assumption that the value of C in the
expression :

g = CBQ )

does not depend on T and P, where P denotes the
pressure, g the Gibbs formation energy and Q the
mean volume per atom. (B is the usual macroscopic
bulk modulus.)

1. Calculation of B, and B,. — The value of C in
eq. (1) can be determined [1-4] as follows : at T'= 0
the energy g becomes equal to the formation enthalpy
h, (hereafter the subscript 0 denotes the corresponding
values at absolute zero). Thus eq. (1) gives :

ho
C = B 2
A combination of egs (1) and (2) shows :
M po 3
g = B() Q() . ( )

The quantities B, and B, are defined [13] as follows :

dog
=— = . 4
B. o T P = const )
and
dpP
B, = — vfal;, T = const. %)
. dpP
Recalling that : B = — Q 0 T = const., v; can
be found as follows :
dg hy, (dB
"f—aﬁ—ao—a;%‘l)”' ©

By inserting the value of v; into egs (4), (5) we finally
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and
1 1 d

dB

2. Remarks on egs (7) and (8). — (i) In a harmonic
solid the elastic constants do not depend on tempe-
rature and pressure. Then eqs (7) and (8) give :

harmonic solid : B, = =0 and B,=B=B,.

(ii) In the lowest order of anharmonicity [14, 15] the
pressure derivative of dB/dP (and its temperature
variation as well) is zero. Therefore we get : lowest
order of anharmonicity : p, = fand B, = B.

(iii) In a real solid (i.e. anharmonic) experi-
ments [16, 17] showed that dB/dP depends on P and T.
Especially in alkali halides, dB/dP decreases with
pressure (for T = const.) and increases linearly with
temperature (for each P). Thus egs (7), (8) reveal :
realsolid : B, # fand B, # B.

Important remark. — This last conclusion is not
inconsistent with eq. (1). This equation is based on
clear thermodynamic considerations : i.e. according
to Zener [18] the creation of a vacancy is the isothermal,
isobaric variation of the solid and hence the corres-
ponding variation of the Gibbs energy of the solid
must be proportional [19] to the bulk modulus and to
the macroscopic change of the crystal-volume (which
has a certain relation to the Q).

3. Application of equation (7). — The first and the
second pressure derivatives of B, in NaCl, have been
measured by Spetzler et al. [16] up to 10 kbar. They
have confirmed that dB/dP increases linearly with T
(for each pressure) and we predicted its values, at
higher and lower temperatures, by linear extrapola-
tion. As for the volume expansivity, in NaCl, we have
used the values reported by Srivastava and Mer-
chant [20]. The B,-values, obtained from eq. (7), have

get : been inserted in column 5 of table I. In column 4
_ d I dB 1 7 we give the values of B, for the sake of comparison,
ho=h+ ar "\dap ~ whereas in column 6 the ratio 8,/f is given.
P
TABLE I
Thermal expansion of a Schottky defect in NaCl
1 2 3 4 5 6
dB B,
T ap B, — B p B P
K P = 0 kbar 10~* grad™* 10~* grad ™! 10~* grad
;00 5.352 3.61 1.17 4.78 4.08
550 5.745 3.31 1.55 4.86 3.14
800 6.138 3.06 1.91 497 2.60
900 6.295 297 2.05 5.02 2.45
1000 6.452 2.88 2.19 5.07 2.32
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We see that the excess expansivity B, — S (column 3)
decreases with the temperature, but it consistently
exceeds the bulk expansivity. The ratio B,/ always
exceeds unity and decreases from the value 4.1 (at
R.T.) to 2.3 (at T = 1000 K). The surprising result
that B, > p has been also observed in metals and it has
been used by Gilder and Lazarus [13] to explain
the curvature in the diffusion plots. We note that in
some metals B, is proportional to 1/7, whereas in our
case f, increases slightly with T.

For the confirmation of our results we recall two
recent experimental results [10, 11] : (i) Yoon and
Lazarus [10] remarked that the average slopes of
In o-vs-pressure (¢ = conductivity) plots decrease
significantly with decreasing temperature. These slopes
Ug
2
where v,, is the migration volume. In other words,
Yoon and Lazarus observed that v, and hence vy,
increases significantly with temperature. Therefore,
experiment shows that 8, > 0, as our results predict.
Unfortunately, in the case of NaCl, they give the
In g-vs-pressure plot only at 7 = 993.5 K, and thus a
direct check of our f,-values is not possible. However,
from the temperature dependence of their plots, in
the other materials, we obtain , > 0. In the light of
the present discussion, it should be interesting to
reanalyse their results, in order to obtain the f,-value,
for each material.

(ii) Martin, Lazarus and Mitchell [11] studied
cation diffusion in NaCl (with the tracer technique),
under pressure, and they found that v increases with T
(although this variation lies within the experimental
error). By using their v-values, and assuming that v,
varies like v;, we obtain that §,/f ~ 5. Keeping in
mind the large experimental error, we can say that our
prediction, that f, > B, is the right direction.

correspond to the activation volume v = = + v,

4. Application of equation (8). — Applying eq. (8),
for T=936K and T = 993.5 K, for various pres-
sures, we find B, and the resulting values are given
in tables II and IIL. In the last column of table III we

TABLE II

Defect-bulk modulus vs pressure in NaCl at T = 936 K

1 2 3 4
dB d (dB

P dp B dP (d_l—’) B,
kbar kbar kb§r‘ 1 kbar
0 6.351 8 13537 —0.0955 39.:63
2 6.154 6 14790 —0.1017 37.75
4 5.9450 160.00 — 0.1078 35.66
6 5.7235 171.68 — 0.11503 33.14
8 5.484 9 18290 —0.1230 30.41
10 5.2317 22505 —0.1303 28.39
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TaBLE III
Defect-bulk modulus vs pressurein NaClat T = 993.5K

1 2 3 4 5
dB d (dB

P dpP B dP\dP) B, v

kbar kbar kbar™!  kbar A3
0 6.442 126.07 — 09715 38.783 95.44
2 62416 138.77 —0.1033 37.17 9041
4 6.029 151.04 —0.1093 3527 8542
6 58045 16289 —0.1165 3291 8041
8 5.563 17427 —0.1246 30.257 75.32
10 53060 167.40 — 0.1324 27.24 70.00

give the vg-values, obtained from eq. (6), in order to
show that it really gives correct results. We see that
our value v; = 95.44 A3 ~ 4Q is in good agreement
with the experimental value [11] : v ~ 4.4 Q (we
used the approximation h, ~ h = 2.44 eV [5]).

A comparison of the fourth columns of the tables II,
III shows that B, decreases with temperature (for
P = const.), like B. However we must notice that the
rate of the temperature decrease of B, is much smaller
than that of B. Furthermore, B, decreases strongly
with pressure, while for B the opposite holds. B, is
smaller than B by a factor 3 ~ 9. This factor increases
with pressure (for T = const.). We emphasize, again,
that this last conclusion cannot lead to any confusion
concerning the validity of eq. (1), for the same reasons
discussed above. B, is simply a measure of the vs-
variation with pressure, and thus it could be negative.
In any case, B, does not correspond only to the local
reduction of the force constants, due to the fact that
ve is not only related to the relaxation of the nn atoms
around the vacancies. If it were so, we would be very
happy, because by applying the simple Einstein-model
we would find :

&

s=12kIn Esz,

which is near the experimental value (!!).

We try now to answer the following question : do
our strange B,-values correspond to the real situation ?

Both the above experimental techniques, i.e. conduc-
tivity and diffusion under hydrostatic pressure, have
confirmed that the plots In D vs P or In ¢ vs P show a
strong curvature (we may draw a continuous curve
through the experimental points of ref. [11], instead
of two distinct linear parts). According to Yoon and
Lazarus the curvature in such plots must represent

. real effects. In other words, the experiments show

that the slopes of these curves vary with the pressure,
which means that v (and hence v;) depends on P. As the
curvature is always upwards, we can say that all the
above experiments indicate that v, decreases with
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pressure, i.e. the B,-value is positive, in accordance
to our results. A very rough estimation, from the plot
of Yoon and Lazarus (in NaCl, at T = 993.5 K),
leads to the conclusion that, in the region (0... 6) kbar,
v (and approx. vy) decreases by ~ 30 9,. By turning
now to table III we see that, actually, at P = 6 kbar,
our v-value is about 20 % smaller than that corres-
ponding to P = 0. Therefore, we conclude that the
trend of our ve-values to decrease strongly with P
explains (partially) the curvature observed in the
above mentioned plots.

Furthermore, our prediction that B, is much smaller
than Bis not inconsistent with the experimental results.
By using the initial and the final slopes of the plots,
given in refs. [10] and [11], we easily find that they
reveal : B, < B, in accordance to our prediction.

5. Conclusions. — 1. The formation volume v,
per Schottky defect, is not only greater than the
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molecular volume but it depends also on temperature
and pressure. Therefore B, # 0 and B, # 0, which is
in contradiction with previous assumptions.

2. The defect-expansivity not only increases with
T, but it even exceeds the bulk value.

3. The defect-bulk modulus B, is much smaller
than B, by a factor of 3 ~ 9; B, decreases strongly
with pressure and slightly with temperature.

4. The conductivity and the diffusion plots vs
pressure have continuously varying slopes, due to the
fact that v, depends strongly on pressure. Although
all the above conclusions are in contradiction with
current theoretical models, they are however streng-
thened by all the available experimental results.
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