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This case includes all th e  system s usu ally  m e t w ith  in  th e  Q uantum  Theory 

th e  vanish ing  of th e  C’s fo r c e r ta in  values of th e  suffixes m anifesting itself by 

selection principles w hich allow  only  a  fin ite  n u m b er of changes for each of 

th e  q u an tu m  num bers excep t a t  m o st tw o  of th em . The q uan tum  integrals 

of such system s a re  in v a r ia n t u n d e r a n y  a d iab a tic  change except a t  a finite 

se t of po in ts w here

to a n d  <og being th e  frequencies corresponding  to  th e  q u an tu m  num bers whose 

changes are  u n res tric ted , a n d  a t  a n o th e r  fin ite  se t (or possib ly  in fin ite  enumerable 

se t ten d in g  to  po in ts  of th e  p rev ious set) w here re la tions of th e  ty p e  E w r« r =  0 

hold.

The w rite r is m uch obliged to  Mr. R . H . Fow ler for suggesting th is  investiga

tio n , an d  fo r h is help  d u rin g  its  progress.

O n  th e  T h e o r y  o f  E l a s t i c  S ta b i l i t y .

B y W. R. De a n , B.A ., Fellow  o f T rin ity  College, Cam bridge.

(Communicated by  Prof. G. I . Taylor, F .R .S .— Received December 20, 1924.)

The ob jec t of th e  p resen t p ap er is to  derive equations th a t  a re  adequate  to 

decide questions of th e  s tab ility  u n d e r stress of th in  shells of isotropic elastic 

m ateria l. E q u a tio n s  fo r th e  sam e purpose have  been given b y  R . V. Southwell,* 

who used a m eth o d  th a t  is closely follow ed in  a  p a r t  of th is  paper.

Such equations m u st co n ta in  te rm s t h a t  m a y  be, an d  are, neglected in 

app lications of th e  th e o ry  of e las tic ity  to  problem s in  w hich th e  s tab ility  of 

configurations is n o t considered. The t r u th  of KirchhofE’s uniqueness theorem ,! 

w hich has reference to  th e  o rd in a ry  equations of elastic ity , in  which powers of 

th e  d isp lacem ent co-o rd inates above th e  first are  neglected, is sufficient proof 

of th is  s ta tem e n t. I n  p rac tice  i t  is generally  sufficient to  re ta in  only the 

first an d  second o rder te rm s ,!  a n d  no te rm s of h igher order are  considered

* “  O n  t h e  G e n e r a l T h e o r y  o f  E la s t io  S t a b i l i t y ,”  ‘ P h il .  T r a n s .,5 A , v o l. 2 1 3 , p . 187.

t  A . E .  H . L o v e ,  ‘ M a th e m a t ic a l T h e o r y  o f  E la s t ic i t y  5 (3r d  E d it io n ) , § 1 1 8 .

t  T h e r e  a r e  e x c e p t io n s  t o  t h i s .  C f. a  p a p e r  b y  J .  P r e s c o t t ,  * P h il .  M a g .,’ v o l. 4 3 , p . 97  

(1 9 2 2 ), w h ic h , th o u g h  n o t  im m e d ia te ly  c o n c e r n e d  w ith  e la s t ic  s ta b i l i t y ,  o b ta in s  e q u a tion s  

w h ic h  c a n  b e  a p p lie d  t o  t h i s  th e o r y . S e e  a ls o  § 9  b e lo w .

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

8
 A

u
g
u
st

 2
0
2
2
 



T heory o f  E la stic  S ta b ility . 7 3 5

here. To ob ta in  such equations an  ex tended  form  of H ooke’s Law  is necessary ' 

th e  extension m ade by  Southw ell* is used  in  th is  paper. There are  th en  tw o 

m ethods available  for th e  derivation  of th e  equations. E ith er we m ay ob ta in  

th e  th ree  conditions fo r th e  equilibrium  of an  elem entary  volume of th e  

substance by  considering th e  forces acting  upon it, or we m ay calculate th e  

energy of s tra in  correct to  th e  th ird  o rder of displacem ent co-ordinates, and  

deduce th e  equations b y  v aria tio n  of th is  function. The first m ethod has 

been used .in one place here, as i t  w ould appear to  be th e  sim pler in  th e  

p articu la r case of a plane p la te , in  w hich only  one of th e  equations, and  th a t  

th e  sim plest, is required. H owever, th e  s tab ility  equations for a  cylindrical 

shell are also obta ined , an d  th e n  all th ree  equations are  necessary. The 

derivation  by  th e  first m ethod  of each one of these is a  laborious m a tte r, while 

using th e  second m ethod  th e re  is only  one calculation, th a t  of th e  s tra in  

energy  function, to  be m ade. Consequently, for th is  purpose, as in  general, 

th e  second m ethod  seems to  be preferable.

The equations th a t  are  ob ta ined  by  e ither of th e  m ethods outlined above 

refer in  th e  first in stance to  th e  co-ordinates of displacem ent of an y  po in t of 

th e  shell. Y e t i t  is clearly desirable to  have in stead  equations which connect 

th e  d isplacem ents of po in ts  only  of th e  m iddle surface, for equations of th is  

ty p e  will be sim pler in  so fa r as these  d isplacem ents are  functions of tw o 

variables only, while a knowledge of th e  behaviour of th e  m iddle surface is 

ev idently  sufficient to  decide a  question of s tab ility . W h at is w anted, in  fact, 

is a  m ethod of reduction  of equations involving th e  displacem ents of all points 

of th e  shell, to  equations involving only th e  displacem ents of points of the  

m iddle su rface ,f precisely sim ilar to  th a t  used  in  th e  Theory of Thin Shells. $ 

The assum ptions used  in  th e  reduction  by  th is  theory , however, are  such th a t  

i t  is n o t clear how  th e y  can be used, or extended, to  effect th e  reduction of 

second-order general equations th a t  is required  here.

Consequently, no use of th em  has been made. I t  is m erely supposed th a t  

th e  d isplacem ent co-ordinates of an y  po in t of th e  shell can be expanded in  

power series of th e  norm al distance of th e  po in t from  th e  m iddle surface. 

Second-order shell equations can  th en  be deduced from  th e  general equations 

' by  using th e  boundary  conditions a t  th e  tw o faces of th e  shell. The m ethod 

will in  th e  sam e w ay reduce general equations of th e  first order to  th e  corre

* h oc . cit., p. 192. , ,,

-j- J t  w ill  b e  c o n v e n ie n t  in  w h a t  fo llo w s  to  c a ll e q u a t io n s  o f  th e se  tw o  ty p e s  “ g en era l ”  

e q u a t io n s  a n d  “  sh e ll ”  e q u a tio n s  r e sp e c tiv e ly .

;t L o v e , o p . c it .,  ch a p . 24 .
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7 3 6 W .  R  D e a n .

sponding  shell equations. The assum ption , there fo re  fundam ental, as to  the 

expansions of displacem ents m ay  exclude som e problem s from  th e  range of 

th e  m ethod, b u t i t  does n o t ap p ea r like ly  t h a t  in  e lastic  stab ility , where 

a tte n tio n  is of necessity  confined to  a  considera tion  of th e  sim plest types of 

stress, th e re  will be a n y  difficulty  on  th is  score. M oreover, th e  equations in 

th e ir  final fo rm  co n ta in  no exp lic it reference to  th e  assum ption , so th a t  they 

m ay  be, a n d  certa in ly  in  first o rder problem s o ften  are , va lid  beyond th e  limits 

th a t  m igh t ap p ea r to  be im posed. T he eq u atio n s th u s  ob ta ined  are not 

here applied  to  an y  new  problem , b u t  as i t  ap p ea red  desirable  to  check the 

resu lts of a  new  m eth o d  b y  a  com parison  w ith  know n formulae, th e  stability  

of a  tu b u la r  s tru t  h as  been  briefly  considered. T he co nd ition  fo r instability  

in  a  sym m etrical m ode of d is to rtio n  h as been deduced  b y  Southw ell from 

general th eo ry , a n d  in  o th e r  m odes from  th e  T heory  of T h in  Shells.* 

E q u iv a len t resu lts  a re  o b ta in ed  in  each  case b y  th e  m ethods of th is  paper.

The S tr a in  E n erg y  F unction .

2. W e proceed to  develop a  m eth o d  of finding in  a  su itab le  fo rm  th e  strain 

energy fu n c tio n  of a  th in  cy lindrical shell. T he energy  of s tra in  is a  quadratic 

function  of th e  com ponents of s tra in , w hich o rd in a rily  need  on ly  be evaluated 

correctly  to  th e  second o rder of d isp lacem en t co-ord inates. This accuracy is 

n o t sufficient if problem s of s ta b ility  a re  to  be considered, an d  a  m ore exact 

d e te rm in a tio n  dem ands a  com plete  rev ision  of th e  usual processes of evalua

tio n . In  th e  first p lace a n  ex ten d ed  s ta te m e n t of H ooke’s L aw  is necessary, 

as in  its  usual fo rm  i t  is n o t fram ed  precisely  enough if squares an d  products 

of d isp lacem ents  are  to  be included . W e ta k e  th a t  s ta tem e n t given by 

Southw ell. |

In  a  d is to rtio n  of a n y  m ag n itu d e  of a n  e lastic  body  th e re  are associated with 

each  p o in t of th e  body  th ree  lin ear e lem ents  o rthogonal b o th  before and  after 

s tra in , % an d  these  elem ents  undergo  s ta t io n a ry  extension, as defined below. 

If  a  parallelopiped  is co n stru c ted  w ith  these  elem ents as coterm inous edges, 

on ly  norm al stresses will a c t  on its  faces a fte r  s tra in , a n d  if relations are 

assum ed betw een th ese  stresses a n d  th e  corresponding  s tra ins, called respec

tiv e ly  p rinc ipal stresses a n d  p rincipal s tra in s , th e y  are  sufficient to  determ ine 

stress in  te rm s of d isp lacem en t com pletely . The ex ten d ed  fo rm  of Hooke s 

Law  is th a t  p rinc ipa l stresses a n d  s tra in s  in  a  d is to rtio n  of a n y  m agnitude are

* L o c . c i t . ,  p p . 2 2 7 -2 3 6 .

f  L o c . c i t . ,  p .  193 .

X L o v e , o p . c i t . ,  A p p e n d ix  t o  c h a p . 1. \
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Theory o f  E la s tic  S ta b ility . 7 3 7

connected by  th e  usual equations ; th a t  is to  say, if th e  principal stra ins are  

extensions ev  e2, e3, an d  th e  corresponding principal stresses are  S l5 S2, S3; 

then
S j  =  2ael- f -  X  (« q  - f -  e 2 - { -  e t c . ,  . . 

w ith L am e’s n o ta tio n  fo r th e  elastic  constan ts .

E xtension  is defined as th e  ra tio  of th e  increase in  length  of an  elem ent to  its  

length before s tra in , an d  stress as th e  to ta l action over an  elem ent of surface 

d iv ided  by  th e  area  of th e  elem ent before s tra in . The energy of s tra in  per 

u n it volum e of unstrained  m ate ria l, W, is th e n  given by  th e  equation

W  =  X («i +  e2 +  e3)2 -  (e2e3 +  e3e x +  exe2) . . . (2)

W ith these assum ptions and  definitions th e  s tra in  energy function of any  

elastic  body can be calcula ted  to  an y  degree of accuracy th a t  is required.

W e confine a tte n tio n  to  a  th in  shell of uniform  th ickness of which th e  middle 

surface is generated  by  parallel s tra ig h t lines. The position of any  po in t P 0 

of th e  m iddle surface is specified by  a, th e  

d istance of P 0, m easured along a  generator, from  

a n  a rb itra ry  line of cu rva tu re  ; and by  (3, the  

d is tance of P 0, m easured along a line of cu rvatu re , 

from  an  a rb itra ry  generator, p, th e  radius of 

cu rv a tu re  of th e  norm al section of th is  surface 

perpendicular to  th e  generato r a t  any  point, is 

a  function  of p o n ly *  The position of an y  po in t 

P  of th e  shell is specified by  draw ing P P 0 norm al to  th e  m iddle surface ; th en  

if th e  leng th  P 0P  is z > th e  position of P  is given by  th e  orthogonal curvilinear 

co-ordinates a, [3, z, as in  th e  accom panying figure.

3. We have first to  find a n  expression for th e  extension of a linear elem ent 

under s tra in . L et th e  displacem ents of P, (a, [3, z), be u, v, w  w ith  regard  to  

a, p, z  axes a t  P  ; these axes being th e  norm al to  th e  m iddle surface th rough  

P , (z), a  line th rough  P  parallel to  th e  generators, (a), and  a  th ird  perpendicular, 

((}); u, v, ware  th e n  functions of a, [3, z. T aking a  neighbouring po in t P  ,

(a +  8a, p - f  8p, z +  8 z ),let th e  length  P P ' be r, an d  le t its  direction co

w ith  regard  to  a, (3, z  axes a t  P  be l, m, n. The displacem ents of P  are

“  +  ^ Sot +  5 p 8 p + ^ 8z’ e te”

* A lth o u g h  th e  o n ly  a p p lic a tio n  in  th is  p a p e r  is  t o  a  p r o b le m  w h e r e in  is  c o n s ta n t ,  

o th e r  a p p lic a tio n s  a re  m e d ita te d  in  w h ic h  is  a  fu n c t io n  o f ft. T h e  s im p lif ic a tio n  in  

th e  w o rk  i f  p  i s  su p p o se d  c o n s ta n t  is  v e r y  s l ig h t .
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7 3 8 W .  R .  D e a n .

along a, (3, 2 axes a t  P ',  w hile to  th e  first o rder of r

8a =  lr, 8(3 =  — —- ,* 82 =  nr.
p — z

The angle betw een th e  z  axes of P  a n d  P ' is to  th e  sam e o rder m r  / ( p — z). Thus 

th e  co-ordinates of P ' a f te r  s tra in  w ith  reg ard  to  a, (3, z  axes a t  P  are

and

u  -f- r  

v - \ - r

iv 4 - r

l i t  1 0w\ . m p

l ( l + T j + 7 = m + n T z ]

d v7 dv  - / ,  .
+  ------- ,

- d a  \ p — 2 d (3 p — 2/

iv \  .

' i 9*8 I m f j p f  8<tl
/

2 9(3 z;
) +  » \  1 +

8m?'
02

The co-ord inates of P  a f te r  s tra in  a re  u, v, w , so th a t  d eno ting  by  (1 -j- e) 

th e  leng th  of P P ' a f te r  s tra in , th e re  resu lts

L \  d a / p — 2 d p  d 2 j

+

+

dv dv
l o—  \~m( l  H— “— 37 :-----
- d a  \ p — 2 d (3 p — zt

\  . 0vnS
+  n

y dw

Ll a 7 + m

p
z Z  + 1— ; + » ( 1 +

0 2 _  

0W>V_12

p — 2 0(3 p — 2/ 0 2
(3)

This expression gives e, th e  ex tension  of a  lin ear elem ent, an d  shows th a t 

(1 -f- e), th e  ra tio  of th e  len g th  of th e  e lem ent a f te r  s tra in  to  th a t  before, is 

inversely  p ro p o rtio n al to  th e  cen tra l rad iu s vecto r of a  quadric  in  th e  direction 

of th e  e lem ent before s tra in . T he eq u a tio n  to  th is  quadric  can  be w ritten

F  (£, Yj,K) =  co n st.

if F  (l, m , n) denotes th e  rig h t-h an d  side of (3), a n d  th e  £, 73, £ axes coincide w ith 

th e  a, (3, 2 axes a t  P . B u t if el5 e 2, e3 are  th e  p rinc ipal extensions a t  P  we can 

also w rite  th e  equation

(1 +  exY  X 2 +  (1 +  e2)2 Y 2 +  (1 +  e3)2 Z 2 =  const., (5)

th e  X , Y, Z axes being th ro u g h  P  an d  in  th e  d irections before s tra in  of the 

linear elem ents th a t  undergo principal ex tension . A com parison of equations 

(4) a n d  (5) gives re la tions s ta r tin g  from  w hich th e  expression (2) can be put 

in  te rm s of u, v, w  co rrectly  to  th e  th ird  o rder of d isplacem ent co-ordinates. 

In  th e  first p lace S  (1 -f- is equal to  th e  sum  of th e  coefficients of £2, /l"

* W ith  a  p r op e r  c h o ic e  o f  t h e  s ig n  o f  p. ^
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Theory o f  E la stic  S ta b ility . 7 3 9

and  £2 in  F  (£, yj, Z,). Subtracting  3 from  each of these expressions and 

squaring,

4 (S e 1)a +  4 (S e 1) (Seq2)

dw  l 2*3u  , p 3m
+ ■f

+  4

3a ~  p — z 3(3 p — 1 3z

w , 3m;3m , p 3 v ______

,3a ' p — z3 (3 p — z  3z -

3m\ 2

~ \3a/ r  Vp—

+ i
3m

.p— z3(3 p -z/
+

3m\ 2 / 8WY

v 3 z /  \3 a /

+  (
p v  \2 . /3 w \2 

\p — z 3 p  ~r  p — z/ . \ 3 z /

on each side term s of order higher th a n  th e  th ird  in  ev  e2, eg, or in  u, v, w  

have been ignored. The equation pu ts  (E ^ )2 in  term s of u, v, b u t for some 

term s of th e  th ird  order in  ev  e2, e3. To evaluate th e  la tte r  to  our approxim a

tio n  i t  is clear th a t  only relations of th e  first order in  u, v, w  are required. Thus 

we m ay use

d v  w  ,

and

_  / p d v _ _  w  \/  p dv _

6^ s \p — z3(3 p — z l  dzdz doc \ p — z 3(3 p — z/

He1
3m , _p___________

3a p — z 3 (3 * p — z
(6)

- h ^ f e + . - ^ r + g + s ' + d + i ^ i n . w
\d z  1 p — z3(3

tw o of th e  invarian ts  of th e  ord inary  th eory  of elasticity . Hence finally 

p dv w, 3m;12
(SeOa =

'3m ._______
.3a p —-z 3(3

. 3m p 3m 

.3a p — z 3 (3

p — z dz 

w___ L

dz

w  3«T ||7  P 3u\»  . M\a /3 « y

■+•“  ' LVp— +  w  + w + w

+ ( ! ’) +

• * (

p _j_

p —z3(3 p —z

3m I P ^m; | v 

dz p —z 3{3 p

\ 2

1  /3m d w ' f _  1 (dp , % \ 21

>3z ' 3 a / 2 \ 3 a T p - z 3 [ 3

(8)
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7 4 0 W . R  D e a n .

2  e2 e3 is sim ilarly expressed in  te rm s of u, v, E v iden tly  S  [(1 +  e2)2 

(1 _f_ e3)2]} th e  second in v a rian t of quadrics (4) and  (5), can be expressed in 

term s of u, v, w, while to  our approx im ation

4Ee2e3 =  3 - f  2  [(1 +  e^ % (1 +  e3)2] — 2E  (1 +  ex)2 — 2 (S e^ (Se2e3) +  ^exe^

Thus we have in  te rm s of u, v b u t

order in  th e  principal extensions. As above these m ay be evaluated by 

(6) and  (7) together w ith  th e  th ird  in v a rian t of th e  ord inary  theory ,

_du  / p dv

el e2e3 0a \ p — 2 0(3 P —

•4- 4
dv

P

p

w  \ d w

/  T z

d u  , dw
+ k— h

P
p — 2 0(3 p — z)\dz 0a /  \0 a  p — 2 0(3 

2 / ~ 01? wj 0M /0V p 0W |

5 0a  \02 P — 2 0(3 p —  ZJ

1 /_P
¥

0W , 0WN8

02 0a

There results

p — 20(3 p — 2

x dw  /d v  p 

4 02 \0 a  p — 2 0(3/ *

42 c263
p 0fl

_\p — 20(3

w  \d w . d w d u . d u /  p 0£  _  _ J £ _ \  

p — 2/ 02 02 0 a  0 a  Vp— 20(3 P — 2/

r /0 y _ L  P M l
0a p —2 J

+  2 

+  2 

+  2

du (_ j>  d u Y  

\p — z  0(3/\p  — 2 0(3

dv

0 w\ 2 , (dv^\ , /  p dw

vp— 2 0(3 p — 2/

0W

— j ]

)  [ ( 1 4 ( 1 ) ' + © • + © • ] ’

02:

p 0W\2 . /0W'2

s * v s

dv

02 p — 2 0(3 "1_ p — 2 p — 2 0(3 02 \ p — 2 0(3 p — z!  02

0w j \  dw~Y

.p — 2 0(3

p dw

0w\ 2 . /  p 0 w ,__ V

0 a /  +  \ p — 2 0(3 p — 2/

v p 0w ,
H------- - —  ~ ~ r

■2 0(3 z! 02 J

0w . 0w 0w _ du , 0v 0v , dtv dw  2 

_02 0a 0a 02 0a dz  0a  02-

dv  , p 7

L0a 1 P — 2 0(3 j

~du _p_d u  . dv

dw  
_r  o -

d w

0a \ p  — 2 ^  p — 2
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Theoiry o f  E la s tic  . 7 4 1

+  *

+ ' *

d u p dv w  t

0a  ' P — 2 0 p P — 2

/d v . p dw
1 ^

A02 ' p — 2 0 ^ p’— 2/

du/  d v . p dw

0a \02 p — 2 0(3

1 p dv
w  \ l

\p — 20(3 p — Z'

dw

dz

+

Idu

dv p 0W

dz  p — 2 0 (3

\ 2

Idu  , 0wx2
+  ^  +

\ 0z 0a

(d v

\ 0 a

p — Z!

p 0 w \

p — 2 0  (3/

2 -i

, 0ttA /0V

02 0 a /  \0 a
_

• 2 0 (3 /

p -

0W ,

\ 02 0 a  <

\ 2  

~zi . 

0mA2 0 W /0£  . _ p _ _ 0 WN

02 N0a- p — Z0j3/
(9)

U sing equations (8) and  (9) we have from  (2) an  expression for th e  s tra in  

energy function  correct to  th e  th ird  order of u, v, w. By varia tion  th ree  

conditions of equilibrium  correct to  th e  second-order of th e  co-ordinates of 

displacem ent can be derived. These are, of course, general equations ; th ey  

are  n o t needed in  th e  deduction  of shell equations, so th a t  as th ey  are  com pli

cated  th e y  are  n o t set dow n here.

The B oundary Conditions.

4. The reduction  of general equations to  shell equations is effected by  m eans 

of th e  boundary  conditions a t  th e  faces, z — i t  h, of th e  shell.

I t  happens th a t  i t  is n o t necessary to  calcula te  these conditions to  the  

second-order in  f u l l : w ith  th e  s tra in  energy m ethod first-order boundary

conditions can be used, th e  ex tra  te rm s of th e  m ore accura te  conditions dis- 

appearing on su bstitu tion , w hile w ith  th e  o ther m ethod i t  is only necessary 

to  know th e  form of th e  second-order conditions.

I t  is supposed in w hat follows th a t  th e  faces are free from all ex ternal 

surface forces.* W e w rite aa, (3 [3, zz, (32, 2a, and  a (3 for stresses referred to  

th e  ac tu a l (strained) elem ents of area upon w hich th ey  act, and referred also 

to  (a, (3, z) axes a t  th e  poin t (a, (3, ~z), to  which po in t (a, (3, z) is displaced 

by  th e  stra in . Thus oa, for instance, is th e  stress acting in th e  direction 

of th e  a  axis of (a, (3, 2) upon an elem ent of area norm al to  th is  direction, 

where by  stress is m ean t action  divided b y  stra ined  elem ent of area. Second 

order expressions for these stresses are n o t needed ; to  th e  first order they  

are of course known.

Suppose now th a t  any  po in t P  of either face of th e  shell is displaced by the

* T h is  is  d o n e  a s  n o  p r o b le m  is  c o n s id e r e d  h ere , or is  c o n te m p la te d , in  w h ic h  th e  co n tr a ry  

is  th e  c a se . I t  is  p o in te d  o u t  b e lo w , § 6 , t h a t  n o  lo ss o f  g e n e r a lity  is  in v o lv e d .
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7 4 2 W .  B .  D e a n .

s tra in  to  P l5 w hich will be in  th e  corresponding surface of th e  strained shell. 

The direction cosines of th ree  orthogonal elem ents th rough  P x, tw o of which 

are in  th e  stra ined  surface, are  requ ired  to  th e  first order. They m ust be 

referred to  a, (3, z  axes a t  P r  The linear elem ents th ro u g h  P, who

cosines are  (1, 0, 0) an d  (0, 1, 0) before s tra in , go th rough  P x and  lie in  the 

surface afte r stra in . A  com m on perpendicula r to  these elem ents afte r strain 

gives th e  norm al to  th e  stra in ed  surface a t  P x. H ence we find th a t  the  direc

tion  cosines of an  orthogonal se t are  given by  th e  scheme

a £ z

1
dv dw

l
0a 0a

9 dv
1

p dw
jj

0a p — z0(3

Q dw p dw
1o

doc p — 0(3

th e  elem ent denoted  b y  3 being th e  norm al to  th e  stra ined  surface n t P x.

The conditions th a t  th e re  should be no action  upon  e ither face of th e  shell 

m ay now  be w ritten  dow n a t  once. These are

2p d— dw

and

— p d w — dv — dw  —

— dw  — — dv  —  p dw  —
z x - ^ ( m - z z ) + ^ p z - — a p Ccp =  ° ,

> z  =  db ( 10)

which are correct to  th e  second order of u, v, iv.

. The S ta b ility  o f  a  P lane P late.

5. Sufficient in form ation has now been obta ined  to  reduce th e  s tra in  energy 

function to  te rm s of th e  co-ordinates of displacem ent of points^of the  middle
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Theory o f  E la s tic  S ta b ility . 7 4 3

surface of th e  shell, and  hence to  determ ine th e  shell equations. B u t i t  is 

also possible to  w rite  dow n th e  conditions for th e  equilibrium  of an  elem ent 

of volume, and  reduce th em  to  shell equations. This is th e  first of th e  m ethods 

m entioned above as available. The w ork w ith  th e  cylindrical shell considered 

h ith erto  is long, b u t in  th e  case of a plane p la te  i t  is g reatly  simplified. The 

equation  fo r a  p lane p la te  is, therefore, deduced in  th is  way, in  p a r t as an  ex

am ple of th e  m ethod, b u t m ore particu la rly  because th e  process of approx im a

tio n  is ex actly  th e  sam e as th a t  in  th e  general case of th e  cylindrical shell. 

Consequently, th e  w ork in  th e  la t te r  instance can be se t dow n m ore con

cisely a fte r an  easier problem  has been handled  by  a  sim ilar procedure.

W e tak e  th e  m iddle surface of th e  plane p la te  in  its  unstressed configuration 

to  be th e  x  y  plane, an d  an y  norm al as th e  axis. All co-ordinates are  referred 

to  th ese  fixed axes. Suppose th a t  an y  po in t ( , y , z) of th e  shell is displaced 

by th e  s tra in  to  (x, y , z). T hen th e  condition  th a t  th e  force in  th e  direction 

of th e  z  axis on an  elem ent of volume should vanish* is

9 l + ^ i + 5  =  0. (11)
d x  d y  d z

The stresses th a t  occur in  th is  equation  are  defined exactly  as are those above.

I t  is easy to  see th a t  to  th e  first o rder of u, v, w,

8  / ,  0 w \  0  dv0 0  , / 1 9 \

ox  \ o x / ox  o y  ox  oz

A fter calcu la tion  of th e  stresses to  th e  second order, th e  general equation 

can be w ritten  dow n, b u t i t  need n o t be given here as th e  approxim ate  shell 

equation can be derived directly .

Suppose th a t  u, v, wcan be expanded in  pow er series of z, so th a t

U =  Wq -J- Wj z -f- W y f  - j-  . . .  , 

+  VxZ +  V2Z* +  .. .  ,

and

w — wQ- f -  W\Z +  +  • • • ,

where w0, v0, w0, and  th e  various coefficients of powers of z  are  all functions of 

x  and  y . u0, v0and  w0 are evidently  th e  co-ordinates of displacem ent of a 

po in t of th e  m iddle surface of th e  p late. W ith  these values of u, v, w, we m ay 

reduce th e  left-hand side of (11) to  a power series in  2 ; th e  equation m ust be

* C f. S o u th w e ll, loc. c it .,  p . 196 ; a lso  for  e q u a t io n  (12 ) b e low .
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7 4 4 W .  B .  D e a n .

satisfied for all values of z ,so th a t  in  p a rticu la r th e  te rm

th is expression m ust be zero. The resu lting  eq uation  is

0Wg\ 0_

d x l

dv0 9 . 3u>q —
M o  57. M o

0MO _0_

d y  dx

dx  d y

{yz )o +  (1

dx M i

d y /  d y

dWr,

M o  -  0^7 M i

« j g j  (S)o («)o +  (1 — w i) (® )i =  °> (13)

where, for instance, (zx)Q s tan d s fo r th e  te rm  in dependen t of z, and (zx)l 

for th e  coefficient of z, in  th e  expansion of zx. E q u a tio n  (13) is no t yet a 

shell equation, ow ing to  th e  appearance  of such te rm s as u v  w x ; to  elim

inate  these th e  b oundary  conditions are  used. F o r a  p lane p la te  equations 

(10) reduce to

dw

d y :

d w — ,
2 g J «  =  ° ,

y z
dwv w  t —  c)w  ---
^ ( y y - Z Z ) - ^ Z X - ^ X y  =  0,

and
— dw  , dv  — dw  —
zx - ^ { x x - z z ) ^ ^ x y z - ^ x y 0,

(14)

(15)

(16)

each condition hold ing fo r ±

Therefore th e re  are  six  conditions of w hich

dw0 ,— ov0 dWr

M °  — 0 ^  {yy— zz)o — 0 ^  M o  — M o

dw

(M i dy
(yy — zz)0 — (yy  — z z )x

dw

~dy
? ( y y  — zz)<

dv% .—. d vx . 0 fO/—\

dw-, . — , 0^o /— \

dx  “  0a?
0^2 /— v W , , - v ^ 0 +  ... =  0, (17)

derived from  th e  tw o equations from  (15), is typ ical. These equations need 

only be used for th e  reduction  of te rm s of th e  first order ; for the others, 

simplified forms of these conditions, ob ta ined  by  ignoring th e  second-order 

te rm s, are sufficiently accurate . F u rth er, first of all we calcu late a firs
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Theory o f  E la stic  . 7 4 5

approx im ation  to  th e  equation  (13) by  ignoring A2. F o r th e  reduction of the  

second-order te rm s, then , we h a v e  th e  simple equations

(X +  2(a ) -{- X (18)

( X -J- 2(a ) 2t0g -j- X |' ^  +  | i )  =  0,
\ v x  o y /

(19)

Oi +  I 21 = 0 ,
d y

(20)

2b« + | 1 = ° >
(21)

• > + ! ?  - ° -
(22)

*  +  = 0 .
(23)

These equations can also be used  to  sim plify th e  m ore accurate  boundary

3  —
conditions (14), (15) an d  (16). F o r exam ple, in  (17) th e  te rm s -g—■ (zz)Q and  

ch)
(zx)o 03,11 b o th  be ignored, by  reason of equations (18) and  (22); th e  o ther

boundary  conditions can be sim ilarly  d ealt w ith .

In  finding th e  first approxim ation , then , even for th e  reduction of term s of 

th e  first order, we have only  to  use th e  re la tively  simple equations

{zz)o =  (z z ) i  °>

and

M  -  M o -  ^  =  °> 

© o  M o  =  0  ;

th e  o ther tw o conditions are  n o t needed.

Again, w hat has been said as to  th e  reduction of second-order term s shows 

th a t  th e  first approxim ation  to  (13) is to  be obta ined from

0  0  __  _

dx  +  dy  ̂  =  °*

which by  th e  conditions above is reduced to

d

dx
0 .

3  F
VOL. CVII.— A.
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7 4 6 W .  R  D e a n .

All te rm s in  th is  equation  a re  of th e  second-order, so th a t  th e  final reduction 

to  te rm s of w0, v0, w0 can  be effected b y  equations (18) to  (23). The resulting 

expression is

d_\dw^  i . „ , c K )~

d x \-d x  \  X +2(a dx  X +  2(x d yJ

+  1
dy

f 2{xX Buq 4 (x (X +  (a) 0vo l  

\  X -f- 2 (a dx  X —|— 2(jt J d x \ d y  d y
=  0 . (24)

If  a  second ap p ro x im atio n  w ere requ ired  w ith  com plete accuracy  i t  would 

presen t some difficulty, b u t i t  is possible to  ju s tify  a  po s ter iori in  practical 

problems of elastic  s tab ility  th e  neglect of te rm s of th e  second-order of displace

m ents w hen m ultip lied  by  A2. H ence, w h a t m u st be ad d ed  to  th e  left-hand 

side of (24) is m erely  th e  te rm  in  A2 w hich ap p ears  in  th e  T heory  of T hin  Shells,* 

th a t  is to  say  :

4{x (X + fx )  

3  (X +  2(a)
A2V 14w0.

The shell eq u atio n  is finally

d y ,

+  X +2[a dv^ /dvo0Wp\l _  ^

2 dx \ dx  ' J

h?

3

_  j .  [ fo o  (a  I dI o \I 1 — <* a^n (d v0 , 
d y  L d y  • d x  d y )  2 dx  \ dx  d y  /  J  ’

(25)

a  denoting  Poisson’s ra tio .

The equation  of s tab ility  follows im m ediate ly  from  (25). L e t th e  pla te  be 

stre tch ed  b y  ex tern al forces ac tin g  in  its  p lane, so th a t  th e  displacem ent of 

any  po in t of th e  m iddle surface is (uQ, v0, 0). I f  th e  equilibrium  of th is  con

figuration, called th e  “ equilib rium  configura tion ,” is “  n e u tra l,” there  will 

be a  neighbouring configuration of equilibrium , th e  “  d is to rted  configuration,”

* T h is  e x p r e ss io n  c a n  b e  o b ta in e d  b y  t h e  g e n e r a l m e th o d  o f  th is  s e c t io n  w ith o u t  tr ou b le  r 

or i t  c o m e s  im m e d ia te ly  fr o m  e q u a t io n  (3 2 ) b e lo w .
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Theory o f  E lastic  S tab ility . 7 4 7

in  which th e  displacem ent of a  poin t of th e  middle surface is (m0, vQ, w'). Then 

w  m ust satisfy  the  s tab ility  equation

A2 , ,  3

0a?

j3_ r

d y l d y

dw' fd u 0 0®o\  

ox d y l

dx d y ;

1__u 0m/  /d 0Wp\

2 d y \ d x  d yJ~

1 — O Sw/ j/dv0 , 0Mp 

2 dx \c ix  d y l  -
0 , (26)

and  certain  boundary conditions which need not be considered here. The 

condition th a t  there  should be a  non-zero solution w  w ith these properties 

determ ines the  “ critical ” values of th e  external forces ; if these are exceeded 

th e  p la te  will collapse.

The equation  (26) can be w ritten*

(27)

where T 1; T 2, and  S are stress resu ltan tsf in  the  equilibrium configuration:

In  the  general case th e  stab ility  of an  equilibrium  configuration («0, vn, wQ) 

is examined, and  th ree  shell equations m ust be considered. The equilibrium 

of th is  configuration is neutral if there  is a  neighbouring configuration (m0 -{- u1, 

%  +  v', wQ +  w') which will satisfy  the  equilibrium  and boundary conditions.

By subtracting th e  shell equations for the  tw o configurations we have three 

equations containing term s of the  types u ,  m0m', and m'2. The la tte r term s 

can be neglected, for, from the  natu re  of the  case, the  absolute m agnitudes of 

u', v', and  w  can never be obtained ; these quantities can therefore be supposed 

so small th a t  the ir squares and products are negligible. Consequently, in 

general the  stab ility  equations are linear in u ,  v ’ and w ’, the coefficients being 

functions of w0, v0, and  w0.

The simplification in  the  case of a  plane plate comes from the fact th a t  the  

question of stab ility  arises only in  connection w ith equilibrium configurations 

in  which the  middle surface is plane. I t  is then  found th a t  one stability  

equation contains only w , if we take as the  distorted configuration 

(m0 +  u , v0 - f  v ,  w ) ,  while the  o ther two contain only u and v .  There are 

therefore two distinct modes of collapse, and only one of these—th a t which 

is determ ined by  the  stab ility  equation found here, and which is accom

panied by the familiar buckling of the middle surface—is of physical in te rest.!

* S p e c ia l c ases  o f  th is  e q u a tio n  h a v e  r e c en tly  b e en  con sid e re d  b y  S ou thw ell an d  S kan , 

‘ R o y . Soc. P r o c .,’ A , v o l. 105, p . 582 , a n d  b y  th e  w riter, ‘ R o y . Soc. P r o c .,’ A , vo l. 106,

p . 268.

t  T he n o ta tio n  is  th a t  u se d  in  L o v e , op. c it., chap . 22. 

t  See § 8.

3 f  2
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7 4 8 W .  R . D e a n .

The Reduction o f the S tra in  E nergy Function.

6. R eturn ing  to  th e  general case, we have now to  express th e  stra in  energy, 

given by  equations (2), (8) and  (9), in  te rm s of uQ> vQ and  w 0 by  means of the 

boundary  conditions (10). Supposing, as in  §5, th a t  u, v  and  w  are expanded in 

power series in  z } an  expression for W  can be found of th e  form

w  =  w 0 +  w xz +  w  /  +  •••;

the energy of th e  whole p la te  is th en

j j d a d p j *  ( l  -  ^) (W 0 +  +  Wa*2 +  ...)  dz.

I t  is proposed to  evaluate  th is , neglecting te rm s in  h*, te rm s of th e  fourth  and 

higher orders of displacem ent co-ordinates, an d  te rm s of th e  th ird  and  higher 

orders when m ultiplied  by  h2. This accuracy is sufficient for m ost stability  

problems.

We have, then , to  find W ' given by

W ^ W o  +  ^ W j - W J p ) ,  (28)

term s of th e  th ird  order being neglected in  W x and  W 2. The calculation is 

divided in to  tw o parts . F irs t are ob tained  th e  te rm s no t m ultiplied by h2 ; 

.the deduction of th e  o thers  is a  problem  in  th e  ord inary  th eory  of elasticity, 

.and does no t dem and th e  special accuracy of th e  results given above. I t  m ay 

,be rem arked th a t  there  is no a p r io ri  reason to  suppose th a t  W 0 does no t contain  

.term s in  h2 as i t  will involve, for instance, te rm s in  v  v x and  and  for the  

reduction of these to  u0, v0and  w 0> conditions sim ilar in  

used. As poin ted  ou t below, however, W 0 does n o t in  fact contain  such term s, 

an d  th is  circum stance simplifies th e  reduction  considerably.

W 0 is calculated  exactly  as is equation  (24) above. F o r th e  reduction of the 

th ird -o rder term s we have th e  simple boundary  conditions

0 o  =  0 i  =  °»

( N o  •=  ( N i  =  °>

an d

(N o  =  M i  =  °>

th e  stresses being reckoned to  th e  first order only ; and  these equations can be 

used to  reduce th e  more accura te  boundary  conditions (10) to

0 o  =  ( N i  =  °»

( N o  -  ( P ) »  -  is *  («P)« =  ° > etc- N,
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Theory o f  E la s tic  S ta b ility . 7 4 9 -

The only  one actually  required is th e  first, which can be w ritten

(X +  2|j0 w , +  x ( ^  +  | » - ^ )  +  F =  O> (29)

where F  is an  unknow n function of th e  second-order in u0, u x, etc.

Simplifying th e  th ird -o rder te rm s of equations (8) and  (9) by  the  sim ple 

boundary  conditions, we have

Z e x
-3 a  3 p

po l
-“ +  *1

+
"3^o ■ 3 q̂

. 3 a  3 p
- + ^ i

3wf\ 2

3 p
H- u i  + ( | a | W  +

\ c a /

3w0\ 2 

3a  I

+  (%!*■+

and

4 [S e2c3]Q:

V 3 p “ p-/ 2 \3 a

3 p .

^  3 a L \3  p /

I o f e _

+  \3 p  P

3 a 3 a  \3 p

3

,3 p  

2

P /

2n

•12 +  ® S +  V  +

P

('3^0
V 3a

- f  2wx
3w,_  /3vg\2 / 3 ^

x)(S7 " \ 3 ( x /  \ 0 a
+ +

\ 3 p  p

9  ( \  . f e  4 -  ) 4 -  ^  +

2 V3a H" 3 p /  L 3 a  3 p  ^  3 a  \3 p  p / ^ 3 a \ 3 p  p,

0 ^ _ t £ 2 _ 2 w ' ) ( | ! 2 + ^ V
^ ^ \ 3 a  ‘ o p  p. v \ 3 a  O p /

U sing (29) to  p u t w x in  te rm s of u0, v0, w0 in  th e  expression for W 0, i t  is found 

th a t  th e  unknow n function F  d isap p ears ; there  is therefore no need for the  

complete second-order boundary  condition, a circum stance th a t  reduces 

considerably th e  algebra th a t  w ould otherw ise be necessary.

The final resu lt is

W „ = 24 ^ ( ^  +  ^ - ^ 2 - 2 4 x 0 ( ^ - T ° ) - - i ( |  +  ^ r,3 a  \3 p

+

+

_  12 - 2  
X +  2(x \  3a  ‘ 3 p  p /

/ H ?  r ? i i i A + J ^  5^2 4 -  -  ^ v
\  3 a  /  L X + 2 p .  3 a  ' X +  2p, \ 3 p  p

X[X 3 Uq , 2[X (X -f- p.) /3 v p _ Wg 1

X-f- 2{X 3 a  X +  2(x \3 p  p J

0P /

/3w0 4 3 \ 2

V W  +  p

■ ^ ( ^ + / > ^ + T p /' + T ( i + 2 i i r U - s p  t m  w
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7 5 0 W . R . D e a n .

This represents in  th e  first instance a first approxim ation  to  W 0 obtained 

by. neglecting term s m ultiplied  by  h2. I t  rem a

The resu lt in  th is  case is known, so th a t  only  an  ind ication  is given of th e  method 

of reaching i t  by  th e  processes of th is  paper. The te rm s of th e  th ird -o rder can 

be ignored th roughout, and  we have m erely to  express in  te rm s of u0, vQ and w0 

the  coefficient of h2 in

w „ + | ( w 2 ~  W Jp ),

by  means of six boundary  conditions such as

( X -f- 2p) -j— X +

+  h2 (X -f-  2p) 3w3 +  X

3 ^ 0_Wo

3(3 p / 

f du.

V 0 a

0^2

0(3

1 0t>i

P 0 P
1 ^ 9
p2 0(3

w 1 
' 72 0 .

This can be done by  successive approxim ation , th e  process being simple because 

i t  is found th a t  upon com bining th e  various te rm s none of th e  functions u, v, 

appear w ith  suffix g rea ter th a n  2.

W ere th is  n o t th e  case (as i t  is n o t if th e  a lte rn ativ e  m ethod of §5 is used for 

a  second approxim ation), i t  w ould be necessary to  use th e  relations th a t  can be 

derived from  general equations by  equating  to  zero th e  coefficients of the  various 

powers of z, to  reduce th e  suffixes.

The final expression* is

w  7n=
2 (X-f- p) . 

X -j-2p \0 a  0(3

/ 3 w '2 '
^  \

P /

'  +

0a \0(3 

X fo v

X -J— 0a X -(-2p \0 (3

+  ('— 4 - -
+  l a p +  p<

0a \0(3 P

X d u  2 ( X -j- p)

X +  2p  

3X +  2p

- X -j- 2p  0 a  

3v , 3w\ 

0 a +  3(3/
+

P | 

w

?

d v

0(3

0 M

0a 0(3

, 0 v  w \^ (d v_ du

4 (X  +  2 p ) \3 a  0(3 p / \ 0 a  3(3)

, 2 f t *  

•3

+  5 7 x  +  2u) I* 1 +  x T 2 i l  (e>+  I ?  (‘>+  H)

+

2 ( X -J— 2p) 

X

2(X  +  2p) 

Xw

{e2 "

02

X +  2p 

X

X +  2p

( S1 +  s 2) +  7 7 2

0a2

0(3
2 (®1 +  ®2)

2(X  +  2 p )0 a 0 (3 v"1 1 ^  ' 4pz

* F rom  th is  p o in t on w a r ds th e  su ffix  0  h a s  b e e n  d r op p e d  ; a ll c o -o rd in a tes  o f  d isp lac em e n t  

a re  o f p o in ts  o f  th e  m id d le  su r fac e .
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I 3 X + 2 lt  !c  1 (c I c \ )  I
+  2 ( X + 2 | i ) p 2 l  2 + X + 2 | j , 1 l +  2 , J  4

a x + 2 ^  j , g g 8_

T heory o f  E la s tic  S ta b ility .

) 8 I 3X-f-2p. /C-) (gT-t-Sg) 

J X +  2[x * p

7 5 1

In  th e  h2 te rm s is used th e  n o ta tio n  of th e  T heory  of Thin  Shells,

T he resu lt (except fo r th e  th ird -o rd e r te rm s) is equivalen t to  one given by 

B asset.*

The discussion has been lim ited  fo r sim plicity  to  th e  case in  which th e re  is no 

ac tio n  on e ith er face of th e  shell, b u t were such actions to  ex ist no essential 

a lte ra tio n  in  th e  procedure w ould be required . The expressions in  equations 

(10) w ould th e n  be equal to  functions of th e  surface tractions, and  therefore of 

a  an d  (3, an d  of th e  d isplacem ents of po in ts  of th e  surf ace. |  The successive 

approx im ations could be m ade in  ex actly  th e  sam e w ay, and  th e  only difference 

w ould be th a t  in  th e  equations ob ta ined  by  th e  m ethod of § 5, and  in  th e  s tra in  

energy  of th e  p resen t m ethod, te rm s depending  on th e  surface trac tions would 

appear. I t  is tru e , as po in ted  o u t by  th e  la te  Lord Rayleigh, $ th a t  if th ere  are 

surface trac tio n s  no fo rm  for th e  s tra in  energy en tire ly  in  te rm s of th e  displace

m ents  of th e  m iddle surface is possible, b u t fo r m ost purposes th is  does n o t 

co n stitu te  a difficulty, as th e  equilib rium  or s tab ility  of configurations under 

g iven  system s of ex ternal force is considered.

7. In  a  position  of equilibrium

J J V d a d p

ta k e n  over th e  m iddle surface of th e  whole shell m ust be a  m inimum , so 

th a t

The Shell E quations.

* ‘ P h il .  T r a n s .,’ A , v o l. 181 . 

f  C f. S o u th w e ll, loc. cit.p . 21 3 . 

X ‘ L o n d o n  M a th . Soo. P r o c . ,’ v o l. 2 0 , p . 372 .
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7 5 2 W .  B .  D e a n .

w here 8  denotes an  a rb itra ry  v a ria tio n  of u, v  an d  w. This equation  can 

w ritten  in  th e  form

f [ (A 8u  +  B 8»  +  C Sw) A t #  +  j j ( | ^  +  f ? )  ^  “  °>

w here A, B , C a re  functions of u, v , an d  w , b y  such  re la tions as11

„ a 2 8 A  a 2x s , , a / .  

x ' S ? “ S f . ^ + - E V

d8<f>

0a S ' *

2X

and

0a0(3

_02X

0a0(3
8cf>

_0

0 a

0 ^

0£

2 p t y  +  ; r  (X  8 $ .  
c a  c a

0X

0(3 8* ) + i (x ^ - e * 4 -

. The second in teg ra l can  be tran sfo rm ed  in to  line  in teg ra ls along th e  edge 

of th e  m iddle  surface, from  w hich th e  b o u n d ary  conditions a t  th e  edges can 

be ob ta ined . These a re  n o t u su ally  of im p o rtan ce  fo r a  th e o ry  of elastic 

s tab ility , an d  need  n o t be considered h e re .f  

The shell equations a re  g iven  co rrec tly  to  th e  second-order of u, v, w  by

A  =  B  =  C =  0.

W ritte n  in  full th ese  equations are

0_

0a

0w , i [d w \ 2, ( d v  w, i (d w  , i 0m

+  + a \ d r ~ ?  +  i ^ + -9 ) l  +  —

, h2 fa 02 i \ i a  02 ____ \

+  3 120^ ) 3 3 ( e i + + 2 ( i w ) a p ( 2 +

+
2 (1 -  <r) 0 a2

d2 (c , x , g  0 ^  , g (1 +  g) S2 +  ggi
3 „ 2  ' * 1  '2'  ^  O  3 * .  3  f t  ' ( 1  —  / r \ 2  * « 22 0 0 0 5  ' ( l - * ) 2 PJ

+  a p

1 — a  ( d v  . d u  . d w f d w  , v 

-  2 \ 0 a  0(3 0 a  \ 0(3 p/

1 -f- <r /  0v 

4 \0 a

0w\ /0w  , 0 y  w

0 (3 / \ 0a  0(3 p.

+
t e  f

3 \ 2  (1 -  a)  0a0(3
(S1 +  S2) H---- 2

0, (30)

* S ee  L o v e , * P h il . T r a n s .,5 A , v o l .  1 79 , p . 5 1 4 .

f  F o r  in s ta n c e , in  t h e  p r o b le m  o f  t h e  tu b u la r  s tr u t  e x a m in e d  b e lo w , i t  is  im p r a c tic a b le  

to  f in d  t h e  c o n d it io n  fo r  t h e  c o l la p s e  o f  a  s tr u t  o f  le n g th  l  u n d e r  g iv e n  e n d  c o n d it io n s . 

W h a t is  d o n e  is  t o  f in d  t h e  c o n d it io n  t h a t  a  d is to r t io n  o f w a v e - le n g th  l m a y  b e  m a in ta in e d  

in  a n  in d e f in ite ly  lo n g  tu b e .
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d_

8a

n

L 2

a  f d v  | i 0 w /0 w  | v \ \  . l - \ - a / d v  8 , 8v

l 0 a ~ c 3  0 a  \0B  p /J  4 \0 a  0 S / \ 0 a  08  p

T heory o f  E la s tic  S ta b ility . 7 5 3

+

0 3  ■ p

h? ( a

3 \ 2  (1 — <y) 0 a  03

03;

(S1 + +
1

03

a  id)

P

u

+  ^
'dv  j_

“ T  2
0 3 L0 3 p

a

f d u  

10a

' 3 12 (1 — or) 0 a2
(ei 4“ cre2) 4“

(dw\ 2

0 2

+■*(*> *+

2 \p 

1 +  a ( d v

2 (1 — <t) 0 3 2

8 \0 a  18 3

(e2 +  ae-f)

4~
2 (1 — a) 0 3 2

(e i e )_i_ 1  d g ,  , 1 ■ e2 +  <r®i

kei  +  ea/ T  2  9 a  0 3  ^  — a)2 p2

4" (14 - t f ) a
P

2 +  or -f~ 

2 (1  - o r ) - 7

^ 2 \

1  — o d w ld v . 8m \  . , t A / 8 v  _

~ ~ o ~  Ipu"*" O /\0R  o _r2 0 a \ 0 a T  0 3 / ^ \ 0 3  p / \0 3  P

3 I 0 3 0 a  03 

2 +  a  8 / s2 4 - g s 1 

2 (1 — or) 8 3 \ P

an d

¥ [ ( I? + 3p ) (,Cl+**) + (1 ~  ff) (2

02 ĉ

+
2 — 3<r2 82

2 (1 — a)p 8a2

2  4 -

(®i 4- ^2)

02

0a2

2  4 - < r  3 2

0W\

r J

(1 — q)  ̂ 8a> 

2p 0a

82/c1\

0 32 /

=  0, (31)

2 (1 — cr) p 0a2 

e2 4- a e A  l — a  82 /<5

_0

0a

0

dw fd u  . 7 0V

_0a

(dw

2 (1 — cr) 0 3 2 V 

w

(Sj +  ffSj)

_________® \ ]
2 0 a 0 3  VP ' J

____ _
03LV03 p/V 03

dv

1 . 1 — a(dw , v\(d. 8 tA l

. } +  ~ W  +  F A S S + 5 p

w I 0w\ , 1 — cr dw (dv  | 0w \“|

o +  <70 a /  2 0a  \0 a  0 3 ' -I

' 0 V dw „ \ 2

S J - f + ' I S + j A ’ U b

I  I j  02
4~

J0W 

10

(e1+ o rs 2)4 “

+ I ( s y ' +

03

1 +  or (dv  0 w \2

0 a  0 3

2(1  — a) 0 3 2
(®2 4” ^®l)f ___ (7______

3 l2  (1 — or) 0a2

a 02 , v - o’ 02w . 1 4~ g Sg 4~ gei

2 ( 1 = 7 )  8 3 2 (Sl +  S2) +  2 0 a 0 3  (1 -  cr)2 ‘ P2

+  +  =  (32>
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7 5 4 W .  R . D e a n .

a  as usual denotes Poisson’s ra tio  ; i t  has been found convenient to  use the 

elastic constan ts  X, (x in  th e  in term ed ia te  stages, though  th e  equations them 

selves are sim pler in  te rm s of a.

From  these equations as in  § 5 th e  equations of s tab ility  of any  known 

configuration can be im m edia te ly  se t down.

I t  will be seen th a t  th e  com plexity  of th e  equations is n o t due to  th e  second- 

order te rm s, w hich are  com paratively  few an d  in  th e  m ain  sym m etrical, but 

to  the  te rm s in  h 2. The th eo ry  of th in  shells simplifies th e  la tte r  co

by  physical assum ptions, b u t i t  does n o t ap p ear possible to  sim plify th e  equations 

above on m athem atica l grounds in  th e  general case. H ow ever, in  a  definite 

problem  it  is probable th a t  i t  w ould be possible to  see w ithou t difficulty which 

of these te rm s were im p o rtan t, an d  avoid  unnecessary  labour as is done in  the 

problem  considered below. I t  is n o t, therefo re , th o u g h t w orth  while to  abandon 

a  process of app rox im ation  w hich, th ough  unnecessarily accurate  in  some 

cases, is a t  least definite, in  favour of one w hich i t  is leg itim ate  to  describe in 

th e  words of R ayleigh* as of “ ill-defined significance.”

E x a m p le s  o f  G en era l T h e o r y .

8. I t  has been rem arked  in  § 5 th a t  a  plane p la te  in  a  configuration of 

equilibrium  in  w hich th e  m iddle surface is p lane, can collapse in  e ither of two 

independent modes, of w hich one only is of physical in te re s t.f  The result of 

th is  is, as has been seen, considerably  to  reduce th e  w ork necessary in  a  problem 

of s tab ility . I t  is of in te re s t to  show th a t  th is  is th e  case from  equations 

(30), (31), and  (32). F rom  th em  th e  corresponding equations for a plane plate 

can be deduced a t  once. T hey are

3 3

d x \ _ d x

, 1 a  [

+  8 '  \ 5»

du\*~

< ¥  J

+
d y

1 — o' / d v  . 3  , 3  3

-  2 \chr 3 3

1 -j- o  /

4 \3a?

d u \ / d u  . 

d y ; \ d x  3

+  h2f x ( u , v

_3

3*

— o f 

2 \3a;

. 3 r 

d y V d y

c u  . d w d w \  - 

3 y  d x  d y )

d w \ 2 

d y

1 +< y

+  <T §!f - i . i  
d x

d v

d x

dw X‘

\ d x )

d u \  /du. 3y\~l

3a?d y

+
1 +<T

d y i

d v

d x

d u \ 2 

dy.

+  h * f 2 ( u , v ) =  0, (34)

* Loc. t i t . ,  p . 37 4 .

t  T h is  w a s  f irst  p o in te d  o u t  b y  S o u th w e ll, loc. c it .,  p . 262 .
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T h eo ry  o f  E la s t ic  . 7 5 5

and

h2 A 3 [~3t0 (du , 3 « \ , 1  — d w  3« , du \~

I V i w _  f e + < T ^ V S J +  a p /J

_a

3 y

3w  / 3v . 3w \ .

3y \ d y  dx )

1 — or 3w  

2 3a?

In  eq u a tio n s  (33) a n d  (34), f x (u, v)  a n d  / 2 (u, v)  a re  functions lin ear in  u  

an d  v. (35) is in  ag reem en t with, eq u a tio n  (25) o b ta in ed  b y  th e  a lte rn a tiv e  

m ethod . I t  is easy  to  see t h a t  if in  th ese  equations we su b s titu te  first (u, v, 0) 

an d  th e n  (u  -f- u \  v  -f- v', w '), th e  d isp lacem ents  of th e  equilib rium  a n d  

d is to rte d  configurations respectively , a n d  th e n  su b tra c t th e  tw o sets  of equations 

ignoring  te rm s above th e  first-o rder in  u', v  an d  w', th e  first tw o equations 

co n ta in  on ly  v!  a n d  v ,  a n d  th e  th ird  on ly  w  . C onsequently  tw o  in d ep en d en t 

m odes of collapse a re  possible.

T here  is one p o in t of im p o rtan ce . The co nd ition  th a t  th e re  should  be a 

non-zero  so lu tion  of th e  th ird  eq u a tio n  will ev id en tly  requ ire  in  general th e  

s tra in s  such  as du /d x  in  th e  eq u ilib rium  configuration  to  be of th e  order of h2. 

I f  in s ta b ility  in  th is  m ode is to  ap p ea r before th e  b reakdow n of th e  m ate ria l 

itse lf, if, t h a t  is to  say , a  th e o ry  of s ta b ility  is to  have  p rac tica l value, th e  

s tra in s  in  th e  equ ilib rium  configuration , a n d  consequen tly  h2, m u st be very  

sm all. B u t th ese  a re  precisely  th e  cond itions th a t  th e  ap p ro x im atio n s used 

in  reach ing  (35) should be ju stifiab le , fo r in  th is  eq u a tio n  we have neglected 

te rm s  s im ilar to  th o se  th a t  ap p ea r w hen m u ltip lied  e ith e r b y  a  d isp lacem ent 

o r b y  h2. C onsequently  th e  co nd ition  th a t  th is  in s ta b ility  should  be possible 

in  p rac tice , is th e  cond ition  th a t  eq u atio n  (35) should  be com peten t to  de term ine  

w hen i t  will ta k e  place.

T he position  in  reg ard  to  in s ta b ility  of th e  o th e r ty p e  is en tire ly  

d ifferen t. F ro m  equations (33) an d  (34) i t  is clear th a t  in  general a 

non-zero so lu tion  in  u  a n d  v  c an n o t be o b ta in ed  w ith  sm all s tra in s  ; th e  

s tra in s  m u s t be of th e  o rd er of th e  coefficients of th e  te rm s in  u  an d  v  

alone. This re su lt regarded  as a  first ap p ro x im atio n  shows, how ever, th a t  

th e re  is no g round  fo r neglecting  an y  o rder of d isp lacem ent co-ord inates, an d  

th e re  is no reason  to  suppose th a t  fu r th e r  app rox im ations w ould a lte r  th is  

conclusion  as to  th e  o rder of m agn itude  of th e  s tra ins. This ty p e  of in s tab ility  

is th e n  of no  p rac tica l in te rest, a n d  i t  is th erefo re  a  m a tte r  of indifference th a t  

sufficiently accu ra te  equations w ould, in  th e  general case, be impossible to  

o b ta in .*  The th e o ry  of th e  s tab ility  of plane p la tes is, therefo re , in  th e

* W ith  t h e  s im p le s t  t y p e s  o f  s tr e ss  th e r e  is , h o w e v e r , n o  d if f ic u lty .
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7 5 6 W .  R .  D e a n .

fo r tu n a te  position  th a t  i t  is on ly  a d eq u a te  to  d eal w ith  problem s th a t  are of 

p rac tica l significance.

T h e S ta b ili ty  o f  a  T u b u la r S tru t.

9. As a  m ore in te re s tin g  exam ple  th e  s ta b ility  of a  tu b u la r  s tru t  is briefly

considered. This p rob lem  h as  been  so lved  b y  Southw ell,*  using  in  th e  case 

of d is to rtio n s  of a x ia l sy m m etry  h is  g eneral th e o ry  of s ta b i l i ty ; b u t  in  th e  case 

of d is to rtio n s  of a n y  ty p e , th e  th e o ry  of th in  shells. T he general case, then, is 

here  considered fo r th e  first tim e  w ith o u t th e  la t te r  th eo ry .

The equ ilib rium  configu ra tion  of a  long  c ircu la r cy lindrical shell in  com

pression due to  en d  th ru s t  is g iven  b y

u  =  0a, v  =  0, 

0 is a  co n s ta n t a n d  so, in  th is  p rob lem , is p. These d isp lacem ents will evi

d e n tly  sa tisfy  th e  shell eq u atio n s. I f  th e  eq u ilib riu m  of th is  configuration is 

n e u tra l an d  a  sy m m etrica l d is to rtio n  of th e  shell is liab le  to  ta k e  place, th e  

shell eq u a tio n s  can  also be satisfied  b y  th e  d isp lacem ents

u  —  0a - j -  u  , 

w here u' a n d  v' a re  in d e p en d e n t of (3. S u b trac tin g  th e  shell equations fo r th e  

tw o configurations, a n d  ignoring  te rm s  of o rd e r above th e  first in  u' an d  w'y 

we h av e  th e  tw o  s ta b i lity  e q u a tio n s f

d_

0a

d u/

0 a

w  __ _j_

P

#  r 02 ( d u a w  \

3 12 (1 — a) 0 a 2 V 0 a  p

+
a  02 /d u  w

2 (1 — a) 0 a2 \0 a  p
\  , < r ( l  +  g )  ('

j  ( 1 — o)2 p2 \ 0 a

+
2 — 2 a

P '

3cr2 d*w

an d
2 (1  — o') p 0a2

=  0, (36)

A2 |~0 4 w  . 2 — 3o2 0 2 /d u  w '\  2 — cr 02 / _w '\

3 L 9 a4 2 (1  — cr) p 0 a2 \ 0 a  p / 2 (1  — p 0a2 \ 0 a  p /_

1 T d u    w_ , h2 f a_ d f  ______ a w '\

p L 0 a  p 3 12 (1 — a) 0 a 2 \ 0 a  p /

+
l + o ’ /  d u  

(1 — <r)2 p2 V 0 a

a_ (1 +  2o) 02 w ') _

2 (1 — a )p 3 a2 /  J
(37)

* L o c . t i t . ,  p p . 2 2 7 -2 3 6 .

t  E q u a t io n  (3 1 ) is  s a t is f ie d  id e n t ic a l ly  b y  b o th  s e t s  o f  d is p la c e m e n ts .
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T h eory o f  E la s tic  S ta b ili ty . 7 57

W ritin g

an d

U  sin ^  
P

w  =W c o s ^ ,
P

w lien U  a n d  W  are  co n stan ts , tlie  co n d itio n  fo r a  non-zero  so lu tion  of th e  

eq u atio n s c an  be w ritte n  dow n a t  once in  d e te rm in a n t fo rm . As a first ap p ro x i

m a tio n  ignore  th e  te rm s  in  A~ in  (36) an d  (37) ;  th e n

p ’ P

so t h a t

aA
o2

i  +  9 ( l - a * ) S £

=  0 ,

e =  - 4

0 ,

As a  re su lt, q m u s t be large if th e  stress is to  be one of p rac tica l in te rest. The 

n e x t ap p ro x im a tio n , in  w hich th e  te rm s  in  A2 a re  included , is therefo re  w ritten

in  th e  fo rm

t - p + * ‘̂ + ' 9 -  ‘| ? + h ? + 0 9 ! + i ?

w here A, B , C, ... a re  non-d im ensional co n stan ts  in d ep en d en t of q. 

F u rth e r , le t

t  p2

an d  ev a lu a te  th e  d e te rm in a n t to  o rder A2.

T h en  0V = = _ (  L ^  +  M ^  +  N ),

w here L , M, N  are  fu r th e r  co n stan ts  in d ep en d en t of q.

T he final fo rm  fo r 0 is th e n

a n d  th e  m in im um  value of 0* fo r all values of q is g iven  to  a  first a p p ro x i

m a tio n  b y  ,

e  =  - f V L ,
P

»  T h is  c o r r e sp o n d s  t o  t h e  m in im u m  th r u s t  t h a t  w il l  c a u s e  c o lla p s e  in  t h e  m o d e  c o n 

s id e r e d  i o n ly  t h i s  m in im u m  v a lu e  i s  o f  p r a c t ic a l im p o r ta n c e .
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7 5 8 W .  R .  D e a n .

w here

L  =
1 —  a2 3 (1

W ith  th is  v a lu e  of 0 we a rr iv e  a t  th e  k n o w n  fo rm u la  fo r th e  m inim um  to ta l 

th ru s t ,  S, t h a t  in  a  s t r u t  of a n y  ra d iu s  w ill cause th is  ty p e  of collapse,

S =  8tcEA2 V  :
3  (1 -  <72)

To consider a n y  ty p e  of d is to r tio n , th e  co n fig u ra tio n  a d ja c e n t to  th e  equili

b riu m  co n fig u ra tio n  m u s t be ta k e n  to  be

u  =  0a +  v! ,v — v ,  =  cr0p -j- w ' ;

u', v', to' a re  now  fu n c tio n s  of a  a n d  (3.

F o rm in g  th e  s ta b i l i ty  e q u a tio n s  in  th e  u su a l w ay , th e  o n ly  te rm s  in  0 are

fo u n d  to  be
/ a v d 2v  \ (1  — d 2u  \

\ 3 p 2 0 a  0(3/ 4 \ 0 a 2 0a0(3/
and

d 2w'
(1 — a 2) 0 -g ^2 , in  th e  first, second  a n d  th i r d  eq u a tio n s  resp ec tiv e ly .

S e ttin g  in  th e se  eq u a tio n s

_  XT • QOL •
u  —  U sm  —  s in  -J-  

P P

a n d

v  =  Y  c o s ^ c o s  2E;
P P

w  —  W  cos 2 ?  sin
P P

a  first a p p ro x im a tio n  to  0 (ignoring  h2) is fo u n d  fro m  th e  d e te rm in a n t

^ ~ ~ k 2 q2 1 ff2
2 4

1 + < T /  1 — <T2 ,
2 ^  4

aq

1 O' 7  1 —  0^ n 7

2 ** 4 >
- k

, 1 +  (1 — tf2) 0?2— aq ,

E x p a n d in g  and  ig n o rin g  02, we h av e

( 1 - t H I -< a ) j y  +  j20 i p  + 1 )  +  2 k 2 j 2

I t  is assu m ed  t h a t  k  is n o t zero ,*  as th is  case h as  been 

* T h e  fo r m s a s s u m e d  fo r  u ,  v', w  a r e  n o t  v a l id  i f  =  0 .
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T h eory o f  E la s tic  S ta b ili ty . 7 5 9

A ccordingly, q2 m u s t now  be sm all if a  stress of p rac tica l in te re s t is to  cause 

collapse. As a  first re su lt th e n
«<K

0  =
k2 {k2 + l ) '

I t  is n e x t necessary  to  find th e  various ty p es of te rm s in  th e  expansion of 

th e  d e te rm in an t to  o rder h2 ; th e  coefficients a re  n o t in  th e  first instance 

required . I t  th e n  appears  th a t  th e  m in im um  value of 0 fo r given k  (which 

m u st be in teg ra l) corresponds w ith  a  value of q w hich is such th a t  0, q2 an d  h 

a re  sm all q u an titie s  of th e  sam e order. The d e te rm in an t contains no te rm s 

in d ep en d en t of, o r lin ear in , these  th ree  q u an tities. A first app rox im ation  to  

0 is therefo re  o b ta in ed  from  an  ev a lu a tio n  of th e  d e te rm in an t to  th e  second 

o rder of these  q u an titie s . The te rm s in  a n d  Qq2 a re  know n, none in  0A or 

q2h can  ap p ear, so th a t  on ly  te rm s in  02 a n d  h2 rem ain  to  be evaluated . There 

are  phvsical g rounds fo r ignoring  th e  te rm s in  0 2, an d  some m ath em atica l 

grounds. C om pletely  to  de term ine  th e m  w ould of course require  a  revision 

of th e  preceding  w ork, so th a t  th e  shell equations should  con tain  th e  re lev an t 

te rm s of th e  th ird -o rd e r. H ow ever, som e of th e  te rm s in  02 a lready  appear 

an d  are  m ultip lied  in  every  case b y  th e  square  or h igher pow er of q ; th is  is 

also th e  case w ith  those  th a t  arise in  th ird -o rd e r shell equations w hich have 

been found  in  a  special case for an o th e r purpose. I t  has therefore  appeared  

im possible th a t  these  te rm s could affect th e  resu lt, an d  th e y  have n o t been 

calcu la ted  in  full. The h2te rm  is read ily  ob ta ined . W riting  th e  d e

\ - ^ - k 2 q2 1 / 2 0& 2 +  A - J ,
| 2  4c p 2

1 - 4 -  a7 1 —  (J2 f l 7 - -r»^2
- ± - k q  4  Qkq +  B -  ,

h2
oq +  c t

P

l - l - f f ,  1 —  o 2fi7 , -r\k2
W t - k q --------  —  0  ,

2  4  p 2

7 0  1 — OT 9  1  —  A  2  _ L _  TT ^

—  k 2 2  q24  e ? 2 + F - 2 ,

A2

- * + g - 2
P 2

, T T  h 2
-oq-\-H —  ,

P “
* + ! - 2

P 2
l  +  ( l - o * ) V + J ^

P 2

w here A, B, C, ... are  co nstan ts , th e  te rm  in  h2 is seen to  be

~g ) kl  — ( F —  k Q  +  — J ).
2 p2

In  th is  expression only  th a t  p a r t  of F , fo r in stance, independen t of q is 

required , an d  th is  m u st come from  th e  te rm s in  v' n o t d ifferen tiated  w ith  

regard  to  a  in  th e  second s tab ility  equation .

The final re su lt is

1 —  a ( 1  — ^ 2 ) q i_j_ ( l  _  a 2) Qq2k 2 +  1 )  +
A4 (A2 — 1)2 A fj =

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

8
 A

u
g
u
st

 2
0
2
2
 



7 6 0 K . R .  R a o .

The m in im um  value of 0 is g iven  b y

s k 2(k2 — 1) A 

q “ V 3  ( 1 —  p ’

th e  corresponding m in im u m  to ta l  th ru s t ,  S, t h a t  will cause in s tab ility  in the 

m ode defined b y  k  is

verify ing th e  re su lt g iven b y  th e  ‘ T heory  of T h in  Shells.’*

O n t h e  F lu o r e s c e n c e  a n d  C h a n n e lle d  A b s o r p t io n  o f  B is m u th

a t  H ig h  T e m p e r a tu r e s .

B y K . R a n g a d h a m a  R a o , M .A., M adras U n iv e rs ity  R esearch

Scholar.

(Communicated by  Lord Rayleigh, F .R .S .— Received Jan u ary  2, 1925.)

In  a  p ap er recen tly  co m m unicated  to  th e  R o y al Society, experim ents dealing 

w ith  th e  ab so rp tio n  sp ec tra  of several m eta ls  w ere described, in  w hich i t  was 

fo u n d  th a t  b ism u th  v ap o u r show s b o th  lines a n d  bands in  absorp tion . The 

banded  sp ec tru m  consists of th ree  groups of bands, each group consisting of 

a  nu m b er of bands deg raded  to w ard s th e  red , th e  group of bands in  th e  visible 

region ap p earin g  a t  h igh  tem p era tu res .

In  th e  above experim en ts i t  w as hoped  t h a t  b y  ra ising  th e  tem p era tu re  of 

th e  ab so rp tio n  ch am b er sufficiently  h igh , an d  ra ising  th e  ab so rp tion  in  the  

lines of th e  several bands, i t  m ig h t be possible to  d e tec t a  fine s tru c tu re  in 

som e of th ese  bands. A ccordingly , th e  a u th o r  m odified th e  furnace pre

viously  used  so as to  blow  th ro u g h  i t  a  la rg er q u a n tity  of com pressed a ir, and 

succeeded finally  by  using  coke a n d  th is  fu rnace to  o b ta in  a  tem p era tu re  of 

a b o u t 1500° C. to  1600° C. A t th is  te m p era tu re  th e  v apour em itted  a 

fluorescent ra d ia tio n  orange yellow  in  colour.

In  these  experim ents th e  sp ec tra  w ere pho tographed  b y  a H ilger glass 

spectrom eter of th e  c o n stan t dev ia tio n  ty p e . To o b ta in  th e  fluorescence and 

ab so rp tio n  spec tra  in  ju x tap o sitio n , th e  s lit of th e  collim ator is provided w ith

[Pl a t e  1 2 .]

* S o u th w e ll,  loc. c i t . ,  p . 2 3 5 .
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