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On the Theory of Quantum Mechanics.

B y  P . A . M. D i r a c , S t. J o h n ’s College, C am b rid g e .

(C om m unicated  b y  R . H . Fow ler, F .R .S .— R eceived A u g u st 26, 1926.)

§ 1. Introduction and S um m ary .

T h e  n ew  m e c h a n ic s  of th e  a to m  in t ro d u c e d  b y  H e isen b e rg *  m a y  be  b a se d  

on  th e  a s s u m p tio n  t h a t  th e  v a r ia b le s  t h a t  d esc rib e  a  d y n a m ic a l s y s te m  do  n o t  

ob ey  th e  c o m m u ta tiv e  law  of m u lt ip l ic a tio n , b u t  s a ti s fy  in s te a d  c e r ta in  q u a n tu m  

c o n d itio n s . O ne c a n  b u ild  u p  a  th e o ry  w ith o u t  k n o w in g  a n y th in g  a b o u t th e  

d y n a m ic a l v a r ia b le s  e x c e p t th e  a lg e b ra ic  lawrs t h a t  th e y  a re  s u b je c t to , a n d  

c an  show  t h a t  th e y  m a y  b e  re p re s e n te d  b y  m a tr ic e s  w h en ev e r a  s e t  of u n ifo rm - 

is in g  v a r ia b le s  fo r th e  d y n a m ic a l s y s te m  e x is t s .f  I t  m a y  be  show n , h o w ev er 

(see § 3), t h a t  th e re  is  n o  s e t  of u n ifo rm is in g  v a r ia b le s  fo r a  s y s te m  c o n ta in in g  

m o re  th a n  one  e le c tro n , so  t h a t  th e  th e o ry  c a n n o t p ro g ress  v e ry  fa r  o n  th e se  

lin e s .

A  n ew  d e v e lo p m e n t of th e  th e o ry  h a s  re c e n tly  b een  g iv e n  b y  S c h ro d in g e r .j  

S ta r t in g  fro m  th e  id e a  t h a t  a n  a to m ic  s y s te m  c a n n o t be  re p re se n te d  b y  a  

tr a je c to ry , i.e., b y  a  p o in t  m o v in g  th ro u g h  th e  c o -o rd in a te  sp ace , b u t  m u s t b e  

re p re s e n te d  b y  a  w a v e  in  th i s  sp ace , S c h ro d in g e r o b ta in s  fro m  a  v a r ia tio n  p r in 

c ip le  a  d iffe re n tia l  e q u a tio n  w h ic h  th e  w av e  fu n c t io n  m u s t s a tis fy . T h is  

d if fe re n tia l  e q u a tio n  tu r n s  o u t to  be  v e ry  c losely  c o n n e c te d  w ith  th e  H a m ilto n ia n  

e q u a tio n  w h ic h  specifies th e  s y s te m , n a m e ly , if

is  th e  H a m ilto n ia n  e q u a t io n  of th e  s y s te m , w h ere  th e  qn p r a re  c an o n ic a l 

v a ria b le s , th e n  th e  w a v e  e q u a tio n  fo r  is

w here  h is  (27t )- 1 tim e s  th e  u s u a l P la n c k ’s c o n s ta n t. E a c h  m o m e n tu m  p r in  H  

is  re p la ce d  b y  th e  o p e ra to r  ill 0 /3 jy , a n d  is  s u p p o se d  to  o p e ra te  o n  a ll  t h a t  e x is t s  

o n  i t s  r ig h t -h a n d  s id e  in  th e  te r m  in  w h ich  i t  o ccu rs. S c h ro d in g e r ta k e s  th e  

v a lu es  of th e  p a ra m e te r  W  fo r w h ich  th e re  e x is ts  a  ^  s a tis fy in g  (1) t h a t  is

* S e e  v a r io u s  p a p e r s  b y  B o r n , H e i s e n b e r g  a n d  J o r d a n ,  Z e it s .  f .  P h y s . ,  v o l .  3 3  o n w a r d s .

t  4 R o y .  S o c .  P r o c . , ’ A ,  v o l .  1 1 0 ,  p .  5 6 1  (1 9 2 6 ) .

x S e e  v a r i o u s  p a p e r s  in  t h e  ‘ A n n . d .  P h y s . , ’ b e g in n in g  w it h  v o l .  7 9 ,  p .  3 6 1  ( 1 9 2 6 ) .

H  ( j„  p 9) - W  =  0

( 1 )
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6 6 2 P .  A . M . D ir a c .

c o n tin u o u s , s in g le -v a lu e d  a n d  b o u n d e d  th ro u g h o u t  th e  w h o le  o f y -sp ace  to  be 

th e  e n e rg y  lev e ls  o f th e  s y s te m , a n d  sh o w s  t h a t  w h e n  th e  g e n e ra l  s o lu tio n  o f (1) 

is  k n o w n , m a tr ic e s  to  re p re s e n t th e  p r a n d  qr m a y  e a s ily  b e  o b ta in e d , s a ti s f y in g  

a l l  th e  c o n d itio n s  t h a t  th e y  h a v e  to  s a t i s f y  a c c o rd in g  to  H e is e n b e rg ’s m a t r ix  

m e c h a n ic s , a n d  c o n s is te n t  w ith  th e  e n e rg y  le v e ls  p re v io u s ly  fo u n d . T h e  m a th e 

m a t ic a l  e q u iv a le n c e  o f th e  th e o r ie s  is  t h u s  e s ta b li s h e d .

I n  th e  p re s e n t p a p e r , S c h ro d in g e r’s th e o r y  is  c o n s id e re d  in  § 2 f ro m  a  s l ig h t ly  

m o re  g e n e ra l p o in t  o f v iew , in  w h ic h  th e  t im e  t a n d  i t s  c o n ju g a te  m o m e n tu m  

— W  a re  t r e a t e d  f ro m  th e  b e g in n in g  o n  th e  s a m e  fo o tin g  a s  th e  o th e r  v a r ia b le s . 

A  m o re  g e n e ra l  m e th o d , re q u ir in g  o n ly  e le m e n ta ry  s y m b o lic  a lg e b ra , o f o b ta in in g  

m a t r ix  r e p re s e n ta tio n s  o f th e  d y n a m ic a l v a r ia b le s  is  g iv e n .

I n  § 3 th e  p ro b le m  is  c o n s id e re d  o f a s y s te m  c o n ta in in g  s e v e ra l  s im ila r  p a r 

t ic le s , s u c h  a s  a n  a to m  w ith  s e v e ra l  e le c tro n s . I f  th e  p o s it io n s  o f tw o  of th e  

e le c tro n s  a re  in te rc h a n g e d , th e  n e w  s t a t e  o f th e  a to m  is  p h y s ic a lly  in d is t in g u is h 

a b le  f ro m  th e  o r ig in a l o n e . I n  s u c h  a c a s e  o n e  w o u ld  e x p e c t o n ly  s y m m e tr ic a l  

fu n c tio n s  o f th e  c o -o rd in a te s  o f a ll th e  e le c tro n s  to  b e  c a p a b le  o f b e in g  r e p re 

s e n te d  b y  m a tr ic e s .  I t  is  f o u n d  t h a t  th i s  a llo w s  o n e  to  o b ta in  tw o  s o lu t io n s  of 

th e  p ro b le m  s a ti s fy in g  a ll  th e  n e c e s s a ry  c o n d it io n s , a n d  th e  th e o r y  is  in c a p a b le  

of d e c id in g  w h ic h  is  th e  c o rr e c t  o n e . O ne  o f th e  s o lu tio n s  le a d s  to  P a u l i ’s 

p r in c ip le  t h a t  n o t  m o re  t h a n  o n e  e le c tro n  c a n  b e  in  a n y  g iv e n  o rb it ,  a n d  th e  

o th e r , w h e n  a p p lie d  to  th e  a n a lo g o u s  p ro b le m  o f th e  id e a l  g a s , le a d s  to  th e  

E in s te in -B o s e  s t a t i s t i c a l  m e c h a n ic s .

T h e  e ffec t o f a n  a r b i t r a r i l y  v a ry in g  p e r tu r b a t io n  o n  a n  a to m ic  s y s te m  is  

w o rk e d  o u t  in  § 5 w i th  th e  h e lp  o f a  n ew  a s s u m p tio n . T h e  th e o r y  is  a p p lie d  

to  th e  a b s o rp tio n  a n d  s t im u la te d  e m is s io n  o f r a d ia t io n  b y  a n  a to m . A  g e n e ra lis a 

t io n  o f th e  d e s c r ip tio n  o f th e  p h e n o m e n a  b y  E i n s t e i n ’s B  co e ffic ien ts  is  o b ta in e d , 

in  w h ic h  th e  p h a s e s  p la y  th e i r  p ro p e r  p a r t s .  T h is  m e th o d  c a n n o t  be  a p p lie d  to  

s p o n ta n e o u s  e m iss io n .

§ 2. General T heory .

A c c o rd in g  to  th e  n e w  p o in t o f v ie w  in tr o d u c e d  b y  S c h ro d in g e r , w e n o  lo n g e r  

le av e  u n sp ec if ie d  th e  n a tu r e  o f th e  d y n a m ic a l v a r ia b le s  t h a t  d e sc r ib e  a n  a to m ic  

s y s te m , b u t  c o u n t th e  q’s a n d  t a s  o rd in a ry  m a th e m a t ic a l  v a r ia b le s  ( th is  b e in g  

p e rm is s ib le  s in c e  th e y  c o m m u te  w i th  o n e  a n o th e r )  a n d  ta k e  th e  p ’s a n d  W  to  be 

th e  d if fe re n tia l  o p e ra to rs

Whenever a p r or W  occurs in  a term o f an equation, it m ust he considered as 

m eaning the corresponding differential operator operating on all that occurs on its
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T h e o ry  o f  Q u a n tu m  M echa n ics . 6 6 3

right-hand side in  the term in  question. T h u s , b y  c a r ry in g  o u t th e  o p e ra t io n s , 

one c an  red u ce  a n y  fu n c tio n  of th e  p ’s, q s, W  a n d  t to  a fu n c t io n  of th e  q's a n d  t 

on ly .

T he re la tio n s  (2) re q u ire  tw o  o b v io u s  m o d if ica tio n s  to  be m a d e  in  th e  a lg eb ra  

g o v e rn in g  th e  d y n a m ic a l v a ria b le s . F ir s t ly , o n ly  ra tio n a l in te g ra l  fu n c tio n s  of 

th e  p ’s a n d  W  h a v e  a  m e an in g , a n d , seco n d ly , one can m ultiply  up  an equation 

by a factor  (integral in  the p 's  and  W ) on the left-hand side, but one cannot, in  

general, m ultiply up  by factor on the right-hand side. T h u s , if  one is  g iv e n  th e  

e q u a tio n  a =  b, o n e  c a n  in fe r  f ro m  i t  t h a t  X a  =  X b, w here  X  is  a rb i t r a ry ,  b u t 

one  c a n n o t in  g e n e ra l  in fe r  t h a t  a X  — bX .

T h ere  a re , h o w ev er, c e r ta in  e q u a tio n s  a =  b fo r w h ich  i t  is  tru e  th a t  a X  =  b X  

fo r a n y  X , a n d  th e s e  e q u a tio n s  w e ca ll id e n tit ie s .  T h e  q u a n tu m  c o n d itio n s

qrPs — M r  =  MKs, PrP» — PsPr =  0,

w ith  th e  s im ila r  re la tio n s  in v o lv in g  — W  a n d  t , a re  id e n tit ie s ,  a s  i t  c an  eas ily  

be v erified  (a n d  h a s  b e en  v e rified  b y  S ch ro d in g e r) t h a t  th e  re la tio n s

(qrps —  psqr) X  =  ih8rsX>

e tc .,  h o ld  fo r a n y  X . T h ese  re la tio n s  fo rm  th e  m a in  ju s tif ic a tio n  fo r th e  

a s s u m p tio n s  (2).

I f  a =  b is  a n  id e n t i ty ,  we c a n  d ed u ce , s in ce  a X  — b X  a n d  X a  =  X b , t h a t

a X  — X a  =  b X  — X b,

o r

[a, X ] =  [6, X ].

T h u s  we c a n  e q u a te  th e  P o iss o n  b ra c k e t of e ith e r  s id e  of a n  id e n t i ty  w ith  a n  

a r b i t r a r y  q u a n t i ty , a n d  so o u r q u a n tu m  id e n t i ty  is  th e  a n a lo g u e  of a n  id e n ti ty  

on  th e  c la s s ica l th e o ry . W e a ss u m e  th e  g e n e ra l e q u a tio n  xy  — ijx =  ih  [x, y] 

a n d  th e  e q u a tio n s  o f m o tio n  of a  d y n a m ic a l s y s te m  to  be id e n tit ie s .

A  d y n a m ic a l s y s te m  is  specified  b y  a  H a m ilto n ia n  e q u a tio n  b e tw een  th e  

v a ria b le s

o r m o re  g en e ra lly

H  (qr, Pr, t) —  W  =  0 , 

F  (q„ p r, U W ) =  0,

( 3 )

(4)

a n d  th e  e q u a tio n s  of m o tio n  a re

dx/ds  — [x, F ],

w here  x  is  a n y  fu n c tio n  of th e  d y n a m ic a l v a ria b le s , a n d  s is  a v a ria b le  w hich  

d e p en d s  o n  th e  fo rm  in  w h ich  (4) is  w r it te n ,  a n d , in  p a r tic u la r , is  ju s t  t if  (4) is 

w r i t te n  in  th e  fo rm  (3). O n th e  new  th e o ry  we c o n s id e r th e  e q u a tio n

F ^  =  0, (5)
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6 6 4 P .  A . M . D i r a c .

w h ic h , if  w e ta k e  ^  to  b e  a  fu n c t io n  of th e  q1 s a n d  t o n ly , is  a n  o rd in a ry  d iffe re n 

t i a l  e q u a tio n  fo r F ro m  th e  g e n e ra l  s o lu tio n  o f t h i s  d if fe re n tia l  e q u a t io n  th e  

m a tr ic e s  t h a t  fo rm  th e  s o lu tio n  o f th e  m e c h a n ic a l  p ro b le m  m a y  b e  v e ry  e a s ily  

o b ta in e d .

S in c e  (5) is  l in e a r  in  i t s  g e n e ra l  s o lu tio n  is  of th e  fo rm

<!> =  (6) 

w h e re  th e  cn’s a re  a r b i t r a r y  c o n s ta n t s  a n d  th e  ^ , / s  a re  a  s e t  o f in d e p e n d e n t  

s o lu tio n s , w h ic h  m a y  b e  c a lle d  e ig e n fu n c tio n s .  O n ly  s o lu tio n s  t h a t  a r e  c o n 

tin u o u s , s in g le -v a lu e d  a n d  b o u n d e d  th r o u g h o u t  th e  w h o le  d o m a in  o f th e  q s 

a n d  t a re  re c o g n is e d  b y  th e  th e o ry . I n s t e a d  o f a  d is c r e e t  s e t  o f e ig e n fu n c t io n s  

y n th e re  m a y  b e  a  c o n tin u o u s  s e t  (a ), d e p e n d in g  o n  a  p a r a m e te r  a , a n d  s a t i s 

fy in g  th e  d if f e r e n tia l  e q u a t io n  fo r a ll  v a lu e s  o f a  in  a  c e r ta in  ra n g e , in  w h ic h

case  th e  s u m  in  (6) m u s t  b e  re p la c e d  b y  a n  in te g r a l  j c a^  (a ) rfa,* o r  b o th  a  d is c r e e t

s e t  a n d  a  c o n tin u o u s  s e t  m a y  o c c u r  to g e th e r .  F o r  d e fin ite n e s s , h o w e v e r , w e 

s h a ll  w r i te  d o w n  e x p l ic i t ly  o n ly  th e  d is c r e e t  s u m  in  th e  fo llo w in g  w o rk .

W e  s h a ll n o w  sh o w  t h a t  a n y  c o n s ta n t  o f in te g r a t io n  o f th e  d y n a m ic a l  s y s te m  

( e ith e r  a  f i r s t  in te g ra l  o r  a  s e c o n d  in te g ra l)  c a n  b e  re p re s e n te d  b y  a  m a t r i x  

w h o se  e le m e n ts  a re  c o n s ta n t s ,  th e r e  b e in g  o n e  rowT a n d  c o lu m n  of th e  m a t r i x  

c o rre s p o n d in g  t o  e a c h  e ig e n fu n c t io n  ^ w. L e t  a  b e  a  c o n s ta n t  o f in te g r a t io n  

o f th e  s y s te m , i.e., a  f u n c t io n  o f th e  d y n a m ic a l v a r ia b le s  s u c h  t h a t  [a , F ]  =  0  

id e n tic a lly . W e  h a v e  th e  r e la t io n

F a  =  a F ,

w h ic h , b e in g  a n  id e n t i ty ,  w e c a n  m u l t ip ly  b y  o n  th e  r ig h t - h a n d  s id e . W e  

th u s  o b ta in

Fa<j/n =  a F ^ n  =  0,

s in c e  Fvpn =  0  (a lth o u g h  n o t  id e n t ic a lly ) . H e n c e  a y n is  a  s o lu tio n  o f th e  

d if f e re n t ia l  e q u a tio n  (5), so  t h a t  i t  c a n  b e  e x p a n d e d  in  th e  fo rm  (6), i.e .,

w h e re  th e  amn's  a re  c o n s ta n ts .  W e  ta k e  th e  q u a n t i t ie s  amn t o  b e  th e  e le m e n ts  

o f th e  m a t r ix  t h a t  re p re s e n ts  a. T h e  m a t r ix  ru le  o f m u l tip l ic a tio n  e v id e n tly  

h o ld s , s in ce , if  b is  a n o th e r  c o n s ta n t  of in te g ra t io n  of th e  s y s te m , w e h a v e

Clb'^n rrfomn ^mk^k^knJ^mn?

* T h e  g e n e r a l  s o lu t i o n  m a y  c o n t a in  q u a n t i t i e s ,  s u c h  a s  \^a a n d  cyl'a/d<*, w h i c h  s a t i s f y  t h e  

d if f e r e n t ia l  e q u a t i o n  ( 5 ) ,  b u t  w h i c h  c a n n o t  s t r i c t l y  b e  p u t  in  t h e  f o rm  j c a\jrada} a l t h o u g h  

t h e y  m a y  b e  r e g a r d e d  a s  t h e  l im i t s  o f  s e r ie s  o f  q u a n t i t i e s  w h ic h  a r e  o f  t h i s  f o rm .
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T h e o ry  o f  Q u a n tu m  M ech a n ics . 6 6 5

a n d  a lso

aH n  =  (ab)kn,

so t h a t

{pb)kn ^mUlcnfimn*

A s a n  e x a m p le  of a  c o n s ta n t of in te g ra tio n  of th e  d y n a m ic a l sy s tem , w e m a y  

ta k e  th e  v a lu e  x ( t0) t h a t  a n  a r b i t r a r y  fu n c tio n  x  of th e  p ’s, q’s, W  a n d  t h a s  a t  a 

sp ec ified  t im e  t =  to. T h e  m a tr ix  t h a t  re p re s e n ts  x(to) w ill c o n s is t of e lem en ts  

e ac h  of w h ic h  is  a  fu n c tio n  of t0. W rit in g  t fo r t0, w e see t h a t  a n  a rb it ra ry  

fu n c tio n  of th e  d y n a m ic a l v a r ia b le s , x  (t), o r  s im p ly  x , c an  be  re p re se n te d  b y  a 

m a tr ix  w hose  e le m e n ts  a re  fu n c tio n s  of t on ly .

T h e  m a tr ix  r e p re s e n ta tio n  w e h a v e  o b ta in e d  is  n o t u n iq u e , s ince  a n y  s e t  of 

in d e p e n d e n t e ig e n fu n c tio n s  w ill do . T o o b ta in  th e  m a tr ic e s  of H e ise n b e rg ’s  

o r ig in a l q u a n tu m  m e ch a n ic s , w e m u s t choose th e  t|;n’s in  a  p a r t ic u la r  w ay . W e 

c a n  a lw ay s , b y  a  l in e a r  tr a n s fo rm a tio n ,  o b ta in  a  s e t  of ^ n’s w h ic h  m a k es  th e  

m a tr ix  re p re s e n tin g  a n y  g iv e n  c o n s ta n t of in te g ra tio n  of th e  d y n a m ic a l s y s te m  

a  d ia g o n a l m a tr ix . S u p p o se  n o w  t h a t  th e  H a m ilto n ia n  F  does n o t c o n ta in  th e  

t im e  e x p lic it ly , so  t h a t  W  is  a  c o n s ta n t of th e  s y s te m , a n d  is  th e  energy , a n d  

w e choose  th e  ij;n’s so  a s  to  m a k e  th e  m a tr ix  re p re s e n tin g  W  a  d ia g o n a l m a tr ix ,  

i.e., so  a s  to  m a k e

W ^  =  W n^ ,  . (7)

w h ere  W n is  a  n u m e r ic a l  c o n s ta n t. L e t x  be  a n y  fu n c tio n  of th e  d y n a m ic a l 

v a r ia b le s  that does not involve the time explicitly , a n d  p u t

w h ere  th e  x mn’s a re  fu n c tio n s  of th e  t im e  o n ly . W e s h a ll n o w  show  th a t  th e  

#  ’s a re  of th e  fo rm
x mn =  amne ^ - ^ « \ (8)

w h ere  th e  amn’s a re  c o n s ta n ts , a s  o n  H e ise n b e rg ’s th e o ry . W e h av e

W  X =  ^ W Xmntym

=  (W xmn — -f- ^ mXmnW

=■ ^Jmih x mn^/m mtyrrr (0)

A lso, s in ce  x  does n o t  c o n ta in  t e x p lic it ly ,

Wxtyn =  xW tyn  =  x W ntyn =  W nX<\>n

=  W nZ mXmn'\>m- (10)

E q u a tin g  th e  coeffic ien ts of in  (9) a n d  (10), w e o b ta in

ih x mn =  xmn (W w — W m), 

w h ich  show s t h a t  x rnn is  of th e  fo rm  (8).

v o l . c x n . — A . 2 Y
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6 6 6 P .  A . M . D i r a c ,

W e h a v e  th u s  s h o w n  t h a t  w i th  th e  tpn’s c h o se n  in  th i s  w a y  th e  m a tr ic e s  s a t i s f y  

a ll  th e  c o n d itio n s  o f H e is e n b e rg ’s m a t r ix  m e c h a n ic s , e x c e p t th e  c o n d it io n  t h a t  

th e  m a tr ic e s  t h a t  re p re s e n t r e a l  q u a n t i t i e s  a re  H e r m i t ic  {i.e., h a v e  th e i r  m n  a n d  

n m e le m e n ts  c o n ju g a te  im a g in a r ie s ) . T h e re  d o e s  n o t  s ee m  to  b e  a n y  s im p le  

g e n e ra l  p ro o f  t h a t  th i s  is  th e  case , a s  t h e  p ro o f  w o u ld  h a v e  to  m a k e  u s e  o f th e  

f a c t  t h a t  th e  ^ „ ’s a re  b o u n d e d . I t  is  e a s y  to  p ro v e  th e  p a r t i c u la r  c a s e  t h a t  th e  

m a t r ix  r e p r e s e n t in g  W  is  H e rm it ic ,  i.e., t h a t  t h e  W „ ’s a re  re a l , s in c e  f ro m  (7) 

m u s t  be  o f th e  fo rm

=  u ne~

w h ere  u n is  in d e p e n d e n t o f t, a n d  if  W n c o n ta in s  a n  im a g in a r y  p a r t ,  ^ n w o u ld  n o t  

re m a in  b o u n d e d  a s  t b e co m e s in f in ite . I n  g e n e ra l , th e  m a tr ic e s  re p re s e n tin g  

re a l  q u a n t i t ie s  c o u ld  b e  H e r m i t ic  o n ly  if  t h e  a r b i t r a r y  n u m e r ic a l  c o n s ta n ts  b y  

w h ic h  th e  <J>n’s  m a y  b e  m u lt ip l ie d  a re  c h o s e n  in  a  p a r t i c u la r  w a y .

W e  m a y  re g a rd  a n  e ig e n fu n c t io n  a s  b e in g  a s s o c ia te d  w i th  d e f in ite  n u m e r ic a l  

v a lu es  fo r  so m e  of th e  c o n s ta n ts  o f in te g r a t io n  o f th e  s y s te m . T h u s , if  w e fin d  

c o n s ta n ts  o f in te g r a t io n  a, h, . . . s u c h  t h a t

=  a«<K> H n  • • • (11)

w h ere  a n, hn, . . . a re  n u m e r ic a l  c o n s ta n ts ,  w e  c a n  s a y  t h a t  ipn re p re s e n ts  a  s t a t e  

of th e  s y s te m  in  w h ic h  a , fe, . . . h a v e  th e  n u m e r ic a l  v a lu e s  an, bn, . . . (N o te  

t h a t  a , b, . . .  m u s t  c o m m u te  fo r  (11) to  b e  p o s s ib le .)  I n  th i s  w a y  w e c a n  h a v e  

e ig e n fu n c tio n s  r e p re s e n tin g  s ta t io n a r y  s t a t e s  o f a n  a to m ic  s y s te m  w i th  d e f in ite  

v a lu e s  fo r  th e  e n e rg y , a n g u la r  m o m e n tu m , a n d  o th e r  c o n s ta n ts  o f in te g ra t io n .

I t  s h o u ld  b e  n o tic e d  t h a t  th e  c h o ic e  o f th e  t im e  t a s  t h e  v a r ia b le  t h a t  o c c u rs  in  

th e  e le m e n ts  of th e  m a tr ic e s  re p re s e n tin g  v a r ia b le  q u a n t i t i e s  is  q u i te  a r b i t r a r y ,  

a n d  a n y  fu n c tio n  o f t a n d  th e  q’s t h a t  in c re a s e s  s te a d i ly  w o u ld  d o . T o  d e te r 

m in e  a c c u ra te ly  th e  r a d ia t io n  e m i t te d  b y  th e  s y s te m  in  th e  d ir e c tio n  o f th e  

# -a x is , o n e  w o u ld  h a v e  to  u s e  (t — xjc) i n s te a d  o f t *  I t  is  p ro b a b le  t h a t  th e  

re p re s e n ta tio n  o f a  c o n s ta n t  o f in te g r a t io n  o f th e  s y s te m  b y  a  m a t r ix  o f c o n s ta n t  

e lem e n ts  is  m o re  f u n d a m e n ta l  t h a n  th e  r e p r e s e n ta t io n  o f a  v a r ia b le  q u a n t i ty  

b y  a  m a t r ix  w h o se  e le m e n ts  a re  fu n c tio n s  o f so m e  v a r ia b le  s u c h  a s  t o r  (t — x/c). 

I t  w o u ld  a p p e a r  to  b e  p o s sib le  to  b u ild  u p  a n  e le c tro m a g n e tic  th e o r y  in  w h ic h  

th e  p o te n tia ls  of th e  fie ld  a t  a  sp ec ifie d  p o in t  x 0, yo, Zo> to in  s p a c e - tim e  a re  

re p re s e n te d  b y  m a tr ic e s  of c o n s ta n t  e le m e n ts  t h a t  a re  fu n c tio n s  o f x 0y y 0, z0y t0.

§ 3. System s containing Several S im ila r  Particles.

I n  H e is e n b e rg ’s m a t r ix  m e c h a n ic s  i t  is  a s s u m e d  t h a t  th e  e le m e n ts  o f  th e  

m a tr ic e s  t h a t  re p re s e n t th e  d y n a m ic a l  v a r ia b le s  d e te rm in e  th e  fre q u e n c ie s  a n d  

* ‘ R o y .  S o c .  P r o c . , ’ A ,  v o l .  I l l ,  p .  4 0 5  ( 1 9 2 6 ) .
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T h eo ry  o f  Q u a n tu m  M ech an ics. 6 6 7

in te n s it ie s  of th e  c o m p o n e n ts  of r a d ia tio n  e m itte d . T h e  th e o ry  th u s  en ab les  

one to  c a lc u la te  ju s t  th o se  q u a n ti t i e s  t h a t  a re  of p h y sica l im p o r ta n c e , a n d  g ives 

no  in fo rm a tio n  a b o u t  q u a n ti t i e s  su ch  as  o rb ita l  freq u en c ies  t h a t  one c an  n ev er 

hope  to  m e as u re  e x p e r im e n ta lly . W e s h o u ld  e x p ec t th is  v e ry  s a tis f a c to ry  

c h a r a c te r is t ic  to  p e rs is t  in  a ll fu tu r e  d e v e lo p m en ts  of th e  th e o ry .

C o nsider n o w  a  s y s te m  t h a t  c o n ta in s  tw o  o r m o re  s im ila r p a rtic le s , say , fo r 

d e fin iten ess , a n  a to m  w ith  tw o  e lec tro n s . D e n o te  b y  (mn) t h a t  s ta te  of th e  

a to m  in  w h ic h  o n e  e lec tro n  is  in  a n  o rb it  la b e lled  m , a n d  th e  o th e r  in  th e  o rb it  n. 

T h e  q u e s tio n  a r is e s  w h e th e r  th e  tw o  s ta te s  (mn) a n d  (nm), w h ich  a re  p h y s ica lly  

in d is tin g u is h a b le  a s  th e y  d iffe r o n ly  b y  th e  in te rc h a n g e  of th e  tw o  e lec tro n s , 

a re  to  be c o u n te d  a s  tw o  d iffe re n t s ta te s  o r  a s  o n ly  one s ta te , i.e., do  th e y  g ive  

r is e  to  tw o  ro w s a n d  c o lu m n s  in  th e  m a tr ic e s  o r  to  o n ly  one ? I f  th e  f irs t  

a l te rn a t iv e  is  r ig h t , th e n  th e  th e o ry  w o u ld  en ab le  one to  c a lc u la te  th e  in te n s it ie s  

d u e  to  th e  tw o  tr a n s i t io n s  (mn) -> (m V ) a n d  (mn) -> (n'm ') s ep a ra te ly , a s  th e  

a m p li tu d e  c o rre sp o n d in g  to  e i th e r  w o u ld  be g iv e n  b y  a  d e fin ite  e lem en t in  th e  

m a tr ix  re p re s e n tin g  th e  to t a l  p o la r is a tio n . T h e  tw o  tr a n s it io n s  a re , how ever, 

p h y sica lly  in d is tin g u is h a b le , a n d  o n ly  th e  s u m  of th e  in te n s it ie s  fo r th e  tw o  

to g e th e r  c o u ld  b e  d e te rm in e d  e x p e r im e n ta lly . H en ce , in  o rd e r to  k eep  th e  

e s s e n tia l c h a r a c te r is t ic  of th e  th e o ry  t h a t  i t  sh a ll en ab le  one to  c a lcu la te  o n ly  

o b se rv ab le  q u a n ti t i e s ,  one  m u s t a d o p t  th e  seco n d  a lte rn a t iv e  t h a t  (mn) a n d  (nm) 

c o u n t a s  o n ly  one  s ta te .

T h is  a lte rn a t iv e ,  th o u g h , a lso  lead s  to  d ifficu lties . T h e  s y m m e try  b e tw een  

th e  tw o  e lec tro n s  re q u ire s  t h a t  th e  a m p litu d e  a ss o c ia te d  w ith  th e  tr a n s i t io n  

(mn) -> (m V )  of x v  a  c o -o rd in a te  of one of th e  e lec tro n s , s h a ll e q u a l th e  a m p li

tu d e  a ss o c ia te d  w ith  th e  tr a n s i t io n  (nm) -> (n'm ') of x 2, th e  c o rre sp o n d in g  

c o -o rd in a te  of th e  o th e r  e le c tro n , i.e.,

x x (m n  ; m V )  =  x 2 (nm  ; n 'm '). (12)

I f  w e no w  c o u n t (mn) a n d  (nm) a s  b o th  d e fin ing  th e  sam e  row  a n d  co lu m n  o t 

th e  m a tric e s , a n d  s im ila r ly  fo r (m V ) a n d  (n'm '), e q u a tio n  (12) show s t h a t  each  

e lem en t of th e  m a tr ix  x x e q u a ls  th e  c o rre sp o n d in g  e lem en t of th e  m a tr ix  x 2, so 

t h a t  w e sh o u ld  h a v e  th e  m a tr ix  e q u a tio n

xx =  x 2.

T h is  re la tio n  is  o b v io u s ly  im p o ssib le , as, a m o n g s t o th e r  th in g s , i t  is in c o n s is te n t 

< w ith  th e  q u a n tu m  c o n d itio n s . W e m u s t in fe r  t h a t  u n s y m m e tric a l  fu n c tio n s

of th e  c o -o rd in a te s  (a n d  m o m e n ta )  of th e  tw o  e lec tro n s  c a n n o t be re p re se n te d  

b y  m a tric e s . S y m m e tr ic a l  fu n c tio n s , su ch  as th e  to ta l  p o la ris a tio n  of th e  

a to m , c an  be c o n sid e red  to  be re p re se n te d  b y  m a tr ic e s  w ith o u t in co n sisten cy ,

; 2 y  2
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6 6 8 P . A . M . D i r a c .

a n d  th e s e  m a tr ic e s  a re  b y  th e m s e lv e s  su ffic ie n t t o  d e te rm in e  a ll th e  p h y s ic a l  

p ro p e r tie s  o f th e  s y s te m .

O ne c o n se q u e n ce  of th e s e  c o n s id e ra tio n s  is  t h a t  th e  th e o ry  o f u n ifo rm is in g  

v a r ia b le s  in tr o d u c e d  b y  th e  a u th o r  c a n  n o  lo n g e r  a p p ly . T h is  is  b e c a u s e , 

c o r re sp o n d in g  to  a n y  t r a n s i t io n  (m n) -> ( m V ) ,  th e r e  w o u ld  b e  a  t e r m  elUw) in  

th e  F o u r ie r  e x p a n s io n s , a n d  w e s h o u ld  re q u i re  th e r e  to  b e  a  u n iq u e  s ta te ,  (m"n"), 

s ay , s u c h  t h a t  th e  s am e  te r m  et(aW) c o r re s p o n d s  to  th e  t r a n s i t io n  ( m V )  -> (m /rn " ) , 

a n d  e2l(aW) c o r re sp o n d s  to  (mn) -> (m "n "). I f  th e  m ’s a n d  n 9s a re  q u a n tu m  n u m 

b ers , a n d  w e ta k e  th e  c ase  o f o n e  q u a n tu m  n u m b e r  p e r  e le c tro n  fo r  d e fin ite n e ss , 

w e s h o u ld  h a v e  to  h a v e

m "  — m ' =  m! — m , n "  — n ' =  n ' — n. *

S ince , h o w e v e r, th e  s t a t e  ( m V )  m a y  e q u a l ly  w e ll b e  c a lle d  th e  s t a t e  (n 'm '), w e 

m a y  e q u a lly  w ell t a k e

m "  — n ' — n ' — m , n "  — m ' =  m ' — n ,

w h ich  w o u ld  g iv e  a  d if fe re n t s t a t e  (m "n ").  T h e re  is  th u s  n o  u n iq u e  s ta t e  (m "n ")  

t h a t  th e  th e o ry  o f u n ifo rm is in g  v a r ia b le s  d e m a n d s .

I f  w e n e g le c t th e  in te r a c t io n  b e tw e e n  th e  tw o  e le c tro n s , t h e n  w e c a n  o b ta in  

th e  e ig e n fu n c tio n s  fo r  th e  w h o le  a to m  s im p ly  b y  m u lt ip ly in g  th e  e ig e n fu n c tio n s  

fo r o n e  e le c tro n  w h e n  i t  e x is t s  a lo n e  in  th e  a to m  b y  th e  e ig e n fu n c t io n s  fo r  th e  

o th e r  e le c tro n  a lo n e , a n d  t a k i n g  th e  s a m e  t im e  v a r ia b le  fo r e ac h .*  T h u s  if  

4>n (x, y , z, t) is  th e  e ig e n fu n c tio n  fo r  a  s in g le  e le c tro n  in  th e  o r b i t  n, th e n  th e  

e ig e n fu n c tio n  fo r  th e  w h o le  a to m  in  th e  s t a t e  (m n) is

. 4/-  (*1 , Vv Zl> t) (* 2 . 2> «2 > t) =  'I'm (1) 

s a y , w h e re  x v  y v  z± a n d  x 2,y 2,z2 a re  th e  c o -o rd in a te s  o f th e  tw o  e le c tro n s , a n d  

(r) m e a n s  (x » Vn z»  0* T h e  e ig e n fu n c t io n  (2) (1), h o w e v e r, a lso

c o rre sp o n d s  to  th e  s am e  s t a t e  o f th e  a to m  if  w e c o u n t th e  (mn) a n d  (nm) s ta te s  

a s  id e n t ic a l . B u t  tw o  in d e p e n d e n t e ig e n f u n c tio n s  m u s t  g iv e  r is e  to  tw o  ro w s  

a n d  c o lu m n s  in  th e  m a tr ic e s .  I f  w e  a re  to  h a v e  o n ly  o n e  ro w  a n d  c o lu m n  

in  th e  m a tr ic e s  c o rre s p o n d in g  to  b o th  (mn) a n d  (nm ), w e m u s t  fin d  a  s e t  of 

e ig e n fu n c tio n s  of th e  fo rm

tymn ~  amn^m (1) (2) “b (2) (1)?

w h ere  th e  a mn’s a n d  6mn’s a re  c o n s ta n ts ,  w h ic h  s e t  m u s t  c o n ta in  o n ly  o n e  tymn 

c o r re sp o n d in g  to  b o th  (?nn) a n d  (nm), a n d  m u s t b e  su ffic ien t to  e n ab le  o n e  to

* T h e  s a m e  t im e  v a r i a b l e  t m u s t  b e  t a k e n  i n  e a c h  o w in g  t o  t h e  f a c t  t h a t  w e  w r it e  t h e  

H a m i l t o n i a n  e q u a t i o n  fo r  t h e  w h o l e  s y s t e m  : H ( l )  -f- H ( 2 )  —  W  =  0 ,  w h e r e  H ( l )  a n d  H ( 2 )  

a r e  t h e  H a m i l t o n i a n s  f o r  t h e  t w o  e l e c t r o n s  s e p a r a t e ly ,  s o  t h a t  t h e r e  i s  a  c o m m o n  t im e  t 

c o n j u g a t e  t o  m in u s  t h e  t o t a l  e n e r g y  W .
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T h e o ry  o f  Q u a n tu m  M echan ics . 6 6 9

o b ta in  th e  m a tr ix  r e p re s e n tin g  a n y  s y m m e tr ic a l  fu n c tio n  A  of th e  tw o  e lec tro n s . 

T h is  m e a n s  th e  m u s t b e  ch o sen  su ch  t h a t  A  tim e s  a n y  ch o sen  c a n  be 

e x p a n d e d  in  te rm s  of th e  c h o sen  <]/mn’s in  th e  fo rm

mm (13)

w h ere  th e  A mV<mn’s a re  c o n s ta n ts  o r  fu n c tio n s  of th e  t im e  on ly .

T h e re  a re  tw o  w a y s  of ch o o sin g  th e  s e t  of ^ mn’s to  s a ti s fy  th e  c o n d itio n s . W e 

m a y  e ith e r  ta k e  amn =  bmn, w h ic h  m a k es  eac h  ^ mn a  s y m m e tric a l  fu n c tio n  of 

th e  tw o  e lec tro n s , so t h a t  th e  le f t-h a n d  s id e  of (13) is  s y m m e tr ic a l  a n d  on ly  

s y m m e tr ic a l  e ig e n fu n c tio n s  w ill b e  re q u ire d  fo r  i t s  e x p a n s io n , o r w e m a y  ta k e  

amn —  — bmn, w h ic h  m a k e s  a n tis y m m e tr ic a l , so t h a t  th e  le f t-h a n d  side  

of (13) is  a n ti s y m m e tr ic a l  a n d  o n ly  a n tis y m m e tr ic a l  e ig en fu n c tio n s  w ill be 

re q u i re d  fo r  i t s  e x p a n s io n . T h u s  th e  s y m m e tr ic a l  e ig en fu n c tio n s  a lo n e  o r th e  

a n ti s y m m e tr ic a l  e ig e n fu n c tio n s  a lo n e  g iv e  a  co m p le te  s o lu tio n  of th e  p ro b lem . 

T h e  th e o ry  a t  p re s e n t is  in c a p a b le  o f d e c id in g  w h ic h  s o lu tio n  is  th e  c o rre c t  one. 

W e a re  ab le  to  g e t c o m p le te  s o lu tio n s  of th e  p ro b le m  w h ic h  m a k e  u se  of less 

th a n  th e  to t a l  n u m b e r  of p o ssib le  e ig e n fu n c tio n s  a t  th e  e x p en se  of b e in g  ab le  to  

re p re s e n t o n ly  s y m m e tr ic a l  fu n c tio n s  of th e  tw o  e lec tro n s  b y  m a tric e s .

T h ese  re s u lts  m a y  e v id e n tly  be  e x te n d e d  to  a n y  n u m b e r  of e lec tro n s . F o r  

r n o n - in te ra c t in g  e le c tro n s  w ith  c o -o rd in a te s  x v  y v  zx ... , xr, yr, zry th e  

s y m m e tr ic a l  e ig en fu n c tio n s  a re

' k  (<*i) K  ( * 2) —  («r). (u )

w h ere  oq, a 2 .. .  a r a re  a n y  p e rm u ta tio n  of th e  in te g e rs  1, 2 . . .  r, w h ile  th e  

a n ti s y m m e tr ic a l  ones m a y  be  w r i t t e n  in  th e  d e te rm in a n ta l  fo rm

M l ) . M 2 )  •... M r )

' M i ) . M 2 )  •- M r )

M D . M 2 )  ••• 'K  (r)

I f  th e re  is  in te ra c t io n  b e tw ee n  th e  e lec tro n s , th e re  w ill s t i l l  be s y m m e tric a l  a n d  

a n tis y m m e tr ic a l  e ig e n fu n c tio n s , a lth o u g h  th e y  c an  n o  lo n g er be p u t  in  th e se  

s im p le  fo rm s. I n  a n y  case  th e  s y m m e tric a l  ones a lone  o r  th e  a n tis y m m e tr ic a l  

o n es a lo n e  g iv e  a  co m p le te  s o lu tio n  of th e  p ro b lem .

A n  a n t is y m m e tr ic a l  e ig e n fu n c tio n  v a n ish e s  id e n tic a lly  w h en  tw o  of th e  

e lec tro n s  a re  in  th e  sam e  o rb it .  T h is  m e an s  th a t  in  th e  s o lu tio n  of th e  p ro b lem  

w ith  a n tis y m m e tr ic a l  e ig e n fu n c tio n s  th e re  c an  be no  s ta t io n a ry  s ta te s  w ith
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6 7 0 P .  A . M . D ir a c .

tw o  o r m o re  e le c tro n s  in  th e  sa m e  o rb it ,  w h ic h  is  j u s t  P a u l i ’s e x c lu s io n  p r in c ip le .*  

T h e  s o lu tio n  w ith  s y m m e tr ic a l  e ig e n fu n c tio n s , o n  th e  o th e r  h a n d ,  a llo w s a n y  

n u m b e r  o f e lec tro n s  to  b e  in  th e  s am e  o rb it ,  so  t h a t  t h i s  s o lu tio n  c a n n o t be  th e  

c o rre c t  one  fo r  th e  p ro b le m  of e le c tro n s  in  a n  a t o m . |

§ 4. Theory o f  the Idea l Gas.

T h e  re s u lts  of th e  p re c e d in g  s e c t io n  a p p ly  to  a n y  s y s te m  c o n ta in in g  s ev e ra l 

s im ila r  p a r tic le s ,  in  p a r t i c u la r  t o  a n  a s s e m b ly  o f g a s  m o lecu les . T h e re  w ill 

b e  tw o  s o lu tio n s  o f th e  p ro b le m , in  o n e  o f w h ic h  th e  e ig e n fu n c tio n s  a re  s y m 

m e tr ic a l  fu n c t io n s  o f th e  c o -o rd in a te s  o f a ll  th e  m o lecu les , a n d  in  th e  o th e r  

a n ti s y m m e tr ic a l .

T h e  w av e  e q u a tio n  fo r  a  s in g le  m o le c u le  o f re s t-m a s s  m  m o v in g  in  free  sp ac e  is  

{ p f  +  P v1 +  p f  — W 2/c 2 +  m 2c2} — 0

f  02 i 02 i § 1  _  I  02 _  , _  0

X d x ' ^ d y ^ d z *  c * d t 2 h*  J *  5

a n d  i t s  s o lu t io n  is  o f th e  fo rm

^aiaia, =  e x p . i  (oqz +  +  a  3z — E  t)/h, (16)

w h ere  a x, a 2, a 3 a n d  E  a re  c o n s ta n ts  s a t i s fy in g

a-,2 +  a 22 +  a 32 — E 2/c2 +  m 2c2 =  0.

T h e  e ig e n fu n c tio n  (16) r e p r e s e n ts  a n  a to m  h a v in g  th e  m o m e n tu m  c o m p o n e n ts  

a 3, a 2, a 3 a n d  th e  e n e rg y  E .

W e m u s t  n o w  o b ta in  so m e  r e s t r ic t io n  o n  th e  p o s sib le  e ig e n fu n c tio n s  d u e  to  

th e  p re sen c e  of b o u n d a ry  w a lls . I t  is  u s u a lly  a s s u m e d  t h a t  th e  e ig e n fu n c tio n , 

o r  w a v e  fu n c tio n  a s s o c ia te d  w i th  a  m o lecu le , v a n is h e s  a t  th e  b o u n d a ry ,  b u t  w e 

sh o u ld  e x p e c t  to  b e  a b le  to  d e d u c e  th is ,  if  i t  is  tr u e , f ro m  th e  g e n e ra l  th e o ry . 

W e a ss u m e , a s  a  n a tu r a l  g e n e r a l is a tio n  o f th e  m e th o d s  o f th e  p re c e d in g  s e c tio n , 

t h a t  th e re  m u s t  b e  o n ly  j u s t  s u ffic ie n t e ig e n fu n c tio n s  fo r  o n e  to  b e  a b le  to  

re p re s e n t b y  a  m a t r ix  a n y  fu n c tio n  o f th e  c o -o rd in a te s  t h a t  h a s  a  p h y s ic a l  

m e an in g . S u p p o se  fo r  d e fin ite n e s s  t h a t  e ac h  m o lecu le  is  co n fin ed  b e tw e e n  tw o  

b o u n d a r ie s  a t  x  =  0  a n d  x  =  2tu. T h e n  o n ly  th o s e  fu n c tio n s  o f x  t h a t  a re  d e fin ed  

o n ly  fo r 0  <  x  <  2tz h a v e  a  p h y s ic a l  m e a n in g  a n d  m u s t  b e  c ap a b le  of b e in g  

re p re s e n te d  b y  m a tr ic e s . (T h is  w ill re q u ire  few er e ig e n fu n c tio n s  th a n  if  e v e ry

* P a u l i ,  ‘ Z e i t s .  f .  P h y s . , ’ v o l .  3 1 ,  p .  7 6 5  ( 1 9 2 5 ) .

t  P r o f .  B o m  h a s  in fo rm e d  m e  t h a t  H e i s e n b e r g  h a s  i n d e p e n d e n t l y  o b t a in e d  r e s u lt s  

e q u iv a l e n t  t o  t h e s e .  (A d d e d  in  p r o o f )— s e e  H e is e n b e r g ,  6 Z e it .  fu r  P h y s . , ’ v o l .  3 8 ,  p .  4 1 1  

( 1 9 2 6 ) .
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Th eo ry  o f  Q u a n tu m  M echa nics . 6 7 1

fu n c tio n  o f x  h a d  to  be  c a p a b le  o f b e in g  re p re se n te d  b y  a  m a tr ix .)  T hese  

f u n c t i o n s / ^ )  c a n  a lw ay s  be e x p a n d e d  a s  F o u r ie r  series of th e  fo rm

/ ( * )  =  ^ naneinx, (17)

w h ere  th e  on s  a re  c o n s ta n ts  a n d  th e  nis  in te g e rs . Xf w e ch

fu n c tio n s  (16) th o s e  fo r  w h ic h  y.\ /h is  a n  in te g e r, th e n  f ( x )  t im e s  a n y  ch o sen  

e ig e n fu n c tio n  c a n  b e  e x p a n d e d  as  a  se rie s  in  th e  ch o sen  e ig e n fu n c tio n s  w hose 

co effic ien ts  a re  fu n c tio n s  o f t  o n ly , a n d  h e n c e c a n  be  re p re se n te d  b y  a  m a tr ix . 

T h u s  th e s e  c h o se n  e ig e n fu n c tio n s  a re  su ffic ien t, a n d  a re  e a s ily  seen  to  be  o n ly  

j u s t  su ffic ien t, fo r  th e  m a t r ix  re p re s e n ta tio n  o f a n y  fu n c tio n  of x  of th e  fo rm  

(17). I n s te a d  o f c h o o sin g  th o s e  e ig e n fu n c tio n s  w ith  in te g ra l  v a lu es  fo r a J h ,  

w e c o u ld  e q u a lly  w ell t a k e  th o s e  w ith  x-J e q u a l to  h a lf  a n

g e n era lly  w ith  v.x\h =  n  +  s, w h ere  n  is  a n  in te g e r  a n d  s is  a n y  re a l n u m

T h e  th e o ry  is  in c a p a b le  o f d e c id in g  w h ic h  a re  th e  c o rre c t  ones. F o r  s ta t is t i c a l  

p ro b le m s , th o u g h , th e y  a ll le ad  to  th e  s am e  re su lts .

W h e n  y  a n d  z  a re  a ls o  b o u n d e d  b y  0  <  y< 27r, 0 <  z  <  

n u m b e r  of w av es  a s s o c ia te d  w ith  m o lecu les  w hose  en erg ies  lie  b e tw ee n  E  a n d  

E  +  d E  th e  v a lu e

| ^ ( E 2 -  m V ) * E d E .

T h is  v a lu e  is  in  a g re em e n t w ith  th e  o rd in a ry  a s s u m p tio n  t h a t  th e  w av e  fu n c tio n  

v a n ish e s  a t  th e  b o u n d a ry . I t  re d u c es , w h en  one n e g lec ts  r e la tiv ity  m ech an ic s , 

to  th e  fa m ilia r  e x p re ss io n

|^ ( 2 m ) 5 E 1*dE1, (18)

w h ere  E x == E  — me2 is  th e  k in e tic  en erg y . F o r  a n  a rb i t r a ry  v o lu m e of g as  V  

th e  ex p re ss io n  m u s t be m u ltip lie d  b y  V/(27u)3.

T o  p a ss  to  th e  e ig e n fu n c tio n s  fo r th e  a ss em b ly  of m olecu les, b e tw een  w hich  

th e re  is  a ss u m e d  to  be n o  in te ra c t io n , w e m u lt ip ly  th e  e ig en fu n c tio n s  fo r th e  

s e p a ra te  m o lecu les , a n d  th e n  ta k e  e i th e r  th e  s y m m e tr ic a l  e ig en fim e tio n s , of 

th e  fo rm  (14), o r th e  a n tis y m m e tr ic a l  ones, of th e  fo rm  (15). W e m u s t n o w  

m a k e  th e  n ew  a s s u m p tio n  t h a t  a ll s ta t io n a r y  s ta te s  of th e  a sse m b ly  (each  re p re 

s e n te d  b y  one e ig en fu n c tio n ) h a v e  th e  sam e  a priori p ro b a b ili ty . I f  now  w e 

a d o p t th e  s o lu tio n  of th e  p ro b le m  t h a t  in v o lv es  s y m m e tric a l  e ig en fu n c tio n s , w e 

s h o u ld  fin d  t h a t  a ll v a lu es  fo r th e  n u m b e r of m olecu les a ss o c ia te d  jw ith  a n y  

w av e  h av e  th e  sam e  a priori p ro b a b ili ty , w h ich  g iv es ju s t  th e  E in s te in -B o se  

s ta t i s t i c a l  m e ch a n ic s .*  O n th e  o th e r  h a n d , we sh o u ld  o b ta in  a  d iffe ren t

* B o s e ,  ‘ Z e i t s .  f .  P h y s . , ’ v o l .  2 6 ,  p .  1 7 8  ( 1 9 2 4 ) ;  E in s t e in ,  ‘ S i t z u n g sb .  d .  P r e u s s .  A c . , ’ 

p . 2 6 1  (1 9 2 4 )  a n d  p .  3  ( 1 9 2 5 ) .
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6 7 2 P .  A .  M . D i r a c .

s ta t i s t i c a l  m e c h a n ic s  if  w e a d o p te d  th e  s o lu tio n  w i th  a n ti s y m m e tr ic a l  e ig e n 

fu n c tio n s , a s  w e s h o u ld  th e n  h a v e  e i th e r  0  o r  1 m o le c u le  a s s o c ia te d  w ith  e a c h  

w av e . T h e  s o lu tio n  w ith  s y m m e tr ic a l  e ig e n fu n c tio n s  m u s t  b e  th e  c o rre c t  o n e  

w h en  a p p lie d  to  l ig h t  q u a n ta , s in c e  i t  is  k n o w n  t h a t  th e  E in s te in -B o s e  s ta t i s t i c a l  

m e c h a n ic s  le a d s  to  P la n c k ’s la w  o f b la c k - b o d y  r a d ia t io n .  T h e  s o lu tio n  w ith  

a n ti s y m m e tr ic a l  e ig e n fu n c tio n s , th o u g h , is  p ro b a b ly  th e  c o rre c t  o n e  fo r  g a s  

m o lecu les , s in c e  i t  is  k n o w n  to  b e  th e  c o rre c t  o n e  fo r e le c tro n s  in  a n  a to m , a n d  

o n e  w o u ld  e x p e c t m o le c u le s  to  re s e m b le  e le c tro n s  m o re  c lo se ly  th a n  l ig h t-  

q u a n ta .

W e s h a ll n o w  w o rk  o u t,  a c c o r d in g  to  w e ll-k n o w n  p r in c ip le s , th e  e q u a ti o n  o f 

s ta t e  of t h e  g a s  o n  th e  a s s u m p t io n  t h a t  th e  s o lu tio n  w i th  a n t i s y m m e tr ic a l  e ig e n 

fu n c tio n s  is  th e  c o r re c t  o n e , so  t h a t  n o t  m o re  t h a n  o n e  m o le cu le  c a n  b e  a s s o c ia te d  

w ith  e a c h  w a v e . D iv id e  th e  w a v e s  in to  a  n u m b e r  o f s e ts  s u c h  t h a t  th e  w av e s  

in  e a c h  s e t  a re  a s s o c ia te d  w i th  m o le c u le s  o f a b o u t  th e  s a m e  e n e rg y . L e t  A s 

b e  th e  n u m b e r  of w a v es  in  th e  s th  s e t ,  a n d  le t  E s b e  th e  k in e t ic  e n e rg y  o f a  

m o lecu le  a s s o c ia te d  w i th  o n e  o f th e m . T h e n  th e  p r o b a b i l i ty  o f a  d i s t r ib u t io n  

(o r th e  n u m b e r  o f a n t i s y m m e tr ic a l  e ig e n f u n c tio n s  c o rre s p o n d in g  to  d i s t r ib u 

tio n s )  in  w h ic h  N s m o le c u le s  a re  a s s o c ia te d  w i th  w av e s  in  th e  5 th  s e t  is

W  =  IL
A ,!

g iv in g  fo r  th e  e n tr o p y

N S! ( A S - N S) ! ’

s  =  k  log  W  =  k Z s {A, (log  A s -  1) -  N , (log  N s -  1)

- ( A , - N . )  [lo g  (A s — N s) — 1]}.

T h is  is  t o  b e  a  m a x im u m , so  t h a t

0 =  SS =  tcLa { -  lo g  N s - t  lo g  (A s -  N ,)} 8 N S 

=  lo g  (A s/N s —  1 ) .  SN s,

fo r a ll v a r ia t io n s  § N S t h a t  le a v e  th e  t o t a l  n u m b e r  o f m o lecu les  N  =  S 3N s a n d  

th e  to t a l  e n e rg y  E  =  2 SE SN S u n a lte re d ,  so  t h a t

W e th u s  o b ta in

2 sSN s =  0 , 2 sE sSN s =  0 . 

lo g  (A s/N s — 1) =  a  +  (iE g,

w h ere  a  a n d  [3 a re  c o n s ta n ts , w h ic h  g iv e s

N  =
5 e«+SK, +  ■

(19)
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Th eo ry  o f  Q u a n tu m  M ech a n ics . 6 7 3

B v  m a k in g  a  v a r ia tio n  in  th e  to t a l  e n e rg y  E  a n d  p u t t in g  8 E /8 S  =  T , th e  

te m p e ra tu re , w e re a d ily  f in d  t h a t  [3 =  1/AT, so t h a t  (19) becom es

ga+E,/fcT _|_ ^ *

T h is  fo rm u la  g iv es  th e  d is t r ib u t io n  in  en e rg y  of th e  m o lecu les . O n  th e  E in s te in -  

B ose  th e o ry  th e  c o rre sp o n d in g  fo rm u la  is

N  = = ___ ± 2 ___
* go. +  E*/A;T   ^  ‘

I f  th e  s th  s e t  of w a v es  c o n s is ts  of th o s e  a ss o c ia te d  w ith  m olecu les  w hose 

e n e rg ie s  lie  b e tw e e n  E s a n d  E s +  ^ E s, w e h a v e  fro m  (18) [w here  E s n o w  m e an s  

th e  E x o f e q u a tio n  (18)],

A s -  2ttV (2m )’ E /  <ZEs/(2ttA)3, 

w h e re  V  is  th e  v o lu m e  of th e  g as. T h is  g iv es

n  =  v N - 2 *V (2m )*  f 00 E „M E ,

* {2 izhf  J 0 ea+EtlkT +  1

a n d

E  _  v E  N  - 27rV (2 m )} f  E *trfE*
* s (2tuA)3 Jo ea+E,/kT +  1 *

B y  e lim in a tin g  a  fro m  th e s e  tw o  e q u a tio n s  a n d  u s in g  th e  fo rm u la  P V  — -£E, 

w h e re  P  is  t h e  p re ss u re , w h ich  h o ld s  fo r a n y  s ta t i s t i c a l  m e ch a n ic s , th e  e q u a tio n  

o f s t a t e  m a y  b e  o b ta in e d .

T h e  s a tu r a t io n  p h e n o m e n o n  of th e  E in s te in -B o se  th e o ry  does n o t o ccu r in  

th e  p re s e n t th e o ry . T h e  specific  h e a t  c a n  e a s ily  b e  sh o w n  to  te n d  s te a d ily  to  

zero  a s  T  -> 0, in s te a d  of f ir s t  in c re a s in g  u n t i l  th e  s a tu r a t io n  p o in t is  re ac h e d  

a n d  th e n  d ec rea s in g , a s  in  th e  E in s te in -B o se  th e o ry .

§ 5. Theory o f Arbitrary Perturbations.

I n  th is  se c tio n  w e s h a ll co n sid e r th e  p ro b le m  of a n  a to m ic  s y s te m  s u b je c te d  to  

a  p e r tu r b a t io n  f ro m  o u ts id e  (e.g ., a n  in c id e n t e lec tro m a g n e tic  field) w h ich  c an  

v a ry  w ith  th e  t im e  in  a n  a r b i t r a r y  m a n n e r . L e t th e  w av e  e q u a tio n  fo r th e  

u n d is tu rb e d  s y s te m  be

(H  — W)i|> =  0, (20)

w h ere  I I  is a  fu n c tio n  of th e  p ’s a n d  f  s o n ly . I t s  g e n e ra l s o lu tio n  is  of th e  

fo rm

+ =  (21)

w h ere  th e  cn’s a re  c o n s ta n ts . W e s h a ll su p p o se  th e  to  be ch o sen  so th a t  

o n e  is  a ss o c ia te d  w ith  each  s ta t io n a r y  s ta te  of th e  a to m , a n d  to  be m u ltip lie d
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6 7 4 P . A . M . D i r a c .

b y  th e  p ro p e r  c o n s ta n ts  to  m a k e  th e  m a tr ic e s  t h a t  r e p re s e n t re a l  q u a n t i t i e s  

H e rm it ic .

N o w  s u p p o s e  a  p e r tu r b a t io n  to  b e  a p p lie d ,  b e g in n in g  a t  t h e  t im e  t 0 . T h e  

w a v e  e q u a t io n  fo r  th e  d i s tu r b e d  s y s te m  w ill b e  o f th e  fo rm

(H  — W  +  A ) =  0 , (22)

w h e re  A  is  a  f u n c tio n  o f t h e  p ’s, q’s a n d  

c a n  o b ta in  a  s o lu tio n  o f t h i s  e q u a t io n  o f t h e  fo rm

+ =  (23)

w h e re  th e  an’s a re  f u n c tio n s  o f t o n ly , w h ic h  m a y  h a v e  th e  a r b i t r a r y  v a lu e s  cn 

a t  th e  t im e  t =  0 . W e  s h a ll  c o n s id e r  th e  g e n e ra l  s o lu tio n  (21) o f e q u a t io n  (20) 

to  re p re s e n t a n  a s s e m b ly  o f th e  u n d i s tu r b e d  a to m s  in  w h ic h  | cn | 2 is  th e  n u m b e r  

o f a to m s  in  th e  nth. s t a t e ,  a n d  s h a ll  a s s u m e  t h a t  (23) r e p re s e n ts  in  th e  s a m e  

w a y  a n  a s s e m b ly  o f th e  d i s tu r b e d  a to m s ,  | an (£)j2 b e in g  th e  n u m b e r  in  th e  n th  

s t a t e  a t  a n y  t im e  t. W e  t a k e  | an |2 in s t e a d  o f a n y  o th e r  f u n c t io n  o f an b e c a u s e , 

a s  w ill  b e  s h o w n  la te r ,  t h i s  m a k e s  th e  t o t a l  n u m b e r  o f a to m s  r e m a in  c o n s ta n t .  

T h e  c o n d it io n  t h a t  ^  d e fin e d  b y  e q u a t io n  (23) s h a l l  s a t i s f y  e q u a tio n  (22) is

0  =  S n ( H ~ W  +  A )< v j,n 

=  S a  (H -  W +  A) ^  -  iK Lnd n^  (24)

s in c e  H  a n d  A  c o m m u te  w i th  an, j  w h ile  W an — anW  =  ih d n id e n tic a lly .  

S u p p o s e  A  to  b e  e x p a n d e d  in  t h e  fo rm

w h e re  th e  c o e ffic ien ts  A mn a re  fu n c t io n s  o f t o n ly , a n d  s a t i s f y  A m?<* =  A nmt 

w h e re  th e  * d e n o te s  th e  c o n ju g a te  im a g in a r y .  E q u a t io n  (24) n o w  b e co m e s , 

s in c e  (H  — W ) — 0?

T a k in g  o u t  th e  c o e ffic ien t o f ^ m, w e  fin d

ih (im =  S  nanA mn, (2 5 )

w h ic h  is  a  s im p le  d if f e r e n tia l  e q u a t io n  s h o w in g  h o w  th e  a m’s v a r y  w ith  th e  t im e .  

T a k in g  c o n ju g a te  im a g in a r ie s ,  w e  fin d

— ih a m* =  2 a * A mn* =  S tta w*A nrn.

H e n c e , if  N m — a ma m* is  th e  n u m b e r  of a to m s  in  th e  m th  s t a t e ,  w e  h a v e

=  ih  (dmam* +  d m*am)

^ n  A nrnP’m)*

t  T h e  s t a t e m e n t  a c o m m u t e s  w i t h  b m e a n s  ah — ba i d e n t i c a l l y .
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Theo ry  o f  Q u a n tu m  M e c h a n ic s . 6 7 5

T h is  g iv es

e =  2 nm (am*A mnan — a n*A nma J  =  0,

as  re q u ire d .

I f  th e  p e r tu rb a t io n  c o n s is ts  of in c id e n t e le c tro m a g n e tic  r a d ia tio n  m o v in g  in  

th e  d ire c tio n  of th e  cc-axis a n d  p la n e  p o la ris ed  w ith  i t s  e lec tr ic  v e c to r in  th e  

d ire c tio n  of th e  y -a x is , th e  p e r tu rb in g  te rm  A  in  th e  H a m ilto n ia n  is , w ith  

n e g lec t of r e la t iv i ty  m e ch an ic s , tcjc . 7),f w h ere  7 ] is  th e  to t a l  p o la r is a t io n  in  th e  

d ir e c tio n  of th e  y -a x is  a n d  0 ,  k , 0 ,  0  a re  th e  c o m p o n e n ts  of th e  p o te n tia l  of 

th e  in c id e n t  r a d ia tio n .  W e  c a n  e x p a n d  Y}^n a n d  in  th e  fo rm

*]'!'* =  S mV]m„e<<W”_W*)(/A 4>m,

• 'I 'k  =  S m7]mne;<w'" - w”)t/A 'jv ,

w h ere  th e  7)mn’s a n d  rimn’s a re  c o n s ta n ts , a n d  7)mn =  —  W  . 7)mn. O u r

p re v io u s  A mn is  n o w  k /c . r)mnei(Wm_w*)(/A, a n d  e q u a tio n  (25) b eco m es

ihcd m =  S  

W e c a n  in te g ra te  th i s  e q u a t io n  to  th e  f ir s t  o rd e r  in  k  b y  re p la c in g  th e  a n’s 

o n  th e  r ig h t -h a n d  s id e  b y  th e i r  v a lu es  c„ a t  th e  t im e  0. T h is  g iv es

am =  cm +  1 lik e  . S„cflr)mn f  * (*) (W- W*) ,,h (27)
J o

T o  o b ta in  a  sec o n d  a p p ro x im a tio n ,  w e w r ite  fo r th e  an’s o n  th e  r ig h t -h a n d  sid e  

of (26) th e i r  v a lu e s  g iv e n  b y  (27). W e  th u s  fin d  fo r  th e  v a lu e  of am a t  th e  

t im e  T ,

« .  =  <W + 1  /ihe. f « ( 1 )  e 1*” - ” - 11*

- 1  / * V  . f  «  (() *  f .  W  e * ' " ' - " ' ' *  *  (28)

J o

+  Cm  ,

s ay , w h e re  cm'a n d  cm"  d e n o te  th e  f ir s t-  a n d  s ec o n d -o rd e r te rm s  re sp e c tiv e ly .

T h is  g iv es  fo r th e  n u m b e r  of a to m s  in  th e  s ta t e  a t  th e  t im e  T

N m =  ama r * =  cmcm* +  cm'cm* +  cmc„/* +  cm cm * +  c„ * +  cmcm .

I f  w e w ish  to  o b ta in  e ffec ts  t h a t  a re  in d e p e n d e n t of th e  in it ia l  p h a se s  of th e  

a to m s , w e m u s t s u b s t i tu te  cme x p . iy m fo r cm a n d  a v e rag e  o v e r a ll v a lu es  o f y m

t  W e  h a v e  n e g le c t e d  a  t e r m  in v o lv in g  k2. T h is  a p p r o x im a t io n  is  l e g i t im a t e ,  e v e n  t h o u g h  

w e  la t e r  e v a lu a t e  t h e  n u m b e r  o f  t r a n s i t io n s  t h a t  o c c u r  in  a  t im e  T  t o  t h e  o rd er  k -, p r o v id e d  

T  ie  la r g e  c om p a r e d  w it h  t h e  p e r io d s  o f  t h e  a t o m .

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

9
 A

u
g
u
st

 2
0
2
2
 



6 7 6 P . A . M . D i r a c .

f ro m  0  to  2tc. T h is  m a k e s  t h e  f ir s t- o rd e r  te rm s  in  N,„, n a m e ly , c a n d  

cmcm'*, v a n is h , w h ile  th e  s e c o n d -o rd e r  te rm s  g iv e

l / h 2c2 . S „ c nc„*7]mnv)ron* i k ( 
J o  J o

— l/h2c~. ^ncmcm*:qnmrimn j * (t) ci(w ’ "" '-> l/* dt I k (s ) e<(w"~w
J o  J o

—  l / / i 2c2 . S„C„,Cm*7 )nm* 7 )mn*  f  /C ( 0  fa j ^  e t(W «-W „)»M  ^

w h ic h  re d u c e s  to

1/A2c2 . 2 n{ | c„ | 2 An *  (t) e«yr-yr.W  fa (29)

T h is  g iv e s  A N W, t h e  in c re a s e  in  th e  n u m b e r  o f a to m s  in  th e  s t a t e  m  f ro m  th e  

t im e  t —  0  to  th e  t im e  t —  T . T h e  te r m  in  th e  s u m m a t io n  t h a t  h a s  th e  su ffix  

n  m a y  b e  re g a rd e d  a s  d u e  t o  t r a n s i t i o n s  b e tw e e n  th e  s t a t e  m  a n d  th e  s t a t e  n .

I f  w e  re so lv e  th e  r a d ia t io n  f ro m  th e  t im e  t =  0  t o  th e  t im e  t =  T  in to  i t s  

h a rm o n ic  c o m p o n e n ts , w e  f in d  fo r th e  i n t e n s i ty  o f f r e q u e n c y  v p e r  u n i t  f re q u e n c y  

ra n g e  th e  v a lu e

T =  2t uv2c"1
r t

« (t)
J A

,27rivt

H e n c e  th e  te r m  in  e x p re s s io n  (29) fo r  A N m d u e  to  t r a n s i t i o n s  b e tw e e n  s t a t e  m  

a n d  s t a t e  n  m a y  b e  w r i t t e n

1/2 t c7j2v2c  • {  | e „  | 2 —  | cm | 2}  I 7)nm | 2 1„,
w h ere

• 2t cv =  (W m —  W „ )/A

o r

2t c/A2c  . { | | 2 — I | 2} | •/)„,„ | 2 I,..

I f  o n e  a v e ra g e s  o v e r  a ll  d ir e c tio n s  a n d  s t a t e s  o f p o la r i s a t io n  o f th e  in c id e n t 

r a d ia tio n ,  t h i s  b e co m e s

2 n j3 h 2c . { | 

w h e re

I Pnm I 2 =  I I 2 +  I ^]nm I 2 +  I Znm I 2>

y) a n d  £ b e in g  th e  th r e e  c o m p o n e n ts  o f t o t a l  p o la r i s a t io n . T h u s  o n e  c a n  s a y  

t h a t  th e  r a d ia t io n  h a s  c a u s e d  2tu/3h2c . | cn | 2 | P wm | 2 I t, t r a n s i t io n s  fro m  s t a t e  n  

to  s ta t e  m , a n d  2 t z/3A2c . | cm | 2 | P ww | 2 1̂ , t r a n s i t io n s  f ro m  s ta t e  m  to  s ta t e  n , 

th e  p r o b a b il i ty  co effic ien t fo r  e i th e r  p ro c ess  b e in g

B n - W =  B ,„_*n =  2 t t/3h2c . | P nm | 2,

in  a g re e m e n t w i th  th e  o r d in a ry  E in s te in  th e o ry .

 D
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Th eo ry  o f  Q u a n tu m  M e c h a n ic s . 6 7 7

T h e  p re s e n t  th e o r y  th u s  a cc o u n ts  fo r th e  a b s o rp tio n  a n d  s t im u la te d  em issio n  

of r a d ia tio n ,  a n d  show s t h a t  th e  e lem en ts  of th e  m a tr ic e s  re p re se n tin g  th e  

to t a l  p o la r is a t io n  d e te rm in e  th e  t r a n s it io n  p ro b a b ilit ie s . O ne c a n n o t ta k e  

s p o n ta n e o u s  e m iss io n  in to  a c c o u n t w ith o u t  a  m o re  e la b o ra te  th e o ry  in v o lv in g  

th e  p o s it io n s  of th e  v a r io u s  a to m s  a n d  th e  in te r fe re n c e  of th e i r  in d iv id u a l 

em issio n s , a s  th e  e ffects  w ill d e p e n d  u p o n  w h e th e r  th e  a to m s  a re  d is tr ib u te d  a t  

ra n d o m , o r  a r ra n g e d  in  a  c ry s ta l  la t t ic e ,  o r a ll co n fin ed  in  a  v o lu m e  sm a ll co m 

p a re d  w ith  a  w a v e- len g th . T h e  la s t  a l te rn a t iv e  m e n tio n e d , w h ic h  is  of no  

p ra c tic a l  in te re s t , a p p e a rs  to  b e  th e  s im p le s t  th e o re tic a lly .

I t  s h o u ld  b e  o b se rv e d  t h a t  w e g e t th e  s im p le  E in s te in  re s u lts  o n ly  b ecau se  

w e h a v e  a v e ra g e d  o v e r a ll in i t i a l  p h a se s  of th e  a to m s . T h e  fo llow ing  a rg u m e n t 

show s, h o w ev er, t h a t  th e  in i t ia l  p h a se s  a re  of re a l p h y s ica l  im p o r ta n c e , a n d  

t h a t  in  co n se q u e n ce  th e  E in s te in  coeffic ien ts a re  in a d e q u a te  to  d esc rib e  th e  

p h e n o m e n a  e x c e p t in  sp ec ia l cases. I f  in it ia lly  a ll  th e  a to m s  a re  in  th e  n o rm a l 

s ta te , th e n  i t  is  e a s ily  seen  t h a t  th e  e x p re ss io n  (29) fo r h o ld s  w i th o u t th e  

a v e rag in g  p ro cess , so t h a t  in  th is  case  th e  E in s te in  coeffic ien ts a re  a d e q u a te . 

I f  w e no w  c o n sid e r th e  case  w h e n  som e of th e  a to m s  a re  in it ia lly  in  a n  e x c ited  

s ta te ,  w e m a y  s u p p o se  t h a t  th e y  w ere  b ro u g h t in to  th is  s ta te  b y  ra d ia tio n  

in c id e n t o n  th e  a to m s  b e fo re  th e  t im e  t =  0. T h e  effect of th e  s u b se q u e n t 

in c id e n t r a d ia tio n  m u s t  th e n  d e p e n d  o n  i t s  p h a se  re la tio n sh ip s  w ith  th e  e a r lie r  

in c id e n t ra d ia tio n , s in ce  a  c o rre c t  w a y  of t r e a t in g  th e  p ro b le m  w o u ld  be  to  

reso lv e  b o th  in c id e n t  ra d ia tio n s  in to  a  s in g le  F o u r ie r  in te g ra l . I f  w e do  n o t 

w ish  th e  e a r lie r  r a d ia tio n  to  a p p e a r  e x p lic it ly  in  th e  c a lc u la tio n , w e m u s t  

su p p o se  t h a t  i t  im p re s se s  c e r ta in  p h a se s  o n  th e  a to m s  i t  ex c ites , a n d  t h a t  th e se  

p h a se s  a re  im p o r ta n t  fo r d e te rm in in g  th e  e ffect of th e  s u b s e q u e n t ra d ia tio n . 

I t  w o u ld  th u s  n o t  b e  p e rm iss ib le  to  a v e rag e  o v e r th e s e  p h ases , b u t  one w o u ld  

h a v e  to  w o rk  d i re c t ly  fro m  e q u a tio n  (28).

 D
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