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Résumé. 2014 Nous expliquons le comportement inattendu de l’absorption ultrasonore observé dans le supraconduc-
teur amorphe Pd30Zr70. Nous supposons que la relaxation des états tunnel, présents dans les amorphes métalliques,
est déterminée par leur fort couplage avec les électrons aussi bien qu’avec les phonons thermiques. La distribution
des constantes de couplage correspondantes telle que la prévoit le modèle des états tunnel conduit à une variation
faible de l’absorption avec la température lorsque la température de transition supraconductrice Tc est franchie.
A l’opposé, la variation de vitesse devrait montrer un changement à Tc.

Abstract. 2014 We explain the unexpected behaviour of the ultrasonic absorption observed in the amorphous super-
conductor Pd30Zr70. It is assumed that the relaxation of the tunnelling states present in amorphous metals, is
determined by their strong coupling to electrons as well as to thermal phonons. The distribution of the correspond-
ing coupling strengths as invoked in the tunnelling model leads to a smooth temperature dependence of the absorp-
tion when passing through the superconducting transition temperature Tc. In contrast, the dispersion should
exhibit a change of slope at Tc.

J. Physique - LETTRES 42 (1981) L-289 - L-294 ler JUILLET 1981,

Classification

Physics Abstracts
43.35 - 74.30 -- 61.40D

1. Introduction. - The existence of low-energy exci-
tations which can be regarded as two level systems
(T.L.S.) is well established in amorphous metals [1]
as well as in amorphous dielectrics. In the amorphous
network certain atoms or groups of atoms can reside
in double wells and are at the origin of these T.L.S.
At low temperatures the transition between the energy
levels occurs via tunnelling. As in amorphous insu-
lators, metallic glasses exhibit in the very low tempe-
rature range (T  1 K) the typical acoustic beha-
viour :

1) a logarithmic temperature dependence of the
relative variation of the sound velocity [2] ;

2) saturation of the resonant part of the sound
attenuation when the acoustic flux exceeds a certain
critical value. This critical value is, however, several
orders of magnitude larger than in insulating glasses
indicating that an hitherto unknown mechanism plays
an important role in the relaxation process of the
T.L.S. [3]. It has been suggested that the electrons are
at the origin of this new mechanism [4] ;

3) relaxational attenuation due to T.L.S. which,

however, does not increase as strongly with tempe-
rature as in amorphous insulators [1].

Other experiments such as measurements of spe-
cific heat and thermal conductivity are also of great
interest, but entail certain difficulties in interpreta-
tion. The T.L.S. are expected to give a linear contri-
bution (Cp oc T) to the specific heat and a T2-depen-
dence for the thermal conductivity as in amorphous
insulators. Since the electrons always present in a
metal give exactly the same temperature dependence
for these two quantities, any T.L.S. contribution can
be obscured.
An appealing possibility which avoids this diffi-

culty is to carry out experiments in a metallic glass
which is superconducting [15]. Because of the pair
condensation for electrons, it is expected that their
role diminishes rapidly below the transition tempe-
rature 7c
The effect of superconductivity on the acoustic

properties of metallic glasses has been calculated
recently [5]. For instance the absorption of ultra-
sound is predicted to become very small for r ~ Tc
relative to the value in the normal state. It should
increase rapidly when T approaches 7c In [5] the
origin of this effect is explained in the following way :
the acoustic wave perturbs the population difference
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of the T.L.S. and therefore gives rise to a relaxatio-
nal absorption process. In the normal state the
relaxation time T1 of the T.L.S. is extremely short
because of the strong coupling between T.L.S.
and electrons [4]. In the superconducting state this
relaxation channel disappears : T1 becomes longer
and the resulting sound attenuation is modified

greatly.
From the experimentalists’ point of view an attrac-

tive possibility is offered : by varying the value of a
magnetic field H applied simultaneously with the
ultrasound superconductivity can be switched on or
off depending on whether H is lower or higher than
the critical field 7~, Therefore for any T  Tc
the normal state relaxation rate can be easily recover-
ed provided H &#x3E; H~2 making it possible to gain
information on the role of the electrons in the absorp-
tion process.
Such an experiment has indeed been carried out

recently on a PdZr alloy [6] using longitudinal waves
of frequencies ro/21t = 0.74 GHz and 1.3 GHz.
The critical temperature of this compound is

7c = 2.62 K. As expected, at very low temperatures
-(T = 0.4 K) the relaxation attenuation becomes very
small, and it increases drastically after applying a
magnetic field of the order of 7~,. Increasing the tem-
perature, the attenuation rises rapidly and reaches
the normal state value at a temperature which, sur-
prisingly, turns out to be not equal to Tc but much
lower ( ~ 1.5 K) (Fig. 2). It has been checked that the
critical temperature of the sample (thin platelets) is

7~ = 2.62 K and sharp within ± 0.05 K. In this

-paper we present an explanation of this unexpected
behaviour. We show that it is necessary to take into
account not only the relaxation of the T.L.S. by ther-
mally excited quasi-particles still present at T  Tc,
but also the relaxation of the T.L.S. by the thermal
phonons. Moreover, it is necessary to involve a stron-
ger T.L.S.-electron coupling than previously assum-
ed [5] (1).

2. Theory and numerical calculations. - When we
consider the relaxational attenuation due to T.L.S.
in amorphous metals two points must be kept in
mind :

1) In metallic glasses the sound velocity of trans-
verse waves is small as compared to amorphous insu-
lators. As a consequence the relaxation processes due
to phonons are strongly enhanced because the sound
velocity t? enters as t~ in the direct process, which
dominates at low temperatures.

2) Because of the distribution of the coupling
strength between T.L.S. and electrons as well as

(1) A short version of the physical ideas and numerical calcula-
tions presented in this paper has been given by W. Arnold and
G. Weiss at the International Conference on Ultrasound in Condens-
ed Matter Physics at Zilina, CSSR (1980), to be published in Phys.
Acta Slovaca.

between T.L.S. and phonons, the condition (D7B ~ 1

cannot be fulfilled at a given temperature for all
T.L.S. This consequence of the distribution function
has been discussed previously [7] and worked out in
detail for the superionic conductor #-alumina [8].
The important feature is that the ultrasonic attenua-
tion becomes constant as a function of temperature
provided D7~ ~ 1 where Tl’ is the minimum relaxa-
tion time of the T.L.S. ( Ti originates from T.L.S.
in double wells having no asymmetry). Furthermore,
the attenuation does not depend on the details of the
relaxation process when (~7"!" ~ 1. As a consequence,
even if the dominant relaxation process changes
rapidly with temperature, this does not influence the
attenuation as a function of temperature. The height
of this plateau depends linearly on frequency.

Our explanation of the experimental results is
based on the following hypotheses :

a) When the relaxation of the T.L.S. caused by the
electrons is dominant (H &#x3E; HC2)’ the relaxation rate
becomes so strong that even at the lowest temperatures
(T = 0.4 K) the condition ~7~ ~ 1 holds. As men-
tioned above, the attenuation is then weakly tempe-
rature-dependent.

b) When the relaxation of the T.L.S. by electrons
is suppressed (H = 0, T  7c), the contribution of
the thermal phonons to the relaxation rate becomes
noticeable. At the lowest temperatures it manifests

itself by a T3-dependence of the attenuation, indicat-
ing that as in insulators the direct (one phonon)
process is dominant [7].

c) At higher temperatures (7~ 1.5 K) the relaxa-
tion rate even without any applied field is so strong
that the condition G)7?’  1 is fulfilled and a plateau
is obtained for the attenuation.

We have carried out numerical calculations using
the same routine and notation as in [8]. It is assumed
that there is a distribution of the coupling strength
described by the parameter r = (do/E)2. Here 2 E is
the energy splitting of a given T.L.S. and ¿Jo/11 is

its tunnelling frequency. As a consequence all the

relaxation times relevant to the problem can be
written as l/Tl = ~77~. The relaxation attenuation
is given by the following equation :

Here N is the number of T.L.S. per unit volume, p
, is the density of the material, v is the sound velocity,
p = (kT ) -1, y is the deformation potential between
T.L.S. and phonons, and P(E, r) is the distribution
function of the parameters E and r. We used the sim-
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plest distribution plausible as deduced in the original
paper of Phillips [9] :

with Em = .1m and r~ _ (d~/E)2 where .1m is the
minimum value of Jo’ Similarly, the relative velocity
variation is given by :

In equations (1) and (3) it is the temperature depen-
dence of the relaxation rates which determines

/’~(7") and A~(7")/~. These relaxation rates are :

1. ONE PHONON OR DIRECT PROCESS : 1

(r designates the polarization, T = L or T).

2. RELAXATION OF T.L.S. BY ELECTRONS IN THE

NORMAL STATE (KORRINGA PROCESS) : 1

Here, pKe is the density of states of the electrons at
the Fermi level multiplied by the deformation poten-
tial Ke between T.L.S. and electrons [1]. The linear
temperature dependence of equation (5) (E ~ kT)
reflects the fact that only a fraction T/TF of all elec-
trons can contribute to 1/TN (TF : Fermi temperature).

3. RELAXATION DUE TO THERMALLY EXCITED QUASI-
PARTICLES (T  rj [5] :

This corresponds to equation (2) of reference [5].

Here Y(x) is the step function, A (T) is the energy
gap according to BCS-theory, and n(u) is the usual
density of states of the electrons in a superconductor.
The star denotes convolution products. For E -+ 0
equation (6) reduces to

For the numerical calculations we use for A (T) [10] :

In this equation a 1.82, 0 = TIT, ,, and

A (0) = 1.76 ~. If A = 0 (T &#x3E; T, or H &#x3E; HC2)’
then F(u) in equation (6) becomes equal to Fl(u)
and the value of 1/Tl as in the normal state is recover-
ed.

It must be noted that 1/Tl contains a discontinuity
at a temperature determined by the equation
2 E = 2 A(T). This occurs only for T.L.S. with

energy splitting 2 E such that E  A (0). In this case
an enhancement of 1/7~ occurs, leading to a relaxa-
tion rate faster than in the normal metal at the same

temperature. This additional relaxation is due to

the fact that the T.L.S. might create or annihilate
a pair of quasi-particles out of the BCS ground state.
Such a mechanism of pair breaking is also responsible
for the discontinuous behaviour of the ultrasonic

absorption occurring in crystalline superconductors
whenever nro &#x3E; 2 A(T) [11]. The magnitude of the
discontinuity can be calculated analytically :

Our calculations indicate that the discontinuity
modifies the absorption and dispersion considerably
at T  Tc. The two quantities K1 and K3 were taken
as free parameters in the numerical calculations.
C is a multiplicative factor which appears in the atte-
nuation whatever the relaxation process might be.
It determines the height of the plateau :

From the magnitude of the plateau we get
C = 5.5 x 10- s. We calculate the ,relaxational atte-
nuation taking into account only the direct process
(phonons). The value of K3 is adjusted such that we
obtain the closest fit with the experimental results
at the lowest temperatures where the absorption
indeed exhibits a T3-dependence. This T3-dependence
is characteristic for phonon-dominated relaxation
and is also experimentally observed in amorphous
insulators [7]. The corresponding curve is shown



L-292 JOURNAL DE PHYSIQUE - LETTRES

in figure 1 as a dashed line. The fit yields
K3 = 3.5 x 109 K -3.S- ’. Adding to T1 1 the contri-
bution of the electrons in the superconducting state
we obtain the full line which agrees well with the
attenuation as a function of temperature at the two
frequencies used in the experiment [6] (Figs. 1 and 2).
For Ki we get K1 = 1.6 x 1011 K-’.s-1. In the

Fig. 1. - Calculated attenuation 1-1 originating from the relaxa-
tion of T.L.S. as a function of temperature. The calculation holds
for longitudinal waves at a frequency u/2 7r = 0.74 GHz for the
superconducting_amorphous alloy Pd3oZr7o. The dashed line shows
the contribution of phonons to the relaxation process whereas the
dotted line represents the contribution of thermally excited quasi-
particles only (T  7c and H = 0). The dashed-dotted line shows
the relaxation attenuation including the contributions of both

phonons and electrons to the relaxation of the T.L.S. (H &#x3E; ~2)
The full line represents the attenuation taking into account the
contributions of thermal phonons and quasi-particles to the relaxa-
tion rate of the T.L.S. (T  7~ and H = 0). There is no noticeable
discontinuity of the slope of 1-1 at 7c on the scale used here. This
holds even if one considers only the influence of electrons on the
processes discussed here.

Fig. 2. - Measured ultrasonic attenuation as a function
of temperature for longitudinal waves at the two frequencies
M/2 7T = 0.74 GHz and 1.3 GHz (from [6]) together with theoretical
curves. Circles represent experimental result without applied magne-
tic field, crosses with applied field parallel to the acoustical wave
vector. The full lines show the calculated attenuation including
the influence of phonons and electrons to lIT! (H = 0
and 7y ~ ~02) As can be seen there is very good agreement between
theory and experiment. The increase of the measured attenuation at
temperatures above 3 K is not discussed here.

case of an applied magnetic field H &#x3E; H~2 only
electrons in the normal state and the thermal phonons
contribute to Tl 1. The calculated absorption is
shown in figure 1 by the dashed-dotted line. The

comparison with the experiments is shown in figure 2.
For completeness we have calculated the attenuation
taking into account only the relaxation of T.L.S.

by thermally excited quasi-particles. It is represented
by the dotted line in figure 1. We have also checked
that the influence of higher-order phonon processes
is negligible unless coupling constants are used which
are unreasonably high.

3. Discussion. - The magnitudes of K, , K3 and C
obtained from the numerical calculation allow one
to deduce some physical quantities relevant to the
T.L.S. in Pd3oZr7o. From Ki we get pKe = 0.9 which
is higher than found in other amorphous non-super-
conducting metals : 0.3 [12] and 0.16 [4] for PdSiCu
and 0.25 for NiP [13], respectively. From C we get
straightforwardly

(p = 7.8 g/cm3, VL = 4.4 x 105 cm/s) in reasonable
agreement with the value deduced from sound velocity
measurements [14] (2). One way to obtain full agree-
ment is to modify the distribution function P(E, r)
as has been done in the case of p-alumina [8]. K3 is
proportional to yL JvL + 2 ylIV5. T T YT, YL and VT are not
known for Pd3oZr7o. By comparison with other

amorphous metals we assume ~ ~ 2.2 vT. Quite
accurately we can therefore say that only transverse
phonons are effective in relaxation rates. With

VT = 2 x 105 cm/s and neglecting the contribution
of longitudinal phonons to K3, we find yT = 0.8 eV
which indicates a rather strong coupling
between T.L.S. and transverse phonons. Using
XA/2 = 2 x 1033 erg-1. cm- 3 obtained from the

specific heat measurements [15] we deduce

YL = 0.13 eV as a lower limit. ?’L is smaller than YT
and the above approximation is therefore justified.

In their numerical calculations, Black and Fulde
have found an abrupt change of the attenuation
slope at 7c (see figure 2 of [5]). We do not find such a
behaviour. We attribute this mainly to the larger value
of pKe = 0.9 as compared to 0.2 in [5]. Of course the
additional contribution of the thermal phonons to
the relaxation rate of the T.L.S. further suppresses
any possible discontinuity at Tc. Finally in our opi-
nion the value of r m used in the numerical calculations
also influences the occurrence of such an abrupt
change. rm reflects those T.L.S. in the absorption
having a slow relaxation rate and hence determines
the extent of the plateau. We used values for rm from

(2) The sound velocity measurements yield

J~4~/2 ~ 3.6 x107 erg/cm3
and not JY’AyL/2 = 1.4 x 107 erg/cm3 as reported in [14] (Fig. lA).
Apparently the factor In 10 has been omitted when calculating
JY’AyL/2 in [14].
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10 - 3 to 10’~. For rm  10 - 4 the experimental
attenuation curve is properly reproduced in the tem-
perature range of interest here (see also Appendix).
The experimental results in Pd30Zr70 as shown in

figure 2 exhibit (for T &#x3E; 3 K) an excess attenuation
in addition to the plateau. We do not discuss this
excess attenuation here. It might be similar to a

relaxational mechanism commonly observed in amor-
phous insulators and in other amorphous metals
[16, 17].
We have also calculated the relative variation of the

velocity of sound as a function of temperature (equa-
tion (3)) using the parameters deduced from the fit
of the attenuation (equation (1)). We added the contri-
bution due to resonant interaction of the T.L.S.
with phonons which varies as C’ In (77 To)’ To is a
reference and C’ has to be taken from experiment
[14]. The result is shown in figure 3. As can be seen,
there is a discontinuous slope of the relative variation
of the sound velocity at Tc. This can be simply explain-
ed. The inner integrals in equations (1) and (3) can be
solved analytically. Provided D7~ ~ 1, in equation (1)
this integral results in n/2 whereas in equation (3) in
In (~Tr(~ T)) [8]. Therefore all details of the relaxa-
tional processes have vanished from the calculation

Fig. 3. - Calculated relative velocity change dv/v as a function
of temperature for longitudinal waves at two frequencies
D/27r = 0.74 GHz and (M/27T = 1.3 GHz. The calculations are
carried out using Kl and K3 obtained from the fit of the attenuation
(Fig. 2). The resonant contribution to ev jv varying logarithmically
with temperature is added (from [14], open circles). The correspond-
ing coefficient is C’ = 3.0 x 10-s. In contrast to the behaviour
of the attenuation, the velocity shift should exhibit a change in
slope at Tc. No detailed experimental measurements of Au/u around
Tc are yet available.

of the attenuation. On the other hand the relaxation
rate is still explicitly present in the velocity through
Tf which of course contains the rapid change of Tl 1
caused by the electrons at 7~ The change of slope
depends on the relative weight of the phonon and
electron processes and hence on the ratio K3 jKl. At
present only preliminary measurements of ev(T) Jv
at 7" ~ 7p have been carried out [14] and therefore a
detailed comparison between theory and experiment
is not possible.

Furthermore, we expect that the acoustic anomalies
observed in polycrystalline NbZr containing tunnell-
ing centres [18] can be explained in an analogous way.

4. Conclusion. - In summary, we should like to

emphasize that within the framework of the tunnelling
model, the simultaneous coupling of the tunnelling
states to thermal phonons and to electrons satisfacto-
rily explains the acoustic absorption in PdZr at very
low temperatures. Our calculations indicate that

transverse waves couple more strongly to T.L.S.
than longitudinal ones. In contrast to the absorption,
the slope of the velocity shift as a function of tempe-
rature should exhibit a pronounced change at Tc.
Therefore, accurate and comprehensive measure-

ments of Au(7’)/u are highly desirable. They should
provide a further test of the physical ideas presented
in this paper. 

_
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Appendix. - The calculation of the relaxational
attenuation 1-’(T) and dv(T) jv needs a knowledge
of the relaxation rate 11Tl’ The processes which
contribute to the relaxation of T.L.S. can all be
described by analytical expressions except for the

relaxation due to thermally excited quasi-particles.
This contribution can be obtained only through
a numerical calculation. We shortly explain how this
is done and how the numerical integration of equa-
tions (1) and (3) was carried out. The quantity which
is of interest in this context is

Here we use for F(X ) a new form which is equivalent
to the expression giving F(u) in equations (6).
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’ 

where

The second term gives no contribution when X  d
(or E  J(T)). Indeed these. two integrals are of the
form

which may be calculated by a single-step numerical
integration with the Gauss-Tchebichev method which
uses :

where

denotes the n roots of the Tchebichev polynomial
of degree n. We have used n = 10. The integrand
(1 - x2)-1~2 f(x) shows singularities at the two limits

of the integration domain. The method used here
eliminates the difficulties occurring at the singular
points at x = ± 1. It can also be applied to other
numerical problems in superconductivity where the
density of states of the electrons enters.

In addition we used the exact value of the jump
in 1 /Ti occurring when 2J(T) = 2 E (Eq. (8)), in
order to check the accuracy of the numerical calcula-
tions.
The double integral necessary to obtain both l -1

and Avjv is calculated in two steps. The inner integral
is evaluated according to the trapezoidal rule with a
variable interval fitted to the variation of the function.
If the lower bound of the integration rm is smaller
than the value of Ct)7B at higher temperatures and
energy studied, the value of the integral becomes
independent of rm. The outer integral is calculated
with a standard method with constant interval.
The lower integration limit is (in temperature units)
Em = 0.01 T. Because of the sech2 (PE) function
in equations (1) and (3) it is sufficient to take EM = 4 T
for the upper bound of the integral.
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