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ON THE UNIFORM ASYMPTOTIC STABILITY IN
FUNCTIONAL DIFFERENTIAL EQUATIONS

L. Z. WEN

ABSTRACT. We consider a system of functional differential equations x’(¢) = F(t, x,)
and obtain conditions on a Liapunov functional to insure the uniform asymptotic
stability of .the zero solution.

1. Introduction. Following the work of Yoshizawa [2], Burton [1] obtained suffi-
cient conditions of the uniform asymptotic stability in the retarded functional
differential equation x’(z) = F(z, x,) on a Liapunov functional. He showed that it is
not necessary to require F(#, x,) bounded for x, bounded. Now we use the Razu-
mikhin condition so that it is not necessary to require V'(¢, x,) < W(| x(1) |) for all
t = 0. This work generalized Burton’s result.

For x € R", let | x| be max,.;<,|x;|. Given h >0, let C denote the space of
continuous functions from [-4, 0] into R" and for ¢ € C, ll¢|l = sup_,<e<o|¢(d)|.
ForquC,, {¢: 9 € C,lIoll < H},let :

non = (él f_ :qb?(S) dv) ;/2,

where ¢, are the components of ¢. :

Fort, € R, A> 0,1 €[t t,+ A) and a continuous function x from [z, — A, ¢,
+ A] into R", let x, € C be defined by x,(0) = x(¢ + 6), 8 € [-h,0].

2. Uniform asymptotic stability.

LEMMA. Let F be a family of continuous functions f: [a,b] - [0,1] and W:
[0, ) = [0, ) be a continuous nondecreasing function, and W(s) >0 if s > 0. If
there exists a >0 with [P f(t)dt = a for any f € F then there exists B> 0 with
JoW(f(1)) dt = B. |

PrROOF. For any f € F, let E = {t: f(t)= a/2(b — a),a<t<b} and m(E) be
the measure of E. If m(E) < a/2, then :

asj;”f(t) dtf/;f(t) dt+'/[‘a"b]_5f(t) dt<a/2+a/2 =a,
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a contradiction. Hence m(E) = a/2 and

j;hW(f(t)) dt >jEW(f(z)) dt >fEW(a/2(b —a)) dt = W(a/2(b — a))a/2Z B.

This completes the proof.
We consider the retarded functional differential equation
(1) x'(t) = F(t, x,),

where x’(¢) is the right-hand derivative of x(¢) and F(¢, x,) a continuous function
from R X Cy; into R", F(t,0) = 0. For continuation of solution, we suppose that F
takes closed bounded sets of R X C into closed bounded sets of R”.

Denote by x(?,, ¢) a solution of (1) with initial condition ¢ € Cy, where x,(,, ¢)
= ¢ and we denote by x(¢) = x(t, t,, ¢) the value of x(z,, ¢) at 7.

Let V(¢, ¢) be a continuous nonnegative functional defined in [0, o) X Cj. The
upper right-hand derivative of ¥ along solution of (1) is defined to be

V’(t’ xt(IO’ 4’)) = sﬁﬁ {V(t + 38, xt+6(t0’ ¢)) - V(” x,(to, 4’))}/6

We suppose that V'(t, x,) exists.

Let W,, W,, W,, W be continuous nondecreasing functions and P be a continuous
function from [0, c0) into [0, 00) with W(r) >0, W(r) >0, P(r) > rif r>0 and
W;(0) = 0.

THEOREM. Suppose there are functions W\, W,, Wy, W, P, V as above, which also
satisfy the following conditions:

() Wi(| ¥(O) ) < V(t,¥) < Wy(| YO |) + W31 W) for any ¥ € Cy.

(ii) Forany ty=0and any ¢ € Cy
V/(t, x,(10,9)) <O if V(1, x,(t5,)) = Wy(ll$ll) + Ws(om) (to<t<to+h),

and .
V'(t, x,(tg, $)) < -W(|x(1,10,0) ) if P(V(2, x,(20, $))) > V(£ x¢(10, 4))
(t=ty+ht—h<t<t).

Then the zero solution of (1) is uniformly asymptotically stable.

PrROOF. We first prove the uniform stability. Given € >0 (e < H, Wi(e) < H),
choose 6 > 0 such that 8§ <e, Wy(8) < W(e)/2, and W;(8Vnh) < W (e)/2. Let
t, = 0and ||¢ll < 8. We shall show that

(2) V(1 x,(10,8)) <Wi(e)  (1=1,).
Obviously,
V(to. $) < W3(|6(0)|) + Wi(om) < W;(8) + Wy(8y/nh ) < W,(e).

For each 1 € [y, t, + h), if V(1, x,) < Wy(l$ll) + Wi(ii 1), then V(1, x,) < Wi(e),
if V(¢, x,) = Wy(lloll) + Wi(lioll), from condition (ii) we get V(t + At, x,,a,) <
Wo(lle ) + W) for all sufficiently small A¢ > 0. It implies that F(¢, x,) < W,(¢)
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for all t € [1,, ty + h). Thus, if (2) fails, then there exists ¢, = ¢, + h such that
V(tl.’ xt.) = Wl(e)’ V(t’ xt) < Wl(e) (‘ < tl)'
Let d=infy, 41 +wyneny<r<wie [P(r) — r]. Obviously, there exists T € (7, +
h, t,) such that
(@) Wllell) + Wy(nol) < W(e) — td < V(T, x;) < W\(e), where e > 1,
®) VT, x7) > 0.
From (a),

P(V(T,x;)) = WV(T,x;) +d> W,(e) + (1 - %)d> V(§, x;) (tp<§&<T).

From condition (ii), we have V'(T, x;) < -W(| x(T')|) <0, which contradicts (b).
Hence, (2) holds.

By (2) and condition (i), we get | x(¢) |< e for ¢ = ¢,. Since 8 is independent of ¢,
this proves the uniform stability.

Next, we prove the uniform asymptotic stability. For H* = min[H, 1] choose
8 > 0 such that | x(¢, ¢y, ¢) |< H* for t = t,, if t, = 0 and ||¢ || < 8. From condition
(i), we have

(e, %10 8)) < Wi(HY) + Wi Hf ).

Choose a positive B > W,(H*) + W;(H*/nh). For given ¢ >0 (¢ < H), let d =
infy, y<,<p(P(r) —r), and N be a positive integer satisfying W(e) +
(N — 1)d < B < W(¢) + Nd. We shall show that there exists T, > t, + h such that

(3) V(Tla xr.(to"i’)) < Wy(e) + (N = 1)d.
If not, then
V(t,x)=W(e) + (N—1)d (t=1,+h),
and . .
P(V(t,x,)) = V(t,x,) +d=>W(e) + Nd=B> V(£ x,;) (to<£&<t).
From (ii) we have V'(¢, x,) < -W(|x(t)|) (¢ =1, + h); it follows that

(@) V(t,x)<B— f, '+hW(| x(s)) is.

If V(t, x,) = W,(¢), then
w(1 x(2)]) + W3(nx,m) > V(¢ x,) > W,(e).

Therefore, either Wy(| x(7)]) = W (e)/2 or Wi(lix,ll) = W(e)/2. Let E, = {t:
Wil x, 1) = Wy(e)/2,t =t} and E, = [y, 00) — E,. If ¢t € E,, then there exists a
constant a > 0 with || x,|| > a. If t € E,, then there exists a constant b > 0 with
| x(¢)|> b. In case t € E,, we have

n
> fox,.z(t +0) do = a2,
i=1"-h
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then
n
[ 2300 a>L%a
t—h M =)

Since | x(¢) |< 1, we have

[5(0) = max, 50} > 3 #3(0).
Then from the Lemma, there exists 8 = 0 such that ‘
(5) [ Wi )= [ o PE 7(s)| @25,

Let K be the positive integer satisfying K> B = (K — l) and T, =1¢,+
(K+ Dh + 2B/ W(b), we have either

@m(E, N[ty + h,T,]) = Khor

) m(E; N [ty + h, T,]) > 2B/ W(b).

If (3) holds, then in E, N [t0 + h,T,] there exist K points ¢, <, < ---<t¢,
satisfying ¢, = 7, + 2h and ¢; =h (j=2,3,...,K). From (4) and (5), we
have

j 1

MTxn) <B= 7 W(\x(s))) ds

Tk n .
‘<B- 2;[’1 'W(-l- zx,?(s)) ds<B-—kB<O.
j=17=h A\ M= .

If (b) holds, from (4) we have

(T, x7,) <B - W(b) ds = B — W(b)m(E, N[ty + h,T,]) <O.

'/;32“['0"""’ T

Thus either (a) or (b) 1mp11es V(T,, XT) < 0, a contradiction to V(¢, x,) = 0. Hence

(3) holds.

In the followmg, we w111 show that
(6) V(z x,(t5, 9)) < Wy(e) + (N - l)d for all ¢ > T,.

If (6) is not true, then there exists ¢ > TI such that V(o, x,) < W,(¢) + (N — I)J
and

(A) B — Wy(H*) — Wy(H*/nk) > W\(¢) + (N — 1)d — V(o, x,),
(B) V'(s, x,) > 0. o
From (A), we get

P(V(o, x ))BV(o x,)+d
T > W(e)+ (N—1)d— B+ Wy(H*) + W3(H*\/—h) +d
= W,(e) + Nd — B+ W,(H*) + W,(H*,/_)
= W,(H*) + W,(H‘M)? V(t, xg) (to<é<o).
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From condition (ii) we have V’(o, x,) < -W(| x(0)|) <0, which contradlcts (B)
Therefore, (6) holds.
Sm‘ularly, there exists T, T;,.. ., TN such that
V(1, x,(15,9)) < Wi(e) + (N —k)d fort= T, k=2,3,.
Then V(t, x,(t5, ¢)) < Wi(e) for all 1 = TN From condition (1) we have |x(t) |< €
for all t = Ty, where -
Ty=1t,+ N((k + 1)h + 2B/W(b)).

Since N((k + 1)h + 2B/ W/(b)) is independent of ¢,, we have completed the proof

of the theorem.
ExaMPLE. Consider the equation

(7) x'(t) = —a(t)x(t) + b(t)x(t — h)
where a(?) and b(?) are continuous functions, 0 < a < a(t) < oo, |b(t)|< b < pa,
o<p<l

One can choose W(1,x,)=31x¥1), W(|x(1)]) = $x%(t), Wy(|x(2)]) = x*(2),
Wy x, ) = x> and P(s) = gs, q > 1.

For 1 € [t,, 1o + h), if V(1, x,) = Wy(lloll) + Wi o), that is $x2(¢) = llell* +
li$u 2 Then

V'(t, x,) = x(t)x'(t) = -a(t)x*(t) + b(t)x(t)x(t — h)
< -ax?(t) + -Izl[xz(t) + x%(t — h)]
<- (a— 2) (1) + = II¢II2 (2a— —)||<1>||2 (2a — b)uen®
<0.

For t € [ty + h, o) if P(V(1, x,)) > V(& x¢) (t —h<§<t), that is gx’(2) >
x%(§) (t — h < <t), then gx2(t) > x*(t — h).

V(t,x,) < - (a— —) 2(e) + —xz(t—h)
< - (a— —) 2(e) + 2qxz(t) (a—b(l‘;q))xz(t).

If we choose g = 2/p — 1, thena — b((1 + q)/2) > 0. Let
w(| x(2))) = (a — b((1 + 9)/2))x*(2).

We can see that the conditions of the Theorem are satisfied. Therefore, the zero
solution of (7) is uniformly asymptotically stable.
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