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1. ORTHOALGEBRAS

Orthoalgebras are algebraic systems that generalize Boolean algebras, orthomod-
ular lattices, and orthomodular posets. They were originally introduced in [13]. The
following simplified definition is due to Golfin [6].

Definition 1.1. An orthoalgebra (OA) is a system (L, 0,1, ®) consisting of a set
L containing two special elements 0,1 € L and a partially defined binary operation
@ on L that satisfies the following conditions for all p,q,7 € L:
(i) [Commutative Law] If p @ ¢ is defined, then sois¢@pand p®g=qg P p.

(ii) [Associative Law] If p@® r and p & (¢ & r) are defined, then so are p @ q and
(pdg drandpd(¢gdr)=(pdq) ®r.

(iii) [Orthocomplementation Law] For each p € L there is a unique q € L such that
p® q is defined and p® ¢ = 1.

(iv) [Consistency Law] If p @ p is defined, then p = 0.

Example 1.2. Let L be an orthomodular poset (OMP). If p,q € L, define p® ¢
iff p L g, in which case p® q:=pV q. Then (L,0,1,®) is an OA.

It can be shown [4] that an OA (L, 0,1, ®) arises as in Example 1.2 from an OMP
iff it satisfies the following condition: If p,q,» € L and p&® q, pD r, and ¢ & r are
defined, then p@® (g®r) is defined. This is the sense in which orthoalgebras generalize
OMP’s.

For simplicity, we usually refer to L, rather than to (L, 0,1, ®), as being an OA.

Definition 1.3. Let L be an OA and let p,¢ € L. We say that p and q are
orthogonal and write p L ¢ iff p ® g is defined. If ¢ is the unique element in L for
which p L ¢ and p @ g = 1, we say that ¢ is the orthocomplement of p and write
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g = p'. The relation p < ¢ means that there is an element r € L such that p L r and
pdr=q.

One can easily prove [4] that if L is an OA, then (L,0,1, <,’) forms an orthocom-
plemented poset.

Definition 1.4. Let L be an OA and let P C L. We say that P is a suborthoal-
gebra of Liff 0,1 € P,pe P=p' € P,andp,q€ PwithpLg=pdqe P.

Evidently, a suborthoalgebra P of an OA L is an OA in its own right under the
restriction of & to P. As such, if P is a Boolean algebra, we refer to P as a Boolean
suborthoalgebra of L.

Definition 1.5. A subset D of an OA L is said to be orthogonal if its elements
are pairwise orthogonal and there is a Boolean suborthoalgebra P of L with D C P.

2. TENSOR PRODUCTS OF ORTHOALGEBRAS

In this section we outline the basic facts about tensor products of OA’s (sec [3]).

Definition 2.1. If P, @ are OA’s, then a morphism from P to Q is a mapping
v: P — @ such that v(1) = 1 and, whenever a,b € P with a L D, it follows that
y(a) L y(b) and y(a®b) = y(a) ®~(b). If, in addition, a,b € P with y(a) L (b)) =
a 1L b, then v: P — @ is called a monomorphism. An isomorphism is a surjective

monomorphism.

If v: P — @ is a morphism, then (0) = 0 and, for every p € P, v(p') = 1(p)’.
Also, if a,b € P with « < b, then v(a) < (b). Furthermore, if v: P — @ is an
isomorphism, then it is a bijection and y~': @ — P is a morphism.

Definition 2.2. Let P, @, L be OA’s. A mapping 3: P x Q — L is called a
bimorphism iff it satisfies the following conditions:
(i) a,b € Pwitha L b,q€ Q = f(a,q) L B(b,q) and S(a®b,q) = B(a,q)43(b,q).
(ii) pe Pand c.d € Q with ¢ L d = f(p,c) L B(p,d) and B(p,c & d) = B(p,c) &
B(p. d).
(iii) B(1,1) = 1.

If 3: P x Q — L is a bimorphism, then 5(-,1): P — L and §(1,-): @ = L are
morphisms. Also, if a,b € P and ¢,d € @, then

a<b, ¢c<d= Bla,c) < B(b,d) and (a,0) = 3(0,c) =0.

118



Definition 2.3. If P, Q are OA’s, then a tensor product of P and @ is a pair
(T, 7) consisting of an orthoalgebra T" and a bimorphism 7: P x @ — T such that
the following conditions are satisfied:

(i) If L is an OA and 3: P x @ — L is a bimorphism, there exists a morphism ~:
T — L such that § =vyorT.

(ii) Every element of T is a finite orthogonal sum of elements of the form 7(p, q)
withpe P, g€ Q.

A tensor product of P and Q, if it exists, is unique up to isomorphism in the
following sense: If (T,7) and (T™*,7*) are tensor products of P and @, then there
exists a unique isomorphism o: T — T such that 7* = g o 7. Thus, if P, () admit
a tensor product, we may speak of the tensor product of P and @ and denote it by
(P®Q,®), or simply by P® Q.

Theorem 2.4 [3]. Let P, Q be OA’s. Then the tensor product P ® Q exists iff
there is at least one OA L for which there is a bimorphism 3: P x Q — L.

Although there are examples of OA’s P and @ having no tensor product, the
tensor product usually exists except for rather bizarre OA’s [3].

3. THE SUM OF A BOOLEAN ALGEBRA AND AN ORTHOALGEBRA

In this section, we assume that B is a Boolean algebra and L is an OA. Our
purpose is to construct the sum S of B and L. (Prior to that, let us call a finite
subset D of L orthogonal if its elements are pairwisely orthogonal and there is a
Boolean subalgebra P of L with D C P. It can be easily proved [4] that there is an
element @ D € L, called the orthogonal sum of D, such that € D is the least upper
bound of D in any Boolean subalgebra of L that contains D.)

Definition 3.1. A subset E of B is called a finite partition (FP) if 0 ¢ E, E is
a finite orthogonal set, and @ E = 1.

If EC Bisan FP and b € B, then b = @{bAe | e € E} follows from the fact
that @ E = 1 and the distributive law. In particular, if b # 0, there exists e € E
with bAe # 0. Also, if E,F C B are FP’s, then

G:={eNnfl|le€E, feF, enf=0}

is an FP. Furthermore, each element g € G can be written uniquely in the form
g=eAfwitheec E, feF.
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Definition 3.2. Let ¥ := {¢: E = L | E C Bisan FP}. If p,9 € ¥ with
E = dom(y), F = dom(y), we define:
(i) p<yiffe€ E, fe F e f#0= ¢(e) <¥(f).
(i) p = iff p <Y and ¢ < .
(i) ¢': E— L by ¢'(e) := p(e)', forall e € E.
(iv) o L iff o <.

Lemma 3.3. < is a reflexive, transitive relation on ¥ and = is an equivalence
relation on ..

Proof. Itisclear that < is reflexive. To prove that it is transitive, suppose that
», &, € T with p < £ and £ < 9. Let E = dom(yp), G = dom(£), F = dom(y), and
let e € E, f € F with e A f #0. Then there exists g € G with e A f A g # 0. Thus,
e g # 0, so that p(e) < £(g), and gA f # 0, so that £(g) < ¥(f). Consequently,
p(e) < ¥(f), proving that ¢ < +. Since < is reflexive and transitive, it follows that
= is an equivalence relation. a

For ¢,y € L, it is clear that ¢ < ¥ = ¥’ < ¢’ and that ¢'’ = . Consequently,
if p*,¥* € & with ¢ = ¢* and Y = ¢*, then

p L= p* Ly* and p =9 < ¢* = (¥*)".

Definition 3.4. Let ¢,% € T with ¢ L 4. Let E = dom(p), F = dom(v), and
G:={enfle€E, feF eNf+#0} Define (p®¢):G—>LforecE, feF,
with e A f #0 by

(@ Y)(eA f) =ole) @ ¥(f).

Theorem 3.5. Let o, 0%, ¢, ¥* € ¥ with ¢* < ¢, ¥* < ¢, and ¢ L ¢. Then
p* Ly and " ©YP* < p @Y.

Proof. Let e* € dom(p*), f* € dom(yp*), e € dom(y), and f € dom(¢)) and
assume that e* A f* AeA f # 0. We have to prove that p*(e*)®yY*(f*) < ple)®Y(f).

But this follows immediately from ¢*(e*) < p(e), ¥*(f*) < ¥(f) and p(e) L ¥(f).
O

Corollary 3.6. Let ¢, p*, 9, 9* € ¥ with ¢* = ¢, ¥* =, and ¢ L . Then
PreY =Y.

Lemma 3.7. Let ¢,9,6 € ¥ with o L £ and ¢ L (¥ ® €). Then ¢ L 1,
(poy) L andpd (YD&) =(p@Y) BE.

The proof is easy.
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Definition 3.8. Define ¢ € £ by dom(¢) = {1} and {(1) = 0.
( <= ¢ = ( < p(e) = 0 for all e € dom(yp).
. Also, ¢ <

<
p < ¢(e) = 1 for all e € dom(yp)

~

If p € &, it is clear that ¢
Consequently, ¢! < ¢ <= (
o= p=](

The proof of the following lemma is straightforward.

Lemma 3.9. Let p,v € . Then:
(1) Ifo Ly, thenp®yYp = <= P =¢'.

(i) p<Y = HXeT, p L ppl=7.
Definition 3.10. For ¢ € X, define [¢] := {¢ € & | ¢ = ¢} and define S :=

{[¢] | ¢ € £}. For p,9 € T, define:
@) [pl < Wit <y,
(i) [o] L (9] iff o L o,
(iii) [o] =[],
(iv) 0:=[c],
(v) 1:=[¢],

(vi) Ho L9, [o] @[] :=[p @Y.
Our work thus far shows that all notions introduced in Definition 3.10 are well

defined.

Theorem 3.11. (5,0, 1, ®) is an orthoalgebra.

Proof. The commutative and consistency laws are obvious, the associative law
follows from Lemma 3.7, and the orthocomplementation law follows from Part (i) of
O

Lemma 3.9.
We refer to the orthoalgebra S in Theorem 3.11 as the sum of the Boolean algebra

B and the OA L.
4. THE ISOMORPHISM OF B @& L AND THE SUM S

In this section, we continue with the notation of Section 3, and prove that the
tensor product B @ L exists and is isomorphic to the sum S of B and L.
Let be B,p€ L. Define b-p € ¥ as follows:

Definition 4.1.
(1) If b=0, then b-p:= (.
(ii) If b =1, then dom(b-p) = {1} and (b - p)(1) :=p.
(iii) If b # 0,1, then dom(b - p) = {b,b'} - (b- p)(b) :== p, and (b p)(¥') = 0.
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The proof of the following lemma is a straightforward verification based on Sec-
tion 3 and Definition 4.1.

Lemma 4.2. Let a,b € B, p,q € L. Then:
(1 1-1=¢".
(ii) a-p=(<=a=0o0rb=0.
(iii) a-plb-g<=alborplyq.
(ivyalb=a pdb-p=(adb) p
M plg=b (pdq=b-pdbgq

Lemma 4.3. Let D be a finite, nonempty, orthogonal set of nonzero elements of
Bandletn: D - L. Let E C B be an FP with D C E, and define ¢p: E — L by
@(d) :=n(d) for d € D and p(e) :=0 fore € E\ D. Then {[d- (d)] | d € D} is an
orthogonal subset of S and

[v]= @D [d-»(d)].

deD

Proof. The proof is by induction on §D, the cardinal number of D. The result
is obvious for §D = 1. Assume that it holds for §D = n, and suppose §D = n + 1.
Choose and fix dyg € D. By the induction hypothesis, the theorem holds for D\ {do}
and the restriction of  to D \ {do}. Therefore, with-F := (D \ {do}) U {fo},
fo = (BD\ {do})" = do ® (@ D), and ¥: F — L defined by ¥(d) := n(d) for
d € D\ {do} and ¥(fo) := 0, we have that {[d-¢(d)] | d € D, d # do} is an
orthogonal subset of S and

W= @ [ vd)]

deD, d=dy

Evidently, do - ¢(do) L [¥]. [¥] ® [do - ©(do)] = [¢}, and the induction argument is
complete. a

Corollary 4.4. If ¢ € £, and E = dom(yp), then {[e - ¢(r)] | e € E} is an
orthogonal subset of S and
[e] = P [e - wle)].

ecFE

Lemma 4.5. The tensor product B® L exists and there is a surjective morphism
~: B® L — S such that, forb € B, p € L, v(b® p) = [b-p]. Furthermore, for
a,be B, p,g€ L,

(a®p) L (b®q)<=>alborplyq.
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Proof. By Parts (i), (iv), and (v) of Lemma 4.2, the mapping (b,p) — [b- p] is
a bimorphism from P x L to S; hence, B ® L exists by Theorem 2.4. Therefore, by
Part (i) of Definition 2.3, there is a morphism v: B x L « S such that y(b®@p) = [b-p]
forevery b€ B,p€ L. If ¢ € £ with E = dom(y), then

—y(@e@)g@(e)) = @7(6 ® p(e)) = @ le-¢(e)] =gl
ecll e€E eEE

by Corollary 4.4, and it follows that v: B ® L — S is surjective. Finally, a® p L
bog=v(a®@p)=la-p) Ly(bRqg)=[b-gj=a-pLlb-g=alborpdlgby
Part (iii) of Lemma 4.2. d

Corollary 4.6. If0 # b € B, P is a finite subset of L, and {b®p | p € P} is an
orthogonal subset of B ® L, then P is an orthogonal subset of L and @ b® p =

pEP
be@P.

Lemma 4.7. Suppose that t € B ® L has the form t = @ a ® o(a), where A is

acA
a finite subset of B and 0: A — L. Let E C B be an FP such that,a € A = a =
@ e Then:
ecE, ega

(i) e€ E= {o(a) |a€ A, e< a} is an orthogonal set.
(ii) If p: E — L is defined by p(e) := € o(a), thent = P e ® ¢fe).
a€A, e<a e€E
Proof. Foreachfixede € E, wehavea € Awithe < a=e®o(a) < a®o(a),
and it follows that {e ® 0(a) | e < a € A} is an orthogonal subset of B ® L.
Hence, by Corollary 4.6, ¢ € E = {0(a) | e < a} is an orthogonal subset of L and
B e®o(a) =e®¢le). Therefore,

a€A,e<a

t=@a®a(a):@( EB e) ® o(a)

a€A a€EA e€E,e<a
=D( D cocw)=P( D cocw)
a€A e€FE,e<a e€cFE a€A,e<a
=€Be®<p(e).
e€E

a

Lemma 4.8. Every elementt € B® L can be written in the formt = @ e®p(e),
eck
where E C B isan FP and p: E — L.
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Proof. We can write t in the form t = @ a; ® p;, where I is a finite, nonempty
el

indexing set, a; € B, and p; € L for all i € I. Let A := {a; | ¢ € I} and, for each

a€ A let I, :={ie€l]|a; =a}. By Corollary 4.6, a € A = {p; | i € 1.} is an

orthogonal subset of L and @ a ® p; = a ® a(a), where o: A — L is defined by

i€l
o(a) := @ p;i. Therefore,t = P (P a®p:;)) = P a®oc(a). Let E be the set of
i€la a€A i€l, a€A
all nonzero elements of B having the form e = A &(a), where, for each a € A, ¢(a)
aCA
is either a of @’. Then EisaFPanda€ A= a= € e. An application of
ecF,e<a
Lemma 4.7 now completes the proof. 0O
Corollary 4.9. Ift € B® L, there exists p € ¥ such thatt = @ e® ¢(e)
e€dom(yp)
and (t) = [¢].
Proof. Lemmas 4.8, 4.5, and 4.3. a

Lemma 4.10. If E C Bisan FP, op: E —» L, andt = @ e ® o(e), then

ecE
t'= P e®p(e).
ecE
Proof. 1=101=(Pe)@l=@edl =@ e (vl ®pl)) =
ecFE ecF ec B
(P edpE)d (@ exple)). a
ecE ec E

Theorem 4.11. v: B® L — S is an isomorphism.

Proof. Since 7 is surjective, it suffices to prove that it is a monomorphism.
Thus, let s,t € B ® L with y(s) L v(¢). By Corollary 4.9, there exist o, 7 € £ with
dom(c) = G, dom(r) = H such that s = G}GQ ®a(g), t = @Hh® 7(h), ¥(s) = [a],

€ h
y(t)=[r]and ¢ L 7. Let E:={gAh| gge G, heH, gA hegé 0}. Noting that E is
anFP,geG=g= @ eandh€e H=h= € e Applying Lemma 4.7
e€E, ey ecE, e<h

with ¢ replaced by s and A replaced by G , we find that s = @ e ® ¢(e), where ¢:
ecE

E — L is defined for e € E by ¢(e) := @ o(g). Likewise, t = P e ® ¥(e),

g€G, e<g ecE

where 1: E — L is defined for ¢ € E by ¢¥(e) := & 7(h). By Corollary 4.9,
hEH, e<h

o] = v(s) = [¢} and [7] = ¥{t) = [¢], and it follows from ¢ L 7 that ¢ L .
Therefore, e € E = p(e) L ¥(e) = e®y(e) < e®@y(e)) = s < t’ by Lemma 4.10.
Therefore, v(s) L v(t) = s L t. O
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5. CONCLUDING REMARKS

In [10] the sum S of a Boolean algebra B and an OML L is shown to have the
following properties:

(i) There exist isomorphism f: B — Sp and ¢g: L — S, where Sg, Sy are sub-
OML’s of S, such that f(b) Ag(p) =0iff b=0or p=0.

(ii) There is no proper sub-OML of S that contains f(B) U g(L).

(iii) If p is a probability measure on B and v is a probability measure on L, then
there exists a probability measure uv on S such that pv(f(b)) = u(b) and
pv(g(p)) = v(p) forallbe B,pe L.

It is not difficult to show that, even if L is only an orthoalgebra, the sum S has
analogous properties. Indeed, if we identify S with B ® L by the isomorphism of
Theorem 4.11, we can define Sp := {b®1 | b€ B}, Sy, := {1®p|p € L}, f(b) := b1
for b € B, and g(p) := 1®p for p € L. Then Sp and Sy, are suborthoalgebras of S
and f: B = Sp, g: L — S are isomorphisms. Even though S need not be a lattice,
it turns out that the infimum f(b) A g(p) exists in S for all b € B, p € L, and we have
fb)Ag(p) = (b®1)A(1®p) = b®p. In particular, f(b)Ag(p) =0ifdb=00rp=0.
Thus, the analogue of Condition (i) holds. The analogue of Condition (ii) would
state that there is no proper suborthoalgebra of B ® L that contains f(B) U g(L)
and is closed under existing finite infima. The analogue of Condition (iii) is a direct
consequence of Theorem 2.7.

In [1} and [7] (see also [11]) it is shown that the sum S of a Boolean algebra B and
an OML L is isomorphic to the bounded Boolean power L[B]* of L by B. By exactly
the same argument, this result holds even if L is only an orthoalgebra. Therefore, we
may conclude that the sum S, the tensor product B ® L, and the bounded Boolean
power L{B]* are mutually isomorphic. The tensor product seems to be the only one
of these three constructions that is available for the more general case in which B is
replaced by an OML, and OMP, or an orthoalgebra (see [5] and [12}).
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