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ABSTRACT 

T h i s t h e s i s i s d e v o t e d t o a t h e o r e t i c a l s t u d y o f t h a t 

t e m p e r a t u r e d e p e n d e n c e o f t h e shape o f m a g n e t i c r e s o n a n c e 

l i n e s i n s o l i d s w h i c h r e m a i n when t h e d i r e c t e f f e c t o f 

l a t t i c e v i b r a t i o n s c a n be n e g l e c t e d . T h i s i s t h e c a s e a t 

s u f f i c i e n t l y low t e m p e r a t u r e s . To d i s c u s s the shape o f 

r e s o n a n c e l i n e s t h e "moment method" i s u s e d . T h i s p r o c e d u r e 

was i n t r o d u c e d by Van V l e c k (19̂ +8) and was used a l s o by 

P r y c e and S t e v e n s (1950) and U s u i and Kambe (1952). A l i n e 

shape f u n c t i o n w h i c h d e s c r i b e s t h e shape o f t h e r e s o n a n c e 

l i n e s i s d e f i n e d and t h e f i r s t and s e c o n d moments o f t h i s 

f u n c t i o n a r e c a l c u l a t e d i n v a r i o u s a p p r o x i m a t i o n s . In 

p a r t i c u l a r , t h e q u e s t i o n t o what e x t e n t t h e s t a n d a r d f o r m u l a 

o f Van V l e c k f o r t h e s e c o n d moment i s v a l i d i s d i s c u s s e d i n 

g r e a t d e t a i l . The g e n e r a l f o r m u l a e a r e a p p l i e d t o t h e c a s e 

o f a s p h e r i c a l sample o f n i c k e l f l u o s i l i c a t e c r y s t a l . From 

t h e g e n e r a l d i s c u s s i o n s and f r o m t h i s s p e c i a l c a s e i t f o l l o w s 

t h a t t h e t e m p e r a t u r e d e p e n d e n c e o f t h e c h a r a c t e r i s t i c s o f 

p a r a m a g n e t i c r e s o n a n c e l i n e s becomes n o t i c e a b l e a t l i q u i d 

h e l i u m t e m p e r a t u r e s and t h a t t h e s e c h a r a c t e r i s t i c s a r e t h e n 

a l s o d e p e n d e n t on t h e shape o f t h e s a m p l e . 
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C h a p t e r I 

I n t r o d u c t i o n and Summary ' 

T h i s t h e s i s i s a t h e o r e t i c a l i n v e s t i g a t i o n i n one b r a n c h 

o f m a g n e t i c phenomena, namely, m a g n e t i c r e s o n a n c e . We a r e 

c o n c e r n e d i n p a r t i c u l a r w i t h t h e t e m p e r a t u r e d e p e n d e n c e o f t h e 

shape o f m a g n e t i c r e s o n a n c e a b s o r p t i o n l i n e s . The f o r m u l a e 

we g i v e c a n r e f e r t o e l e c t r o n o r n u c l e a r r e s o n a n c e l i n e s . 

L e t us c o n s i d e r , f o r d e f i n i t e n e s s , t h e c a s e o f a p a r a -

m a g n e t i c s a l t i n t h e p r e s e n c e o f a s t a t i c m a g n e t i c f i e l d . I n 

t h e a b s e n c e o f m u t u a l i n t e r a c t i o n s b etween t h e p a r a m a g n e t i c 

i o n s and d i s r e g a r d i n g t h e e f f e c t o f l a t t i c e v i b r a t i o n s , t h e 

r e s o n a n c e l i n e would be " i n f i n i t e l y n a r r o w " , ( a p a r t f r o m 

r a d i a t i o n w i d t h w h i c h i s c o m p l e t e l y n e g l i g i b l e ) . The m u t u a l 

i n t e r a c t i o n o f t h e p a r a m a g n e t i c i o n s and t h e l a t t i c e v i b r a t i o n s 

b o t h c o n t r i b u t e , i n g e n e r a l , t o t h e f i n i t e w i d t h o f t h e l i n e . 

However, t h e e f f e c t o f l a t t i c e v i b r a t i o n s d e c r e a s e s w i t h 

t e m p e r a t u r e . I n t h i s t h e s i s we r e s t r i c t o u r s e l v e s t o t h e 

t e m p e r a t u r e r a n g e f o r w h i c h t h i s e f f e c t c a n be n e g l e c t e d . The 

e f f e c t o f t h e m u t u a l i n t e r a c t i o n s between th e p a r a m a g n e t i c i o n s 

t u r n s o u t t o be p r a c t i c a l l y i n d e p e n d e n t o f t e m p e r a t u r e e x c e p t 

a t v e r y low t e m p e r a t u r e s . I t i s t h e t h e o r y o f t h i s l a t t e r 

t e m p e r a t u r e e f f e c t w h i c h i s t h e main t o p i c o f t h i s t h e s i s . 
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I n o r d e r t o d i s c u s s t h e shape o f m a g n e t i c r e s o n a n c e l i n e s 

we u s e t h e "moment method" w h i c h was i n t r o d u c e d b y'Van V l e c k 

(19^8) and us e d a l s o by P r y c e and S t e v e n s (1950) and U s u i and 

Kambe (1952). (Thes i d e a b e h i n d t h e moment method Is t o 

c a l c u l a t e t h e moments o f r e s o n a n c e l i n e s r a t h e r t h a n t o f i n d 

a n a l y t i c a l e x p r e s s i o n s f o r t h e shape o f t h e s e l i n e s . ) I n t h i s 

c l a s s i c p a p e r , Van V l e c k d o e s n o t c o n c e r n h i m s e l f w i t h t h e 

de p e n d e n c e o f r e s o n a n c e l i n e s on t e m p e r a t u r e . To what e x t e n t 

t h i s a t t i t u d e i s v a l i d i s , i n f a c t , one o f t h e t o p i c s d i s c u s s e d 

i n t h i s t h e s i s . On t h e o t h e r hand, P r y c e and S t e v e n s have 

i n t r o d u c e d t h e t e m p e r a t u r e i n t o t h e i r e q u a t i o n s f o r t h e moments 

v i a B o l t z m a n n f a c t o r s b u t when i l l u s t r a t i n g t h e i r g e n e r a l 

e q u a t i o n s t h e y g i v e o n l y t e m p e r a t u r e i n d e p e n d e n t e x p r e s s i o n s . 

U s u i and Kambe a l s o i n t r o d u c e t h e t e m p e r a t u r e i n t o t h e i r 

e q u a t i o n s f o r t h e moments v i a B o l t z m a n n f a c t o r s . Our p r o c e d u r e , 

i n f a c t , i s q u i t e s i m i l a r t o t h a t u s e d by t h e s e l a t t e r a u t h o r s . 

We s h a l l now t u r n t o a b r i e f summary o f t h e c o n t e n t s o f 

t h e r e m a i n i n g c h a p t e r s . A f t e r d i s c u s s i n g , i n C h a p t e r I I , t h e 

t y p e s o f m a g n e t i c s y s t e m s we have u n d e r c o n s i d e r a t i o n we p r o c e e d , 

i n C h a p t e r I I I , t o d e f i n e a f u n c t i o n c a l l e d t h e " l i n e s h a p e 

f u n c t i o n " w h i c h d e s c r i b e s t h e shape o f m a g n e t i c r e s o n a n c e l i n e s . 

We t h e n g i v e e x p r e s s i o n s f o r t h e f i r s t and s e c o n d moments o f 

t h i s l i n e shape f u n c t i o n . B e f o r e w r i t i n g t h e s e e x p r e s s i o n s , 

however, we have p e r f o r m e d the s o - c a l l e d " t r u n c a t i o n " o f t h e 

i n t e r a c t i o n H a m i l t o n i a n and o f t h e o p e r a t o r w h i c h r e p r e s e n t s 

t h e c o u p l i n g o f the m a g n e t i c moment o f t h e sample t o t h e 
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o s c i l l a t i n g m a g n e t i c f i e l d . T h en, f o l l o w i n g U s u i and Kambe, 

we r e w r i t e t h e f i r s t and se c o n d moments o f t h i s l i n e s h a p e 

f u n c t i o n i n a f o r m i n v o l v i n g t r a c e s o v e r t h e s e o p e r a t o r s . 

I n C h a p t e r IV we i n t r o d u c e s i m p l i f y i n g a s s u m p t i o n s and 

w i t h t h e i r a i d we a r e a b l e t o o b t a i n , f r o m o u r e x a c t e q u a t i o n s 

f o r t h e moments, g e n e r a l f o r m u l a e f o r t h e moments i n t h e f o r m 

g i v e n by P r y c e and S t e v e n s . L a t e r , i n C h a p t e r V I , we a p p l y 

t h e s e f o r m u l a e t o a c a s e more g e n e r a l t h a n t h e one c o n s i d e r e d 

by t h e s e a u t h o r s i n ' s e c t i o n o f t h e i r p a p e r . 

I n C h a p t e r V we g i v e s u f f i c i e n t c o n d i t i o n s ( i n v o l v i n g t h e 

t e m p e r a t u r e and t h e m a g n i t u d e o f t h e i n t e r a c t i o n s ) u n d e r w h i c h 

th e Van V l e c k e q u a t i o n f o r t h e s e c o n d moment i s v a l i d . Up t o 

t h i s t i m e t h e r e has b e e n no e x p l i c i t d i s c u s s i o n o f t h i s p o i n t 

i n t h e l i t e r a t u r e . 

I n C h a p t e r V I I we g i v e a more r e f i n e d a p p r o x i m a t i o n f o r 

the moments t h a n t h a t g i v e n i n C h a p t e r IV, and i n C h a p t e r V I I I 

we a p p l y t h e s e more e x a c t f o r m u l a e t o a p a r a m a g n e t i c n i c k e l 

s a l t . We g i v e g r a p h s showing t h e t e m p e r a t u r e v a r i a t i o n o f 

the f i r s t and second c e n t r a l moments o f t h e l i n e s hape f u n c t i o n . 

From t h e s e g r a p h s some g e n e r a l c o n c l u s i o n s c a n be drawn; t h e s e 

have b e e n i n c l u d e d i n t h e f i n a l , v e r y b r i e f C h a p t e r I X . 
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Chapter I I 

Brief Discussion of the Physical System Considered 

For the purpose of the discussions i n the l a t e r sections, 

we s h a l l consider the following to be the physical s i t u a t i o n : 

We have a sample, which may be a c r y s t a l or a powder, 

containing i d e n t i c a l N "spins". For the general calculations 

given i n the following sections i t i s not necessary to specify 

whether we are dealing with electronic systems possessing a 

magnetic moment or nuclear systems possessing a magnetic moment, 

that i s , the general formulae given can be applied either to 

the case of paramagnetic resonance or nuclear magnetic resonance. 

Thus, we s h a l l speak of a "spin" as follows: 

1) to refer to an electronic system with a r b i t r a r y but 

fixed spin quantum number S and " g - f a c t o r " , ^ , 

wherein jfc--̂ B g.S where u,= magnetic moment of the 

electronic system and p. = Bohr magneton = l ^ T -

I f the electronic system i s an atomic dipole and i f 

no c r y s t a l l i n e f i e l d i s present, then the g-factor 

w i l l have the form g =. ̂  EL where E i s the unit 

tensor. Thus, i n this case, we have ( J L - - ^ ^ ^ ^ . • I f 

the electronic system i s an atomic dipole i n the 

presence of a c r y s t a l l i n e f i e l d , the g-factor w i l l 

i n general become a non-unit tensor 3 , 
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2) t o r e f e r t o a n u c l e a r s y s t e m w i t h a r b i t r a r y b u t 

f i x e d s p i n quantum number I and n u c l e a r g - f a c t o r , 

<3N , w h e r e i n ju.= ^ N «^,«x where m a g n e t i c moment 

o f t h e n u c l e a r s y s t e m and where p N - n u c l e a r 

magneton . ( I n g e n e r a l ^ N i s a t e n s o r ) . 

We s h a l l s p e a k o f a " s p i n s y s t e m " a s a s y s t e m o f N w e a k l y 

i n t e r a c t i n g s p i n s . 

We assume t h a t t h e s y s t e m o f N s p i n s has b e e n p l a c e d i n 

a c o n s t a n t m a g n e t i c f i e l d , H Q and a h i g h f r e q u e n c y o s c i l l a t i n g 

m a g n e t i c f i e l d , <3H, a-n^t . The h i g h f r e q u e n c y m a g n e t i c f i e l d 

i n d u c e s t r a n s i t i o n s b etween t h e e n e r g y s t a t e s o f t h e s p i n 

s y s t e m and e x p e r i m e n t a l l y one f i n d s t h a t e n e r g y i s a b s o r b e d 

f r o m t h e o s c i l l a t i n g m a g n e t i c f i e l d . 

I n a d d i t i o n t o t h e i n t e r a c t i o n s w i t h i n t h e s p i n s y s t e m , 

t h e r e w i l l be i n t e r a c t i o n s between t h e s p i n s y s t e m and t h e 

r e s t o f t h e p h y s i c a l w o r l d . T h e s e l a t t e r i n t e r a c t i o n s w i l l 

c o n s i s t o f i n t e r a c t i o n s between t h e s p i n s y s t e m and t h e c o n s t a n t 

m a g n e t i c f i e l d , b etween t h e s p i n s y s t e m and t h e o s c i l l a t i n g 

m a g n e t i c f i e l d , and between t h e s p i n s y s t e m and t h e " l a t t i c e " , 

where we c o n s i d e r t h e l a t t i c e t o be t h a t p a r t o f t h e p h y s i c a l 

w o r l d n o t i n c l u d e d i n t h e s p i n s y s t e m o r t h e two m a g n e t i c 

f i e l d s . The r e l a t i o n s h i p between t h e a b s o r p t i o n o f e n e r g y 

and t h e f r e q u e n c y o f t h e o s c i l l a t i n g m a g n e t i c f i e l d w i l l depend 

on t h e n a t u r e o f t h e s e i n t e r a c t i o n s . 

The p r o c e d u r e i n t h e f o l l o w i n g c h a p t e r w i l l be t o d e f i n e 

a f u n c t i o n w h i c h depends on t h e above i n t e r a c t i o n s and w h i c h 



d e s c r i b e s t h e r e l a t i o n s h i p between t h e a b s o r p t i o n o f ene 

by t h e s p i n s y s t e m and t h e f r e q u e n c y o f t h e o s c i l l a t i n g 

m a g n e t i c f i e l d . 
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Chapter III 

Definition of the Line Shape Function 

and Calculation of i t s First and. Second Moments 

3.1 General Discussion 

The contents of this "section w i l l be devoted to finding 

the f i r s t and second moments of a function which we shall c a l l 

the "line shape function, f(-v)". Many functions may be used to 

describe the relationship between the frequency of the o s c i l l -

ating magnetic fi e l d and the power absorbed by the spin system. 

In section 3.2 we shall define the line shape function such 

that f(-f) is proportional to the imaginary part of the high 

frequency susceptibility, "X."(-») . Furthermore, we shall define 

5c© 

© 

To calculate the moments of f (ri) we shall use a method, 

f i r s t developed by Van Vleck (1948), which demands a knowledge 

of the Hamiltonian, Hi , of the spin system. From the dis-

cussion in Chapter II i t is apparent that must in general 

be written as 

where the four terms represent the following interactions 

energies: 



ft* = ipin-magnetic f i e l d interaction plus spin-

crystalline f i e l d interaction when this latter 

is present. 

f£CO - spin-spin interaction (which may include exchange 

interactions) 

S(* « spin- lattice interaction 

VL** " spin-high frequency magnetic f i e l d interaction. 

We have, furthermore, that fc1*,, Z . 

In the following, we shall disregard V * 5 completely. 
i 

(o) CO Ci"> 

Furthermore, we shall assume that % » + V. and 

ti" » V^** so that, to a f i r s t approximation,!^ can 

be written as % ^ K < 0 (3.1.1) 

We shall consider as the unperturbed energy and ti* 

as the perturbation energy. 

Van Vleck (1948) has pointed out, however, that use of 

(3<> 1.1) when finding the moments does not allow us easily bo 

compare our results to experimental findings. We must, in 

fact "truncate" the Hamiltonian. The reasons behind this are 

rather subtle and for this reason, we shall devote the next 

section to this point. 

Usui and Kambe (1952) have pointed out that in general 

(for example, when a crystalline f i e l d is present) a further 

truncation is necessary, namely, truncation of the interaction 

energy ^ c i ) . This point w i l l also be discussed in the next 

section. 



3.2 T r u n c a t i o n o f t h e H a m i l t o n i a n , ft^V ft'" , 

a n d o f t h e i n t e r a c t i o n e n e r g y , . 

We a r e c o n s i d e r i n g t h e H a m i l t o n i a n o f t h e s p i n s y s t e m 

t o be g i v e n by (3.1.1). I f t h e H a m i l t o n i a n o f t h e s y s t e m 

c o u l d be w r i t t e n a s $ 0 > , t h a t i s , i f a l l o t h e r i n t e r a c t i o n s 

c o u l d be r e g a r d e d as n e g l i g i b l e when compared w i t h , t h e 

e n e r g y l e v e l s o f t h e s y s t e m c o u l d c o n s i s t o f a l a r g e number 

o f h i g h l y d e g e n e r a t e l e v e l s . 

L e t us l a b e l t h e e i g e n s t a t e s and e i g e n v a l u e s o f ft(0) 

°y a n d w h e r e , 3 o ( and 9 o < i s t h e d e g e n e r a c y 

o f t h e e i g e n v a l u e Ê , . We r e c a l l t h a t we c o n s i d e r t h a t S*'WJ 

i n d u c e s t r a n s i t i o n s between t h e v a r i o u s s t a t e s o f t h e s p i n 

s y s t e m . As i s w e l l known, t h e p r o b a b i l i t y o f a t r a n s i t i o n 

b e i n g i n d u c e d by ^ between t h e s t a t e s \^y>s) and Î ^O i s 

p r o p o r t i o n a l t o t h e a b s o l u t e s q u a r e o f t h e m a t r i x e l e m e n t ' 

criK-i,,*-') (3.2.1) 

When s u c h a t r a n s i t i o n t a k e s p l a c e t h e s p i n s y s t e m a b s o r b s 

t h e e n e r g y I E ^ - E ^ I . 

I n p r a c t i c e one u s u a l l y f i n d s t h a t n o t a l l s u c h m a t r i x 

e l e m e n t s a r e n o n - z e r o b u t r a t h e r t h a t n o n - z e r o m a t r i x e l e m e n t s 

o c c u r o n l y f o r c e r t a i n v a l u e s o f oi and ^ . 

F o r e x ample, i f (3.2.1) were n o n - z e r o o n l y i f 

L - ^ U l 1(3.2.2) 

and i n a d d i t i o n 1F_E Inconstant i n d e p e n d e n t o f * 
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t h e n t h e s p i n s y s t e m w o u l d a b s o r b e n e r g y a t a s i n g l e 

f r e q u e n c y , S>0 , and f ( ^ ) would have t h e s i m p l e f o r m 

-- , £ U - s > 0 > (3.2.3) 

where S(>*-->>0) i s t h e f a m i l i a r D i r a c d e l t a f u n c t i o n . 

( C o n d i t i o n (3.2.3) r e f e r s t o t h e c a s e when no c r y s t a l l i n e 

f i e l d i s p r e s e n t . ) 

When t h e H a m i l t o n i a n o f t h e s p i n s y s t e m i s w r i t t e n a s 

y o > , e a c h o f t h e N s p i n s has t h e same e n e r g y v a l u e s , s a y , 

c, . The c o n d i t i o n (3.2.2) c o r r e s p o n d s t o 

t h e c a s e when 

> (3.2.2) 

a — a . L = c o n s t a n t f o r k = 1,2, ,R-1 

h.*\ h. 

a n d , f u r t h e r m o r e , when t r a n s i t i o n s c a n o c c u r 

o n l y b e t w e e n a d j a c e n t l e v e l s o f t h e i n d i v i d u a l 

s p i n s . 

I f , on t h e o t h e r hand, ' 

Q _ Q V c o n s t a n t (3.2.4) 

A*i fc. \ 

( a s one u s u a l l y f i n d s when a c r y s t a l l i n e f i e l d i s p r e s e n t ) 

t h e n t h e s p i n s y s t e m w i l l a b s o r b e n e r g y a t s e v e r a l d i f f e r e n t 

f r e q u e n c i e s , s a y , -o0 - » > , } - 0 i } ~>>p • I n t h i s c a s e f(-o) would 

p 

have t h e f o r m S(v) = T I T .21 
When i s added t o Vtp> t h e h i g h l y d e g e n e r a t e e n e r g y 

v a l u e s s p l i t . The new e n e r g i e s and new e i g e n s t a t e s 

a r e g i v e n by f i r s t o r d e r p e r t u r b a t i o n t h e o r y : 
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E. . ^ C . , W " U , 0 + I X % M r f (3.2.5) 

5a 

l O - W V l l l * , , � „ + . W i ) (3.2.6) 

where we u s e * v t o l a b e l t h e new e i g e n f u n c t i o n s and e i g e n -

v a l u e s and where 

UM ^ ' U . g X ^ l ^ U O (3.2.7) 

U ? \ v"UO (3.2.8) 

The z e r o o r d e r s t a t e s a r e 

1o( 

where A is a unitary matrix and has been chosen so that: 

1) 

2) a i s n e v e r i n f i n i t e . 

T h i s c a n a l w a y s be done. 



Now, the probability of ^ C 4 > inducing a transition 

between and Is proportional to the absolute square 

of the matrix element 

Let us suppose for simplicity that (3.2.2) holds. It is 

seen immediately that because of the last two terms in ( 3 . 2 . 6 ) , 

(3«2.9) w i l l be different from zero for many values of %< 

and £ . As a result, energy w i l l be absorbed at frequencies 

many times larger or smaller than \>0 . The function f(s>) w i l l 

now consist of several broad overlapping lines and w i l l have 

several maxima, the number of which depends on . As can 

easily be seen, these maxima w i l l occur at multiples of -»e 

when (3.2.2) holds. The following diagrams w i l l i l l u s t r a t e 

the point: 

(3.2.9) 

DiflCRnm x D l O C f t f l m T I 

A 

o 

%s"\ * 
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It should be noticed that this phenomenon is not the 

result of the simple condition (3.2.2) but that i t is the 

result of the fact that to f i r s t order the eigenstates of $ 

are linear combinations of a l l of the eigenstates of V̂ *; . 

In general, then, when ft" is added to ii^ two things 

happen to f ( ^ ) . F i r s t l y , the i n f i n i t e l y narrow lines repre-

sented by the delta functions broaden and secondly, secondary 

lines occur. (By secondary lines we mean those lines which 

occur because of the presence of the last two terms in (3« 2 . 6 ) . 

We shall refer to those lines which result from the broadening 

of the delta functions as primary lines. See diagram II.) 

Experimentally, one observes one of the primary lines 

of f ( v ) . We seek to characterize f(i?) by Its moments, so 

that i f we are to compare the moments of the experimental 

curve with the moments of f ( v ) we must then find some way 

of eliminating the secondary lines from our function f ( v ) . 

If a � and \> . could be put equal to zero 

the d i f f i c u l t i e s would disappear. In this case, when con-

dition (3.2.2) holds, transitions w i l l occur only between 

those states whose original separation was , where by 

original separation we mean when W is taken to be zero. 

The function f(v) w i l l then consist of the broadened portion 

centred about v Q , that i s , the primary line about v 0 

In other words, no subsidiary secondary lines w i l l occur. 

In general, a „ ; . M and k - ;. M

 c a n b e P u t equal 

to zero in only one way, namely, by considering the 



H a m i l t o n i a n o f t h e s y s t e m t o be S*° + \F> i n s t e a d o f K0,+ t« < 0 

where Vt" i s t h a t p a r t o f tf" w h i c h commutes w i t h if" . 

T h e n , as i s w e l l known, t h e r e e x i s t s a s e t o f f u n c t i o n s 

w h i c h a r e s i m u l t a n e o u s e i g e n f u n c t i o n s o f sC" and w0> 

T h e s e f u n c t i o n s w i l l be t h e f u n c t i o n s Iv.O . B e c a u s e o f 

t h e o r t h o g o n a l i t y o f t h e s e e i g e n f u n c t i o n s we see i m m e d i a t e l y 

t h a t » j ; . - k . . „ and b ...„ a r e z e r o i f it" i s r e p l a c e d 

by vF' 

Thus when d i s c u s s i n g f ( v ) we s h a l l c o n s i d e r t h e Ham-

i l t o n i a n o f t h e s p i n s y s t e m t o be 

^ = tf0>+ (3.2.10) 

We s h a l l r e f e r t o V a s t h e " t r u n c a t e d H a m i l t o n i a n " o f the 

s p i n s y s t e m . 

As a r e s u l t o f t h e t r u n c a t i o n o f t h e H a m i l t o n i a n , t h e 

s e c o n d a r y l i n e s d i s a p p e a r f r o m f(s>). The f u n c t i o n f(-o) 

w i l l t h e n have t h e f o r m 

«*1 

i f t h e H a m i l t o n i a n o f t h e s y s t e m i s g i v e n by (3.2.10) and 

c o n d i t i o n (3.2.2) h o l d s , 
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o r , t h e f o r m 

i f t h e H a m i l t o n i a n o f t h e s y s t e m i s g i v e n by (3.2.10) and 

c o n d i t i o n (3.2.4) h o l d s and where r - 3 . 

We have m e n t i o n e d t h a t e x p e r i m e n t a l l y one o b s e r v e s one o f 

t h e p r i m a r y l i n e s . I f , t h e n , we hope t o i n t e r p r e t e x p e r i m e n t a l 

f i n d i n g s by c o m p a r i n g t h e moments o f t h e e x p e r i m e n t a l c u r v e 

and t h e moments o f f ( ^ ) , we must e l i m i n a t e f r o m o u r f u n c t i o n 

f ( v ) any o f t h e p r i m a r y l i n e s i n w h i c h we a r e n o t i n t e r e s t e d . 

F o r example, i f we w i s h t o f i n d t h e s e c o n d moment o f 

f ( ) a b o u t s>A t h e n we must e l i m i n a t e t h e p r i m a r y l i n e s a b o u t 

^» * -o. v v i f we a r e t o compare o u r t h e o r e t i c a l 

r e s u l t s w i t h t h e s e c o n d moment o f f ( v ) a b o u t f o u n d 

e x p e r i m e n t a l l y . 

I n o r d e r t o e l i m i n a t e t h e u n n e c e s s a r y p r i m a r y l i n e s we 

must i n t r o d u c e a n o t h e r a r t i f i c e . I n s t e a d o f c o n s i d e r i n g -Je111 



as inducing transitions we shall suppose that V l > induces 

transitions, where by the circumflex we mean that we are 

considering only that part of which is relevant to 

the particular problem under consideration. For example, i f 

we wish to consider only the broadened portion about vA , 

then we only wish to consider transitions between the states 

U . O and Ip.k) ' of W wherein 1E^-Ep\=-JU^ . In this 
A 

case, then, we define the operator V u > such that i t has 

matrix elements 

For any other problem i t is necessary to redefine H'*' . 

In general, however, the circumflex indicates that the matrix 

elements 

A 

can be non-zero only for particular values of <* and ^ 

The following diagram w i l l i l l u s t r a t e the point: 

A A A 

where and VP* induces the transitions, 
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A 

where M - + V 7' and i n d u c e s t h e t r a n s i t i o n s 

and where t h e c i r c u m f l e x means, i n t h i s c a s e , t h a t t h e m a t r i x 

e l e m e n t 

c a n be n o n - z e r o o n l y i f 1 E„-€.l = £ v 

i 

I t s h o u l d be n o t i c e d t h a t i n t h e s i m p l e c a s e where {3*2.2) 

h o l d s , t h a t i s , no c r y s t a l l i n e f i e l d p r e s e n t , i t i s n o t 

n e c e s s a r y t o i n t r o d u c e t h e c i r c u m f l e x o v e r s i n c e f ( v ) 

c o n s i s t s o f o n l y one p r i m a r y l i n e . 

I n g e n e r a l , t h e n , b e f o r e c o m p a r i n g t h e moments o f f ( v ) 

w i t h t h e moments f o u n d e x p e r i m e n t a l l y we have t o do t h e f o l l o w -

i n g two t h i n g s : < 

1) t r u n c a t e t h e H a m i l t o n i a n i n o r d e r t o e l i m i n a t e t h e 

s e c o n d a r y l i n e s f r o m f ( v ) , 

2) t r u n c a t e S*(i> i n o r d e r t o e l i m i n a t e any p r i m a r y l i n e s 

f r o m f(^>) i n w h i c h we a r e n o t i n t e r e s t e d . 

b u t : 



I * 

We c a n now p r o c e e d t o d e f i n i n g f ( v ) and t o c a l c u l a t i n g 

i t s f i r s t and second moments. F o r s i m p l i c i t y , we s h a l l c a l l 

s>* t h e f r e q u e n c y a b o u t w h i c h t h e p r i m a r y l i n e i n w h i c h we 

a r e i n t e r e s t e d i s c e n t e r e d . T h a t i s , i n what f o l l o w s , we a r e 

c o n s i d e r i n g t h e p r i m a r y l i n e a t v T h u s , f o r t h e p u r p o s e 

o f t h e f o l l o w i n g d i s c u s s i o n , we d e f i n e 1* 

1° 

so t h a t 

) (3.2.11) 

3.3 D e f i n i t i o n o f f(s>) and C a l c u l a t i o n o f i t s F i r s t and 

Second Moments 

L e t us now c o n s i d e r t h e e i g e n v a l u e s and e i g e n f u n c t i o n s 

o f ^ . W e s h a l l l a b e l t h e e i g e n v a l u e s o f % by E„ and 

the c o r r e s p o n d i n g e i g e n s t a t e s by • 

I f we d e f i n e a f u n c t i o n g(-*) s u c h t h a t g(-o)^-v) i s t h e 

p r o b a b i l i t y t h a t i n one s e c o n d t h e s p i n s y s t e m w i l l a b s o r b 

e n e r g y f r o m t h e h i g h f r e q u e n c y o s c i l l a t i n g m a g n e t i c f i e l d I n 

the f r e q u e n c y r a n g e v t o -\J+A->> t h e n : 

(3.3.D 

where 

PCy") = p r o b a b i l i t y t h a t t h e s p i n s y s t e m u n d e r g o e s a t r a n s i t i o n 

f r o m t h e s t a t e In) t o t h e s t a t e U') i n one s e c o n d 
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2. -sum over a l l of the eigenstates of it 
n 

— 

Z . = sum over a l l of those eigenstates of ^ wherein 

«=sum over a l l of those eigenstates of ft wherein 

However, 

XZ * IT * PU>") = IZ*PU>^ 
« n' n o « «»' 

so that I I * 6 ! ? ^ - ) - ^ ^ (3.3.2) 

Now, c a „ ^ o I where 

a - probability that the system is i n i t i a l l y in the 

state In} , that i s , in the state In) before the 

high frequency f i e l d is applied. 

= probability that in one second the system undergoes 

a transition to the state UO given that the system 

is i n i t i a l l y in the state \<v) 

From s t a t i s t i c a l mechanics we have * *r 

where 

I / 

k ^Boltamann's constant 

T" ^ i n i t i a l temperature of the spin system = lattice 

temperature 

Let us now consider ŷ o' • From standard quantum 

mechanical theory we have the probability that the perturbing 

energy induces a transition between the states IrO 



and )r,0 o f V. i n t h e t i m e t - t Q where a t t Q t h e s y s t e m 

i s t h e s t a t e l«> i s 

t o 

where 

Now, i n o u r p r o b l e m , - - ( o s c i l l a t i n g f i e l d ) • ( m a g n e t i c 

moment) 

- - H ( t ) - M 

— - H ( t ) M where M i s t h e component' 

o f M i n t h e d i r e c t i o n o f H ( t ) . 

I f H ( t ) i s r e s o l v e d i n t o i t s F o u r i e r components, t h e 

e n e r g y c r o s s i n g u n i t a r e a i n t h e d i r e c t i o n o f H ( t ) p e r u n i t 

f r e q u e n c y r a n g e a b o u t t h e f r e q u e n c y v w i l l be, a c c o r d i n g t 

c l a s s i c a l e l e c t r o d y n a m i c s , 

T h e n , *jL c - H ( t ) M 

Now, we c a n w r i t e 

where 



T h u s , 

f„0, - 3TTC ' % (Co I mU')| E ,̂ 

F i n a l l y , t h e n , 

so t h a t 

I n o r d e r t h a t o u r r e s u l t s be i n d e p e n d e n t o f E v , a q u a n t i t y 

w h i c h depends on e x p e r i m e n t a l c o n d i t i o n s , we assume t h a t E v 

i s a c o n s t a n t , s a y U, f o r a l l v . T h e n : 

g U w W i T V ' u Z X ^ ( * " ^ - a ' ^ T ) lc.ULOr (3.3.3) 

i 

Now, i f E(v)/w i s t h e power a b s o r b e d by t h e s p i n 

s y s t e m f r o m t h e o s c i l l a t i n g m a g n e t i c f i e l d i n t h e f r e q u e n c y 

r a n g e \) t o t h e n : 

E ( ^ * 4v • ( 3 . 3 » 

B u t , as i s w e l l known ( s e e f o r example Andrew ( n s s )) 

H(v)= 4TT̂ > H^-X'TA) (3.3.5) 

where i s t h e i m a g i n a r y p a r t o f t h e h i g h f r e q u e n c y 

s u s c e p t i b i l i t y , and where SH, i s t h e a m p l i t u d e o f t h e 



o s c i l l a t i n g m a g n e t i c f i e l d . 

C o m b i n i n g e q u a t i o n s (3-3.3)» (3.3.^) and (3.3.5) we 

have 

The a r e a u n d e r t h e c u r v e xl̂ A i s t h e n 

„.«^ I T ( , - f e - . - ^ k.uuor 
t 

where ^ means summation o v e r a l l s t a t e s w h e r e i n E n ' > E ^ 

We s h a l l now d e f i n e a d i m e n s i o n l e s s q u a n t i t y £(v) 

w h i c h we s h a l l c a l l t h e l i n e shape f u n c t i o n : 

W > » - J ^ = i r(: f e-.^)I^W (3.3.6) 

Our l i n e shape f u n c t i o n , t h e n , i s p r o p o r t i o n a l t o t h e f u n c t i o n 

T"(v) and f u r t h e r m o r e , 

O 

The f i r s t moment o f f ( v ) w h i c h i s d e f i n e d a s 

ca n be w r i t t e n 

and t h e s e c o n d moment o f f ( v ) w h i c h i s d e f i n e d a s 

(3-3.7) 

c a n be w r i t t e n 
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We s h a l l c a l c u l a t e t h e s e two moments. E v a l u a t i n g t h e 

summations i n ( 3 . 3 . 7 ) and ( 3 .3 .8 ) a s t h e y s t a n d would r e q u i r e 

a knowledge o f a l l o f t h e e i g e n v a l u e s o f w , t h a t I s , we 

would be f o r c e d t o s o l v e t h e e i g e n v a l u e p r o b l e m S E l n ) = E n l n " ) 

b e f o r e c o n t i n u i n g . I t has been n o t i c e d by W a l l e r (1932) , 

B r o e r (19*+3)» Van V l e c k (19*+8), and o t h e r s t h a t t h i s a r d u o u s 

t a s k c o u l d be a v o i d e d by r e w r i t i n g e q u a t i o n s ( 3 . 3 . 7 ) and 

(3*3.8) i n t r a c e f o r m , t h a t i s , a s t r a c e s o v e r o p e r a t o r s . 

The a d v a n t a g e i n d o i n g t h i s i s a p p a r e n t : The t r a c e o f a n 

o p e r a t o r i s i n v a r i a n t u n d e r a s i m i l a r i t y t r a n s f o r m a t i o n and 

hence t h e t r a c e s c a n be e v a l u a t e d u s i n g a s a b a s i s any f u n c t i o n s 

t h a t c a n be o b t a i n e d f r o m t h e f u n c t i o n s in) by a s i m i l a r i t y 

t r a n s f o r m a t i o n . 

The p r o c e d u r e w h i c h we s h a l l u s e t o r e w r i t e ( 3 . 3 . 7 ) and 

( 3 . 3 . 8 ) i n t r a c e f o r m i s i d e n t i c a l t o t h a t g i v e n by U s u i and 

Kambe (1952) . I t w i l l be n o t i c e d l a t e r t h a t o u r g e n e r a l 

f o r m u l a e f o r ^v) and <^y a r e i d e n t i c a l t o t h o s e g i v e n 

by t h e s e a u t h o r s . 

C o n s i d e r , now, t h e d e n o m i n a t o r o f ( 3 . 3 . 7 ) and ( 3 . 3 . 8 ) . 

I n o r d e r t o a v o i d t h e r a t h e r awkward summation 2_ , i t i s 
t v 

c o n v e n i e n t t o i n t r o d u c e t h e o p e r a t o r s ir\ + and «\_ w h i c h , 

a r e d e f i n e d as 

( 3 . 3 . 9 ) 



3 4 

Cn I rt\\</) ii 

L o 

(3.3.10) 

ThUS CnliMnO = CnU + \ n ') "+CnU_\«0 

We c a n now w r i t e 

I X K T 

II. '*"%U W X « ' U , 1 * 0 = 2 / V t CnU m In') 

B u t , C n \ * " ^ \ n O = £ , 

so t h a t 

X," ^c«\«.w \ o XX 
KT 

S i m i l a r i l y , 

- T f » * j 

T h e n , XX+(«" f e- /^OlcoUo'^T^ (/̂ Lm (3.3.11) 

where, as i s c u s t o m a r y , C > tnj] ~ *V.w\+ - . 
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C o n s i d e r , now, t h e n u m e r a t o r o f (3»3»7). I t w i l l 

i m m e d i a t e l y be n o t i c e d t h a t h e r e i t i s n o t n e c e s s a r y t o i n t r o -

d uce t h e o p e r a t o r s m + and s i n c e 

>"» n' 

N O W , XX * "^CE^E ^ k n l m U ' ^ ^ X l * FET{.E0'C«|AUXnUU') -E^nUU'XnlmU^ 5 

" r,' 

where we have made use o f t h e r e l a t i o n s h i p £ n £„n. = Col fcloO 

and i t s c o n s e q u e n c e s 

En' (o \ m W ) = Cn I m W 1 n) 

S i n c e X Z . * " & C E ^ E ^ I C - U U ' ) ^ - X L / ^ C E w - E ^ l c n U U o r 

we have 

I Z C E W - E X * " ^ ) l c n U i o 9 r - aTr«*(/ f e (3.3.12) 

U s i n g (3.3.11) and (3.3.12) we c a n r e w r i t e (3.3.7) 

i n t h e f o r m 



* < V > ' T f -s R » . -A - (3.3.13) 

I t w i l l be n o t i c e d t h a t t h e e x p r e s s i o n g i v e n by U s u i 

and Kambe (1952) f o r (^y i n v o l v e s 

T r e e 

However, 

T ? « c « ( / ^ L ^ . L * ^ = a Tro.e ( / ^ ft* £ P 

as c a n e a s i l y be s e e n by c a l c u l a t i n g t h e t r a c e s w i t h r e s p e c t 

t o t h e f u n c t i o n s 

C o n s i d e r , now, t h e n u m e r a t o r o f (3.3.8). I t w i l l a g a i n 

be n e c e s s a r y t o i n t r o d u c e t h e o p e r a t o r s ro+ and w_< : 

As b e f o r e , we w r i t e 

3 
<\ n 

- t - C n l f c l r T X n l w l n " ) } CnU_U'Xn U j i O -



27 

= Z (nl e I n X n | w> W - a«i ft <V + V m_ ̂  1* I -
lr> + T -»� 

= Tract m - a i f t . i i m t 5 tt n\_ fl\+ v 

S i m i l a r i t y , 

Z Z ^ C E ^ - O " CnUjn'Xn'U +L> 

T~ f In- X — * ft ^ A . — ft . — ft,_,-A l \ 

= >rQce \ * \ ft. j n , n\_ & - ^ ( T i ^ (t\J« •+- m + ^ f>? r0_ J J . 

F i n a l l y , t h e n , we c a n w r i t e t h e n u m e r a t o r o f (3.3.8) 

i n t h e f o r m : 

C C m . ^ l . C S A l l ) (3.3 .1M 

U s i n g (3.3.11) and (3.3.11*) we c a n w r i t e a s f o l l o w s : 

^ = ^ , ( . i c[;., {U^x) 



<3S 

Our equations (3.3.13) and (3.3.15) are identical with 

those given by Usui and Kambe (1952) for 

and respectively. 
£ S D l " ( v ) J v 

f x " ( v ) dv 

It should be noted that (3.3.13) and (3.3.15) have been 

derived without resorting to any assumptions as to the 

temperature T. These equations are quite general and are valid 

at a l l temperatures. Furthermore, they can be applied to the 

case of paramagnetic resonance or to the case of nuclear 

magnetic resonance. 



an 

C h a p t e r IV 

D e r i v a t i o n o f P r y c e and S t e v e n s ' (1950) E q u a t i o n s f o r t h e F i r s t 

and S e cond Moments D i r e c t l y From E q u a t i o n s (3.3.13) and (3*3.15) 

A n o t h e r d e r i v a t i o n o f t h e f i r s t and s e c o n d moments o f a 

l i n e s h a p e f u n c t i o n has been g i v e n by P r y c e and S t e v e n s (1950). 

I t w i l l be shown i n t h i s s e c t i o n t h a t by i n t r o d u c i n g one 

s i m p l i f y i n g a s s u m p t i o n e q u a t i o n s (3«3»13) and (3»3»15) c a n be 

w r i t t e n i n t h e f o r m g i v e n by t h e s e a u t h o r s . 

B e f o r e p r o c e e d i n g i t s h o u l d be p o i n t e d o u t t h a t P r y c e and 

S t e v e n s have f o u n d t h e f i r s t and s e c o n d moments o f t h e f u n c t i o n 

E(v) £.V 

b E(VW 
o 

where E ( V ) A ^ i s t h e power a b s o r b e d by t h e s p i n s y s t e m f r o m 

t h e o s c i l l a t i n g m a g n e t i c f i e l d i n t h e f r e q u e n c y r a n g e S) t o V+A\> . 

B u t , by (3.3.5) 

Pr£ce and S t e v e n s have assumed i n t h e c o u r s e o f t h e i r d i s c u s s i o n 

t h a t ca. where i s t h e f r e q u e n c y a b o u t 

w h i c h t h e p r i m a r y l i n e u n d e r c o n s i d e r a t i o n i s c e n t e r e d . I n 
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o t h e r w o r d s , P r y c e and S t e v e n s a c t u a l l y c a l c u l a t e t h e f i r s t 

and s e c o n d moments o f t h e f u n c t i o n 

w h i c h i s o u r f ( v > ) . We s h o u l d , t h e n , be a b l e t o d e r i v e t h e 

e x p r e s s i o n s g i v e n by P r y c e and S t e v e n s d i r e c t l y f r o m o u r 

e q u a t i o n s ( 3 .3 .13 ) and ( 3 - 3 . 1 5 ) . 

I t s h o u l d be n o t e d t h a t P r y c e and S t e v e n s do n o t c o n s i d e r 

e x p l i c i t l y t h e t r u n c a t i o n o f and m ; t h e y h a v e , 

i n s t e a d , i n t r o d u c e d p r o j e c t i o n o p e r a t o r s w h i c h p e r f o r m t h e s e 

o p e r a t i o n s f o r them. We s h a l l now i n t r o d u c e p r o j e c t i o n 

o p e r a t o r s w h i c h p e r f o r m t h e t r u n c a t i o n s f o r us s o t h a t (3.3*13) 

and ( 3 .3 .15 ) c a n be w r i t t e n i n t e r m s o f 1£ and m i n s t e a d 

o f ft and d\ 

We s h a l l d e f i n e an o p e r a t o r Pv , w h i c h we s h a l l c a l l a 

p r o j e c t i o n o p e r a t o r , s u c h t h a t 

C v K l p . O - \» V 

As a c o n s e q u e n c e o f ( 4 . 1 ) we have P.p v J * P v £ , ( 4 . 2 ) 

* A XA 

L e t us c o n s i d e r t h e m a t r i x r e p r e s e n t a t i o n o f a g e n e r a l 

o p e r a t o r 0 w i t h r e s p e c t t o t h e t o t a l i t y o f e i g e n s t a t e s \<s,k) 

o f ^ t o > . ( -1>2, , _n- where ~n_ <= t h e number o f 
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«0 

d i f f e r e n t e i g e n v a l u e s o f V ; k • 1 , 2 , . . . . ^ where g ^ 

i s t h e d e g e n e r a c y o f t h e e i g e n v a l u e E w o f .) The 

g e n e r a l m a t r i x e l e m e n t o f 0 i n t h i s r e p r e s e n t a t i o n i s t h e n 

Now, t h e m a t r i x e l e m e n t s o f OP^ a r e 

C^ lp^ lp^V C/.ilol̂ ,̂ ) ^ u s i n g (4.1) 

C l e a r l y , t h e n , t h e m a t r i x r e p r e s e n t a t i o n o f any o p e r a t o r 0 

w i t h r e s p e c t t o t h e t o t a l i t y o f e i g e n s t a t e s o f # c a n be 

w r i t t e n i n t h e f o r m 

-*£ _ 

0 = 2L X f o r ( 4 . 3 ) 

I n s e c t i o n 3 . 2 we i n t r o d u c e d t h e o p e r a t o r # w h i c h i s 

t h a t p a r t o f ^ - tf'+vl" w h i c h commutes w i t h V°J 

T a k i n g t h e m a t r i x r e p r e s e n t a t i o n s o f Vi and if w i t h 

r e s p e c t t o t h e s t a t e s l<*k") and w r i t i n g % i n t h e f o r m g i v e n 

hy (*+.3)» we f i n d e a s i l y t h a t 

C X l . f n v f u , - o i f and o n l y i f ^ „ 

T h a t i s 21 P ^ f . (^A) 

L e t us now w r i t e M i n terms o f p r o j e c t i o n o p e r a t o r s . 

We r e c a l l f r o m s e c t i o n 3 . 2 t h a t t h e c i r c u m f l e x was i n t r o d u c e d 



over V and hence over M in order to eliminate from f(-a) 

any of the primary lines in which we are not interested. Here 

we are interested only in the primary line at so that we 

shall define the operator M such that i t has matrix elements 

m 1 ^ US 
p 

Consider the operator 

where ^ means sum over a l l values of ^ and p. wherein 

The matrix elements of MP0 are then: 

Thus we can write 

From (*+.5) we can immediately write 

«v = ̂ Z 
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m » 22 P.^?A (̂ .7) 

where 2-2- means summation o v e r a l l v a l u e s o f ^ and o 

cJ<^ f 

w h e r e i n E -EL -.= .(The symbol X X a c t u a l l y d e n o t e s a 

s i n g l e summation s i n c e E„=E.-VRV* . We u s e t h e n o t a t i o n - E ^ " 

f o r c o n v e n i e n c e . ) 

S t r i c t l y s p e a k i n g , a l t h o u g h (4.5) i s a n e x a c t e x p r e s s i o n , 

(4.6) and (4.7) i n v o l v e t h e a s s u m p t i o n t h a t S*0J i s n o t t o o 

l a r g e . We have c e r t a i n l y t h a t 

2 2 ( +-^rf\ 

and m =. KV + tv> 

However, we r e c a l l t h a t we have d e f i n e d and m_ by 

e q u a t i o n s (3.3.9) and (3.3.10) r e s p e c t i v e l y . To w r i t e (4.6) 

and (4.7) t h e n we r e q u i r e t h a t i f 

V < o > U , 0 - E ^ U , 0 

and U U , 0 - E V < ; W,0 

t h e n E,<Ep i m p l i e s t h a t E , . < E p t f o r a l l i and k. 



3f 

I f i s n o t t o o l a r g e t h e n t h i s i n f a c t w i l l be 

t r u e . 

I n A p p e n d i x A we s h a l l r e w r i t e (^.5) i n a n o t h e r f o r m . We 

s h a l l show i n A p p e n d i x B t h a t e q u a t i o n (6) o f S s h i g u r o , U s u i , 

and Kambe (1952) i s a s p e c i a l c a s e o f (M - .5 ) . 

U s i n g (h.h) t o (*+.7), e q u a t i o n s ( 3 .3 .13 ) and ( 3 . 3 .15 ) 

c a n be t r a n s f o r m e d i n t o e q u a t i o n s c o n t a i n i n g It and m 

r a t h e r t h a n ft^m * <T\_ , and m + 

L e t us c o n s i d e r t h e d e n o m i n a t o r o f (3-3 .13) and (3-3*15)� 

F i r s t , 

by O f » 

Now, L« L I I P.TOP. , H ^ ^ t ' l " f r o m (if.6) and Of.7) 

P r ^ e r o P - P„rr\P,0(\Po \ u s i n g (^ .2) 

°> < £ « $ 4 f c t p •> 

T h u s , * * Lm_,m+i« U U " ' P ^ m P , - , ^ K ^ P « . P p ] 



where we have a g a i n used (W.2). 

U s i n g (^.2) a g a i n and t h e f a c t t h a t f o r any m a t r i c e s A,B, and 

C T r a c e ABC=Trace CAB c y c l i c a l l y , we h a v e : 

C o n s i d e r , now, t h e n u m e r a t o r o f (3.3.13). U s i n g (W.2), 

(W.W), and 0+.5) we c a n w r i t e 

and 

A 

T h u s , T r a c e a ^ i t i l ^ ^ ] -

= X T - T r * c * [ u . ' ^
t

( P ,mP p VP„P - P,wf^mP o 4-«N) \ ( l + * 9 ) 

-ft 
m ( � \ ? 



C o n s i d e r , now, t h e n u m e r a t o r o f (3.3.15). U s i n g ( 4 . 2 ) , 

(
1

+.
l

+), (*+.6), and (4 . 7 ) we c a n w r i t e 

p" 

and 

E«,m +"1 = X X 1 V ^ m P , - P ^ P ^ P , ̂  

s o t h a t L E « > - , « 3,L« J(h + l l 

T h u s , T r a c e E C ̂  T,E R ^ T l ) = 

- I I Trac-C 

P ^ P ^ V P̂  ro - i> vp,mP^-WP m 

X 4 . 1 0 ) 

J 
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We have now t r a n s f o r m e d e q u a t i o n s (3.3.13) and (3.3*15) 

i n t o f o r m s c o n t a i n i n g ^ and M r a t h e r t h a n i< m m 

> > — j 
A 

and M + . I t s h o u l d be n o t e d t h a t no a s s u m p t i o n s have b e e n 

i n t r o d u c e d i n w r i t i n g e q u a t i o n s (4 .8) , (4 .9) , and (4.10). 

By i n t r o d u c i n g one a s s u m p t i o n a t t h i s p o i n t , we s h a l l be 

a b l e t o p r o d u c e P r y c e and S t e v e n s ' e q u a t i o n s (1), ( 2 ) , and 

(3) f r o m o u r e q u a t i o n s (4 .8) , (4 .9) , and (4.10) r e s p e c t i v e l y . 

U s i n g V - V ° % we c a n w r i t e 

p-ttP« = ^ \ - » - - E ^ p ^ (4 .11) 

S i n c e Y L P , ? -w'V ~1 = o we have o ^ ^ A ^ a fcT 

We now assume t h a t t o a f i r s t a p p r o x i m a t i o n * ^ — 

so t h a t 

e t T - JL ^ (4 .12) 

T h i s i s e s s e n t i a l l y t h e a s s u m p t i o n u s e d by P r y c e and S t e v e n s 

when d e r i v i n g t h e i r g e n e r a l e q u a t i o n s ( 1 ) , ( 2 ) , and (3)» and 

by U s u i and Kambe a t t h e b e g i n n i n g o f s e c t i o n 4 o f t h e i r p a p e r . 

When a s s u m p t i o n (4 .12) i s use d (4 .8) , (4.9) and (4 .10) 

can be w r i t t e n a s f o l l o w s : 



T r a c e ( ^ U . ^ l ) a ( l - * ~ ^ )ZXr*" P ^ m . (^.13) 

T r a c e ( A ̂  m t f c . r n i ) M i - - » - *
r r

) Z l _ A
, l

-
r

 Troc- ( P.y fcmPjti \ . 14) 

T r a c e (* * T I t , L K ^ 

+ Pd*P|V P ^ P ^ J (4.15) 

U s i n g (4.11) and (4.2) we c a n w r i t e , f o r example: 

= EJ-Prf +a^P r t^\+P,^'^'^ 

F i n a l l y , t h e n , when a p p r o x i m a t i o n (4.12) i s v a l i d we have 

t h e f o l l o w i n g r e l a t i o n s h i p s h o l d i n g : 
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*<*> - If* ^ — C*.16) 

I f we now d e f i n e - t n e f i r s t moment o f f(s>) a b o u t 

^ and (^^y - t h e s e c o n d moment o f f(s>) a b o u t si* t h e n 

and 

so t h a t 

-11* _ *— . ( l f - l 8 ) 

Z Z *~ � " ' T r a c * P ^ m 

«�»< ̂  r 



ifo 

= r r ' * p ' L <*.i9> 

I t s h o u l d be n o t i c e d t h a t o u r doe s n o t 

g i v e t h e second moment o f f(->>) a b o u t t h e mean v a l u e o f s> , 

t h a t i s , k^^y i s n o t t h e se c o n d c e n t r a l moment o f f,(v) 

s i n c e t h i s q u a n t i t y i s g i v e n by <̂ô  - (̂ V̂) � 

I f *= s> , t h e n t h e se c o n d c e n t r a l moment o f f(->>) 

and a r e e q u a l . 

E q u a t i o n s (W.18) and (W.19) a r e i d e n t i c a l t o t h e P r y c e 

and S t e v e n s ' e q u a t i o n s f o r t h e f i r s t and s e c o n d moments o f 

/ ^ E ( ^ v a b o u t t h e f r e q u e n c y v 
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Chapter V 

Sufficient Conditions for Van Vleck's (1948) 

Expression for the Second Moment to be Valid 

Another derivation of an expression for the second 

moment of a line shape function has been given by Van Vleck 

(19^8). Van Vleck has not defined e x p l i c i t l y the line shape 

function he is considering but we shall show in this chapter 

that by applying suitable assumptions to our expression (3�3�15)« 

which is the second moment of f(%>)= ~C(^)f ^° » 

o 

the generalization of Van Vleck's equation (3) can be found. 

Van Vleck has considered the special case which we have 

called condition (3.2.2) that i s , the case when no crystalline 

f i e l d is present. He has considered the operator portion of 

m to be , and he has written the second moment of 

his line shape function as 

(5.D 

where we use K. to denote the truncated Hamiltonian. As 

we have discussed earlier, i t is necessary in general to use M 

rather than M when discussing the problem. In the general 



c a s e , t h e n , t h e Van V l e c k e x p r e s s i o n becomes 

A 

I t w i l l be shown I n A p p e n d i x C t h a t S, and S a r e 

e q u a l when t h e r e i s no c r y s t a l l i n e f i e l d and when t h e m a g n e t i c 

f i e l d i s p a r a l l e l t o t h e 2 - a x i s . 

Van V l e c k 1 s d e r i v a t i o n f o r t h e s e c o n d moment a p p e a r e d 

b e f o r e t h o s e o f P r y c e and S t e v e n s , and U s u i and Kambe. The 

methods u s e d by t h e s e l a t t e r a u t h o r s , and by us i n C h a p t e r I I I , 

m e r e l y i n v o l v e a more r e f i n e d a p p r o a c h t o t h e p r o b l e m . The 

most i m p o r t a n t p o i n t t o n o t i c e i s t h a t (5.2) does n o t c o n t a i n 

t h e t e m p e r a t u r e , T, whereas (3�3�15) d o e s . I n d e r i v i n g h i s 

g e n e r a l e x p r e s s i o n , Van V l e c k has n o t t a k e n i n t o a c c o u n t t h e 

B o l t z m a n n f a c t o r s w h i c h we i n t r o d u c e d i n (3.3.8) and w h i c h 

gave r i s e t o t h e f a c t o r * 1 5 ±n (3.3.15). T h e r e seems 

t o be no d o u b t , however, t h a t f o r s u f f i c i e n t l y h i g h t e m p e r a t u r e s 

t h e Van V l e c k method, t h a t i s , e q u a t i o n (5.2), y i e l d s c o r r e c t 

r e s u l t s . I n f a c t , U s u i and Kambe (1952) have a p p l i e d t h e i r 

g e n e r a l e q u a t i o n s t o t h e s p e c i a l c a s e c o n s i d e r e d by Van V l e c k 

( t h a t i s , no c r y s t a l l i n e f i e l d and e n e r g y l e v e l s o f e a c h s p i n 

e q u i d i s t a n t ) and f o u n d t h a t i f « \ , t h e n t h e i r r e s u l t s 

a r e i d e n t i c a l w i t h t h o s e g i v e n by Van V l e c k . S e c o n d l y , 

I s h i g u r o , U s u i , and Kambe (195D have a p p l i e d (5.2) t o t h e 

c a s e where a c r y s t a l l i n e f i e l d i s p r e s e n t and have s t a t e d 



t h a t t h e r e s u l t s s o o b t a i n e d have a l s o b e en f o u n d when t h e 

P r y c e and S t e v e n s ' e q u a t i o n s (1) and (3) a r e a p p l i e d t o t h i s 

c a s e and a r e r e s t r i c t e d t o s u f f i c i e n t l y h i g h t e m p e r a t u r e s . We 

have c h e c k e d t h i s i n d e p e n d e n t l y . 

From t h e f o r e g o i n g d i s c u s s i o n i t would a p p e a r t h a t by 

a p p l y i n g s u i t a b l e a p p r o x i m a t i o n s t o (3.3.15) i t s h o u l d be 

p o s s i b l e t o a r r i v e a t (5.2), t h a t i s , i t s h o u l d be p o s s i b l e 

t o g i v e s u f f i c i e n t c o n d i t i o n s u n d e r w h i c h (5.2) y i e l d s v a l i d 

r e s u l t s f o r t h e second moment. T h e r e h a s , however, b e e n no 

e x p l i c i t d i s c u s s i o n o f t h i s p o i n t i n t h e l i t e r a t u r e . The 

r e m a i n d e r o f t h i s s e c t i o n , t h e n , w i l l be d e v o t e d t o f i n d i n g 

s u c h c o n d i t i o n s . 

F o r t h e p r e s e n t , we s h a l l f i n d u n d e r w h i c h c o n d i t i o n s 

t h e e x p r e s s i o n 

I I tailor 
(5.3) 

w h i c h i s e q u i v a l e n t t o (5.2), i s a v a l i d a p p r o x i m a t i o n o f 

(3.3.8), w h i c h i s e q u i v a l e n t t o (3*3.15). We s h a l l see t h a t 

t h e f o l l o w i n g two a s s u m p t i o n s a r e s u f f i c i e n t i f (5«3) I s t o 

be a v a l i d a p p r o x i m a t i o n o f (3.3.8): 



1) $ W > » W ^ *. * i so t h a t t o a f i r s t a p p r o x i m a t i o n 

t h e e x p o n e n t i a l s i n ( 3 . 3 . 8 ) c a n be r e p l a c e d by t h e i r v a l u e s 

when 

i 

2) The t e m p e r a t u r e i s h i g h enough so t h a t I E - E \« k~r 

f o r a l l v a l u e s o f <* and p 

L e t us now p e r f o r m t h e s e c a l c u l a t i o n s . We r e c a l l f r o m 

C h a p t e r I I I t h a t t h e f u n c t i o n s U _ 0 a r e t h e s i m u l t a n e o u s 

e i g e n f u n c t i o n s o f y t e > ft . I n e q u a t i o n ( 3 . 3 . 8 ) , t h e n , 

we s h a l l p u t I n ) = U , 0 and E. N - E „ ; 

where E,. ^ E^ (-/,; I \ . T h u s , ( 3 . 3 . 8 ) c a n be 

w r i t t e n : 

^ = 1 i=. « ; | 

I X X L luuifcOP 
- � - * 

u s i n g t h e f i r s t a s s u m p t i o n a b o v e . 
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u s i n g t h e d*s-«nVt.on o f M ( s e e C h a p t e r I I I ) . 

^ 6 » SL > 

u s i n g t h e s e c o n d a s s u m p t i o n a b o v e . 

T h u s , we have t h a t when t h e above two a s s u m p t i o n s a r e a p p l i e d 

t o (3.3.8) we g e t 

w h i c h i s i d e n t i c a l e x c e p t f o r t h e n o t a t i o n w i t h e q u a t i o n (5*3). 

We have shown t h a t by a p p l y i n g two a s s u m p t i o n s t o o u r 

e q u a t i o n (3*3.8), e q u a t i o n (5.3) c a n be f o u n d . However, i t 

s h o u l d i m m e d i a t e l y be n o t i c e d t h a t t h e s e c o n d a s s u m p t i o n i s 

most u n r e a s o n a b l e . The e n e r g y d i f f e r e n c e b etween t h e h i g h e s t 

and t h e l o w e s t v a l u e s o f E . i s a t l e a s t N £ V* so t h a t t h e 

1 V > -

_n_ n_ *Jw n i l ( 



s e c o n d a s s u m p t i o n i m p l i e s t h a t f > > 2» l o 

S i n c e i t has b e e n shown t h a t (5.2) y i e l d s e x p e r i m e n t a l l y 

v a l i d r e s u l t s f o r T a p p r o x i m a t e l y e q u a l room t e m p e r a t u r e , i t 

w o u l d be d e s i r a b l e t o show t h a t a s s u m p t i o n 2) c a n be r e p l a c e d 

by a much weaker c o n d i t i o n . T h i s w i l l be done i n t h e r e m a i n d e r 

o f t h i s c h a p t e r . I t w i l l t u r n o u t t h a t t e m p e r a t u r e s much 

bel o w room t e m p e r a t u r e a r e s u f f i c i e n t l y h i g h f o r t h e v a l i d i t y 

o f t h e Van V l e c k method ( a s has b e en g e n e r a l l y a s s u m e d ) . 

I t w i l l be r e c a l l e d t h a t (W.l^) was o b t a i n e d f r o m (3.3.15) 

by i n t r o d u c i n g one a s s u m p t i o n , n a m e l y , C+.12). T h i s i s 

i d e n t i c a l w i t h t h e a s s u m p t i o n 1) g i v e n a b o v e . T h e r e f o r e , i n 

o r d e r t o f i n d c o n d i t i o n s t o r e p l a c e a s s u m p t i o n 2), we c a n 

s i m p l y f i n d u n d e r what c o n d i t i o n s (5*2) i s a v a l i d a p p r o x i -

m a t i o n f o r (W.17). 

I n o r d e r t o compare e q u a t i o n s (W.17) and (5.2), i t w i l l 

be c o n v e n i e n t t o r e w r i t e (5.2) i n a f o r m c o n t a i n i n g 

and M r a t h e r & and M, t h a t i s , we s h a l l s u b s t i t u t e 

(k.k) and 0+.5) i n t o (5-2). T h u s , 

T r a c e Cro?*= T « - o « I Z ^roP^,™^. •= u s i n g (W.5) 
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Thus, 

- — - —
 L

-

Using equations (4.11) and (4.2) we have, f i n a l l y : 

4 ? \ ^ = S X r

- ( P ^ % m f w m -

I X T ^ C < P , m ^ 

"4- • 

X X - r ^ c , Pwmp^ 

We see that equation (5.*+) is identical to (4.17) hut with 

the Boltzmann-factors, A , replaced by unity in this 

last equation. As before, i t seems that the procedure can 

only be justified i f T » ^ . , We shall see that this 

is not the case. 

The procedure now, w i l l be to consider (4.17) for the 

case when we can write: 

m= I m- (5.5) 

I I Ml • (5.6) 



4? 

where t C ^ i s s y m m e t r i c a l i n i and j 

an d , t h e n , i n o u r r e s u l t s t o r e p l a c e a l l e x p o n e n t i a l s c o n t a i n i n g 

t h e t e m p e r a t u r e by u n i t y . The r e s u l t s s o o b t a i n e d w i l l be 

i d e n t i c a l t o t h o s e f o u n d i f (5.W) had been u s e d . We s h a l l 

t h e n g i v e c o n d i t i o n s u n d e r w h i c h t h e r e p l a c i n g o f t h e s e e x p o n -

t i a l s by u n i t y i s v a l i d . (The r e s t r i c t i o n s (5.5) and (5.6) 

a r e d e f i n i t e l y n o t s e v e r e . I f we s p e a k o f a " s y s t e m o f s p i n s " , 

t h a t i s , i f we l o o k upon t h e s p i n s a s s e p a r a t e p h y s i c a l 

e n t i t i e s , t h e n we must be a b l e t o w r i t e (5.5). S e c o n d l y , most 

f o r c e s o f i n t e r e s t i n t h i s f i e l d , f o r example, d i p o l e - d i p o l e 

f o r c e s o r exchange f o r c e s , c a n be w r i t t e n a s two-body f o r c e s , 

t h a t i s , i n t h e f o r m g i v e n by (5»6)X 

I t w i l l p r o v e v e r y i n c o n v e n i e n t t o p e r f o r m t h e c a l c u l a t i o n s 

a t t h i s t i m e ; t h i s w i l l be done i n d e t a i l I n C h a p t e r V I . We 

s h a l l , t h e n , o n l y s t a t e t h e c o n d i t i o n s u n d e r w h i c h (5.2) y i e l d s 

a v a l i d a p p r o x i m a t i o n f o r t h e s e c o n d moment o f f ( s > ) i We s u p p o s e 

t h a t c o n d i t i o n (W.12) h o l d s . T h e n , i f t h e e n e r g y v a l u e s o f 

t h e u n p e r t u r b e d s p i n a r e n o n - d e g e n e r a t e and a r e l a b e l l e d 

a, , a 4 , ai , a R (where t h e p h r a s e " e n e r g y l e v e l s o f t h e 

u n p e r t u r b e d s p i n " means t h e e n e r g y v a l u e s e a c h o f t h e N s p i n s 

has when t h e H a m i l t o n i a n o f t h e s y s t e m i s c o n s i d e r e d t o be ^ ) , 

and i f m and if?1 c a n be w r i t t e n t h e fo r m s (5.5) and (5.6) 

r e s p e c t i v e l y , t h e n , i f Q p a i r s o f t h e e n e r g y v a l u e s a, , a^ , &3 , 

,a have e n e r g y s e p a r a t i o n , e q u a t i o n (5.2) y i e l d s a 

v a l i d a p p r o x i m a t i o n f o r t h e se c o n d moment o f f (s>) i f 



C h a p t e r V I 

An A p p l i c a t i o n o f E q u a t i o n s (W.18) and (W.19) 

We s h a l l now a p p l y e q u a t i o n s (W.18) and (W.19) t o t h e 

ca s e when t h e u n p e r t u r b e d s p i n has R e n e r g y v a l u e s a, , aa , a^ , 

. . , a R w h i c h a r e a l l n o n - d e g e n e r a t e . We s h a l l s u p p o s e t h a t Q 

p a i r s o f t h e s e e n e r g y v a l u e s have e n e r g y s e p a r a t i o n B e f o r e 

p r o c e e d i n g i t w i l l be c o n v e n i e n t t o e s t a b l i s h a method'of 

l a b e l l i n g t h e e n e r g y l e v e l s o f t h e u n p e r t u r b e d s p i n . 

The e n e r g y l e v e l s y s t e m s o f the u n p e r t u r b e d s p i n i s s u c h 

t h a t Q p a i r s o f l e v e l s have e n e r g y s e p a r a t i o n I* . We c a n 

al w a y s c o n s t r u c t a s e t o f Q p o s i t i v e i n t e g e r s ( l , x , y , . — ) 

where K - x<y< - < £ $ R - i a n d a se c o n d s e t o f p o s i t i v e 

i n t e g e r s ( ^ r t-a,*+^ > } R ) s u c h t h a t 

and f o r any r i n t h e s e t ( ^ + 0 ^ + 5 , , ^ ^ ' Ja^-cx r I ^ 

f o r ^ j f c . T h a t i s , i f A i s i n t h e s e t ( l , x , y , . . . . ) 

t h e n a = and i f b i s n o t i n t h e s e t ( l , x , y , . . . . ) 

t h e n \a^Q>\\lS W p ^ . . . , . ( I t s h o u l d be n o t i c e d 

t h a t i f t h e n t h e second s e t i s t h e n o i l s e t . ) 

The f o l l o w i n g example s h o u l d i l l u s t r a t e t h i s method o f 

l a b e l l i n g t he e n e r g y l e v e l s o f t h e u n p e r t u r b e d s p i n . ( F o r 

c o n v e n i e n c e we s h a l l c a l l t h e s e t o f Q p o s i t i v e i n t e g e r s 
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( l , x , y , . . . , ) t h e s e t G.) L e t us sup p o s e t h a t t h e e n e r g y 

l e v e l s y s t e m f o r t h e u n p e r t u r b e d s p i n i s g i v e n by D i a g r a m 

V I I : 

D i a g r a m V I I D i a g r a m V I I I 

<x.s 

We have R = 10 and Q » 4*. U s i n g t h e above method t h e l a b e l s 

o f t h e e n e r g y l e v e l s a r e g i v e n i n D i a g r a m V I I I . We s e e t h a t 

t h e s e t <7 i s (1,2,W,6) t h e s e c o n d s e t i s (8,9,10) and 

t h a t ĉ -o.,- c x ^ a , . - a 6 ^ a 4 = a ^ a ^ X>+ 

and \ a _ < x rl^ -Rv* k>r- ^ ^ . . . . , 1 0 r ^ - e ^ y o . 

L e t us f i r s t o f a l l e v a l u a t e t h e t r a c e s i n (W.18) and 

(W.19) w i t h r e s p e c t t o t h e e i g e n f u n c t i o n s o f " S ^ , \ | A . > 0 ' 

( p. s 1,2,.... ,.n_ ; i = 1,2, ,g , t h e d e g e n e r a c y o f e„ .) 



T r a c e P* MP^ M - Z X C\>,l\ P ^ m ^ . O -

= X U . L I P ^ P ^ U . O - Wy CM-.O 

3o< A - 3 u A . H 

•»n ) , = 1 I J - M u> p-.i I I ^ v ? \ v. I V 

S « *3a 

- X X X Cc/,ilv c , ,

U k i k U l R {Xa;, U U . O 

' »-< k= l i ; i * * 

II?. «.=' 

3B SB 3* 3 9 

- X X X X (hi Iv'lp.rtf t|ft1»,0C^lm \ ̂ X̂ \m\p,0 

n t t 



We must how f i n d some way t o p e r f o r m t h e summations 

i n t h e above e q u a t i o n s and t h e summations i n (W.18) and 

0+.19). The method w h i c h we u s e w i l l be e s s e n t i a l l y t h e same 

as t h a t u s e d . b y P r y c e and S t e v e n s ( 1950) . T h i s w i l l now be 

d i s c u s s e d . 

L e t us d e n o t e t h e u n p e r t u r b e d e i g e n f u n c t i o n s o f t h e 

t " s p i n by I r^ and t h e c o r r e s p o n d i n g e i g e n v a l u e by a r 

so t h a t 

ttjflr^ = o . r l (\ ) t t = 1,2,...,N r - 1 , 2 , ,R 

( 6 . 7 ) 

An e i g e n f u n c t i o n o f X_ 

can t h e n be w r i t t e n i n t h e f o r m l a ) x 10* 10 x x l c O 

F o r e x a m p l e , 

I t s h o u l d be n o t i c e d t h a t e q u a t i o n s (6 .1) t o ( 6 . 6 ) r e m a i n 

t r u e i f l j . , 0 i s r e p l a c e d by U ^ x U ^ l c ^ . - x U ^ 

where a + o +Q+ + o,- E s i n c e t h e f u n c t i o n s I u'^) , 

» fc> c A T jl I 

w h i c h d i a g o n a l i z e Kto , a r e o b t a i n e d by t a k i n g l i n e a r 

c o m b i n a t i o n s o f a l l f u n c t i o n s o f t h e f o r m I oD .^lt) jcl^") * - K \<*\ 

where o +Q + 0 v + a,-.Eu . F o r t h i s r e a s o n 

we s h a l l change t h e meaning o f t h e sy m b o l ^fv^) 5 

f r o m now on, t h i s symbol w i l l mean 

( 6 . 8 ) 



where o o+a t +o. +.... -•• « 4 , E^, (6.9) 

T h i s s h o u l d l e a d t o no c o n f u s i o n . 

Now, we c a n w r i t e 

R 

E - X o r a r (6.10) 

where O * O C I N W R 

R 

and where X n - N (6.11) r 

r-i 

F u r t h e r m o r e , t h e d e g e n e r a c y g u o f E 4 l i s 

r r 

Nl y 
q - - when 1— o a ^ t (6.12) 

I f « i 
r-i

 r 

T h u s , any e i g e n f u n c t i o n o f c a n be 

c h a r a c t e r i z e d by two s e t s o f i n t e g e r s . The f i r s t s e t o f R 

i n t e g e r s (n, ,n a ,n 3 ,... . n R ) , where 0 -s n r « N f o r r » 1,2,.... ,R 
R 

and where X n = N, t e l l s us t h e e i g e n v a l u e t o w h i c h t h e 

f u n c t i o n b e l o n g s , t h a t i s , g i v e s us t h e ^ - - v a l u e . The se c o n d 

s e t o f N I n t e g e r s ( a , b , c , , d ) , where 

U a ^ R , \ t>$ R l * c « R 1-$<A-$R 

s p e c i f i e s t h e p a r t i c u l a r e i g e n f u n c t i o n , t h a t i s , t h e i - v a l u e . 

We c a n , t h e n , r e p l a c e 

(6.13) 



5 4 -

r where L means summation over a l l combinations 

of the N integers wherein a -t- a, + a + + a, = E., . 

Further, we can replace 

Si- ^_ 

L by L (6.14) 

r-1 t v « 

where means summation over a l l integers X 
n( ,na

 c

,°.H^,nR wherein 0^n r ̂  N for r = 1,2,...,R such that 

•r 

For example, we can write 

M 

R . 

Let us now consider the meaning of I I . W e 
d < p 

recall that I I means summation over a l l values of 
•>< < 

«* and p wherein E^ - E^ = . Since E^ and E^ 

can be labelled by the sets of R integers (n, ,njO,....nR) and 

(n'( jn^ , ,n' ) respectively, the condition Ep -E^ = 

and the condition X o r - L n ^ N imply that some restric-

tions must be placed on these 2R integers. We must, in fact, 

have 

1 n3>< N for at least one g in the set ̂  

0 $ nr<< N for r ̂  g 

(6.15) 



5 5 

and 

n , - l 

n = n+1 
5»i Jfi 

n f o r r\ g,g 1. 

(6.16) 

T h e n E E 

it 

~ 2 ( nl- rO a. 

a 5 « - a 3 = 

T h u s , Z X 

i n t e g e r s (n, , ^ , . . . . , 0 ) 

means summation o v e r a l l v a l u e s o f t h e 

where I n r - N and where- i^n .^N Wsome g in the set G of 

Q p o s i t i v e i n t e g e r s . 

We c a n now w r i t e (6.1) t o (6.6) i n a more c o n v e n i e n t 

f o r m . F o r s i m p l i c i t y i n w r i t i n g we s h a l l w r i t e 

L , 0 = l o ^ . c , 4a") 

r a t h e r t h a n t h e more cumbersome f o r m g i v e n by (6.8). U s i n g 

t h i s and (6.13) we c a n w r i t e 

T r a c e - L* 71 CQ,̂ ,... UU^'X^X..! ml „,(,, c,.l) (6.17) 



T r a c e = Z " H" (̂ U,.. l$rL',tY... 

* ( « 7 . c \ J mlo,>,,,cV...'Xa,i> , ,
>c';...UIo>,c l...>) 

Trace P e ^ ° f 6 ^ = Z ?
 Ca.t.c,... 1 t^la,* t V , . 0 

? p c0>/,--)Guv,oc<.*;>L"c';.-') 
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Now, l e t us w r i t e m and i n t h e f o r m s g i v e n by 

(5 .5) and ( 5 . 6 ) r e s p e c t i v e l y , t h a t i s , 

M 

TH = X ( 5 . 5 ) 

i and i ) ( 5 . 6 ) 

TT 1$ where i s s y m m e t r i c a l i n 

B e f o r e p r o c e e d i n g t o e v a l u a t e (6.17) t o (6 .22) u s i n g 

(5 .5) and ( 5 . 6 ) i t w i l l be c o n v e n i e n t t o e s t a b l i s h t h e 

f o l l o w i n g c o n v e n t i o n : 

We s h a l l u s e t h e l e t t e r a t o r e f e r t o t h e s t a t e s o f t h e 1st s p i n 

b t o r e f e r t o t h e s t a t e s o f t h e 2nd s p i n 

e t o r e f e r t o t h e s t a t e s o f t h e i t h s p i n 

f t o r e f e r t o t h e s t a t e s o f t h e J t h s p i n 

g t o r e f e r t o t h e s t a t e s o f t h e k s p i n 

h t o r e f e r t o t h e s t a t e s o f t h e l * * 1 s p i n 

D ashes w i l l be u s e d t o d i s t i n g u i s h d i f f e r e n t s t a t e s o f t h e same 

s p i n . 

S u b s t i t u t i n g (5 .5) i n t o , f o r e x a m p l e , (6.17) y i e l d s m a t r i x 

e l e m e n t s o f t h e f o r m (QW U l o u "). 

B u t m. U.b.c, IO\XIWXX.~.A 

SO t h a t CoXc' , . . .Jm.U>icj...!)^ra1ayb
,

lbN)....(S,

U.lO--. * 

-(s'ma S,AW  



b e c a u s e o f t h e o r t h o n o r m a l i t y o f t h e e i g e n f u n c t i o n s . 

B u t , i f a,' + a b, +a . ,+ cxod »a+a-b+
Q

c-* 

t h e n -for a , b*= b c ' = c E - E . = a -a 

— i £ <Xn«A Onlij l £ J i s in 

(We s h a l l i n f u t u r e u s e t o mean " f i s i n t h e s e t G" 

5 - \ Ci t o mean " f i s n o t i n t h e s e t G".) 

T h u s , i f 

t h e n Ca ̂ c ^ . . . I mj IQ.WCJ, .. 

o 5-or S \ c (6.23) 

S i 
and 

' � ' . > » * * a a »»b «_*«�! S i 

(6.2*0 

so that 

= a\ m ;U ' X& +.U-U
>) S. S. S. 5 

- o ; i ; \ i „ 

Thus T r a c e = 

and f r o m (6 .17) , T r a c e ftnv = X lcelm;U+î |3 c€<i. 



But J_ means summation over a l l combinations of 

« 

the N integers a,b,... ,e,..... 

Thus, I l u U ; u ^ l a - 2 1 lr*U-l«+0l
3 

1 > A . . r V.^.-Cn-.V. 

where 0 a + v V ' " + q + "'" 7-«var - E C 

and where 2 1 means summation over a l l Q integers in 

the set G. 

Then, Trace tw ;P §« ;= X , IG»W U-MT , , , „ , 

Now, X 2 1 « * r p

ot«n>Pp(ni ^ 

where has been explained before. 

Because of the term ( o - 0 l in the denominator of (6.25) 

which is co i f o = o » we can take the summation over a l l 

^values of the integers k n ^ t i j , . . . ^ ^ where o ^ - n ^ R for a l l 



T h u s , sz. Trs.Ce Po,ir>:fftro- -

S i n c e C o - 0 1 = 00 ii- n-_0 we have 

I 
I * R 

1 

I � 1 I JQ. 

( 0 $ nr$. N-I) 

n 1 + i > > - » " + n t t - + ( i R - . H - l < R 

to 

http://Trs.Ce


But 

so that 

11 *
 fer

 r r a t e p m p n W . = ft L l c « U - U , T /
f c T 

0 , 

fit 

N O W , Ce\«\;U+r) =� CilmU + i^ 5or i= i, . ..̂  N 

since we are considering N identical spins. 

Then Trace P ^ f l , H T ^ p a m ? p m . 

Finally, then, using (6.28) we get 

Let us now consider Trace P^^&rrv^ffl 

(5.5) and (5.6) we can write 



T r a c e P ^ ' V m P m = Z. L I (t^VnA + ( l ^ m-̂-Y } + 

where we w r i t e T r a c e £ ( « - * m f l n % \ 

U s i n g (6.18), (6.23), and (6.24) we h a v e 

**C - S - = . " • i " , , . » » ( n - r > l . . . . C n . . ' > ! . . . B - l 

T h u s , 31H. /fe b ; i m > mY -



Bll"t Z. i 1 / Ti i i -°-L 
Cof-nR<N) 

" - ^ j T ) — M l . l i « « 4 4 ' " R J 

ni-"»---(n-i). l«-i)'...o0. 
1 ̂ nt̂  N-i 

(oi-n r$H-j) 

Thus 
o / < R * 

= ft*"* I I « l(*UUT G.^L.v) (6.30) 

S i m i l a r i t y , Z Z fcT CscJ M ; N Y 

*"
a

 Z 2_ * " k T o i m U t . ^ m ^ ^ . ^ i ^ u , ^ ^ (6.319 �A 



ZZ * * («;'• m « \ = 
«*< ^ J k fe. * 

X X a feT ( « : i m . A ^ O 

a n d , Z Z « *••*"(*«;• m - m \ « 
' - * ̂  J * ' .r 

3
 C*A'*' <^ 

Z7 (<r >\ -4 * v * : i m ; M 
CI + Q 

ft X X * U*.LUX*Jtn|$+v)C« 



IT («M ^ -
o i < ^ *� * p 

= o. 

(6.38) 

where we use T r a c e P^y °. PR m P, m 

U s i n g (6.30) t o (6.38) we have 

^ i l l ; f e ( j - - / - X > , s V p r "
a

i i ; ^ A , ^ (6.39) 

where 

(6.40) 



(ft(p 

In writing the above we have used 

»<0 
since tt^ is symmetrical in i andj . 

Then, using (6.29) and (6.39), we can write (W.18) as follows: 

= «™ *- (6.W3) 

« G 

where 



Evaluation of (6.20) to (6.22) involves the same methods 

as used above. It should only be necessary then to give the 

results of our calculations. 

After using equations ( 5 .5 ) , (5.6), (6.28), and (6.42) 

we have found that: / 

ZZ / ̂ w ( p? * V ? VpWP,Ti\ - a ?„ ^tt('\^\ + V ' \ y^) --

« t G $*C «̂-c 

4 l l I , vW'.O* (6>5) 

where: 



-5 I I tfeUJa^ Y B t l l m U ^ C * ^ ! V » | a , t y M I , k | « ? | * * , S ) 

4-

1 j<*0 

J > 5 J ; i(*o 



where we use : 

L to mean summation over a l l positive integers 
O t b r « + 4 

a and b wherein a„+a,^ a +a r . 

»^«*4 t o mean summation over a l l positive integers 

a and b wherein aa+ a b - aa+ a. and where furthermore « G 

to mean summation over a l l positive integers 

a and b wherein a»+<x. = a +<*t . 

Now, using (6.29) and (6.W5) we can write (W.18) 

as follows: 

I L L -*(-^ - ^ ( - ^ -Vw f n 

l l i . - ^ ( : 6 - ^ ) A „ ( . A i ) 
I 

*€(» 



� 7 0 

E q u a t i o n (W.17) c a n now be w r i t t e n a s f o l l o w s : 

<KV>« (te)* + aU*L + Jt
3

<*»
a

> (6.1+7) 

where i!<£*>> and a r e g i v e n by (6.W3) and 

(6.W6). 

E q u a t i o n (6.W7) i s a v a l i d e x p r e s s i o n f o r t h e s e c o n d 

moment o f f ( v ) whenever t h e f o l l o w i n g h o l d : 

1) C o n d i t i o n (W.12) h o l d s , t h a t i s , 

a -a * — 0. 

and s y m m e t r i c i n i and j 

3) ir\ = X « ; 

W) T h e r e a r e N i d e n t i c a l s p i n s and e a c h u n p e r t u r b e d s p i n 

has R e n e r g y v a l u e s e a c h o f w h i c h i s n o n - d e g e n e r a t e and 

Q p a i r s o f w h i c h have e n e r g y s e p a r a t i o n . 

We have p o i n t e d o u t i n t h e l a s t c h a p t e r t h a t t h e Van V l e c k 

method y i e l d s t h e same r e s u l t s as does (W.17) when a l l t h e 

e x p o n e n t i a l s c o n t a i n i n g t h e t e m p e r a t u r e i n t h i s l a t t e r e x p r e s s i o n 

a r e r e p l a c e d by u n i t y . 

R e p l a c i n g a l l e x p o n e n t i a l s c o n t a i n i n g t h e t e m p e r a t u r e by 

u n i t y i n (6.W7), w h i c h i s i d e n t i c a l w i t h (W.17) when t h e above 

c o n d i t i o n s h o l d , y i e l d s : 



7/ 

NRT. A 0 C ) 

I A j ^ 

I I I K M ^ ) , 

NR* I A 0U) 
etc 

L e t us c o n s i d e r u n d e r w h i c h c o n d i t i o n s t h i s s t e p i s 

j u s t i f i e d . The t e r m 

H f l L
 feT

 A^G*) 

f o r e x a m p l e , c a n be w r i t t e n 

ice i«, 



7JL 

4- , « r f - t v Q T 1 

But, fi= 2_ a fcr so that = L 2 * J 

r QL — Q. • V max m»«. 

Now, we define 6 = r so that 

- 6 -r- _?«�-«« 
f? A 

Thus, JL_ <: _5 x a 

We can then write 

e t c x.cr. J- . ' N etc 

N X J L 0 G D 

If, now, « 
* 3S 

so that «. ~ i then 

*.T -+- 6T~ a l l A 3 i lc,a 
etc S«i 

Z 
-e€G 

-2a 



S i m i l a r i l y , t h e o t h e r t e r m s i n (6.47) c a n be i n v e s t i g a t e d . 

We f o u n d t h a t i f t h e n (6.48) i s a v a l i d 

a p p r o x i m a t i o n o f (6.47). 

T h u s , we have shown t h a t t h e Van V l e c k method, t h a t i s , 

e q u a t i o n (5»2) y i e l d s a v a l i d a p p r o x i m a t i o n f o r t h e s e c o n d 

moment o f f ( i > ) f o r t h e c a s e when e a c h o f t h e N i d e n t i c a l 

u n p e r t u r b e d s p i n s has R e n e r g y v a l u e s , a . ^ a ^ } Q.r , a l l o f 

w h i c h a r e n o n - d e g e n e r a t e and Q p a i r s o f w h i c h have e n e r g y 

s e p a r a t i o n Rv* , i f : 

1) C o n d i t i o n (4.12) h o l d s 

2) S4C'= Z Z «V? ; and s y m m e t r i c a l i n i ahd j 

3) m= 1 

} IT ^ H-

I n C h a p t e r s V and VI we have c o n s i d e r e d c o n d i t i o n (4.12) 

t o h o l d , t h a t i s , we have assumed t h a t 

A. — A tL •— £L 

I n t h e n e x t c h a p t e r we s h a l l f i n d e x p r e s s i o n s f o r - R a n d $}<crtj 

when 

We s h a l l show t h e n t h a t t h e t e m p e r a t u r e i n d e p e n d e n t t e r m s i n 

t h e s e new e x p r e s s i o n s f o r and *̂-<a-o*> a r e n o t 

i d e n t i c a l w i t h t h o s e f o u n d by r e p l a c i n g a l l e x p o n e n t i a l s 



c o n t a i n i n g t h e t e m p e r a t u r e by u n i t y i n (4.18) and (4 .19) 

r e s p e c t i v e l y . I t w i l l be shown t h a t i f c a n n o t be 

r e g a r d e d as n e g l i g i b l e when compared w i t h > t h e n t h e 

Van V l e c k method does n o t y i e l d a v a l i d a p p r o x i m a t i o n f o r 



C h a p t e r V I I 

E x p r e s s i o n s f o r a n J A l<^> M ^ U n 

(7;1) G e n e r a l F o r m u l a e 

The e x p r e s s i o n s f o r <̂v> and lv^> w i t h w h i c h we a r e 

c o n c e r n e d a r e g i v e n by 

where B = r i g h t hand s i d e o f e q u a t i o n (*+.8) 

C = r i g h t hand s i d e o f e q u a t i o n (^.9) 

D = r i g h t hand s i d e o f e q u a t i o n (^.10) 

I t s h o u l d be n o t i c e d f i r s t t h a t when we p u t = 

t h e n we c a n w r i t e : 

• = ( r i g h t hand s i d e o f (7.1.1) when % i s r e p l a c e d by 

(7.1.D 

(7.1.2) 

e v e r y w h e r e e x c e p t i n t h e e x p o n e n t i a l s i n 

(7.1.1)), and, 

z ( r i g h t hand s i d e o f (7.1.2) when ^ i s r e p l a c e d by 

e v e r y w h e r e e x c e p t i n t h e e x p o n e n t i a l s i n 

(7.1.2)). 

( s e e Chap t e r IV f o r d e f i n i t i o n o f and fc< taT).} 

L e t us now t a k e 



�7(i> 

A W «, ^ pp̂; (7.1.3) 

i n t h e s e e x p r e s s i o n s f o r iUw> 45*-<e*>*> . T h e n u s i n g 

(4.2) and t h e f a c t t h a t T r a c e ABC = T r a c e CAB f o r any m a t r i c e s 

A, B, C we g e t 

i < r w > = -fr (7.I.1*) 

i r (7.1.5) 

where 

6 = I X ( / ^ - / ^ r ) r ^ « P-«\P.«\ + ^ I X {-n^-c P.*' 

°<<ft ° ? v 

+ ~ : X X { * FCT T̂,« ̂ tt'f̂ W'̂ vnp̂ m + * P . ^ ' V SMP, toPfm 

° - XX ( A _ a " T r ^ ( ? y 'V v'V.m P«\ - 3 P y V n ? . « V B (0 

+ £ X X f . " ^ T r a c « ( P ^ V ^ ^ W ' ^ W P , ^ -aP^'Y^wpA^ 

4 - p ? v
t

' V ^ p ^ u
c

' V o ( ^
c 0

p w m ' ) � 

+ P wX
oP ( ( 0 P ?«'P^

c' >P^)} 



^7 

Two points should be mentioned concerning equations 

(7.1.U) and ( 7 . 1 . 5 ) . F i r s t l y , the expansion indicated by 

i 

Pryce and Stevens (1950) on page h8 of their paper yields 

expressions which are slightly cruder than (7.1.*+) and ( 7 . 1 . 5 ) . 

Secondly, taking a. K t

 ~ t - ̂  then letting T-».OO 

in (7 . I . 1 *) and (7.1.5) yields expressions which are different 
i 

from those found when this procedure is repeated with (*+.l8) 

and (W. 19) which are the expressions we found for £<t>*y and 

.K*0^ > respectively when «. ~« ~ l i r . For example, 
E 

taking « k T - » - j£- then letting -<--*oo in (M-.18) yields: 

^ < 6 v > - I I L I (7.1.6) 

X X -w« £mP pm 

whereas staking ™ i - then letting T**D in (7.1.^) 

yields 

£ Jt* X X T ^ C P ^ ' V ^ P , ^ -P ,K l o i> in^(r i ) 

- -us L_! IS?.1.7) 

"Similarly, when this procedure is carried out on equations 

(M-.19) and (7.1.5) the resulting expressions w i l l be temperature 

independent in each case but they w i l l not be eqqal. 

In other words, i f we apply, for example, equations (^.18) 



~7? 

and (7.1.^) t o a s p e c i a l c a s e (as we do i n t h e n e x t c h a p t e r ) 

t h e r e s u l t s f o r h i g h t e m p e r a t u r e s w i l l n o t a g r e e . The r e a s o n 

f o r t h i s i s t h a t i n w r i t i n g (7.1.6) we have employed t h e a p p r o x -

i m a t i o n ^ c°" >» ft<0-> 
* 

P « < 0 P E P 
- >Y U

 E P 

we have t a k e n a = a ** ~ i - -jfcf 

and 9. ~ ^ — i . I n w r i t i n g (7.1.7) we have n o t us e d 

t h e a s s u m p t i o n t h a t ^L" ^ V ; we have t a k e n «. a i -

and . i f , i n f a c t , & » « t h e n we 

s h o u l d f i n d t h a t t h e d i f f e r e n c e between t h e r e s u l t s o b t a i n e d 

u s i n g (7.1.6) and (7.1.7) i s s m a l l . I n t h e a p p l i c a t i o n i n 

C h a p t e r V I I I we show t h a t t h i s i n f a c t i s t r u e . 

7.2 A p p l i c a t i o n o f (7.1.*0 t o t h e c a s e c o n s i d e r e d i n C h a p t e r V I 

We s h a l l now r e w r i t e e q u a t i o n (7.1.^) i n a more c o n v e n i e n t 

f o r m f o r t h e c a s e when m and « 0 > c a n be w r i t t e n i n t h e f o r m s 

g i v e n by (5«5) and (5.6) r e s p e c t i v e l y , and when e a c h u n p e r t u r b e d 

s p i n h as R e n e r g y v a l u e s o - , , a a > a 3 > ,0^ , a l l o f w h i c h a r e noij-

d e g e n e r a t e and Q p a i r s o f w h i c h have e n e r g y s e p a r a t i o n . 

S i n c e t h e c a l c u l a t i o n s a r e s i m i l a r t o t h o s e g i v e n i n 

C h a p t e r V I o n l y t h e r e s u l t s w i l l be g i v e n . We have f o u n d t h a t 

i n t h i s c a s e (7.1.^) c a n be w r i t t e n ; 



where 

fcr 
L etc 4 « c 

3 

^ • ' I l l a ; * ' . ; * ) . - ^ ^ 

+ A Z Z Z {(;-& A 4 > J ^ V * ~ ^ A H > ^ ) ) 1 

-3 
R R 

+ « I X I X ( 

«*c ^, I,-, 

n 'Z Z C * ̂ A J > l W + «* JLJ^S)):^ + 



-2 

3=1 
(7.2.3) 

We have g i v e n A„(«\ JL,J*t$)t and J l 1 > a C* 1i) 

b e f o r e , ( s e e C h a p t e r V I ) . The o t h e r A's a r e as f o l l o w s : 

AJ*,5>> - I I Iccuu^ G,*IS«;?UO 

A4aG*>- I I { l a L U + , T L M a ^ M * + 

5Xa|mla+iX/*4'lri»l*) + 

A4iU,*) = II {laUU*,")P Z la*.,*l«*!U,0| 



a-n, 

A45G,sl3)= I I ^ L ̂ auu.X4 +iUs)C^l^ | *Q l^wV^-s J ^ l * * " ^ ] 

A 4 U U A 3 V - I I I . , lauu^LUM^U.^ -M <k$taJ** U . s V M * ^ 

A ^ > 3 ) - I I I k u ^ t a . * ^ Kg)] 

A ^ G ^ ^ ^ H H \X. • C.UU^ L l d U.,i | ^ ! U 1J + . y 3 * l ^ l ^
>

) 

A„(.,s,,,t).II I L l6i^.TtW«"W-(»#l<k*)]( s > i l t ; i jA 

Equation (7.1.5) could also be written in this, form but 

the labour involved would be quite considerable. In the next 

chapter we shall restrict ourselves to applying equation (7.2.1) 

to a particular physical system. 



C h a p t e r V I I I 

C a l c u l a t i o n o f <£<&v) and £*< 6^> f o r t h e 

M a g n e t i c R e s o n a n c e A b s o r p t i o n by a S p h e r i c a l l y - s h a p e d 

N i c k e l F l u o s i l i c a t e C r y s t a l when t h e M a g n e t i c F i e l d i s 

i n t h e D i r e c t i o n o f t h e O p t i c A x i s . 

M a g n e t i c r e s o n a n c e a b s o r p t i o n by a c r y s t a l o f n i c k e l 

f l u o s i l i c a t e ( N i S i F ^ - 6 H 2 0 ) has b e en o b s e r v e d by H o l d e n , K i t t e l , 

and Y a g e r (19^9) and by P e n r o s e a n d S t e v e n s (1950), and t h e o r -

e t i c a l e x p r e s s i o n s f o r t h e mean s q u a r e a b s o r p t i o n f r e q u e n c i e s 

o f two a b s o r p t i o n l i n e s has b e en f o u n d by I s h i g u r o , U s u i , and 

Kambe ( 195D ( h e r e a f t e r r e f e r r e d t o a s I.U.K.) u s i n g t h e 

Van V l e c k method ( s e e e q u a t i o n ( 5 . 2 ) ) . I n t h i s c h a p t e r we 

s h a l l g i v e A<6\>> and -ft*-<«̂ > a s f u n c t i o n s o f t h e t e m p e r a t u r e . 

T h a t i s , we s h a l l a p p l y e q u a t i o n s (6.*+3)» ( 6 . ^ 6 ) , and ( 7 . 2 . 1 ) 

t o t h i s s p e c i a l c a s e . I t s h o u l d be r e c a l l e d t h a t e q u a t i o n s 

(6 .^3) and (6.1+6) f o r and £*<V-> r e s p e c t i v e l y 

have b e e n d e r i v e d on t h e b a s i s o f t h e a s s u m p t i o n t h a t 

C J / ^ 1 . E q u a t i o n ( 7 . 2 . 1 ) f o r -£<*v> has b e en 

-SgS- -feW P „ «
1

° P , \ 

d e r i v e d as t h e a s s u m p t i o n t h a t * ** * ^ T ). 

The s t r u c t u r e o f n i c k e l f l u o s i l i c a t e c r y s t a l and t h e 

r e l e v a n c e o f t h i s s t r u c t u r e f o r t h e quantum m e c h a n i c a l p r o b l e m 

i n q u e s t i o n was f i r s t d i s c u s s e d by B e c q u e r e l and O p e c h o w s k i 

(1939) ( s e e a l s o I.U.K.) and w i l l n o t be r e p e a t e d h e r e . The 



main p o i n t s o f i n t e r e s t a r e 

1) e a c h p a r a m a g n e t i c N;'*+ i o n i s i n t h e p r e s e n c e o f a 

c r y s t a l l i n e f i e l d , 

2) e a c h N; + + i o n has e f f e c t i v e s p i n S = 1 so t h a t 

R » number o f e n e r g y l e v e l s o f e a c h u n p e r t u r b e d i o n * 3, 

3) t h e e n e r g y l e v e l s o f e a c h u n p e r t u r b e d i o n a r e n o t e q u i d i s t a n t 

so t h a t t h e s e t G d e f i n e d i n C h a p t e r V I c o n s i s t s o f t h e 

s i n g l e t e r m , 1. 

T h u s , when a p p l y i n g e q u a t i o n (6.43), (6.46) and (7.2.1) t o 

t h i s c a s e we t a k e , f o r example, 

tec ^ r , � itofi 4 > 

T h a t i s X r e d u c e s t o one t e r m i n t h i s c a s e . 

The e x p r e s s i o n s f o r R<*v> and £ a < W } c o n t a i n m a t r i x 

e l e m e n t s o f , where Z_Z_ = K , t h e s p i n - s p i n 

i n t e r a c t i o n e n e r g y . I f = ( e x c h a n g e e n e r g y ) -+• ( d i p o l a r 

e n e r g y ) t h e n 

ft"* I X + I I -4C( 3S;. aO - 3 r -
a

f , S i . r 1 1 Y , S i . r ^ ] ( 8 . 1 ) 



In 

where | 5 : , 5 J S X . + S , . V 3 l | S 4 ; 

I f tf(a\= I < . t u M - S S ^ - 3 M J » B H S 4 . (o>o : t h i s 

s h o u l d n o t be c o n f u s e d w i t h t h e 6 used i n C h a p t e r V I ) 

t h e n t h e o n l y m a t r i x e l e m e n t s o f ft'0 o c c u r r i n g i n t h e 

e x p r e s s i o n s f o r and a r e t h o s e o f t h e 

o p e r a t o r 

Z I { f t i . S . . S . + 8 ; j S 4 ; 5 4 : } (8.2) 

where 

B ; i - -(a f j j ) J»J r..* [ I w.*- 5 ] 

and where we use a s t h e d i r e c t i o n c o s i n e o f ^- r e l a t i v e 

t o t h e i - a x i s . ( I . U . K . have t a k e n 9 j . = 3„= 3 i n t h e i r 

e x p r e s s i o n f o r . A t h i g h t e m p e r a t u r e s , t h e exchange 

c o n t r i b u t i o n t o i s d o m i n a n t so t h a t t h e r e s u l t i n g e r r o r 

i s s m a l l . They have a l s o t r u n c a t e d ( + S^.) ; t h i s 

does -not a p p e a r n e c e s s a r y . ) 

U s i n g (8.2) we have f o u n d t h a t (6.*+3) End (6>6), w h i c h 

a r e t h e e x p r e s s i o n s f o r - and -K i<&v l> we f o u n d when 

a cs. * fcr , become r e s p e c t i v e l y : 

ft A fl 



U s i n g (8.2) we have f o u n d t h a t (7.2.1), w h i c h i s t h e 

e x p r e s s i o n f o r -K<AV> we f o u n d when * & * '^C- >p^) 

* AT ' 

becomes: 

A < » > = - ^ | - « f^ ; (* -SO (8.5) 
kr 

where 

b=lC.U|^| ft L L l f l , U ^ + ; ^ + / ^ K < V B ; U V r

 + a ^ - / ^ ) 



I n t h e above fl = 2_ A . 

As -r-*oo , the r i g h t hand s i d e o f 6?.3") — • o . On 

the o t h e r hand, as T - * x > , %- -*o and f f - T ^ - * Q (-£5*) 

where Q a c o n s t a n t w h i c h goes t o z e r o a s goes t o z e r o . 

o 
$ h u s , t h e r i g h t hand s i d e o f (8.5) as -r->co 

The d i f f e r e n c e , t h e n , i n t h e r e s u l t s f o u n d u s i n g (7.1.6) and 

Q — c o 
(7.1.7) i s ~~f^+ w h i c h goes t o z e r o a s $ goes t o z e r o . 

In a p p l y i n g (8.3) t o (8.5) t o n i c k e l f l u o s i l i c a t e we s h a l l 

t a k e t h e ? - a x i s t o be t h e o p t i c a x i s , a n d , f o r s i m p l i c i t y , we 

shajhl a p p r o x i m a t e t h e l a t t i c e o f t h e n i c k e l i o n s by a s i m p l e 

c u b i c l a t t i c e . ( I t i s , i n f a c t , a s l i g h t l y d i s t o r t e d s i m p l e 

c u b i c l a t t i c e . ) T h i s a p p r o x i m a t i o n h as a l s o b e e n made by I.U.K. 

We s h a l l , f u r t h e r m o r e , t a k e 

i JC*i> 
(8.6) 



S7 

T h i s h o l d s , as i s w e l l - k n o w n , f o r a s p h e r i c a l l y shaped c r y s t a l , 

We s h a l l a l s o t a k e 

fi i f i and j a r e n e a r e s t n e i g h b o u r s ( E a c h 

i o n has s i x n e a r e s t n e i g h b o u r s i n a 

s i m p l e c u b i c l a t t i c e ) 

o o t h e r w i s e . 

As a c o n s e q u e n c e o f (8.6) and (8.7) we have 

(8.7) 

and 

F i n a l l y , t h e n , (6.43), (6.46) and (7.2.1) become 

r e s p e c t i v e l y : 

e + a*** 4 . 5 " * 
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.-R<6v> = -<*n V— 1 

1 L V ; t T -

+ a. + A * T

 + y g - a A 5 g — — A / 

% 1 B 

j 

4 -t 

* — a. 0= K T 

0 

where we have t a k e n XX r'^C s a ] * - o. tat N dl 

( d i s t h e v i r t u a l l a t t i c e c o n s t a n t ) , w h i c h i s a r e s u l t o b t a i n e d 

by I.K.U. 

The t h r e e e n e r g y v a l u e s o f e a c h u n p e r t u r b e d n i c k e l i o n 

a r e x 3„M-B . O . As a n i l l u s t r a t i o n o f 

e q u a t i o n s (8.8) t o (8.10) we have p l o t t e d g r a p h s ( s e e F i g u r e s 

I and I I ) f o r t h e c a s e when 

a

l - + 5 , .|* a H-& 

T h a t i s , we have t a k e n = + g„ w + S . We have 

t a k e n H s a c o n s t a n t = 12 k i l o g a u s s , g„-=a.3(. , 

.The q u a n t i t y £ i s a 

f u n c t i o n o f t e m p e r a t u r e and we have t a k e n i t s v a l u e s f r o m t h e 

e x p e r i m e n t a l d a t a o f P e n r o s e and S t e v e n s (1950). The a b s o l u t e 



v a l u e o f t h e q u a n t i t y fl has b e e n e s t i m a t e d by I.K.U. t o be 

IftU7 . 5*.o ' % r 3 s f o r t h i s t r a n s i t i o n . We have a l s o u s e d 

t h i s v a l u e . 

We h a v e , i n F i g u r e I , p l o t t e d a s t h e o r d i n a t e i n 

e i g s and <(*H) i n g a u s s . The r e l a t i o n s h i p between t h e s e 

q u a n t i t i e s i s -iWfcv>= 9,i^b<AH
X> . S i m i l a r i l y , o n 

F i g u r e I I , we have p l o t t e d a s t h e o r d i n a t e J r < ^ > i n e r g s and 

\ & H > i n g a u s s . The r e l a t i o n s h i p between t h e s e q u a n t i t i e s 

i s = <3^(uB

a ( A H 5

) . I t s h o u l d a l s o be n o t i c e d t h a t on 

F i g u r e I I we have p l o t t e d Aa a„ j 4*-<AV1>c where 

(to>3N>c = ((»- <v>y")> > t h a t i s , (*°*\ i s t h e s e c o n d 

c e n t r a l moment o f f ( v ) . I t c a n e a s i l y be shown t h a t (*»}c'-i
As we m e n t i o n e d i n C h a p t e r V I I , t h e h i g h t e m p e r a t u r e 

r e s u l t s f o r -R(av)> as g i v e n by t h i s a p p l i c a t i o n o f ( 4 . 1 8 ) 

and ( 7 . 1 A ) , t h a t i s , a s g i v e n by ( 6 . 4 3 ) and ( 7 . 2 . 1 ) , do n o t 

a g r e e ( s e e F i g u r e I ) . We have c h o s e n H t o be q u i t e l a r g e i n 

the above example a n d , as e x p e c t e d , t h e d i f f e r e n c e i n t h e 

r e s u l t s f o r 

JUv> = W + A<V> ( 8 . 1 1 ) 

i s s m a l l a t h i g h t e m p e r a t u r e s . 

F o r T = 1 0 0°K, ( 8 . 1 1 ) and ( 6 . 4 3 ) y i e l d ( i f , f o r ex a m p l e , 

n i s n e g a t i v e ) : 

_o -«�» - n 

w h e r e a s , f o r T = 1 0 0°K, ( 8 . 1 1 ) and ( 7 . 2 . 1 ) y i e l d ( i f , f o r 

example, H i s n e g a t i v e ) : 

_n -o - n 

& <V) = ^ . o g X I O ir-g +O.»aX . l 0 sr-^ - 3 0 . I 4 / . I O -»rtj 



The d i f f e r e n c e e v e n a t 100°K i s i n d e e d s m a l l . 

I n t h e n e x t c h a p t e r we s h a l l v e r y b r i e f l y m e n t i o n some o f 

t h e c o n c l u s i o n s t h a t c a n be drawn f r o m t h i s a p p l i c a t i o n t o a 

p a r t i c u l a r p h y s i c a l s y s t e m . 



HI 

C h a p t e r IX 

I n t h i s c h a p t e r we s h a l l v e r y b r i e f l y o u t l i n e some o f o u r 

c o n c l u s i o n s . The f o l l o w i n g g e n e r a l r e m a r k s a r e a p p a r e n t f r o m 

t h e a p p l i c a t i o n i n C h a p t e r V I I I o f o u r g e n e r a l f o r m u l a e : 

1) The dependence on t e m p e r a t u r e o f t h e c h a r a c t e r i s t i c s o f 

n u c l e a r m a g n e t i c r e s o n a n c e l i n e s i s n e g l i g i b l e e v e n down 

t o much l e s s t h a n 1°K. 

2) The dependence on t e m p e r a t u r e o f t h e c h a r a c t e r i s t i c s o f 

p a r a m a g n e t i c r e s o n a n c e l i n e s s h o u l d be O b s e r v a b l e a t l i q u i d 

h e l i u m t e m p e r a t u r e s , t h a t i s , i t s h o u l d be p o s s i b l e t o 

o b s e r v e a change i n t h e r e s o n a n c e f r e q u e n c y and t h e shape 

o f p a r a m a g n e t i c r e s o n a n c e l i n e s a s t h e t e m p e r a t u r e o f t h e 

sample i s l o w e r e d f r o m room t e m p e r a t u r e t o l i q u i d h e l i u m 

t e m p e r a t u r e s . 

3) B o t h t h e r e s o n a n c e f r e q u e n c y and t h e shape o f t h e r e s o n a n c e 

l i n e depend s l i g h t l y o n t h e shape o f t h e s a m p l e . 

We c a n a l s o make a few rem a r k s f r o m F i g u r e s I and I I w h i c h 

p e r t a i n i n p a r t i c u l a r t o t h e s p h e r i c a l l y shaped sample o f n i c k e l 

f l u o s i l i c a t e w h i c h we c o n s i d e r e d i n C h a p t e r V I I I : B e low 2 0 ° K , 

when t h e e n e r g y d i f f e r e n c e , £ , i s a p p r o x i m a t e l y c o n s t a n t w i t h 

t e m p e r a t u r e , k e e p i n g one o f s> o r H c o n s t a n t and v a r y i n g t h e 



o t h e r , one s h o u l d f i n d t h a t a s t h e t e m p e r a t u r e i s l o w e r e d , t h e 

mean v a l u e o f t h e v a r i a b l e q u a n t i t y c h a n g e s . I f t h e mean 

v a l u e i n c r e a s e s , t h e n fi , t h e exchange c o e f f i c i e n t , i s 

n e g a t i v e ; i f t h e mean v a l u e d e c r e a s e s , t h e n fi i s p p e s i t i v e . 

C o u p l e d w i t h t h i s s h i f t i n t h e mean v a l u e o f t h e v a r i a b l e 

q u a n t i t y w i l l be a d e c r e a s e i n t h e w i d t h o f t h e r e s o n a n c e l i n e . 

Our c a l c u l a t i o n s have a l s o shown t h a t ^<^v> a t t a i n s a n 

extreme v a l u e between 1°K and 2 ° K ( s e e F i g u r e I ) . I t s h o u l d 

be n o t e d t h a t t h e ext r e m e v a l u e o c c u r s i n b o t h o f o u r 

e x p r e s s i o n s f o r »̂<o.̂ > . T h a t i s , we f i n d a n e x t r e m e v a l u e 

f o r when we t a k e A c= *. ~*F~ and when we 

-5*5. - f P « ' - > P N 

t a k e ft * ( i - ) 

The p h y s i c a l r e a s o n f o r t h i s i s n o t a p p a r e n t ; a t t h e s e v e r y 

low t e m p e r a t u r e s , however, i t i s h i g h l y p r o b a b l e t h a t n e i t h e r 

o f t h e s e a p p r o x i m a t i o n s i s v a l i d . T h i s c o u l d be c h e c k e d , o f 

c o u r s e , by f i n d i n g t h e e x p r e s s i o n i n t h i s c a s e f o r when 

we t a k e * ^ * . ^ ( ^ - ^ + 

T h i s would i n v o l v e c o n s i d e r a b l e l a b o u r and has n o t b e e n 

u n d e r t a k e n i n t h i s t h e s i s . 



A p p e n d i x A 

W r i t i n g o f m ^ ~LT. { P̂ mP. + PstnpQ,) 

-t < ^ p " J 

i n a n o t h e r g e n e r a l f o r m . 

L e t us suppose t h a t e q u a t i o n (5.5) h o l d s and t h a t , as i n 

C h a p t e r V I , e a c h o f t h e N i d e n t i c a l u n p e r t u r b e d s p i n s has R 

e n e r g y v a l u e s , a l l o f w h i c h a r e n o n - d e g e n e r a t e and Q p a i r s o f 

w h i c h have e n e r g y s e p a r a t i o n . We s h a l l show h e r e t h a t 

i n t h i s c a s e 

where X X "and I have been d i s c u s s e d p r e v i o u s l y and where 

we w r i t e , as i s c u s t o m a r y , 

- 1*1x1* X l x P i m P w l ) ( ix �-- * i. 

The o p e r a t o r P«. i s s u c h t h a t : 

1) P. ?� = P« I, (A.2) 

2) X P4. ^ I : , t h e i d e n t i t y o p e r a t o r (A.3) 

3) p.UO. --lo. ^ W û̂ '-a uy ( A » 



I t s h o u l d be r e c a l l e d t h a t E . = I n a . where Z.r> r-N 

and where n ^ x f o r some *e<5 , and t h a t - Eo,-+ 

Now, i t s h o u l d be p o s s i b l e t o w r i t e t h e o p e r a t o r 

i n terms o f t h e R o p e r a t o r s PR (ar . ,^ . I n f a c t , 

N 1 

we c a n w r i t e as a sum o f -» 5 — terms 
tt nr'. 
r = i 

e a c h o f w h i c h c o n s i s t s o f t h e d i r e c t p r o d u c t o f n P ' S n P's 

n i P i ' s , ,nR
p«5 • The d i f f e r e n t terms i n t h e e x p r e s s i o n f o r P^ 

c o r r e s p o n d t o t h e d i f f e r e n t c o m b i n a t i o n s o f t h e n. P \ , . . . . , n P R ' S . 

S i m i l a r i l y PR c a n be w r i t t e n a s a sum o f 2L--

t e r m s . 

L e t us c o n s i d e r P^m-P^ . From t h e above d i s c u s s i o n 

we see t h a t Prf«.;Pp c o n s i s t s o f 

NI \/L- N ' 

T — 
*- n'nl...f..,V.(n^!..^[ 

t e r m s . B e c a u s e o f ( A . 2 ) , however, n o t a l l o f t h e s e terms a r e 

n o n - z e r o . T h e r e c a n , i n f a c t , be a t most 

C N -O l 

I -
etc 

« . . • - , • ...(o-,V.(,+,v...OR! 

n o n - z e r o terms i n P*™^ 

T h u s , H P , PA w i l l c o n s i s t o f Q R terms 

U s i n g ( A . 3 ) i t i s p o s s i b l e t o g r o u p t h e R t e r m s c o r r e s -

p o n d i n g t o e a c h o f t h e Q v a l u e s o f e i n t o one t e r m o f t h e 

f o r m 



F i n a l l y , t h e n I I P , N P« = I P„ m . p . 

< f F «€<. j j 

S i m i l a r i l y I l f . ^ P ^ Z ? ^.9 
d < p ' ltd * t * > 

Thus we c a n w r i t e 

N N 

��I � 



A p p e n d i x B 

R e w r i t i n g o f m. = I I * p X + P„mpJ i n t h e 

f o r m g i v e n by I s h i g u r o , U s u i , and Kambe (195D 

U s i n g tfWSx we have f r o m ( A . l ) 

A N 

S x * I I { P.S..P+,.+ Pfi.s,.P,.] ( B . l ) 
esq * " ' ' ' 

I f , now, Q c o n s i s t s o f o n l y t h e i n t e g e r u n i t y , t h a t i s , 

o n l y one p a i r o f l e v e l s o f t h e u n p e r t u r b e d s p i n wifla 

s e p a r a t i o n I* , we have f r o m ( B . l ) : 

S x V I { P,S x . P a i + P a ^ ; p i ; } (B . 2 ) 

E q u a t i o n (B . 2 ) i s i d e n t i c a l w i t h e q u a t i o n (6) o f 

I s h i g u r o , U s u i , and Kambe ( 1 9 5 D . T h e y h a v e , however, 

l a b e l l e d t h e e n e r g y l e v e l s o f t h e u n p e r t u r b e d s p i n whose 

e n e r g y s e p a r a t i o n i s by •+ o whereas we u s e 

th e i n t e g e r s 1 and 2. 



A p p e n d i x C 

A 

Showing t h a t - 5 X when t h e r e i s no c r y s t a l l i n e 

f i e l d and when t h e m a g n e t i c f i e l d i s p a r a l l e l t o 

t h e Z a x i s . 

L e t us suppose t h a t t h e s e t G i s t h e s e t o f i n t e g e r s 

( 1 , 2 , 3 , . . . . , R - 1 ) . T h i s c o r r e s p o n d s t o t h e c a s e when c o n d i t i o n 

(3.2.2) h o l d s , t h a t i s , when t h e e n e r g y l e v e l s o f e a c h 

u n p e r t u r b e d s p i n a r e e q u i d i s t a n t and when t r a n s i t i o n s o c c u r 

o n l y between a d j a c e n t l e v e l s . T h e n , f r o m ( B . l ) we h a v e : 

A R-l 

»� a.=i > 
( C D 

I f » a A U \ t h e n , u s i n g (k.h) and ( C . l ) 

we have 

.C-'lsx.U").= G!s,.U,y X, L 

f o r «:= l,a/i . R - | 

I t i s w e l l known, however, t h a t i f U V d e n o t e s a n 

e i g e n f u n c t i o n o f 5^ t h e n : 



S3 

T h u s , i f C V t , , t h e n 

c."ii..i.-y..c.-is..i.o; 

S i n c e we a r e c o n c e r n e d w i t h t h e t r a c e s o f o p e r a t o r s i n 

e q u a t i o n (5.2), we c a n r e p l a c e 5* w i t h 5* i f 

1) Q c o n s i s t s o f t h e s e t (1,2,3,...R-l) l e c o n d i t i o n 

( 3.2.2) h o l d s 

2) [ V - S * > o 

T h e s e two c o n d i t i o n s a r e s a t i s f i e d f o r t h e c a s e c o n s i d e r e d 

by Van V l e c k (19^8) and hence i t was n o t n e c e s s a r y f o r him 

t o u s e S x i n s t e a d o f Sx 
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